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BI-SOLITONS, BREATHER SOLUTION

FAMILY AND ROGUE WAVES FOR THE
(24+1)-DIMENSIONAL NONLINEAR

SCHRODINGER EQUATION*
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Abstract In this paper, bi-solitons, breather solution family and rogue waves
for the (2+1)-Dimensional nonlinear Schrodinger equations are obtained by us-
ing Exp-function method. These solutions derived from one unified formula
which is solution of the standard (141) dimension nonlinear Schrédinger equa-
tion. Further, based on the solution obtained by other authors, higher-order
rational rogue wave solution are obtained by using the similarity transforma-
tion. These results greatly enriched the diversity of wave structures for the
(241)-dimensional nonlinear Schrédinger equations.
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1. Introduction

The (241)-dimensional nonlinear Schrédinger equations are expressed as

1 = Ugy + 72uv,

(1.1)
ve = 2(|uf?)y,

where 42 = +1, u(x,y,t) is a complex function and v(z,y,t) is a real function,
respectively. This system plays important role in nonlinear optical physical field
[8,19]. Some researchers have investigated equations(1.1), derived their solutions
[21,23].

In recent years, rogue wave phenomenon become a hot topic for many researcher-
s. They found that rogue waves appear not only in oceanic conditions [6,9,16, 18]
but also in plasmon [17], optics [5,22,24,29,30], superfluids [7], Bose-Einstein con-
densates [4,10] and in the form of capillary waves [20].

Rogue wave structure and behavior, have attracted the attentions of a large
number of scholars. Recently, they have obtained fruitful results associated with
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the rogue waves [1-7,9,10,12-18,20,22,24-30]. In this work, we continue to inves-
tigate the existence of rogue waves and their structures for the (2+1)-dimensional
nonlinear Schrédinger equations.

2. Exp-function method to construct solutions for
equations(1.1)

Setting z = ki1x + koy, then equations(1.1) are changed into the following forms

Uy = ];Z;kzuzz + ’}/ZU’U, (2.1)
v=32ul*
Therefore, equations(1.1) can be reduced to the standard nonlinear Schrédinger

equation(NLSE) [18]

iug + au, + BlulPu =0, (2.2)
where o = —kiko and § = —%, k1 and ko are arbitrary real constants. In

view of the character of its solutions, equation(2.2) is called the* self-focussing”
(> 0,8 > 0) and “de-focussing” (o > 0,5 < 0) NLSE, respectively. Here we use
NLSE™ and NLSE™ to denote them.

By using the transformation

u(z,t) = el A0 (1 4 ABDHBEED)

2ED (2.3)

equation(2.2) can be transformed into the following trilinear equation
2812 A(z,t)F(2,t)? + 20A(2,t)F.(2,1)? — 20A,(2,t)F.(2,t)F(2,t)
+ BriA(z,t)? 4+ aA.. (2, t)F(2,1)? — aA(z,t)F..(2,t)F(z,t)
— Bi(2,t)F(2,t)? + B(2,t)F(2,t)Fy(2,t) + 3812 A(2,t)?F(2,1)
+ Br?B(z,t)*F(z,t) + Br?A(z,t)B(z,t)® +i(BriA(z,t)*B(z,t)
— A(z,t)F(2,t)Fy(2,t) — aB(z,t)F,.(2,t)F(2,t) + r?B(z,t)?
+aB.(z,)F(z,t)* + Ai(2,t)F(2,1)? + 2aB(z,t)F.(2,1)?
+ 2812 A(2,t)B(2,t)F(2,t) — 2aB,(2,t)F.(2,t)F(2,t)) = 0, (2.4)

where r is real constant, A(z,t), B(z,t) and F(z,t) are real functions. Separating
the real and imaginary parts, we have

2812 A(z,t)F(2,1)? 4 20A(2,t)F.(2,1)* + Br2A(z,t)?

— 20 A, (2,t)F.(2,t)F(2,t) + aA..(2,t)F(2,1)? — aA(z,t)F..(2,t)F(z,1)
+ B(z,t)F(2,t)Fy(2,t) + 38r° A(2,t)*F (2,t) + Br?B(2,t)*F (2, t)

— Bi(z,t)F(2,t)? 4 Br2A(z,t)B(z,t)* = 0,

BriA(z,t)2B(z,t) — A(z,t)F(2,t)Fy(2,t) — aB(z,t)F..(z,t)F(z,1)

+ Br2B(z,t)% + aB.(z,t)F(z,t)* + Ay(2,t)F(z,t)*

+2aB(2,t)F.(2,t)? + 212 A(z,t)B(2,t)F(2,t) — 2aB. (2, t)F,(2,t)F(2,t) = 0.
(2.5)
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Suppose A(z,t), B(z,t) and F(z,t) are the following exponential functions [11]
A(Z,t) — alep(Vz+Kt) + azefp(VerKt) + ageq(WerLt) + a467q(Wz+Lt),
B(Z, t) _ blep(Vz+Kt) + b26—p(Vz+Kt) + b3€q(Wz+Lt) + b4e—q(Wz+Lt),

F(Z,t) _ Clep(Vz—i-Kt) + C2e—p(Vz+Kt) + Cgeq(Wz+Lt) + C4€—q(Wz-',-Lt)7 (26)

where a;, b;,¢;(i = 1,..,4),p,q, W, V, K and L are constants to be determined. Sub-
stituting functions(2.6) into equations(2.5) which yields two algebraic equations
with respect to e™P(V2HED) gna(Wz+Lt) (' — 3 3). Equating all coefficients of
emp(Vat Kt ena(WetLt) (g — _3. . 3) to zero yields a set of algebraic equations
for a;, b;,ci(i =1,..,4),p,q, W, V, K and L. Solving them with the aid of Maple, we
can obtain the following results:
0 0 bi b = 0,b=0,b b
a1 =0,a2 =0,03 = —F=—=,04 = —F==—==b3,00 = 0,02 = 0,03 = —bs
’ ’ 13— 03 13— " ’

_bi
2c3 2c2 Brby |
W:O,Cl202703:_72,64:_72,[/:_ 402—b2,
NZe Vad — b2 2c3¢ V2

K=0,V = rba ,/—Qé, (2.7)
2pco «

where c; and by are arbitrary constants.
Substituting (2.7) with (2.6) into (2.3), solution of equation(2.2) is expressed as

Br2byy/4c3 b2 6720y /102 —b2
b2 cosh( 2V 270 4y L ib, (/42— b2 sinh( Y %2 4

.2 202 2c2
u(z,t) = rel AY(1 4 = e pen \/022 — ). (2.8)
A/ —2=by T4bgq/4cs—
C2\/4Cg—bi cosh(T;‘z)—Q(:% cosh(T“t)
2
Substituting z = kiz + key, o = —kiks and 8 = —22*2 into solution(2.8), we
) k1 ’
obtain solutions of equations(1.1) as follows
,2r2k2'y2
—i2rtkenty
u(a,y,t) = rel " Y
2,2p kg /4c2—b2 22p ko /4c2—b2
b3 cosh(———— 22 p) by /A3 —b] sinh(—— 224y
(1+ 1% 1% ),(2.9)
2,2 2_ 32 ?
_ A2 rb YErebgkos/4cs5—b
c24/4c2—b32 cosh( % 224 (kiz+kay))—2c3 cosh(#t)

o(e,y,t) = 22 [u(e,y,1)

2.

Solution(2.9) is a unified formula which can produce a series of breather so-
lutions. Obviously, when by = 0, solutions (2.9) become plane-wave solutions of
equations(1.1) which are written as

(—i 2r2 kg2

oY v(x,y,t) = %TQ. (2.10)

u(z,y,t) =re

3. Bi-solitons, breather solution family and rogue
waves for equations (1.1)

When suitably selected parameters in solutions (2.9), we can obtain the following
solutions of different structures.
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Case 1 The bi-soliton solution: when 4¢3 —b? > 0 and 42 = —1, solutions (2.9)
are bi-soliton solutions of Egs.(1.1) which can be re-written as
(i 2r2kqy )

u(@,y,t) =re’ .

r2bykoy/4c2—b2 2p kox J202 52
2 cosn(EVAE T ke
(1_|_ k1c3 kyc3 ) (3.1)
. r2bg ko /4c2 —b2 ’
c2/Ac3 =3 cosh(5A (k1 w-+kay)) —2¢3 cosh(tar2V/iE R

kic3
v(@,y,t) = 2 |u(z,y,1)|*.

L]
T
&
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0

Figure 1. The profile of |u(z,y,t)| in (3.1) with k1 =1, ko = 2,7 =2,bs =2,c0 =2 and X =z + 2y.

Case 2 The periodic solution: if v2 = —1, setting by = ib, then solutions(2.9)
become the following periodic solutions

Zbkoy/4c2+b2 Zbko/4cd+b2
212Ky b2 COS(#t)*ib\/4C%+b2 sin(#t)
(likl t)<1 _ kych kycs )
r2bkgy /13402

c24/4c2+b2 cos( k:iQ (k1z+kay))—2c2 cos(Tt) (32)
2

u(z,y,t) =re

o(w,y,t) = Z2fu(z, y, )

Case 3 Breather solution family: The Akhmediev breather soliton [1, 3], the
Ma breather soliton [14] and the Peregrine breather soliton [18] have been suggested
as models for a class of freak wave events [12]. Thus, the following breather solitons
are also known as rogue waves.

I. When 4¢3 — b3 > 0 and 72 = 1, then solutions(2.9) become the following forms
which are called Akhmediev breather solitons

u(z,y,t)

2bykoy/4c2—b2 2bykoy/4c2—b2
b2 cosh(T—22V 27 4y b, /4cE—b2 sinh(—— 22 Y 2T 4y

22 kg 3 z
—1——=t ke kqc
= RO 3 ) (69
rb r2bgkgy/4dcs—
c24/4c2—b2 Cos(klf2 (k1z+kay))—2c2 cosh(THt)

v(@,y,t) = 22 u(z, y, ).

II. When by = ib and 42 = 1, then solutions(2.9) become the following forms
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which are called Ma breather solitons

22
(*1%1275)

2bkor/4c2+b2 2bkgr/4c2+b2
b2 Cos(At)fib 4c2+b? sin(At)

(1 - kyc3 kic3
r2bk 402412
R IVAT L

u(,y,t) = re

c2y/4c2+b? COSh(%(kl"I}ﬁ'kzy))*QCg cos( 2
"2

v(x,y,t) = 32 |u(x, y,t)%.

= N & o= o

Figure 2. The profile of |u(z,y,t)| in (3.3) Figure 3. The profile of |u(z,y,t)| in (3.4)
with k1 = 1,ko = 2,r = 2,by = 2,¢c2 = 2 and with k1 = 1,ks = 2,7 = 2,b = 2,¢co = 2 and
X =x+ 2y. X =z + 2y.

I1I. The Peregrine breather soliton( rational solution) [23]: when v? =1,
setting co > 0 and by — 0, solutions(2.9) become Peregrine breather forms which
are written as

2
(—ilRag 4k (k1 —idr’kat)
u(z,y,t) =re (- k%+4r2(k11z—1i-k2y)2+216k§7’4t2)’ (3.5)
v(x,y,t) = %\U(%yi)ﬁ

Figure 4. The profile of |u(z,y,t)| in (3.5) Figure 5. The profile of |u(z,y,t)| in (3.7)
with k1 = 1,ke =2 and X = z 4 2y. with k1 = 1,ke = —2 and X =z — 2y.

Case 4 Higher-order rational rogue wave solution: when a = % and 8 =1,
higher-order rational rogue wave solutions of equation(2.2) are given by Akhmediev
[2,3]. Based on Refs. [2,3], we obtained higher-order rational rogue wave solutions
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of equation(2.2) as follows:

1 G+iH

u(z,t) = B(l D e, B> 0,
a- 2% + 12022 + 7202t + 48at? 2% + 8002t* — 302
162 ’
- t(4z* + 8a%t? + 16at?22 + 160%t* — 1502 — 12042'2)’ (3.6)
8a?
L 825+ a(12 4 4812)2" 1 602 (4% — 3)%2 + a%(9 + 641° + 4320 + 39612)

19203

When 72 = 1, substituting o« = —kiko > 0, 8 = —% > 0 and z = kyx+koy into
(3.6), we have higher-order rational rogue wave solutions of equations(1.1) which
are written as

2 k G+iH .,
u(z,y,t) = £ —2a-12 ki Ye',
2 ko
2k
v(z,y,t) = k—f\u(x,y,t)\Q, (3.7

where G = 4(k1z + koy)* +12(—k1 ko) (1 +4t%) (k12 + kay)? + (— k1 k2)? (80t + 72t2 —
3), H = 8t(kiw+koy)*+ (—k1ko) (322 —24t) (k1 z+ koy)? +2(—k1 ko) 2t (412 +5) (4t2 —
3), D = (—k1k2)3(9 + 396t% + 432t* + 64t6) + 6(—k51k2)2(]€1.’13 + kgy)2(4t2 — 3)2 +
12(—k1ko) (k1 + koy) (1 + 4t2) + 8(k1x + k2y)®, k1 and ko are arbitrary constants
and satisfy k1ko < 0.

4. Analysis of interactions

From Figure 1, we find that two solitons moving towards each other, they met
and elastic collision occurred, then separated reverse movement. In the event of
a collision, amplitude increased significantly. Figure 2 and Figure 3 represent two
breather soliton, respectively. One of the solitons produces breather effects on spa-
tial direction. However, another soliton produces breather effects on time direction.

Figure 6 represents a rogue waves which is multiple high-amplitude waves grad-
ually together into a wave, as time increases, the amplitude gradually decreases, the
wavelength becomes larger, eventually becomes a plane wave. Thus, rogue waves
came suddenly and disappeared without a trace.

5. Conclusion

In this paper, the (2+1)-dimensional NLS equations are transformed into the stan-
dard (141)-dimension NLS equation by using appropriate transformation. One u-
nified formula solution of the standard (1+41)-dimension NLS equation, which yields
bi-solitons and a series of breather solitons(rogue waves), is obtained based on Exp-
function method. Then, solutions of the (241)-dimensional NLS equations, which
contain Akhmediev breather soliton, Ma breather soliton and Peregrine breather
soliton and so on, are represented. At the same time, based on the solutions of the
(141)-dimension NLS equation obtained by other authors, higher-order rational



Rogue waves for the nonlinear Schrodinger equation 373

it
i
'\H\\i}}\ﬂ}‘{}%ﬁ

Figure 6. The profiles of |u(z,y,t)| in (3.7) with k; = 1,ks = —2 and t =0, 0.11, 0.2, 0.5, 2, 3.

rogue wave solutions are obtained for (2+1)-dimensional NLS equations by using
the similarity transformation. Several arbitrary parameters are involved to generate
abundant wave structures which greatly enriched the diversity of wave structures
for the (2+41)-dimensional nonlinear Schrédinger equations.

References

[1] N. Akhmediev, A. Ankiewicz and J. M. Soto-Crespo, Rogue waves and ratio-
nal solutions of the nonlinear Schridinger equation, Phys. Rev. E, 80(2009),
026601.

[2] N. Akhmediev, A. Ankiewicz and M. Taki, Waves that appear from nowhere
and disappear without a trace, Phys. Lett. A, 373(2009), 675-678.

[3] N. Akhmediev, J.M. Soto-Crespo and A. Ankiewicz, Extreme waves that appear
from nowhere: on the nature of rogue waves, Phys. Lett. A, 373(2009), 2137—
2145.

[4] Yu. V. Bludov, V. V. Konotop and N. Akhmediev, Matter rogue waves, Phys.
Rev. A, 80(2009), 033610, 5 pages.

[5] C. Bonatto, M. Feyereisen, S. Barland, M. Giudici, C. Masoller, J. R. Rios



374

C. Liu, M. Chen, P. Zhou & L. Chen

[11]

[12]

[13]

[14]

[15]

[16]

[17]
[18]

[19]

[20]

[21]

Leite and Jorge R. Tredicce, Deterministic optical rogue waves, Phys. Rev.
Lett., 107(2011), 053901, 5pages.

A. Chabchoub, N. P. Hoffmann and N. Akhmediev, Rogue waves observation
in a water wave tank, Phys. Rev. Lett., 106(2011), 204502, 4pages.

V.B. Efimov, A.N. Ganshin, G.V. Kolmakov, P.V.E. McClintock and L.P.
Mezhov-Deglin, Rogue waves in superfluid helium, FEur. Phys. J. Special Topics,
185(2010), 181-193.

L. P. Faddeev and L. A. Takhtajan, Formulation of nonlinear NLS modul,
hamiltonian methods in the theory of solitons, Springer-Verlag, Berlin, 1987.

F. Fedele, Rogue waves in oceanic turbulence, Physica D, 237(2008), 2127-2131.

B. L. Guo and L. M. Ling, Rogue wave, breathers and bright-dark-rogue so-
lutions for the coupled Schrédinger equations, Chinese Phys. Lett., 28(2011),
110202, 5 pages.

J. H. He and X. H. Wu, Ezp-function method for nonlinear wave equations,
Chaos, Solitons & Fractals, 30(2006), 700-708.

K. L. Henderson, D. H. Peregrine and J. W. Dold, Unsteady water wave modula-
tions: fully nonlinear solutions and comparison with the nonlinear Schrodinger
equation, Wave Motion, 29(1999), 341-361.

C.F. Liu, C.J. Wang, Z.D. Dai and J. Liu, New rational homoclinic and rogue
waves for Davey-Stewartson equation, Abstract and Applied Analysis, (2014).
DOI:10.1155/2014/572863.

Y.C. Ma, The perturbed plane-wave solutions of the cubic Schrédinger equation,
Stud. Appl. Math., 60(1979), 43-58.

Z. Y. Ma and S. H. Ma, Analytical solutions and rogue waves in (3+1)-
Dimensional nonlinear Schrodinger equation, Chin. Phys. B, 21(2012), 030507,
7 pages.

P. Mller, C. Garrett and A. Osborne, Meeting reportrogue waves(The Four-
teenth’Aha Huliko’a Hawatian Winter Workshop), Oceanography, 18(2005),
66-75.

W. M. Moslem, P. K. Shukla and B. Eliasson, Surface plasma rogue waves,
EPL, 96(2011), 25002, 5 pages.

D. H. Peregrine, Water waves, nonlinear Schridinger equations and their so-
lutions, J. Aust. Math. Soc. Ser. B: Appl. Math., 25(1983),16-43.

R. Radha and M. Lakshmanan, Singularity structure analysis and bilinear form
of a (2+1)-dimensional nonlinear NLS equation, Inverse Problems, 10(1994),
29-32.

M. Shats, H. Punzmann and H. Xia, Capillary rogue waves, Phys. Rev. Lett.,
104(2010), 104503, 4 pages.

S. F. Shen, J. Zhang and Z. L. Pan, Multi-linear variable separation approach
to solve a (2+1)-dimensional generalization of nonlinear Schridinger system,
Commun. Theor. Phys.(Beijing, China), 43(2005), 965-968.

D. R. Solli, C. Ropers, P. Koonath and B. Jalali, Optical rogue waves, Nature,
450(2007), 1054-1057.



Rogue waves for the nonlinear Schrodinger equation 375

[23]
[24]
[25]

[26]

[27]

[28]
[29]

[30]

I. A. B. Strachan, Wave solutions of a (2+1)-dimensional generalization of the
nonlinear Schrédinger equation, Inverse Problems, 8(1992), 21-27.

S. Vergeles and S. K. Turitsyn, Optical rogue waves in telecommunication data
streams, Phys. Rev. A, 83(2011), 061801(R), 13 pages.

C.J. Wang, Z.D. Dai, Various breathers and rogue waves for the coupled long-
wave-short-wave system, Advances in Difference Equations, 1(2014), 87-96.
Y. Y. Wang, J. S. He and Y. S. Li, Soliton and rogue wave solution of
the mew nonautonomous nonlinear Schréodinger equation, Commun. Theor.
Phys.(Beijing, China), 56(2011), 995-1004.

X. C. Wang, J. S. He and Y. S. Li, Rogue wave with a controllable center
of nonlinear Schridinger equation, Commun. Theor. Phys.(Beijing, China),
56(2011), 631-637.

Z. Y. Yan, Financial rogue waves, Commun. Theor. Phys. (Beijing, China),
54(2010), 947-949.

A. Zaviyalov, O. Egorov, R. Iliew and F. Lederer, Rogue waves in mode-locked
fiber lasers, Phys. Rev. A, 85(2012), 013828, 6 pages .

J.F. Zhang, M.Z. Jin, J.D. He, J.H. Lou and C.Q. Dai, Dynamics of optical
rogue waves in inhomogeneous nonlinear waveguides, Chin. Phys. B, 22(2013),
054208.



	Introduction
	Exp-function method to construct solutions for equations(1.1)
	Bi-solitons, breather solution family and rogue waves for equations (1.1)
	Analysis of interactions
	 Conclusion

