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FINITE DIFFERENCE/H'-GALERKIN MFE

PROCEDURE FOR A FRACTIONAL WATER
WAVE MODEL*

Jin-Feng Wang!?, Min Zhang', Hong Li'! and Yang Liu®'

Abstract In this article, an H*-Galerkin mixed finite element (MFE) method
for solving the time fractional water wave model is presented. First-order
backward Euler difference method and L1 formula are applied to approximate
integer derivative and Caputo fractional derivative with order 1/2, respective-
ly, and H'-Galerkin mixed finite element method is used to approximate the
spatial direction. The analysis of stability for fully discrete mixed finite el-
ement scheme is made and the optimal space-time orders of convergence for
two unknown variables in both H'-norm and L?-norm are derived. Further,
some computing results for a priori analysis and numerical figures based on
four changed parameters in the studied problem are given to illustrate the
effectiveness of the current method.
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stability, optimal convergence rate, a priori error estimates.
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1. Introduction

A lot of numerical methods and theories on fractional calculus [3,14,16,56] has been
concerned by more and more scholars, especially paid attention to the problems of
numerical solutions of the fractional partial differential equations (FPDEs). The
numerical solutions of FPDEs are mainly obtained by using finite difference methods
[1,2,7-9,12,17,27,34,39,40,42,44,45,49,51,53,58], finite element methods [5,13,18—
20, 23,24, 28,32,38, 50,54, 55], spectral methods [22,26,52], LDG methods [11, 46],
finite volume (element) methods [6,48] and so forth. In [52], Zhang and Xu studied
a spectral methods for a water wave model with a nonlocal viscous term, which is
developed by RLW equations [4,10,15,25,31,33,35] with integer order derivatives.
In this article, we consider a finite element method to solve the nonlinear time
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fractional water wave model [21,52]

Ou  Ou &u % Pou(x,T)  dr ou  0*u
e ’ N 0
ot "oz Parer T2 /0 o GonE ar Yaar - M@ e
(1.1)
with boundary condition
u(zp,t) = u(zg,t) =0,t € J, (1.2)
and initial condition
u(z,0) = up(x), x € Q, (1.3)

where Q = [z, zg](C R) is the spatial domain, J = (0, 7] is the time interval with
bounded upper bound T'. wg(x) is the initial function, & > 0,8 > 0,7 > 0,v > 0
are some constants.

MFE method coving many types is a class of numerical methods for solving
PDEs. In 1998, Pani [36] presented an H!-Galerkin MFE method for the linear
parabolic equations. Compared to classical mixed methods, this method mainly
include three characteristics: It does not require the LBB consistency condition;
The polynomial degree of the finite element space W}, is not limited by the one of V},;
The optimal error results in L? and H' norms for both the scalar unknown v and its
gradient o are arrived at. From then on, many authors began to give some numerical
analysis on H'-Galerkin methods for integer order PDEs [15,30,31,37,41,43,57].
But until recently, the method was used to look for the numerical solutions for
the linear time-fractional PDEs [29]. However, the applications of the H!-Galerkin
MFE method for solving nonlinear fractional PDEs have not been carried out.

Here, the aim of our article is to discuss the numerical theoretical process and
the numerical results of the H'-Galerkin MFE method for a time fractional water
wave model. We formulate a fully discrete scheme, then give the proof of optimal
a priori error estimates for the scalar unknown v and the gradient term o in the
L2-norm, we also obtain the optimal H!'-error results. We show some numerical
results to verify our theoretical analysis.

The layout of the paper is as follows. In Section 2, we give an H'-Galerkin
MFE fully discrete scheme and the analysis of stability for a time fractional water
wave model (1.1). In Section 3, we derive optimal a priori error results in L?-and
H'-norms for both u and ¢. In Section 4, we confirm our results of theorems by
the calculations of some numerical data. In Section 5, we give some analysis of
conclusions on H!-Galerkin MFE method for time fractional water wave model.

2. Discrete scheme and stability

2.1. An H!'-Galerkin MFE formulation

In order to get the H!'-Galerkin mixed formulation, we first split equation (1.1)
into the following lower-order system of two equations by introducing an auxiliary

variable o = %
(a)@—i-a—BaQU n Ve /tﬁu(x,T) dr . uo—a@
ot oxdt T T(1/2) Jy  0r (t—n)F o’y
(b) o — gu _ 0
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Now we multiply (2.1)(a) and (2.1)(b) by f‘?{j—’:, w e H' and %,v € H}, respec-

tively, and integrate with respect to space from xj to xg to arrive at the mixed
weak formulation for (u,0) € H} x H!

@ (52:50) = ()

0 (Sw) +8(5g 52) +a(32.52) 22)

ve oo (x, T T ow ow
) (/0 ((97 )<tiiT)é’w) - (”’ %) +7<W’£)'

Introducing the mixed finite element spaces Vi, C H} and W), C H!, with the
following approximation properties: for 1 < p < co and k, r positive integers [36]

inf {Jv = vllLs +hllv = onflwrs} < CH** Y|l ywhsrp, v € HE MWHHLP,
Uh h

inf {llw —wp| e + hllw — wallwrs} < CR T w|lwrirw, w e WP,
wp €W,

Based on the finite element spaces Vj, C H} and W), C H*, the semidiscrete finite
element scheme with H'-Galerkin mixed method is written as

(a) <8uh (%h) = (ah,%)th € Vi,

Or’ dx ox
8Uh 82O'h awh 60‘h 8wh
) (Gren) + 8 (5aar ) (o ) v
N vs (/t dop(x,7) dr w ) (2:3)
T2\,  or @-ni "

= (Uh, %) —|—7(uh0h, %),th e W

Remark 2.1. Compared to standard finite element method, two important vari-
ables can be solved simultaneously.

2.2. Stability

For giving the fully discrete finite element scheme with 1/2-order fractional deriva-
tive, we need to make the partition of the time interval [0,7]. We insert the nodes
t, =nAt(n=0,1,2,--- , M) satisfying 0 = ¢, < t; <ty < --- < tpy = T with mesh
length At = T/M for some positive integer M. For a smooth function ¢ on [0, 7],
define ¢™ = ¢(t,,). Now we need to approximate the 1/2-order fractional derivative
at time t = t,, 41 by

1 /t”+1 0o (z,T) dr
0

or (tnt1 — T)%

T(1/2)

. 1 U(tn 17k)_0—(tnfk) n+1
Fm oo (64 07 - W] TR TR g

+

where €} 1is the truncation error with the following norm inequality

entt| < CAt3/2, (2.5)
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Based on the discrete formula (2.4) of time-fractional derivative, we obtain the time
semi-discrete scheme of (2.2) with the notation Bi/z = (k+1)Y2 — (k)1/?

@ (2720 < (oo, 2 e

n+1 n
O_n+1 _ o,n do _ do 8w

n+1
o () o ) e (T g

+ () kzn:zoB;p(a(th—k) — U(tn—k:)7w) _ (0n+1’ g:) " ,y(ungn-u7 g%)

Atl/2 Iy

0
At w) + () + (G 5 ) Yw e B

" Ox
(2.6)
1
where g(v) = #32) and the corresponding errors are
n+l _ n
= T o(tsr) = O(AY), (2.7)
At
and
) 9™t 9o 920

it = B (g )+ @ e = 0(A), (28)

Now, we formulate a fully discrete procedure: Find (u}™, o7 *t) € Vi, x Wy, (n =

0,1,--- , M — 1) such that, for any v, € V;, and w;, € W},

(a) (a“ZH (%h) _ (0n+1 %)’

or Oz h 7 ox
n n doptt ol n
0 (BT ) 4 o Oy (2 Dy

n+1—k n—~k

- 1/2 (0p, O _( n+1 Own n nt+1 Owp
+g(y)kZ:oBk ( Atl/2 ’wh) - (CTh " Ox ) +’y(uh0h " Ox )

(2.9)
Remark 2.2. In the scheme (2.9)(b), for the given initial values o} and uj, the

variable UZH can be solved by iterative process. Further, the variable uZH can be
obtained by the value of o™ in the scheme (2.9)(a).

Now we analyze the stability for scheme (2.9).

Theorem 2.1. Let the pair (u}},o}) € Vi, x Wy, be the solution of approzimation

scheme (2.9), then the following inequality of stability holds with a constant IC > 0
free of space-time step pair (h, At)

Ik + S(ok) < exp " [S(h) + 5 55 IR ). (2.10)
n (|2 n—1
_ o n—
where B(of) 2 of |2 + 8| S| + o)At/ > B oI,
=0
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Proof. For uj, € Vj, C HE, we set v, = UZH in (2.9) and apply Cauchy-Schwarz

inequality as well as Poincaré inequahty to follow

[y b (2.11)

For op,wy, € Wi, C H', we take wy, = UZ+ in (2.9) and note that the inequality

(b—a)b=3[b? —a® + (b—a)?] > 1[b? — a?] to arrive at

71+1 80’;;' 2
o1z — tope 8%~ 8% o
Nk
N 9AL
n n+l—~k n k n+1 n+1
1/2(0p — Oy n+1 n+1 doy, n n+1 day,

V)X_E)Bk ( Az 0h )*(“h b )*7( "oz )

(2.12)

For the next discussion, we need to rewrite the first term on the right hand side of
inequality (2.12) as

o 3 (e
t1/2 h
n—1
_ n 1/2 12\, n—k m n
=—g(v)At 1z [H%HW - Z(Bk-/ - kaﬂ)( k,UhH) - B}/Q(Uhv%“)]
k=0
(2.13)
Based on the changed formulation (2.13), we multiply (2.12) by 2At, use Cauchy-
Schwarz inequality and Young inequality and note that the equality ZZ;& (B,i/ -
B;fl) = Bé/z By/? to follow
Dot 2 o}l Dot 12
n+12 2 h h
ok 17 = ok + (| | = | FE ) + o
n—1
n 1/2 _ pl/2 n
< = 2g() A2 |op T2 4 o) A2 Y (B2 = B (lon T F IR + llon 1)
k=0
1/2p1/2 2 1 2 12 dop 12
)AL BY2(R? + o 12 +ye(1 + i) (o 12 + || Z—|)

n—1 n—1
n 1/2 | _n— 1/2) _n—
= — g) AL (2l 2+ Y Bl M) + 90 ae 2 Y By o
k=0 k=0

+g(W)ALY2(By? — BY? + BY?)||on Y2 + g(v)AtYV2 BL?|of |2

)

A1+ g2 (o2 + | (2.14)

Noting that Bl/ =1, we have

n+1 n+1 2
doy, H doy, H

ot 12 + 8] Z || + o = ve(1 + 2]

1/2 n—
+9()At2(|lo paie 5 B ot )
k=0



414 J.-F. Wang, M. Zhang, H. Li & Y. Liu

do}! 1/2
<llogll? + 8] 2 |+ AthB/n s

+ ) AEBY2|op 1P+ AL+ [fup |12 |0 P (2.15)
We easily see that

n 1/2 _ 1/2) ntl—
9)AL2(Jlo +1||2+ZB,J+1 “I2) = gAY B op R (2.16)
k=0

Considering (2.18), we follow

(o) + o — At(L+ g |2)]| Z— |

SE(UZ)+g(V)At1/ZBi/2||02||2+7At( L+ g3 oy 1%

(2.17)

For sufficiently small At, we have a — At(1 + |[u}||%,) > 0, then remove the second
positive term on the left hand side of (2.17) and consider the boundedness for ||u}||%,
to get

E(o; ) <E(oh) + g ALB2|o]|1? + KAt 2. (2.18)
Noting that [jo}™!(|2 < E(op*), we have
(1 = KADE(op ) <E(oF) + g(v) A2 BY2] 2. (2.19)

Further, we follow by the iterative process

E(o )
1T gW)A2BY?
<——— _S(o} JN /0 TR
A—kan =+ =q—xay lonl
L L [UBA e amar
— __=(o) ol g2 2
k= ) [a—xan * }( ,CAt)II ohll
1 . B2, B2 L1 9(W) ALY
E n n n B /2 gl)ar’— 2
Sa—xan = )t a"kan T a—kan ]( ~ KA Sl
S ..............................
1 _ B1/2 1/2 e )At
<— = 0 It et SRR - ) VP4 [ AN b 2
7(1—/CAt)"+1 (Uh)+ .(I—ICAt)"+ +(1—]CAt) + By }( ICAt)” h”

(2.20)

Noting that (1 — KAt)? > (1 — KAt)? > 0(i > j) for sufficiently small At and
1/2 = (k+1)Y2 — (k)'/2, we have
1 1
E n+1 < E 0 1/2
(Oh) Saragrson) + (l—ICAt)"+1[
o+ B+ BY2]g() A2 |of 2
1

ST KAy =)

(n+1)"2g() At ||o] 1>
(2.21)

1
(1 — LA+
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Considering the chosen time mesh At = T'/M and noting that n+1 < M, we follow

KT

E(opt) <(1-
(o) <(1- 57

)7 [=(ef) + 729wl b ). (2:22)

In view of the monotonicity of series (1 — L)~ and A}i_r}n()o(l — ALY =M — expkT,
we easily follow

_ n — (TV)1/2
=) <ot [Bo0) + gy IR (2.23)
Make a combination for (2.11) and (2.23) to get
n — (Tl/)l/2
kil < exp " [2(oR) + g 5y IR (2:24)

Based on the derived results (2.23) and (2.24), the theorem of stability is proved.
O

Remark 2.3. From the conclusion, we can clearly see that ||u} ||, and Z(o}) are
only dependent on the norm for initial value of!, so the mixed element scheme is
unconditionally stable.

3. Error estimates and convergence rates

In the next analysis, we start to discuss the optimal a priori error estimates. For a
priori error estimates for fully discrete scheme, we introduce two projection opera-
tors [36,47] in Lemma 3.1 and Lemma 3.2.

Lemma 3.1. For the variable u € H}, there exists an elliptic projection Ppu € Vj,
satisfying, for any vy, € Vj

ou ou Ovy,
— —Ph—, =) =0, 3.1
(ax "Or O ) (3:1)
which covers the following estimates, for j = 0,1
lu = Prully < Cah* 1 41 (32)

Lemma 3.2. Further, for o € H', we also define another elliptic projection Qo €
Wh, such that, for w, € Wy

S(a — th wh) = O, (33)
where F(o,w) = (g—g, %—;”) + Ao, w). Here X\ > 0 is taken to satisfy
S(w’w) > N’O”wHivw € Hla,U'O > 0.

Then the following estimates are obtained: for j =0,1

: do do do
o < r+1—j e < r+1 )
o= Qnall; < Cih o llr+1, ot n ot ‘ < C.h H It (3-4)

r+1'
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Now we give the following estimate theorem.

Theorem 3.1. Assuming that o) = Q,0(0), then there exists a constant C > 0
free of space-time steps h and At satisfying, for j = 0,1

r —7 r 80
lo? = oillls SC[A™H oo ey + 27| o7

L2(HT+1)

9() A2 o o gy + AL+ AL R o).

) 0o
a? =i, gc[h +1(||U||L°°<HT“) + HE

L2(HT+1))
FgW) AV 2R (o || oo iy + At + 0E AL/ 4 hkﬂﬂ'uunmm“)} .
(3.5)

Proof. With the help of the two projection operators P, and Qp, we now split
the errors as

w(ty) — ull = (u(tn) — Ppu™) + (Ppu™ —ull) = E™ + E7,
o(tn) — o = (0(tn) — Qno™) + (Quo™ — o) = EM + &N

Subtracting (2.9) from (2.6) and using two projections (3.1) and (3.3), we get the
error equations

o () < (17722 + (0. 2,

ox or
n n E;]-H _ 9E n
0 () +a(F = G o (B 52

gl (EattTh - gt Byt Ep g
)Y B (g ) = = (1= AN g B )
k=0

n 41—k rn—k
_ 1/2(EU _Ea ( n+1 8’LU}L)
g(l/)ZBk Atl/Q ,'LUh)—f— go’ ) 81'

k=0
ow ow
(e = g, 2 e )+ () + (e, DY,
(3.6)
Taking vy, = £+ in (3.6)(a) and using a similar discussion to (2.11), we arrive at
gn +1
ez < o =—|| < ez i+ ez . (3.7)

Choose wy, = 2! in (3.6)(b) and note that the inequality (b — a)b > 3[b? — a?]
again to follow

71+1 2 en 2
A oEXTL |12
9AL + 9AL O‘H oz ’
n gn+17k _ gnfk En+1 En .
<-aw 3B (Fgm ) = (1= BN ZE = +aly )
n Entl-k _ fn—k oENt1
- 9(”)232/2( “ Atl/2 = 7‘2?“) + (5;L+17 780:10 )
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oEnt! oEntL
n_n n _n+1 [l n+1 n+1l on n+1 o
+’y(u o't —ufopt T H >+(V2€0+ +eptlogntly 4 (€2+ - )

=L+ L+ I3+ 14+ Is + Ig + I7. (3.8)

In order to make the next analysis, now we have to give the estimates for I;,i =
1,2,---,7. For I, we make a simple calculation using Cauchy-Schwarz inequality
and Young inequality to yield

n—1
_ n 1 _ . .
Il S_g(l/)At 1/2”go,+1|‘2+§g(y)At 1/2 Z(B;/Q ’1{"_21)(Hg k||2+||5 +1|| )
k=0

[t

+ 59 ATYEB( ) + NlET?)

[\

—1
1 n 1/2 1 one 5 1/2) on—
— oAt ey - ZB/HH&, 2+ Y BYRlErHE + B2

k=0
(3.9)
For I, we use Cauchy-Schwarz inequality and Young inequality to get
En Fn n
(|1 ~oap| +a2HEa“||2 +2/lex 1)

1—BA]? it OE
e "o 4 2l )

1—BA?2 [t+1)0E, -
(e a2t ). (310

For I5, we use the estimate (3.4) combining Cauchy-Schwarz inequality and Young
inequality to follow

n—1
Iy = — o)At (B = Y (B = BBy — BYPES €14
k=0
n—1
gAY B = (B - BB - BBl
k=0

n—1 9 1
§Cg(u)2At_1 |:(1 + Z(Bli/Z o B]i_/fl) + B}L/2:| h27-+2“o'H%OC(HT+1) + 5“5:+1H2

— T 1 n
O s A (3.11)

For Iy, Is, Iy, consider (2.5), (2.7) and (2.8) and apply Cauchy-Schwarz inequality
and Young inequality to follow

ogn+t gE+1
Iy +1Is + I7 < (5n+1 5 )+(V2eg+1+€n+l g1y + < ntl - )
1, ., n " . agnﬂ
2(”6 +1+61+1H2+||e +1||2+||5 +1” )+ H H

el

<C(AL + vAP) + ||5"+1||2 + H (3.12)



418 J.-F. Wang, M. Zhang, H. Li & Y. Liu

Finally, we give the estimate for I5. Now we use some important inequalities to get

R . agn—i—l
Is =7(u"(Eg+1+5g+1)+(E" Mo n+1,7)

or
n n+1 n+1 o n n+1 85(?—’_1
< [ oo (1 + 1€+ 1) + (B + IED I+ o] |
12 12 2 2 85n+1
<O[IEz 2 + e 17 + 1Bz + e + | ] (3.13)
Now we substitute (3.9)-(3.13) into (3.8) to arrive at
n+1 2 n (12
I€5+11% - |\5”H2+5H |5 QH852“H2
2At 2At Ox
n—1
1 n 1/2 n— 1/2 n—
<59~ |lEnt? - ZBkiln«‘:a P YD BPlErTH I + B lEIP
k=0
OF, ||2

W) AR 2|07 oy + C(AE 4+ AL%)

1— /\2 n+1
PRLEE2Y /
28t .

12 12 2 2 85 i
+ OB+ et + 1B + e + | 2|, (3.14)
Note that
n—1 n
n 1/2 n— 1/2 n _
— €T = Yo BANESTHIP = = Yo B lE TR (3.5)
= k=0

which combines the resulting inequality (3.14) to yield

[1]

ntly _ m(eon s
(&7 — B(EM) + 20 AtH H

n+t1 E
SQ(V)N”ZB}L/QHESHQﬂL|1—ﬂ/\|2/ o W22 2 0| Lo (s
4 1 ) 1 g ot
+ C(AF + At) + OOt [| B2 + €32 + B2 + € + | = H B
(3.16)

Sum from 0 to J — 1 for n and note that £2 = 0 and (3.7) to arrive at

agn+1
2(E)) + 20At Z H H
: E
< ]2 W03 gr1) + CTAE
to
J—1
vone S (1B + e e + 18R + | 2]
n=0
1 0F,
<ii-o [ O T
J—1 R )
+ CI(AP +vAr) + CALS [||Eg+1 12+ || B2 )2 + 5(5;,’)} . (317

n=0
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Noting that J < M = TAt~! and using Gronwall lemma, we have

J—1 n+1 t
E(&]) + 2aAtn§ Hagé’x H2 SC/tOJ

2

OE, 1o
ds + Cg(v)?> At~ h? +2||U||%OQ(H7.+1)

ot

J—1
+ C(AR +vAP) + OALY. [HEA?“II2 + ||EZ\\2},
n=0

(3.18)

which combines the triangle inequality with (3.2) and (3.4) to follow

. 0o |12
J _ _J2 2r+2—2j 2 2r+42
||O' Uh”j §C|:h HJHLOO(HT‘+1) +h Hiat L2(F 1)

+ g(W) AT R 2|0 ([T oy + AL+ VAL + h2k+2‘|u||%°°(H’c+1)} :
(3.19)
Combines (3.7) and (3.18) with triangle inequality to follow

J

lu” — w3

Oo
<C[R 2 (|0 sy + | 5

2
L2(Hr+1))

g AT 203 ey + A VAR 4 R | (3.20)

Based on (3.19) and (3.20), we use inequality a3 + a3 + -+ +a? < (a; +az + -+ +
a;)%,ar >0,k =1,2,---i to obtain the conclusions of theorem 3.1. O]

Remark 3.1. (i). It is easy to check from theorem 3.1 that the optimal convergence
rate O(At+h" 177 43 At~ 2 B+ 4 b1 for norms ||o7 — o/ ||;, the corresponding
optimal convergence result O(At+ (142 At~2)h" 1 4 hF+1-7) for norms ||lu” —uj | ;
is also be derived. When v = 0, the fractional wave problem is changed as integer
order RLW-Burgers equation, then theorem 3.1 has the optimal convergence rates
O(At + h™1 + hF+1=7) and O(At + h™T177 4 pF+l).

(ii). Here, Compared to standard finite element method, our method can obtain
the optimal a error results in H'-norm for both u and o.

4. Some numerical results

Now we study some numerical results to verify the results of analysis. In equation
(1.1)-(1.3), we choose different parameters «, 3, v, v and the initial value u(z,0) =
3sech?[(0.5)2 (z — 20)], where z( is the midpoint of spatial domain [z, zg].

Tables 1-6 show some numerical results of a priori errors for variables v and o
in L? and H'-norms. When taking T = 10 and parameters a = 8 =y = v = 1,
we obtained the calculated a priori error results based on N, = 2M = 200, 400, 800
in Table 1 with [z, zgr] = [0,400], which indicate the numerical calculations for
long space interval are also effective. Based on the data computed in Tables 2-6,
we declare that our method can numerically solved well the fractional water wave
model, although some changed parameters «, 3, v, v are chosen in different forms.
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Table 1. Convergence results with [z, zr] =[0,400], T =10, a=8=y=v =1

(Ny, M) u—L2 o— L2 u— Ht o— H?!
(200,100)  8.17707E-02  2.72931E-02  8.96280E-02  3.37991E-02
(400,200)  2.71078E-02  8.88547TE-03  2.94119E-02  1.11323E-02
(800,400)  1.00551E-02  3.34442E-03  1.06843E-02  4.07641E-03
RaTE 1.59287 1.61902 1.60755 1.60223
Rare 1.43079 1.40969 1.46091 1.44938

Table 2. Convergence results with [z, zr] =[0,40], T =10, a=B=v=v =1

(Np, M) u— L2 o— L2 u— H! o— H!
(100,100)  4.24903E-02  1.40950E-02  4.47335E-02  1.66648E-02
(200,200)  1.85606E-02  6.10288E-03  1.95306E-02  7.21177E-03
(400,400)  6.23459E-03  2.03967E-03  6.55826E-03  2.40859E-03
RarE 1.19489 1.20762 1.19562 1.20838
RaTE 1.57387 1.58116 1.57435 1.58216

Table 3. Convergence results with [zp,zr] =[0,40], T =10, 8=~v=v =1

o (Ny, M) u— L2 o—L? u— H! oc— H?!
(100,100)  1.21504E-01  1.06686E-01  1.62419E-01  1.69733E-01
0.01  (200,200)  5.44929E-02 4.71780E-02  7.24772E-02  7.48241E-02
(400,400)  1.85495E-02  1.59550E-02  2.45682E-02  2.52097E-02
Rare 1.15687 1.17718 1.16412 1.18169
RarEe 1.55468 1.56411 1.56074 1.56952
(100,100)  7.91653E-03  1.70890E-03  8.09640E-03  1.79706E-03
5 (200,200)  3.33054E-03  7.37648E-04  3.40419E-03  7.72801E-04
(400,400)  1.10402E-03  2.47591E-04 1.12920E-03  2.59398E-04
Rarge 1.24911 1.21206 1.24997 1.21747
RarEe 1.59299 1.57497 1.59201 1.57493

Table 4. Convergence results with [z, zr] =[0,40], T =10, a =y=v =1

B (Np, M) u— L2 o—L? u— Ht oc— H!
(100,100)  4.03555E-02  1.14850E-02  4.19229E-02  1.29192E-02
0.01  (200,200) 1.76860E-02 4.99119E-03 1.83676E-02  5.60950E-03
(400,400)  5.95292E-03 1.67185E-03  6.18130E-03  1.87775E-03
RarEe 1.19015 1.20229 1.19058 1.20358
Rark 1.57094 1.57794 1.57118 1.57887
(100,100)  5.10672E-02  1.95127E-02  5.46243E-02  2.28009E-02
5 (200,200)  2.19945E-02  8.17889E-03  2.34592E-02  9.50623E-03
(400,400)  7.33251E-03  2.68959E-03  7.80908E-03  3.11687E-03
RarEe 1.21525 1.25444 1.21939 1.26214
Rarke 1.58476 1.60452 1.58693 1.60878

In Figs.1-2, when taking parameters a = § = v = v = 1, we plot the solutions

up and oy, respectively, at time ¢t = 100, 200, 300, 400, 500 based on space interval
[xr,xg] = [0,400] and time interval [0,T] = [0,500]. It is easy to find that the
Fig. 1 of numerical solution u in this article is in agreement with the Fig. 3 in
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Table 5. Convergence results with [z, zr] =[0,40], T =10, a=8=v =1
~ (Ny, M) u—L2 o—L? u— H! o— H?
(100,100)  8.04983E-03  3.22055E-03  8.70293E-03  3.63283E-03

0.001  (200,200) 3.16763E-03 1.34479E-03  3.36959E-03  1.50603E-03
(400,400)  1.06721E-03  4.49895E-04 1.13602E-03  5.04898E-04

RaTE 1.34555 1.25992 1.36893 1.27034
RaTE 1.56956 1.57972 1.56859 1.57669

(100,100)  1.23639E-03  6.83785E-04  1.29195E-03  9.72158E-04
1000  (200,200) 7.52058E-04  3.13071E-04 7.74822E-04  5.24458E-04
(400,400)  3.42558E-04 1.28767E-04  3.52489E-04  2.47144E-04

RaTe 0.71722 1.12705 0.73762 0.89036
RaTE 1.13450 1.28172 1.13629 1.08548

Table 6. Convergence results with [z, zr] =[0,40], T =10, a = B =~ =
v (Np, M) u— L? o— L? u— H! o— H!
(100,100)  2.66867E-01  6.74138E-02  2.74944E-01  7.75527E-02

0.01  (200,200) 1.28306E-01  3.17147E-02  1.32020E-01  3.70245E-02
(400,400)  4.54948E-02 1.10993E-02 4.67725E-02  1.30590E-02

RaTEe 1.05654 1.08789 1.05839 1.06670
Rare 1.49581 1.51468 1.49702 1.50344

(100,100)  1.37217E-02  5.99427E-03  1.48296E-02  7.89724E-03
10 (200,200)  5.62191E-03  2.54766E-03  6.09224E-03  3.32476E-03
(400,400)  1.85852E-03  8.45216E-04 2.02113E-03  1.09766E-03

RaTE 1.28732 1.23441 1.28344 1.24810
RaTE 1.59690 1.59178 1.59181 1.59881

Ref. [52]. The result suggest that the numerical scheme proposed here is effective
and feasible.

% u(x(=100) *  0(x=100)
u(x,t=200) (x,t=200)
o u:x{:igg; O 0(x=300)
Ui * + o(x,t=400)

u(x,t=500) 0.08 (x,t=500)

-0.02

-0.1 -0.04
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

a=pey=v=1 a=p=y=v=1

Figure 1. The solutions uj; with temporal evo-  Figure 2. The solutions o, with temporal evo-
lution fora = =y=v =1. lution fora = =vy=v =1.

In Figs. 3-20, we show some numerical figures on variables u; and o, at time
t = 100,200, 300,400 based on space interval [zp,zr] = [0,100], time interval
[0,T] = [0,400], Nj, = 200, M = 400 and changed parameters «, 3,7v,v. By the
performances of numerical solutions in Figs. 3-20, we can easily see that the stud-
ied problem is affected by the terms with parameters «, 3,~,v. Figs. 3-8 describe
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Figure 3. The solutions uj; with temporal evo-
lution fora ==y =v =1.
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Figure 5. The solutions u; with temporal evo-
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Figure 4. The solutions o} with temporal evo-
lution fora = =y=v =1.
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Figure 6. The solutions o} with temporal evo-
lution for 8 =0.01, a =y =v = 1.
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-0.02
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0
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Figure 7. The solutions u; with temporal evo-
lution for 8 =5, a=vy=v =1.

Figure 8. The solutions o, with temporal evo-
lution for B =5, a=v=v =1.

some performances with changed parameter 8 = 1,0.01,5 and fixed parameters
a =y =v = 1. However, the numerical solutions u; and o, are almost not affected
by the changed parameter 5. When choosing fixed parameters § = v = v = 1,
from Figs. 3-4, 9-12, we can see that the performances of numerical solutions are
obviously affected by the changed parameter a = 1,0.01, 5, especially for the case
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Figure 9. The solutions u; with temporal evo-
lution for « = 0.01, B =~v=v =1.
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Figure 10. The solutions o} with temporal
evolution for « = 0.01, =y =v = 1.
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Figure 12. The solutions o} with temporal
evolution for a« =5, B =~v=v = 1.

Figure 11. The solutions uj with temporal
evolution fora =5, B =~v=v =1.

016
*  o(x(=100)

014 # 0(x,t=200)
** O o(xt=300)

012 ¥ % (x,t=400)

o 20 40 60 80 100

a=B=u=1,y=0.001 a=B=u=1,y=0.001

Figure 14. The solutions o5 with temporal
evolution for v = 0.001, a =8 =v = 1.

Figure 13. The solutions uj with temporal
evolution for y = 0.001, a = =v = 1.

a = 5. When making some comparisons between Figs. 13-14, Figs. 15-16 and
Figs. 3-4, we find that there are obvious changes for the performances for nu-
merical solutions with changed parameters v = 1,0.001, 1000 and fixed parameters
a = =v = 1. Finally, we take changed parameters v = 1,0.1, 10 respectively,
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u(x,t=400)

Figure 15. The solutions uj; with temporal
evolution for v = 1000, « = 8 =v = 1.

0251
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u(x,t=400)

-0.05

0 20 40 60 80 100

Figure 17. The solutions uj with temporal
evolution for v = 0.1, a = B =~ = 1.

Figure 19. The solutions uj with temporal
evolution for v =10, a = 8 =~y = 1.
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5 (x,t=400)

Figure 16. The solutions oj; with temporal
evolution for v = 1000, « = f=v = 1.

0 20 40 60 80 100

Figure 18. The solutions o} with temporal
evolution for v = 0.1, a = =~ = 1.
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*  0(x=100)
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* O 0(x=300)
A (x,t=400)

0 20 40 60 80 100
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Figure 20. The solutions oj; with temporal
evolution for v =10, a = B =~v = 1.

and fixed parameters o« = § = v = 1, then from Figs. 3-4 and Figs. 17-20 we see
that the performances for numerical solutions also varies greatly. This shows that
the nonlocal viscous term with parameter v plays an important role in the current

problem.
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5. Some concluding remarks and extensions

In this article, our aim is to study an H'-Galerkin MFE method for solving nonlin-
ear time fractional problems. Some optimal convergence results based on a priori
estimates in both L2-norm and H'-norm are derived. From the numerical result-
s and analysis, ones easily see that an H'-Galerkin MFE method is successfully
applied to solve a water wave model with time fractional derivative.

References

[1] A. Atangana, On the stability and convergence of the time-fractional variable
order telegraph equation, J. Comput. Phys., 293(2015), 104-114.

[2] A. Atangana, D. Baleanu, Numerical solution of a kind of fractional parabol-
ic equations via two difference schemes, Abst. Appl. Anal., 2013(2013), ID
828764, 8 pages.

[3] D. Baleanu, K. Diethelm, E. Scalas and J.J. Trujillo, Fractional Calculus:
Models and Numerical Methods, 3 of Series on Complexity, Nonlinearity and
Chaos,World Scientific Publishing, New York, NY.USA, 2012.

[4] T.B. Benjamin, J.L. Bona and J.J. Mahony, Model equations for long waves
in nonlinear dispersive systems, Philos. Trans. R. Soc. London, Ser. A Math.
Phys. Sci., 272(1972), 47-78.

[5) W.P. Bu, Y.F. Tang and J.Y. Yang, Galerkin finite element method for
two-dimensional Riesz space fractional diffusion equations, J. Comput. Phys.,
276(2014), 26-38.

[6] A.J. Cheng, H. Wang and K.X. Wang, A Fulerian-Lagrangian control volume
method for solute transport with anomalous diffusion, Numer. Methods Partial
Differ. Equ., (2014). DOI: 10.1002/num.21901.

[7] M.H. Chen and W.H. Deng, A second-order numerical method for two-
dimensional two-sided space fractional convection diffusion equation, arX-
iv:1304.3788v1 [math.NA].

[8] M.R. Cui, Combined compact difference scheme for the time fractional
convection-diffusion equation with variable coefficients, Appl. Math. Comput.,
246(2014), 464-473.

[9) M.R. Cui, A high-order compact exponential scheme for the fractional
convection-diffusion equation, J. Comput. Appl. Math., 255(2014), 404-416.

[10] I. Dag, B. Saka and D. Irk, Galerkin method for the numerical solution of the
RLW equation using quintic B-splines, J. Comput. Appl. Math., 190(2006)(1-
2), 532-547.

[11] W.H. Deng and J.S. Hesthaven, Local discontinuous Galerkin methods for frac-
tional ordinary differential equations, arXiv:1403.5759 [math.NA].

[12] H.F. Ding and C.P. Li, Numerical algorithms for the fractional diffusion-wave
equation with reaction term, Abst. Appl. Anal., 2013(2013), ID 493406, 15
pages.

[13] N.J. Ford, J.Y. Xiao and Y.B. Yan, A finite element method for time frac-

tional partial differential equations, Fractional Calculus and Applied Analysis,
14(2011)(3), 454-474.



426

J.-F. Wang, M. Zhang, H. Li & Y. Liu

[14]
[15]

[16]

[17]

[18]
[19]

[20]

[21]
[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

B.L. Guo, X.K. Pu and F.H. Huang, Fractional Partial Differential Equations
and Their Numerical Solutions, Bei Jing, Science Press, 2011.

L. Guo and H.Z. Chen, H'-Galerkin mized finite element method for the reg-
ularized long wave equation, Computing, 77(2006)(2), 205—221.

M. Javidi and B. Ahmad, Numerical solution of fourth-order time-fractional
partial differential equations with variable coefficients, J. Appl. Anal. Comput.,
5(2015)(1), 52-63.

Y.J. Jiang, A new analysis of stability and convergence for finite difference
schemes solving the time fractional Fokker-Planck equation, Appl. Math. Mod-
el., 39(2015), 1163-1171.

Y.J. Jiang and J.T. Ma, High-order finite element methods for time-fractional
partial differential equations, J. Comput. Appl. Math., 235(2011), 3285-3290.

Y.J. Jiang and J.T. Ma, Moving finite element methods for time fractional
partial differential equations, Sci. China Math., 56(2013), 1287-1300.

B. Jin, R. Lazarov and Z. Zhou, Error estimates for a semidiscrete finite ele-
ment method for fractional order parabolic equations, STAM J. Numer. Anal.,
51(2013), 445-466.

T. Kakutani and K. Matsuuchi, Effect of viscosity on long gravity waves, J.
Phys. Soc. Jpn., 39(1975), 237-246.

C.P. Li, F.H. Zeng and F. Liu, Spectral approzimations to the fractional integral
and derivative, Fractional Calculus and Applied Analysis, 15(2012), 383-406.

C.P. Li, Z.G. Zhao, and Y.Q. Chen, Numerical approrimation of nonlinear
fractional differential equations with subdiffusion and superdiffusion, Comput.
Math. Appl., 62(2011), 855-875.

J.C. Li, Y.Q. Huang and Y.P. Lin, Developing finite element methods for
mazwells equations in a colecole dispersive medium, SIAM J. Sci. Comput.,
33(2011)(6), 3153-3174.

N. Li, F.Z. Gao and T.D. Zhang, A numerical study on the erpanded mized
finite element method for the BBM equation, Journal of Information & Com-
putational Science, 10(2013)(2), 355-364.

Y.M. Lin and C.J. Xu, Finite difference/spectral approximations for the time-
fractional diffusion equation, J. Comput. Phys., 225(2007), 1533-1552.

F. Liu, P. Zhuang, V. Anh, I. Turner and K. Burrage, Stability and conver-
gence of the difference methods for the space-time fractional advection-diffusion
equation, Appl. Math. Comput., 191(2007), 12—20.

Y. Liu, Y.W. Du, H. Li, S. He and W. Gao, Finite difference/finite element
method for a nonlinear time-fractional fourth-order reactionCdiffusion problem,
Comput. Math. Appl., 70(2015), 573-591.

Y. Liu, Y.W. Du, H. Li and J.F. Wang, An H'-Galerkin mized finite element
method for time fractional reaction-diffusion equation, J. Appl. Math. Comput.,
47(2015), 103-117.

Y. Liu and H. Li, H'-Galerkin mized finite element methods for pseudo-
hyperbolic equations, Appl. Math. Comput., 212(2009)(2), 446-457.



H'-Galerkin MFE procedure for fractional model 427

[31]

[32]

[33]

[34]

[35]

[36]

[39]

[40]

[44]

[45]

[46]

Y. Liu, H. Li, Y.W. Du and J.F. Wang, Ezplicit multistep mized finite element
method for RLW equation, Abst. Appl. Anal., 2013, ID 768976, 12 pages.

Y. Liu, Z.C. Fang, H. Li and S. He, A mized finite element method for a
time-fractional fourth-order partial differential equation, Appl. Math. Comput.,
243(2014), 703-717.

Z.D. Luo and R.X. Liu, Mized finite element analysis and numerical solitary
solution for the RLW equation, STAM J. Numer. Anal., 36(1999)(1), 89-104.

M.M. Meerschaert and C. Tadjeran, Finite difference approximations for
two-sided space-fractional partial differential equations, Appl. Numer. Math.,
56(2006)(1), 80-90.

L.Q. Mei and Y.P. Chen, Ezplicit multistep method for the numerical solution
of RLW equation, Appl. Math. Comput., 218(2012)(18), 9547-9554.

A K. Pani, An H'-Galerkin mized finite element methods for parabolic partial
differential equations, STAM J. Numer. Anal., 35(1998), 712-727.

A K. Pani and G. Fairweather, H'-Galerkin mized finite element methods for
parabolic partial integro-differential equations, IMA J. Numer. Anal., 22(2002),
231-252.

J.P. Roop, Computational aspects of FEM approzimation of fractional advec-
tion dispersion equations on bounded domains in R?, J. Comput. Appl. Math.,
193(2006)(1), 243-268.

S. Shen, F. Liu, V. Anh, I. Turner and J. Chen, A characteristic difference
method for the variable-order fractional advection-diffusion equation, J. Appl.
Math. Computing, 42(2013), 371-386.

S. Shen, F. Liu and V. Anh, Numerical approzimations and solution tech-
niques for the space-time Riesz-Caputo fractional advection-diffusion equation,
Numerical Algorithm, 56(2011), 383-404.

D.Y. Shi and Q.L. Tang, Nonconforming H'-Galerkin mized finite element
method for strongly damped wave equations, Numerical Functional Analysis
and Optimization, 32(2013)(12), 1348-1369.

E. Sousa, Finite difference approzimations for a fractional advection diffusion
problem, J. Comput. Phys., 228(2009), 4038-4054.

T.J. Sun and K.Y. Ma, Domain decomposition procedures combined with H?!-
Galerkin mized finite element method for parabolic equation, J. Comput. Appl.
Math., 267(2014), 33—48.

K.X. Wang and H. Wang, A fast characteristic finite difference method
for fractional advection-diffusion equations, Advances in Water Resources,
34(2011)(7), 810-816.

7Z.B. Wang and S.W. Vong, Compact difference schemes for the modified
anomalous fractional subdiffusion equation and the fractional diffusion-wave
equation, J. Comput. Phys., 277(2014), 1-15.

L.L. Wei, Y.N. He, X.D. Zhang and S.L.. Wang, Analysis of an implicit fully dis-
crete local discontinuous Galerkin method for the time-fractional Schridinger
equation, Finite Elements in Analysis & Design, 59(2012), 28-34.

M.F. Wheeler, A priori L?-error estimates for Galerkin approximations to
parabolic differential equations, STAM J. Numer. Anal., 10(1973)(4), 723-749.



428

J.-F. Wang, M. Zhang, H. Li & Y. Liu

[48]

[49]

[50]

[52]

[53]

[56]
[57]

[58]

Q. Yang, I. Turner, T. Moroney and F. Liu, A finite volume scheme with
preconditioned Lanczos method for two-dimensional space-fractional reaction-
diffusion equations, Appl. Math. Model., 38(2014)(15), 3755-3762.

S.B. Yuste and J. Quintana-Murillo, A Finite Difference Method with Non-
uniform Time steps for Fractional Diffusion Equation, Computer Physics Com-
munications, 183(2012)(12), 2594-2600.

H. Zhang, F. Liu and V. Anh, Galerkin finite element approzimation of sym-
metric space-fractional partial differential equations, Appl. Math. Comput.,
217(2010), 2534-2545.

H. Zhang, F. Liu, M.S. Phanikumar and M.M. Meerschaert, A novel numer-
ical method for the time variable fractional order mobile-immobile advection-
dispersion model, Comput. Math. Appl., 66(2013), 693—-701.

J. Zhang and C.J. Xu, Finite difference/spectral approzimations to a wa-
ter wave model with a nonlocal viscous term, Appl. Math. Modell., (2014),
http://dx.doi.org/10.1016/j.apm.2014.03.051.

Y.N. Zhang, Z.Z. Sun and H.L. Liao, Finite difference methods for the
time fractional diffusion equation on non-uniform meshes, J. Comput. Phys.,
265(2014), 195-210.

Z.G. Zhao and C.P. Li, Fractional difference/finite element approzima-
tions for the time-space fractional telegraph equation, Appl.Math.Comput.,
219(2012)(6), 2975-2988.

F.H. Zeng, C.P. Li, FW. Liu and 1. Turner, The use of finite differ-
ence/element approaches for solving the time-fractional subdiffusion equation,

SIAM J.Sci.Comput., 35(2013)(6), A2976-A3000.

Y. Zhou, Basic Theory of Fractional Differential Equations, World Scientific
Publishing, 2014.

Z.J. Zhou, An H'-Galerkin mized finite element method for a class of heat
transport equations, Appl. Math. Model., 34(2010), 2414-2425.

P. Zhuang, F. Liu, V. Anh and I. Turner, Numerical methods for the variable-
order fractional advection diffusion equation with a monlinear source term,
STAM J. Numer. Anal., 47(2009), 1760-1781.



	Introduction
	Discrete scheme and stability
	An H1-Galerkin MFE formulation
	Stability

	Error estimates and convergence rates
	Some numerical results
	Some concluding remarks and extensions

