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RIEMANN PROBLEM WITH DELTA INITIAL
DATA FOR THE RELATIVISTIC CHAPLYGIN
EULER EQUATIONS*
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Abstract In this paper, we study the Riemann problem with the initial data
containing the Dirac delta function for the relativistic Chaplygin Euler equa-
tions. Under the generalized Rankine-Hugoniot conditions and entropy con-
dition, we constructively obtain the global existence of generalized solutions
including delta shock waves that explicitly exhibit four kinds of different struc-
tures. Moreover, we obtain the stability of generalized solutions by making
use of the perturbation of the initial data.
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1. Introduction

The Euler system of conservation laws of energy and momentum for a Chaplygin
gas in special relativity reads (cf. [4,6,19])

((p‘FPCQ)Cz(CgZ_Uz) +P> + <(P+PC2)02_UUz> =0,
¢ - (1.1)
2
<(p+p02)62_”v2> + ((PJFPCz)sz_Uz +P> =0,
¢

xT

where p and v represent the proper energy density, the pressure and the particle
speed, respectively, and the constant c is the speed of light; the equations of state
is

p(p) = —= (1.2)

with p > 0. System (1.1) models the dynamics of plane waves in special relativistic
0 z1)

fluids in a two dimensional Minkowski time-space (z',
divT = 0, (1.3)

where T is the stress-energy tensor for the fluid:

T = (p+ p)o'v? +pn”, (1.4)
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with all indices running from 0 to 1 with 2% = ct. In (1.4),

denotes the flat Minkowski metric, v the 2-velocity of the fluid particle, and p the
mass-energy density of the fluid as measured in units of mass in a reference frame
moving with the fluid particle.

The Newtonian limit (% — 0) of system (1.1) and (1.2) is the following classical
Euler system for compressible isentropic fluids:

Pt + (Pv)w = 0)

(1.5)
(pv)e + (pv* +p)a = 0,
In general, a solution to systems (1.1) or (1.5) strongly depends on the state
equation p = p(p), which expresses how the pressure p depends on the density p.
For a polytropic gas, it can be expressed as

p(p) = k2p7(7 > 1,k <o), (1.6)

for which systems (1.1) and (1.5) have extensively been studied by Chang and
Hsiao [2], Chen etal. [3,4], etc. For a Chaplygin gas, Brenier [1] firstly studied
the 1-D Riemann problem and obtained solutions with concentration when initial
data belong to a certain domain in the phase plane. Furthermore, Guo, Sheng, and
Zhang [8] abandoned this constrain and constructively obtained the global solutions
to the 1-D Riemann problem, in which the é-shock developed. Moreover, they
also systematically studied the 2-D Riemann problem for isentropic Chaplygin gas
equations. For the 2-D case, we can also refer to [15] in which D. Serre studied the
interaction of the pressure waves for the 2-D isentropic irrotational Chaplygin gas
and constructively proved the existence of transonic solutions for two cases, saddle
and vortex of 2-D Riemann problem. Recently, Wang and Zhang [21] studied the
Riemann problem with delta initial data for the one-dimensional Chaplygin gas
equations. However, it is noticed that few literatures contribute to system (1.1)
for a Chaplygin gas so far. Recently, Cheng and Yang [6] proved the existence
and uniqueness of delta shock solutions of Riemann problem for the relativistic
Chaplygin Euler equations (1.1) and (1.2). In particular, the delta shock waves
appear in the Riemann solutions of (1.1) and (1.2). From the mathematical point
of view, a delta shock wave is more compressive than an ordinary shock wave in
the sense that more characteristics enter the discontinuity line of the delta shock
wave. From the physical point of view, a delta shock represents the process of
concentration of the mass. As for delta shock waves, we refer readers to [5—12, 14,
16-18,20-25] and the references cited therein for more details.

In the present paper, we consider the Riemann problem (1.1) and (1.2) with
initial data

(p—sv-), <0,
(p,v)(t=0,2) = (mgd,vp), x=0, (1.7)
(p+,'l]+), x > 07

where § is the standard Dirac delta function, and mg, vg, p+ and vy are arbitrary
constants. Because the delta shocks appear in Riemann solutions of (1.1) and
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(1.2), it is natural to consider system (1.1) and (1.2) with initial data (1.7) which
contains Dirac delta functions. This kind of Riemann problem, which is also called
the Randon measure initial data problem, was studied in [12, 13,21, 23, 25] for the
zero-pressure flow in gas dynamics and other related equations.

In our paper, we will solve the Riemann problem (1.1), (1.2) and (1.7). Under
the generalized Rankine-Hugoniot conditions and suitable entropy condition, we
constructively obtain the global existence and uniqueness of generalized solutions
including delta shocks that explicitly exhibit four kinds of different structure. How-
ever, much more different from [12,23,25], the §-entropy condition is not enough
to guarantee the uniqueness of generalized solutions. As in [21], we construct our
solution on the basis of the stability theory of generalized solutions. Especially,
when mg = 0, vg = 0, our results are consistent with those in [6].

The paper is organized as follows. In Section 2, we first present some preliminary
knowledge about system (1.1) and (1.2); then display the Riemann solution of (1.1)
and (1.2) with constant initial data. In Section 3, we construct the Riemann solution
of (1.1) and (1.2) with delta initial data case by case.

2. Riemann problem with constant initial data

In this section, we briefly review the Riemann solution of (1.1) and (1.2) with initial
data

(p,v)(0,2) = (p£,v4), +x >0, (2.1)

which is in physically relevant region
1
V={(p,v):p> Ea|v| <c}, (2.2)

where p1 > 0, the detailed study of which can be found in [6]. For more details
about the study of the Riemann solution of (1.1) can be found in [4,19].
The relativistic Euler equations for Chaplygin pressure (1.1) and (1.2) have two

eigenvalues
N /24 00) SN CR R/ 0)
2 —v\/p(p) +vy/pp)

with corresponding right eigenvectors

(~1)7 p’(p)>T7 i1

CQ_UQ’pCQ_i_p

e

By a straightforward calculation, we obtain 7\; - = 0(¢ = 1,2), which means
system (1.1) and (1.2) is strictly hyperbolic and full linear degenerate.
For convenience in the next, we note

Ao — L) Al +55)
Mpov) = ——2—s  Aalpavy) = —F
P P+

As usual, we seek the self-similar solution,

(P, 0)(t, ) = (p,0)(€), €=

x
t
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Then the Riemann problem (1.1), (1.2) and (2.1) can be reduced to

(34 p i +0) + (R HaNat) =0
¢ : (2.4)

5(( L4 pe )Cz_vz)£+ (( +pc?) 2 — ,ﬁ)g =0,

with (p,v)(£o0) = (p4,v4).
For any smooth solution, system (2.4) can be written as

(/%2-&-02)0211—5(%-"-04) (—%+p02)(02+v2—2v§)

(2 —0?) (2 _0?)2 pPe —0 95
(p%-&-vz)zz:i:(p%-ﬁ-g) (—%+/)C2()C§2_11§22)—2602—§1)2) vg ' ( )

which provides either general solutions (constant states)

1
(4, 0)(€) = constant, (p> )
or singular solutions
=M :Al(p,,’l},), 52)\2:)\2@,,1},). (2.6)

For a bounded discontinuity at & = o, the Rankine-Hugoniot conditions holds

o |5 )t )|+ [ (- e )"2] “2}0 Y e

~o|(~ 2+ ) U2]+[<—+pc>cz =g

where [p] = p — p—, and o is the velocity of the discontinuity. By solving (2.7), we
have
J:)\lz)\l(p_,l)_), J:)\QZ)\Q(p_,U_). (28)

From (2.6) and (2.8), we find that the rarefaction waves and the shock waves are
coincident in the phase plane, which correspond to contact discontinuities:

200 1 2 _ 1
poe= W) o) (2.9)
p

Ao+ %) B Av_ + p%)

Jo 1 €= = 2.10
25 C2+% CQ+Z; ( )

In the phase plane, through the point (p_,v_), we draw a branch of curve (2.9)
for p > 1, which has the asymptotic line v = )\1( v_), denote by Ji. Through the
point (p v_), we draw a branch of curve (2.10) for p > 1, which has the asymptotic
p—v— =

line v = Aa2(p—,v_), denote by Jo. Through the point <p, we

draw the contact discontinuity curve (2.10). Now, the phase is divided into five
regions denoted by I, II, III, IV, and V.



380 M. Huang & Z. Shao

For any given right state (p4, v ), we can construct Riemann solutions of (1.1)
and (2.1). when (p4,v4) € IUITUIITUIV | the Riemann solution contains a 1-
contact discontinuity, a 2-contact discontinuity, a nonvacuum intermediate constant

state (ps, vy ), where
cg(v*er%) . 02(U++i)

21 T - 2. %F

vy e T (2.11)
c(we—5-)  CW——5—

2_Tx =

o C2*p7 ’

when (p4,vy) € Viie, A\ (p—,v_) > Aa(p+, vy ), the characteristics originating from
the origin Q = {(z,1) : Aa(py,v4) < § < Mi(p—,v_)} will overlap. So, singularity
must happen in Q. It is easy to know that the singularity is impossible to be a jump
with finite amplitude because the Rankine-Hugoniot condition is not satisfied on
the bounded jump. In other words, there is no solution which is piecewise smooth
and bounded. Motivated by [18], we seek solutions with delta distribution at the
jump. In fact, the appearance of delta shock wave is due to the overlap of linear
degenerate characteristic lines.

For system (1.1) and (1.2), the definition of solution in the sense of distributions
can be given as follows.

Definition 2.1. A pair (p,v) constitutes a solution of (1.1) and (1.2) in the sense
of distributions if it satisfies

O+OO fj;o ((—% + PCZ)W;% + p) s + ((—% + PCz)cz_Uvz)SOx> dxdt = 0,

S (0 b (4 + 0) s = ) ot =0
(2.12)

for all test functions ¢ € C§°(R™ x RY).

Moreover, we define a two-dimensional weighted delta function in the following
way.
Definition 2.2. A two-dimensional weighted delta function w(s)dy, supported on
a smooth curve L = {(t(s), z(s)) : a < s < b} is defined by

b

W@%@=/w@ﬂWM$WS (2.10)

for all test functions ¢ € C§°(R?).

Let us consider a solution of (1.1) and (1.4) of the form

(p—,v_), x < ot,
(p,v)(t,2) = § (w(t)d(z — ot),0), = ot, (2.14)
(p+av+)a T > ot,

where w(t) and o are weight and velocity of Dirac delta wave respectively, satisfying
the generalized Rankine-Hugoniot conditions

2

2

%(C;u_(i)%c(t)) = —v;(?) [(_% + /’02)@(6737@2) + pl + [(_% + :002)6231,2]7
w 021} v 1)2

%( c(zt),vggt()t)) = _Ué(t) [(_% + p02)6271}2] + [(_% + pCQ)cz,vz - %L

(2.15)
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where [p] = p— — p4, with initial data
(z,w)(0) = (0,0). (2.16)

By solving (2.15), we can get

(a7t F (1= (572)%)t: 37), E=0,

(z,w,v5)(t) = ; ; .
(F—\/ij —Ect’m(l _ (F—\/}; —EG)2)t’ F—\/p]; —EG)7 E+0

i

where F = [(_%‘FPCQ)WZ,@)‘*‘P]’F = [(=5+p?) ], G = [(—%‘*‘PCQ)%—
5]
1]

We also can justify the delta shock wave satisfies the entropy condition:

A2(p4,v4) <o < Arp-,v-).

which means that all the characteristics on both sides of the delta shock are incom-
ing.

Thus, we obtain the global solution to the one-dimensional Riemann problem
for the relativistic Chaplygin Euler equations (1.1) and (1.2).

3. Riemann problem with delta initial data

In this section, we construct Riemann solution of system (1.1) and (1.2) with initial
data (1.7). According to the relations among Ai(p_,v_), vg and Aa(py,vy), we
discuss the Riemann problem case by case.

Case 3.1. A1(p—,v-) <wvg < Aa(p4,v4).
According to the value of vy, we divide our discussion into the following three
subcases.

Subcase 3.1.1. Ai1(p—,v_) < vg < A2(p4,v1).
To construct the solution of (1.1), (1.2) and (1.7), here we first consider the
initial value problem (1.1) and (1.2) with the following initial data:

(p*’v*)7 r < —¢g,
(p,0)(t=0,2) = ¢ (B2,v9), —e<z<e¢, (3.1)

(p+7v+)a T > g,

where € > 0 is sufficiently small. On the basis of the stability theory of weak
solutions, if we obtain a solution of (1.1), (1.2) and (3.1), then by letting e — 0, we
can get a solution of (1.1), (1.2) and (1.7).

Because A1(p—,v-) < vo < Aa(52,v0), AMi(52,v0) < vo < Aa(py,vy), when
t is small, the solution of the initial value problem (1.1), (1.2) and (3.1) can be
expressed as

~_ ~ ~ ~_ m o~ ~ ~ o~
(p=v=) 7+ (B, 00) + Ty + (G2 w0) + I+ (P2, B2) + 1 + (s v4),
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where “+” means “followed by”, Moreover, from (2.11), we have

gA_L) C2(1}771)
¢ (Ul r) [
2_ 01 2=
A e
2(= 1 2 2¢
@) _ 2 (vt2s)
5 L 01 = > ZEvg )
SRy g
and
2(~ 1 ) 2( 2e )
(& Vo — =— C Vo—
( 27 5] _ 0" mg
- = -
2 Y2 c2— 2%
P2 mo
o~ 1) ,2( 1 )
Do+ = c“lvg+
¢ (12+92 _ + P+
2 02 - 2. "+
C = (&
+/’2 +P+

respectively. The propagation speed of ff“ is A1(52,v0), and that of f{ is Ao (52, v0).

Because A2(%52,v0) > vo > A1(52,v0), the contact discontinuity J, will overtake
the contact discontinuity J;” in a finite time. The intersection point (zg,%o) is
determined by

c? (%-ﬁ-%)

To + &= — =g lo,
mo
cz(vofi—ao)
g — € = 7[12—2;:2; to.

A simple calculation leads to

2 46242
(e ) mo(et — )
€T =
(20, to) 2(c2 —v3) 7 2c3(c? —vd)
It is clear that a new Riemann problem is formed when two elementary waves

intersect at a finite time. At the time ¢ = ¢y, we again have a Riemann problem
with initial data:

(b\laal)a T < Zo,
(pa ”U)(:L‘, tO) = PR (32)
(p2,02), = > xg.
Since A1(p1,01) = M(p—,v_) < A2(p2, U2) = Aa(p+,v4), the Riemann solution con-
tains a 1-contact discontinuity Ji, a 2-contact discontinuity J» and an intermediate
state (p3,v3), where

p3 P
2(~. 1 62(1, L)
¢ (U3+53) _ +eT
2 U3 - 2 Ut
c +ﬁ3 c +/’+

Therefore, when ¢ > #g, the solution of (1.1), (1.2) and (3.1) can be expressed as

(p—,v_) + jl_ + (p1,01) + Ji+ (p3,v3) + Ty + (p2,v2) + <]Aé+ + (P4, v4)-

So far, we have completely constructed a solution of (1.1), (1.2) and (3.1). Letting
€ — 0, we obtain a solution of (1.1), (1.2) and (1.7), and we have

2A7L) Cz(v__l)
¢ (Ul P1) i
1
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2(5,_ L
¢ (v2 52) =
2_02 — b0,
2
2 1 CZ(U L)
¢ (v2+r32) Jr+ﬁ+
2,02 242+
c +ﬁ2 c +p+
cz(vg—%) (‘2(1) —i)
P3 —
c2— 23 B 2—2= ’
3 —
2 (- 2 1
c (U‘g—i-%) o (U++H>
2 93 - 24 '+
c +ﬁ3 c +”+

( t ) _ v002m0 mopcC
Fo.t0) = 2(c2 —v3) 2(c2—3) )’
and a d-shock wave §S with

2¢% — 2U§t c*my

Jf(t) = vot, w(t) = Mmo — 2 ) U(S(t) = Yo, for 0 <t < Ma

where z(t), w(t) and vs(t) respectively denote the location, weight and propagation
speed of the d-shock.
It is easy to check that S satisfies (2.15), where [p] = p1 — p3, with initial data

(z,w,v5)(0) = (0,mo, vo).
Subcase 3.1.2. A (p—,v_) = vy < Aa(p4,v4).

Similar to subcase 3.1.1, we have the Riemann solution of (1.1), (1.2) and (1.7),
where (p«,vs) is given by

Flo—g0) _
o2 _ Tk Vo,
px
2 1 A L
c(v*-&;p*) (+tp+)
2 * + bl
c®+ 2+
: 2tk

and the d-shock wave 4.5 has the following expression:
x(t) = vot, w(t) =mo, wvs(t) =wvg, for t>0.

Subcase 3.1.3.  A1(p—,v_) < vp = Aa(p+,v4).
Similar to subcase 3.1.2, (ps,vy) is given by

2 1
Flua—t)  lv-—7)
v e 1)
CZ*F’*: c27p: ’
A (vatL)
gz = Yo,
P

and the d-shock wave 45 has the following expression:
z(t) = wvot, w(t) =mg, wvs(t) =wvg, for t>0.

Case 3.2. wvg < AM(p—,v—) < Aa(p4,v4). (If A(p—,v_) < Aa(ps,v4+) < vg, then
the structure of the solution is similar.)

It is seen that the particles o < 0 collide with the particles xp = 0 at the start,
while the particles zg < 0 never collide with the particles zg > 0. Thus the solution
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can be expressed as

(p—,v_), xr < x(t),

(p.0)(t.) = (iv(j)5($ = z(t)), vs(t)), z = x(t), (3.3)
(P, 0)(t, z), z(t) <z < Aa(p4,v4)t,
(p+:v4), T > A2+, v4)t,

where (p,7) (¢, ) = (p+, v« ) (%) along the straight line Ao (py, vy )t—x = Ao(py, vy )E—
x(t), for ¢ > 0.
Here, (ps,vs)(t) is the right state of the §— shock wave 6.5 difined by

Sle0ztm) ),

s (3.4)
P
(e Wt sy) _ 7 .
2223 Aoy

and J.5 satisfies the following generalized Rankine-Hugoniot conditions:

dx(t) — Ug(t),

dt
w 02
% (cz_(i)g(t)) = U&(t)E — F, (35)
w C2'U
(U — vy()F - G,

where [p] = p.(t) — p—, with initial data
(z,w,vs)(0) = (0,mg, vg),

¢ (0. (- 2245

2_ vx(t)
P (t)

since = vs(t), we have

¢ —2(t)

O P ROEIRO)

= v;(t). (3.7)

Next, We only need to solve the initial value problem (3.5) and (3.6).
From (3.5)2, (3.7) and (3.4), we have

2 2 _ —1J77C2-i-;)7c2 (,L+p762)1,7
%(C;U_(?gc(t)) = (e ’Zlgz vat) p_cz_vg vs(t) + p}z%vg
w2 V2
_ﬁ_;’_p_(@ —;+p,c4 cz(v,—i)
=-1- "—627’02 ’U(S(t) + czp(:;zf'UQ ) ’ C2_£_ + 1 (38)
- - p_
—é—i-p,c4 [l (p———

= ) ).
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From (3.5)3, (3.7) and (3.4), we have

g(w(t)c"'va(t))

dt \ c2—v2(t) , , ) ) -
72—i+02p*v* —o-tcTp_v_ 7;—*+p*c2vf —g—tp-_ciul
- c2—v2 ) - 2 —v2 U‘s(t) - c2—v2 ) - c2—v2
v_ 2
_ p%(cz—v*v(;t)+c2p*v* (vs(t)—vx) —pf+029—7’— " — +p_c?v?
- c2—v2 - c2—v?2 U‘S( ) + 292 (39)

2 2 2

—v;+c2p,'u, ——=—+p_c vl
= p_
- <_1_M>”5(t)+c2—v2

"2
A +-L) —=4p_c* [ Fv_—-L1)
= = 'czp(czua( .y _“5(t))'

STU=
(&
+o-

Combining (3.8) and (3.9), we have

d ,w(t)cPvs(t)

d, w(t)c?
@( 2 —vi(t)

) = Az(ﬂ—,v—)%(w)- (3.10)

Integrating (3.10) from 0 to ¢, we have

w(t)c’2 _ _ moc? _
C27v§(t) ()‘Q(p*ﬂ}*) U§(t)) - czgvzg ()‘Q(pfav*) UO) (311)
> %(Al(p,,v,) —vg) > 0.
Combining (3.11) and (3.8), we obtain
9 A_ 2w(t)c?
) - 312
dt*c? —vi(t) chg‘(t)

where
2

v2 4
_ 2
- TP-C mye

A=+ 55 Xalp-,v-) — o). (3.13)
(2 —vi) 2 —vg

In addition, the delta shock wave should satisfy the entropy condition:
vo < v5(t) < Ai(p—,v_).
This, together with (3.8), (3.11) implies

d, w(t)c?

—( = . 14
dt(CQf’ug(t))>O (3.14)
and ,
w(t)c
1
T >0 (3.15)
Combining (3.14) and (3.15), we have
w(t)c? A
— Nl
O<02_U§(t)<2 (3.16)
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Setting
= H(t). (3.17)

Solving (3.12) with initial data H(0) = Ho = 29 we have
0

Hy—H + %A(m(A — 2Hy) — In(A — 2H)) = 2t. (3.18)

Letting f(H) = Hy— H + $A(In(A—2H,) —In(A—2H)), then, from (3.16) we have

2H
A—-2H

f(H) = > 0. (3.19)

Thus, from (3.11), there exists a unique inverse function f~!(2t), such that H =
H(t) = f~1(2t). Then from (3.18), we have

170 — ()

w(t) = =2

From (3.11), we obtain

;";3223 (A2(p—,v—) — o)
f=1@2t)

vs(t) = Aa(p—,v_) — (3.20)

Furthermore, we have

2(t) = /O " vs(r)ir

Remark 3.1. From (3.18), we have . ligl H(t) = A. Then from (3.20), we have
—r+00

. ligl vs(t) = AM(p—,v_) < Aa(p+,vy+). This implies that the delta shock wave §.5
—+00

will never overtake those 2-contact discontinuities.

Case 3.3. Aa(p+,v4) <wvo < Ai(p—,v_).
This is a typical case, a delta shock wave emits from the origin. We seek the
solution in the following form

(p—sv-), z < x(t),
(p,v)(t, ) = { (wt)d(x — x(t),vs(t)), = =x(t), (3.21)
(er’UJr)a T > $(t),

which satisfies (2.15), where [p] = p— — p4, with initial data
(z,w,vs)(0) = (0, Mg, V). (3.22)

Now, we are going to solve the initial value problem (3.21) and (3.22).
Integrating (2.15) from 0 to ¢ with initial data (3.22), we have

w(t)c? moc®

02—7113(75) B c2—vg —zE+ Ft’ ( )
3.23
w(t)c?vs(t) _ mgoc?vg = —2F + Gt.

c2—vZ(t) c2—v3
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Cancelling w(¢) in (3.23), we have
moc?vs(t)  mocvg
g e = Exvs(t) — Fos(t)t — Fz + Gt
or
d ( Ez? moc? moc?vg
—_— - Fi)o+ LG + te=0. 3.24
dt{ 2 (02— * )x—|— 2 —v2 (3:24)
Integrating (3.24) from 0 to ¢, we obtain
E 2
Ea? _( moc? 2+ Ft)o+ Gt2 moc” D=0, (3.25)
2 2 —v? 2 —vg
From Aa(p4,v4) < vp < A1(p—,v_), we know that
R B R B (R B R
2 _ Ut 2 4 U+ 2 _ o= 2 o=
“ Ty SR T D
So one can get that
Ay = —oypip+opprve +Fpo —vo+Fvprpo —vpvp—Epyp vy >0,
Ag = —Pvypip —vyprve —Fpo —vo+Pv_prp oo p+Epyp vy >0,
Ag = —Pvypip- +opprve —Fpo v+ Pv_pip oo po—Fpp—vy >0,
Thus,
Al A
F? - EG= 12 > 0. (3.26)
pip(e—v (et )(c— i)t op)
(== +cp-)u- (7i+02p+)v+
F—vkb = 2.2 - 2 2
2 —v2 c? —vg
1 2 2 _ 1 2 2
. (—p7—|—cp_)v_+p__( p+—|—cp+)v+_p+
2(c?2 —v?) (2 —vl)
vy (2—vyv Uz_
_% —|—C4p+(1)0 —’U+) + (— P% —|—c2p7)1}7 B _PT +pfc . 0
c2(c? —03) 2 —v? c2(c? — 0
(3.27)
If £ # 0, we have
moc? 2 2 moc?vg
A=(gootFt) —28 Gt ot
2 — v c? —vg
2\ 2 2
moc 2mypc 2 2
= F—yFE F*—EG)t*>0
(szg)) +szv§( v E) + ( )
we solve Eq. (3.25) to obtain
Ft+ mOC >+ \F
z(t) = (3.28)

E
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From (3.28), we have

Fif(mw( — v E) + t(F? EG)>

vs(t) = 7
Thus,
I = F++VF? - FEG
Jm wlt) = =5
Substituting (3.28) into (3.23)1, we have
2 —v3(t
w(t) = ;Té() VA

In addition, to guarantee uniqueness, the delta shock wave should satisfy the entropy
condition:

Ao(pg,v4) < lim ws(t) < A (p—,v_).
t—o0

So, we have
2

2
c® —v3(t)
w(t) = —= V.
Then, we obtain a unique solution
Fi+ C”;E‘fz V&
r(t) = ——F—0i,

F— \ﬁ(m“c (F—vo B)+t(F?— EG)) (3.29)
(t) = E ’

Us
w(t) = 9O /A,
If E =0, solving (3.25), we have

moczvgt + thQ

x(t) =
0=
Then, we have
2 _ 2 t
w(t) =& ;’5()< ;noc +Ft>
c 2 —v?
and
(Z;0°v”)“2 + LFGt? + TOC Gt
vs(t) = 2
(805 +m)
Remark 3.2. It is seen that
G _
ﬁ, E —_— 07

lim vs(t) =
t— o0 F—\/FE'Q—E'G E 7& 0.
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So, the delta-shock satisfies the entropy condition
)‘2(p+7 ’U+) < tll}go Ué(t) <A (p—7 U—)7

which means that all the characteristics on both sides of the delta shock are incom-
ing.

Remark 3.3. If mg =0, vp = 0, then

(Fer0-GER2esk). B0

(1 _ (F—\/z}“;—EG)2)t7 F—\/IE—EG>’ E #0.

(x,w,vs)(t) =

This is consistent with the results in Cheng and Yang [6]. It implies that the solution
constructed here is stable under some perturbations.

Case 3.4. vy < A2(p4,v4) < Ar(p—,v_). (If A2(ps,v4) < A1(p—,v_) < vg, then
the structure of the solution is similar.)

Similar to the analysis in Case 3.2, we know that, in this case, when t is small
enough, the solution is the same as that in case 3.2. From (3.15), (3.17) and (3.20),
we have

725z (Mo -

22 \ N2 p—;v-) — o) dH

() = £ — = >0, for t >0, (3.30)

which shows that vs(t) is a strictly monotonic increasing function of ¢ for ¢t €
(v —-L

[0, +00). On the other hand, v5(0) = vy, tlull vs(t) = % = Ai(p_,v_) and

h_

vo < A2(p+,v4) < A1(p—,v_). Thus we can apply the intermediate value theorem
in mathematical analysis, and conclude that there exists a unique t* € [0, +00) such
that v5(t*) = Aa(p4,v4+). When 0 < ¢ < t*, the solution is the same as that in case
3.2, which can be expressed as

(p_,v_), x < x(t),

o)) = | (O3 =000, = () s
(p,v)(t,x), :E(t) <z < )‘2(p+vv+)t7
(P45 v4), x> Ao (p4,v4)t,

where z(t), w(t) and vs(t) are the same as those in case 3.2. When ¢t > t*, the
delta shock wave will overtake all the 2-contact discontinuities and penetrate them
in finite time. Suppose that the penetration ends at time ¢ = ¢7.

When t* < t < t7, the solution can be written in the following form
p—,v_), x <zl (t),
w'(t)o(z — (), v5(t),  w=='(t),
7,9)(t,2), (1) < 2 < Aalpy vy )t

Pty V4), a!(t) > Aa(p, vt

(
(0. 0)(t,) = E (332)
(
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Moreover, for any point (2!(t),t) on the delta shock wave §S7, there exists a unique
point (x(t1),t1) (0 <t; <t*) on the delta shock wave §.5, such that

Ao (py o)t — 2t () = Ao py, v )t — x(th). (3.33)

Let (z,w,vs)(t*) = (¥, w*, v}), then v = Aa2(p4,v4), and the §-shock wave §.5;
satisfies the following generalized Rankine-Hugoniot conditions:

dml(t) _ ’Ué
t)e 1 2 v?
< 1,1<t>)2) Rk el (g U CE T
< (t)c2vl(t) ) —7+pc )02_1)2]— [(—7+pc )02_27]2 —ﬂ,
c? 'us(t )
where[p] = p.(t1) — p—, with initial data

(ah,wh,v3)(#) = (&%, w", v3). (3.35)
Here, (p.,vs)(t1) is the right state of the §-shock wave §.5; defined by

2 (v*(h)—m) _ 'Ué(tl)

v (t1)

LR Y
Px(tq
3.36
(vt ptey) _ Plostah) (3:36)
LT (t1) _ Ty
2 vx(t1) - 2, 7+
+ﬂ*(f1) ¢ +P+

When t# < t < 400, the solution can be expressed as

(p—sv-), x < z(t),
(p,v)(t, ) = § (W2(t)d(x — 22(t)), v3(t)), x = a22(t), (3.37)
(P4, 04), x> 22(t)

It is easy to know that p,. is a function of ¢; . Next, our aim is to express p, as a
function of ¢t . Integrating (3.8) from 0 to ¢, we have

2

w(ty)c? moc? — =+t
— = A t1 —x(t1)) — 2ty 3.38
2 —vi(t) A —v} 02(02 v?) (Aalp—v)ts = 2(t)) ! (3.38)
From (3.18), we have
w(ty)c? moc? 1 2w(ty)c? 2moc?
— “Allmh(A-—— | -In(A-— —= = —2t;.
2 —vi(t1) -} Ty e —vi(th) . 2 —v2 !
(3.39)
2
—U—_—Q—c4 —
Letting a = C;’(;Qi_vf)()\g(p_,v_) — X2(p4,v4)), then calculating (3.39)x(§ —

2 2 2 2
2“’(’5120 S 2.“+1(a_1),4<1n <A_22w(t12>c )—hl (A— 22m002>)
2—vi(t1) 2 c—vg 2 2°2 c? —vi(ty) 2 —v3
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— Sy Galps vt — o)

(3.40)
Substituting (3.33) into (3.40), we have

m062

a 1.a 2w(ty)c? 2moc?
== =4 -z-DA(n(A———F— |-In|A————
2 —vi(ty) 2 -0 2+2(2 ) <n< 2 —vi(ty) . 2 —v2
’U2 4
—p—:—i—c p—

(3.41)
By straightforward calculation, we have
2 2,2
—r 4 c4p c v
. . . - =1. (3.42)
FE—?) @+ D - 5)
From (3.4), (3.11) and (3.42), we have
™02 (Ao (p_ v )—v0)
w(tl)c2 . m 2(p—,V— 0 . A
22 = T2+ L - ey 1
e —v5(t1) (2 tf_)*vfs(h) B_(LQ(v_tpl_) Cz(s*vfl*)>
c +T C2+E e?—ox
_ A
Foit ) ety a(e ) (3.43)
B- 2+ = 2o *(c2+g—;><c2—g—;>
A
At eyt ’
o (T
where
L L vl oA
_ e ter _ e e _ e e (3.44)
2(c2 —v2)’ T (2 —02)’ (e —02)] '
Substituting (3.43) into (3.41), we have
1
F(B ) = )‘2(p+av+)t - xl(t)a (345)
where

_ A
F($) = a5~ Boat o %ty 729)
+5— (4 —1)Aln (A -

__ mgc?

2A )
B_(A2(p—,v—)—A2(p+,04)+25)
eS8 (5 - DAl (A 55

2_ 2 )"
(& ’UU

For s > 0,

o 4AB_s
PO = e 9 <" (340

where y(s) = B_(A2(p—,v—) — Aa(p4,v4) +2s), which shows that F(s) is a strictly
monotonic decreasing function of s for s € [0, +00).
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And from (3.45) together with (3.46), we have

o = GOulpr v}t — (1), (3.47)

where G = F~! and é is integrable.
From (3.34), (3.36), (3.42) and (3.44), we have

02 'u% 4 v_ 2
d w'c? I | 7P—:+c4p* Trotee- 7;—i+c2p*v* _ _
E(c2—(v§)2) =Us c2(c2—v2)  E(e2—vZ) | c2—v2 - c2—v?
'U2 4 1)2 4
iy, T
= 02(0 —02) ( = Xa(p4,04)) — 2202y U5 + 2(E o2y A2(p—,v-)

= Bu(v} — Aa(ps,v4)) — Bovk + B_Xo(p-,v_)

(3.48)
and
i wlc2'Ul )
df c2—(v})?
w_ 5 2
— 2=+ —,,T“"Czp—”f — < p.ctol —tp_cPo?
U c27v2 c2—v?2 - c2—v2 B c2—v?
v— a
— 2=+ paus —,T‘*‘Czpf“f — 2= 4Ppve Euat)
U CQ,UZ ) - gy R Y
P
2(U* pl*) ——4cZp_v_ c2(v_+p%) 62(1)_4-0%)
A+ 0271)2 = 2=

=
Ave+-L) Ave+-L) c(ve+-L) Av_+-1)
= (B T 1) (0 - Sy ) + S — o} (Bo - e - 1
+5 s o 62+p

Ao+ v+ Ao+
+<B_ ; p>_1> = =

2= 2=

= BuXa(p4, v4) (05 — Aa(p+,v4)) — Bovgha(p—,v-) + B-(A2(p—,v-))?
+2X2(p+,v4) — 2A2(p—, v-).

(3.49)

Substituting (3.47) into (3.48) and (3.49) respectively, and integrating from t*
to t, we have

w'c? w*c?
- (vl)2 IGEICHE (3.50)
o v (T)—X2(p4,v4) % "
= /.. G(fz(p+,vi)i+ i dr — B-(z' —a*) + B_Xa(p—, v-)(t — t¥),
and
a1 21 * 2k
wocv _ w C 'U(;
F-ED? T E(w)?
t Hr)=A2 s *
= Xa(pi,v4) f). grtD=22et) Sir — B Ay (p v )(at — ) (3.51)

+(2X2(p4,v4) = 2X2(p—,v-) + B3 (p—,v-))(t = 7).

Calculating (3.51)-(3.50) xv}, and noting the fact that v = A\a(p4, vy ), we have

Oalprvn)=o}) [ Gr D22 sdr = Bl o) (o = ot )
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w*e?

+B_vs (! =a") +(2ha (4, v4) = 2Xa(p—, v-) +B- A3 (p-, v—))(t—t*)—m(vé

—Xa(p4,v4)) = 0. (3.52)
Integrating (3.52) from t* to ¢, we have
t HEOEDY s * *
S Qalprv4) = 03(9)) J2 i yeesttmy drds = B-da(p-, v-) (@ = a*)(t = 1)
F1B_ (2t =) + §(2Nalpsvy) — Dhalpo,v) + BN (oo, v ) (t — )2

w*c?

*W(xl — 2" = Aa(py,v4)(t —17)) = 0.

(3.53)
Letting Y = \a(py,v )7 — 21(7), Z = Xa(ps,v4)s — xl(s), then the first term
on the left-hand side of (3.53) equals to

/>\2(ﬂ+»v+)t—3¢1 /Z 1
- —_dvdz. (3.54)
A2 (pg,vp)t* —x* J Ao (py,vp )t —a* G(Y)

So, (3.53) can be written as

H(z',t) =0, (3.55)
where
H(z',t)
/Az(ﬁ+,v+)tm1 /Z 1 ( ’ . y )
= ——dYdZ — B_M(p—,v_)(x" —x*)(t — t*
A2 (p4 v )t —z* S A2 (pgvq )t —a* G(y)

1 1
+5B- (z! —2*)* + 5 (2A2(p4,v4) = 2X2(p—,v-) + B_X\3(p—,v_))(t —t*)?
_ w*c? (
c? — (v5)?

When t* < t < t#, we have

ol =" = Xa(pg, v ) (t — 1))

Hlor—a 4 2a(p1 ) (t—t)
=~ B (o, v ol v )t — £+ 5B N (s vs) (1~ 1)
5@, 04) ~ Dalp v ) + BN (om0 )t — 1)
= 5B (ol v) = Malpa 02)) (oo v ) = Malpa, )+ o) (0= 1)
From (3.42), we have

H|11:z*+>\2(p+>v+)(t—t*)
1 (3.56)

=5B-(Aa(p—,v-) = Xalpy, v4)) Ma o, v-) = Aalpy, v4)) (¢ = )% > 0.

and
Hlpt—a 120 (p o ) (t—t%)
< =B M(p-,v-)(t = t*)* + 3B_M(p—,v-))(t — t)°
+5(202(p1,v4) = 2X2(p-,v-) + B-A3(p—,v-))(t — 17)?
—%()\2(/’7»117) = A2 (psv4))(t = t7) = 2a(p—,v_) + B_A3(p—,v-))(t — t*)?
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@z alp—v-) = Aalp, v4)) (8 — )

c2

E
= —(Aalp—,v-) = Aa(py, vp))(t = )% = Caw(ﬁg)z (A2(p—,v=) = Aa(p,v4))(E = 17)

< 0.
(3.57)
Moreover, for x* + Aa(p4,v4)(t — %) < 2! < 2% + Xa(p—,v_)(t — t*), we have
(9H Az(p+,’u+)t—$ 1 w*c2
— = 7dY+B (z' —2* = Xap_,v_)(t—t")) = 5—F——5 < O.
ox! Aa(ps oyt —ae GY) c? — (v§)?

(3.58)
On account of (3.56), (3. 57) and (3.58 ) there exists a unique function ! = x(t) €
(x* + A2(pg,vp)(t — %), 2" + Aa(p— )(t —t*)), such that H(x',t) = 0 for t €
(t*,t#). Futhermore , we have v} (t) dI (t . From (3.50), we have

)2 vi(T)=Aa(py vy) c 7(v )2
w (t ft* G(/\62(0+7vi):)'+ lj—(T))dT_ =B (JU - ") (3.59)
2 —(v)? w-C '
+CC#B—)‘2( P, _)(tft*)Jrc 6(2*’) cz_(vz)z'

When t# < t < 400, where t# is determined by x!(t#) = \o(py, vy )t?”, the
solution (3.37) is similar to that in case 3.3, which is determined by the Rankine-
Hugoniot condition (2.15) with initial data

(2%, w03 (t7) = (¢ (%), w' (t7), v (t7)).
The details are omitted.
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