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DECOMPOSING A NEW NONLINEAR
DIFFERENTIAL-DIFFERENCE SYSTEM
UNDER A BARGMANN IMPLICIT
SYMMETRY CONSTRAINT*
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Abstract Firstly, a hierarchy of integrable lattice equations and its bi-Hamilt-
onian structures are established by applying the discrete trace identity. Sec-
ondly, under an implicit Bargmann symmetry constraint, every lattice equa-
tion in the nonlinear differential-difference system is decomposed by an com-
pletely integrable symplectic map and a finite-dimensional Hamiltonian sys-
tem. Finally, the spatial part and the temporal part of the Lax pairs and
adjoint Lax pairs are all constrained as finite dimensional Liouville integrable
Hamiltonian systems.
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1. Introduction

There is a close relationship between symmetries and integrability [9,10,40]. Al-
most all classical integrable equations were demonstrated as equations with infinitely
many K-symmetries [1,27]. For soliton theory, to research symmetries of equation-
s and symmetry properties of solutions made great improvements [7,13,38]. The
symmetry constraint method for soliton hierarchies is proposed through the nonlin-
earization technique (including mono-nonlinearization [3] and binary nonlineariza-
tion [34]. Mono-nonlinearization involves only the Lax pairs for soliton equations
and binary nonlinearization involves both the Lax pairs and the adjoint Lax pairs
for soliton equations. The nonlinearization method to get the quasi-periodic solu-
tions of soliton equations is a systematic approach to get finite-dimensional Liouville
integrable systems under certain symmetry constraints between the potentials and
the eigenfunctions. Up to now, the binary nonlinearization of integrable systems
has obtained great achievements [8,17,24,28,36,45].

In recent years, we focus our attention on the binary nonlinearization method
because it has helped in a significant way to search for solutions of soliton equa-
tions [25,26,49]. Above all, integrable lattice equations associated with 2-order
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spectral problem play a fundamental role in integrable system. This paper begins
with an interesting 2-order spectral problem, a hierarchy of integrable lattice equa-
tions and its bi-Hamiltonian structures are discussed. Considering the symmetry
constraints provide a direct method to construct solutions of higher-dimensional
integrable systems by solving lower-dimensional integrable systems, we try to get
a family of finite-dimensional integrable systems from the obtained hierarchy by
binary nonlinearization. In this paper, we will deduce the following new integrable
equation

Up, = un(un’un_l - Un+1vn)7 (1 1)

Un, = Un(un - un+1) + fvn(unvnfl - un+lvn)~

and derive an implicit symmetry constraint in detail. Through the implicit symme-
try constraint, we would like to factor each lattice soliton equation in the resulting
hierarchy by an integrable symplectic map and a finite-dimensional Liouville inte-
grable Hamiltonian system.

This paper is structured as follows. The next section, a new hierarchy of lattice
equations is deduced from a new discrete matrix spectral problem by using the
discrete zero curvature equation. Moreover, using the discrete trace identity, the
bi-Hamiltonian structures of the obtained hierarchy are established. In Section 3,
a higher-order binary Bargmann symmetry constraint is involved to nonlinearize
the new Lax pairs and the adjoint Lax pairs of the resulting lattice. Finally, some
conclusions and remarks are concluded.

2. A new integrable hierarchy and its bi-Hamiltonian
structures

We first introduce the shift operator E and two difference operators D and A
by

(Ef)(n) = f(n+1),(E~'f)(n) = f(n—1),n € Z,
(Df)(n) = f(n+1) = f(n),(Af)(n) = f(n+1) = f(n—1),n € Z, (2.1)
A=E-E'Y(1-E)y'=-0+EHa, 0-EHY'=01+E)A,

where f is a lattice function from Z to R .
We consider the following isospectral problem

Uy 14Uy
Eon = Upn(tn, Npn, Unlug, )= * |, (2.2)
Uy, 1

where ¢, = (oL, 02)T, X is a constant spectral parameter of A; = 0. In order to
derive the hierarchy of lattice equations associated with (2.2), we first solve the
stationary discrete zero curvature equation

(EVI™hu, — U, vI™ =0, (2.3)
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Here, V™ is a solution of (4) given by

yiml _ an b
ACp, —n,

The form feature of V;™ is associated with the isospectral problem (2.2). Then
(2.3) is equivalent to

Unp

7(an+1 - an) + unanrl - (1 + vn)cn =0,

1+, Up,
X (ant1+ an) + bpt1 — h b, =0, (2.4)

_un(anJrl + an) + UnCn+1 — )\cn = 0;

(1 4+ vn)ene1 — by — (Ape1 — an) = 0.

Taking a%o) = —l, bgl =0, c(o) = 0, and substituting the expanding expressions
= > alAT by = 3BT e = Y emIAT (2.5)
m>0 m>0 m>0

into (2.4), we obtain the following recursion relations

wn(ayPs = al™) + b7 = (14 va)el ) = 0,

(1 +va) () + al™) — b + 1T = 0,

—up(a 7(1+)1 +al™) 4+ upe Eﬁ) clm+l) — q,

(14 v)el = ubl™ — (i) — al™) = 0.

Under the initial-value conditions of selecting zero constants for the inverse opera-

tion of the difference operator D in computmg a( m)

(m) , by, m) 7, m) ,m > 1 and the first few quantities are

,m > 1, the recursion relations

(2.6) uniquely determine a,
given by

asll) = Un(l + Un—l)a b;J)rl =1+q, Cgll) = Un,

a® = —u2(1+ v, 1) = Untn_ 19y 1 (1 + vp_2) — Untp 100 (1 + vy_1),
b512_|)_1 = _un—i-l(l + 'Un)2 - unvn(l + 'Un—l)a
cg) = —UpUp41Vpy — ui(l +Upo1),

For any integer m > 0, we choose
yiml — Z?lo aA™ " Zz 0 DA™ ‘ (2.7)
" Do AT = ST ai AT

and make a modification

(m) (m)
—2ay " +c 0
Al = ' ; " N (2.8)
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Then, we set
y(m) — ylml A;m)’

and the following equation holds:
a (o) _ (M) y 4w () (m)y oy (m)  (m)
E(Vém))Un—UnVém) _ A ( . EH_;) A ( (n-‘,—)l ( )) A ( n+1)
up(an — anzl-l) + un(CnT-l —cn) 0
(2.9)
We introduce the following continuous time evolution equations

Pn,, = Vi pn. (2.10)

Then the compatibility conditions of (2.2) and (2.10) give rise to a hierarchy of
discrete zero curvature equations

Un,,, = E(V™)U, = U, V™, m >0, (2.11)
which implies the following hierarchy of differential-difference equations

_ (m) _ (m) (m) _ (m)
Up, = Uplay, a,, + un(c,, ¢y ),
tm ( +1) ( +1 ) (2.12)

Uny,, = Un (agzm) - agj-)l)'

When m =1, (2.12) be reduced to (1.1).

Bi-Hamiltonian structures of equation (1.1) in the hierarchy (2.11) may be estab-
lished by applying the trace identity proposed by Tu. First, we define R,, = I',,U,!
and < M, N >=tr(MN), where M and N are the same order square matrices, then
a direct calculations gives:

Ou, Oup, _ ap Oup _ Qpy1 — Cng
< Rn, W >= —Qpi1, < Rn, % >= un, < Rn, a’()n >= o .
By virtue of the discrete trace identity
) ou, _ 0 oU,, .
_ s ——) = [ AT [ = ] A° =), =12, 2.1
St T;;R o ( <8)\> ) (B G 1> (2.13)
we have
an
o —e, 0\ .
— = — n . 2.14
5un ;Z( an+1) )\ (a)\))\ Apil — Cnil ( )
n 41)”

The substitution of (2.5) into (2.14) and comparing the coefficients of A=~ in
both sides of the resulting equations yield

o(m
4 m+41) ﬁn
o2 (al) =E-m) | " |- (2.15)
" ohez n+1v n+1

We set m = 0 in (2.15), and find that € = 0. Therefore, we obtain

Up, 6H(m) 6H(m_1)
Un, = —g%n - g% (2.16)

oy, Oy,
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Here,
0 up(E71 = 1)v,
J= , (2.17)
(1 — E)uy, 0
and
e UnVp Bu? —u? B~ u, v, UnVp By vy, —uZ E7 (v, +02) +ul v,
(Vn+02) Bu2 —up vy B un v, —u2 v, (0n+02) Bun vy, —unv, 71 (v, +02)
(2.18)
Using (2.6), we get the recursion structures
SH™ SH(m=1)
=p—= 2.19
Sy, Uy, (2.19)
where the recursion operator
P, P
T I (2.20)
Qo1 Do
1 -1 2, 1 -1 -1 1 1,2
b1y =——(E—-1)""(1+v,)Ep; +—(E - 1) " up B upv,+—(1—E) " ul,
Unp, Unp, Up,
1 1
Pro=——(F — 1) (1 +v,) Bupvy + —(E = 1) u, B (v, +02),
n un
1 —1y—1 -1 1 —1y—1 2
Goyy=—(1—E ) " upE " upvy, — — (1 — E77) v, Bu,
Un Un,
1 —1y—1 -1 2y 1 —1y—1
Doo=—1—-E" ") u, B (vp+v:)——(1—E" ) v, Eupv,
n Un
1
- 1_E_1 -t n¥n,
Un< ) upv
and
©__1 (m) a" !
HY =— n%:z(zn(unvn)), H™ = ;e:z— ——m >0, (2.21)

Based on above discussion, we can give the following propositions and theorems:

Proposition 2.1. The Hamiltonian functions {Hﬁm)}fn"zo defined by (2.21) forms
an infinite set of conserved functionals of the hierarchy (2.16), which has infinitely
(m) Y >
5?22 } . {Hﬁm)}%zo are in invo-
=1
lution in pairs with respect to the Poisson bracket. "

many common commuting symmetries § Ji

Proof. It is clear that

(JO)* = —J®.
Namely,
O J = JP.
We find that
sHY"  oH SHy" SHy"
H(m) H(l) _ n n _ @m_l n (I)l_l n
{H™ Hy Yy <§un’5un> < 5un’J 5un>
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5H(1) (5H(1) 5H(1) 5H(1)
_ (I)mfl n ’Q)*J(I)l72 n — (p™ n J(I)l72 n
< Sy, S )= Sty Sty )
= (B IY, = = (Y D),
Repeating the above process gives
{HD, =Yy = {H D H VY,
this implies that
{H'I(Lm)7 H’I(Ll)}c] = *{Hr(z,l)v Hr(im)}J (222>
Therefore
{(HY H™}; =0,m,1>1
and
SH™ sHS™  sHY
(Hv(zm))tz = <77unt1> = <7 > = {Hfzm)7H7(Ll)}J =0,m,l > 1.

Sun, Sy, | OUn

From (2.22), we have

o™ OHY,  S{H Yy,

[ Su N1 5un]

=0,m,l > 0.
5u” y Myt =

Which is crucial to show the existence of infinite involutive conserved functionals.
The proof is completed. O

Theorem 2.1. The integrable equations in (2.16) are all discrete Liouville inte-
grable Hamiltonian systems.

3. Implicit Bagmann symmetry constraint

Let us consider the adjoint spectral problem of spectral problem (2.2)

1
E™ = (BT U, (w, Mn), Yn = Z;’ (3.1)

and the continuous time evolution equations
wnt"m, = 7(V(m) (uv )‘))Twn- (32)

From (E~'4y,)s,, = E~ 4y, , we can find

tm
ET'UL = (BT UD) V)T — (BT T(ETIUL) (3-3)
and (3.3) can be rewritten as

Upe. = (EV\™)\U, — U, V™,

tm

Therefore, the integrable differential-difference equation (2.12) has another discrete
zero curvature representation (3.3). The adjoint Lax pairs of (2.12), which is (3.1)
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and (3.2), they can help us determine the variational derivative of the spectral
parameter A\ with respect to the potential wu,,.

Let A1, A2, ..., Ax be N distinct eigenvalues of spectral problem (2.2) and \; #
0,7 =1,2,...., N, we have

E }Lj 71lj E-1 711]’ 71L.7
) ) [ 7] [T ) = ot [ ),
Ep2 vox) Elyn (e
(3.4)
kY _(m W Uy _(m Wy
0 =Va )(Um/\j) 0 |7 y :_( 75 )(una/\j))T 0 |7
j j j j
L n ¥ tm ¥
‘ ‘ ‘ ‘ (3.5)
(B, Beyl) = (0,00 YU (uns AT, (3.6)
(B!, B ) = (37,2 ) U (uny Aj) (3.7)
From [10], we know that
5)\9‘ 1 2j 3Un(um)\j) 15 2i\T
9 i S (LR Y . 3.8
Jun a] (wn+17¢n+l) aun ((pn y P ) ( )

It is evident that (3.8) will play an important role in the binary nonlinearization
method.
We suppose that

0N -

. iy

oA | T 1 21,27 27 o)y 13 (3.9)
m UnUn (u"gon wn — Pn djn )

oA . L S .
where ﬁ is a variational derivative for eigenvalue A;, and a; are constants. The
n

eigenfunctions p;,1;,i = 1,2--- N are required to be rapidly vanishing at the infin-
ity.

Putting

(I)il = ((lpf’],l) (,0;2, ey SDZN)’ \113’7, = ( :11’ ;Qa '--71/12N)7i =1,2,
A= dia‘g(Ah )‘27 ) )‘N)a
we consider the discrete symmetry constraint

N

SHSY 5X;
J S = Iy = (3.10)
j=1

where aj = 1,j = 1,2,..., N. Because of \,, = 0,J(0);/0uy),1 < j < N, are all
symmetries of uy,, = J(5H7(lm)/5un), m > 0, then (3.10) is a symmetry constraint.
From (3.8), we can obtain

<@l vl >

(1) 14 v SO Yy >

5?3 = H = Un . (3.11)
Uny1 ﬁ(un <P2, 02 > — < P2 Wl >)
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Then, we select the dependent variables

2N+1

2N+1
L4 v, = @2Vt v, = 2Nt

the symmetry constraint (3.11) yields implicit expressions

_<9,,9, >
n — 7 "2N+1
Pn

Un = ¢%N+1.

(3.12)

Because it is possible to solve (3.11) for p,, and ¢, depending on ®;, ¥, i = 1,2, so
(3.10) or (3.12) is called a binary Bargmann constraint. Applying (3.4) and (3.12),

we obtain a discrete flow

<<I)7117\I¢L >

1 . .
E@nj - /\’<PN+1 Sanj )\j (2% 1< J< Na
Jrn
1 1
ey = SOmInZ oy 1<j<N,

oN¥1  Pn
Pn

BNt =14 42N+
AN+t Aj

EypY = — L4 2j 1< j<N,
Pl Tl s g v v LSS
2N+1\ 2N+1
wzj:(1+wn+)¢n+w1]_ 1 W7, 1<j<N
G T
2 ;2 2 g1 ON+1
E’(/12N+1: <(I)n7\lln> _ <(I)n’\I/n>SOn + )
" AT YR PR
Setting
Xo = X (P, @3, PN T WL W2 2N ),
G = (@, @0, PN T WL WE 2N 1 < <N+ 1,
we have
: Non ! G N .
X5 = — ¥, + ¥y, 1<j<N,
B S - A
2N+1y 2N+1
n n n —_— — b)
<] T T
2 2 2 gl 2N+1
2N+1: <(I)n7\11n> _ <(I)n’\11n>¢n +
! Yn <0 >t
<Pl wl 14 1—|—<p2N+1 9
G = SN P = 7, 1<j<N,
n >\j§03LN+1 n )‘j n
1 g1
<®,, U, >

CTJLV—H: S02]\7+1 (prlzj+50$zj7 1<j<N,
n

N N
CTQL Jr1:1_|_,¢721 +1.

(3.13)

(3.14)
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Set
P_((P}’Ll?(pna" 780'}LN790727,1750na" 7%0721Nv<p727,N+1) )
Q= 1 12 1/) w w ¢2N+1)T
and

(2 0 ... 0 _ 0 ... 0 9 T
a@ 11> a¢127 3 1Na 85021’ &P%N’ 390%N+1

)

0
OP
0 _( ..._0 o)

oQ — 51&7111’3%2’ ’31/171LN’3¢7211’ I 0

The Poisson bracket of two function y and ¢ in symplectic apace R*V*2 is defined
by

)T

ax ¢ ¢ Oy ¢ ¢\

006 = (o8 250 — (550 55) = () (5) — () (o). (319)

This is skew-symmetric, bilinear, and satisfies the Jacobi identity. In particular, x
and ¢ are called involutive if {x,(} = 0.

Proposition 3.1. Fquation (3.10) defines a map H,
H(P",QT) = (BP, EQT). (3.16)

It is symplectic.

Proof. Through direct and tedious computation, we get

{Xian} = {CiaCj} = Oa {XiaCj} = 5ij71 < Zv.] < 2N +1

and
d(EP)Nd(EQ) = dP N dQ.

Therefore, (3.16) determines a symplectic map. The proof is finished.
In what follows, we would like to solve (2.6). When m > 1, we have

Un SH{™ sHYY & oA
e = = = gt — gy At L
U tm v J (Sun (S’U/n Z J 6un
That is to say,
U (al —aﬁﬂ)ﬂn(cﬁﬂ ) _ *Ej LAl
Un, (a%m) _ang-)l) unlvnz /\m 1 (UnCP 1;[}3;] _@njwrllj)

(3.17)
From (3.17), we can conclude

M =< Am292 wl >

Moreover, aﬁ{”) can be decided

1
al™ = 5(< ARl Wl s < A2 w2 ),
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Substituting cﬁf”% a%m) into the first equation of (7), it is clear that
b =< ATT2PL W2 >
In summary, we choose

N O ()

n - 27 n bl
-1 e ~(1 <ol ol >
a%) =< (p}L?\II}L >, b%) = QOELNJrlv ng) = T 2NF1
. e (3.18)
alm = (SN WL > - < ATTERL WY ), m 22,

BT =< Am20L W2 s AT —c Am292 Wl s > 2,

Setting

Fm = Z(dzam—z + Biém—i)7 m > 0, (319>
1=0

=@’y =1 F=-al=-<e,u >

. 1
F2 = —5(< UL > — <02 U2 S)+ <P, U) >+ < D) U2 >

. 1
F3 = —§(< ADL WL > — < A®2 02 S) <ol Ul s (<ol vl > -

n

L
WS < B> GV <0l > S
n

- 1
E = (S AR W, > — < AR U )
(3.20)

< AP2PL WL s (< B UL > — < 32,02 )

_ _ <02 >
+ <ATPTEOL W) > @IN T < AMTERL W2 > (pg;wff
n

4y S AP wl > = < NP2 V2 >
i=

< AL pl S < A2 g2 >
’ 2

+ <AL W2 > AmTi1R2 Wl Sy om > 4
Proposition 3.2. R
DFE" =0,m > 1.

Proof. Because expressions (3.18) are the solutions of (2.6), we have

= 3N, b= SO RN 6= 3 dma,
m=0 m=0 m=0

which is a solution set of (2.4), thus

D(aZ + b,é,) =0, (3.21)
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this implies DFZL’L = 0, m > 1. This completes the proof. O
In the following paragraph, we would like to discuss the Louville integrability
on the nonlinearized temporal parts of the Lax pairs and adjoint Lax pairs.
Under the control of (3.12), by substituting (3.20) into (3.5), the temporal parts
of the Lax pairs and the adjoint Lax pairs become

((pn 790n ) tm 77Sm)|3(@%]a<pij)’ra] =1,2,---,N,

(wnjawij)tm = _(V’Sm))T|B(¢}Ljv¢%j)T;j =1,2,---,N.
Here the subscript B means substitution of (3.12) into the expression.

Proposition 3.3. The temporal parts of the nonlinearized Laz pairs (3.2) and the
adjoint Lax pairs (3.5) may be rewritten as

[m+2 m—+2
¢it7n = agy\ll[ ) \I’itm = _6}5#72 = 1, 2,
oz ' X (3.22)
(p2N+L), = OF; (2N = _OF 2
©n tm 31/12N+1’ n tm 8802N+1'

Proof. Through a direct calculation, it can be verified that

aﬁvm+2 m m % ~m A
i = T il g a4 B )

= YO (2L, NI 4 BT TIQ2T) 4 2a k) 4 a2l

= (@1 )tm-
The other equations can also be concluded in this way. The proof is finished. [

Proposition 3.4. FZL", m > 0 are in involution in pairs with respect to the Poisson
bracket, and constitutes a hierarchy of integrals of motion in involution for (3.22).

Proof. Through a direct calculation, we can get

f‘tm = [V(m)vf‘}a
where
o by, _ géZ:O wAT mZZObn/\*
Cn —0p, SToemaTmEL N gmaTm
m=0 m=0
This yields
d o 3. d =92 d S (m) 92
2—(a* +be) = —1Trl* = — V™ T =0, (3.23)
dy,, dy,, dy,,

that is to say,

N [l 15 [l 2j [l 15 [l 2j
d - oF, 0¢,;} OF, 0y O0F, Oy, OF, 0y’

aw Otom, &pij Otm, 8??71; Ot 8¢ij Gtm)

OFM*2  9FL  9FE™*? 9F. 9F™t2 9FL  QF™*? 9F!
Z R BT R VT P R e
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_ﬁ}@ﬁ“2aﬁ @ﬂﬁ?@ﬂ»
— oV, 09, oo T ovh
={FLF™} =0, I,m>1.
This completes the proof. O

This elucidates that F,Z", m > 1 constitutes a hierarchy of involution integrals of
motion for (3.22).
We define B
FI = iinpld + o242 1 < j < N. (3.24)

It is easy to verify that
d Fi—0, 1<j<N,

o dim - (3.25)
{F,,F}} =0, 1<i,j<N, {F,FJ'}=0, m>0,1<j<N.

DFJ =0,

Proposition 3.5. 7,1 < j < N, I:"]L””,O < m < N are functionally indepen-
dent over some region of R*N*t2.

Proof. Using the ¢ technique proposed, a positive real number ¢ is given. We let

_ 11 12 1N 21 22 2N+1 11 12 1N
T-(‘PnaWna"'aSDn 7‘Pna§0n7"'a90n aSDn 71/Jn7¢na"'71/}n )
21 22 2N 1 2N+1
no¥n """ ﬂl}n )

be a point of R*N*2 satisfying
O =2 =g, Wl =—¢ i=1,2 j=1,2,---,N.
From expressions (3.24), we obtain
OFJ .
S s, i=1,2, j1=1,2,-- ,N.
don

By using of (3.19), it is clearly that

m--2
OB s A+ S AT — 2w + e,
8Fm+2 m  7(i) i1 m  ~(1) ) (326)
8&32 =Y b AT = YT AT

Thus, it gives that

QEm+2 1., QFm+2 1o
W'T = §Aj e +o(e?), prE |- = —5)\]- e+o(e?), m >0. (3.27)

Assume that the result on the functional independence is not true. Then there exist
2N constants £1,&, ... &N, 71,72, - . ., N satisfying

N N
SR+ Y 0 Ao (329
i=1 j=1
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We can compute that

OF!  9FN oF!  OFN
o0 T 0®L 00! T 9B
OF!  9FN or!  9FN
oy 0Py, 0Py, T 00, | [ anei_g gaviig
Yt 0 daglt Lo DAyl
0 ...tV IanulN o IANgIN
=|p2t ... 0 —iaw2t L =iV
0 2N 1y 2N _1\N (3'29)
1/)11 P} an 2 N¢n2N
0O --- 0 0 0
—£... 0 —%)\15 ...—%)\{VE
D VRN Tl
|0 e =g ANe L —5ANeE 7€2N(11_V[A) 1oy AY
= = ; :
e ... 0 —%)\18 ...—%)\{VE j=1 ... ..
L Ax ... \¥
0 ... ¢ —%)\Na...—%)\xs

In light of the Vandermode determinant V (A1,..., Ay) # 0, when ¢} # 0,5 =
1,2,..., N, we can find that all &, n; must be zero. So, the function F’,{,F,{“,j =
1,2,...,N are functionally independent at least on certain region of R*¥+2. The
proof is completed. [

In conclusion, by the proposition 3 ~ proposition 6, we have the following the-
orem:

Theorem 3.1. Symplectic map (3.16) is integrable and the temporal parts equation
(11) of constrained flows are all completely integrable finite-dimensional systems in
the Liouville sense.

Theorem 3.2. Under the control of (3.12)
<Py (ntm), Y, (1) >

U(n,ty) = = o () : (3.30)
v(n,tm) w%N-H (n,tm)

we solves the lattice soliton (1.1) or the discrete Hamiltonian system (2.12). As
a result of proposition 5, construction of solution (3.30) of equation (1.1) is s-
plit into obtaining ®;(n,t,), Ui(n,tm),i = 1,2, 02Nt (n,t,,), w2V (n, t,,) to the
integrable symplectic map (3.16) and the finite-dimensional completely integrable
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systems (3.22). In fact, (3.12) is a Bicklund transformation between the lattice
equation (1.1) and the integrable symplectic map (3.16).

4. Conclusions and Remarks

In this paper, we have deduced a new family of differential-difference equations
(1.1) through the discrete zero curvature equation (2.3) associated with the discrete
spectral problem (2.2). Moreover, under the Bargmann constraint (3.10) between
the potentials and the eigenfunctions, the binary nonlinearization of the Lax pairs
and the adjoint Lax pairs of the obtained family is presented.

In addition, using the Lax pairs equations (2.2) and (2.10), we can discuss
many other solutions for the family (2.12), such as, lump and interaction solu-
tions [5,29-33,35,37,47,48,51,52], Hirota bilinear technology [4, 16, 46], Darboux
transformation [6,20,43,44,50,54], algebro-geometric solutions [2,14,41], symmetry
analysis [21,42], and so on. Furthermore, it is also interesting and meaningful to
discuss some integrable properties [11,12,15,18,22,23,39, 53] and super-integrable
coupled equations [19]. These problems will be discussed in the future.
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