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Abstract In this paper, we give sufficient conditions to guarantee the asymp-
totic stability and boundedness of solutions to a kind of fourth-order function-
al differential equations with multiple retardations. By using the Lyapunov-
Krasovskii functional approach, we establish two new results on the stability
and boundedness of solutions, which include and improve some related results
in the literature.
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1. Introduction

Differential equations of higher order with and without delay arise from a variety
of applications including in various fields of science and engineering such as ap-
plied sciences, practical problems concerning mechanics, the engineering technique
fields, economy, control systems, physics, chemistry, biology, medicine, atomic en-
ergy, information theory, harmonic oscillator, nonlinear oscillations, conservative
systems, stability and instability of geodesic on Riemannian manifolds, dynamics
in Hamiltonian systems, etc. (see [5,9,11-13,22,24,29,34,37]).

In particular, problems concerning qualitative behaviors of linear and non-linear
differential equations of the fourth order with and without delay have received the
attention of many authors. Many criteria have been found, most of which based
on the non-linearization of the famous Routh ~Hurwitz criteria. Among numerous
papers dealing with stability, boundedness and existence of periodic solutions, we
refer in particular to the book of Reissig et al. [35] as a survey and the papers of
Abou-El-Elaet al. [1] , Abou-El-Ela et al. [2,3], Adesina &Ogundare [4], Bereketoglu
[6], Burganskaja [7], Cartwright [8],Chukwu [10], Ezeilo [14-16], Ezeilo &Tejumola
[17], Harrow [18], Hu [19], Kang & Si [20], Kaufman & Harrow [21], Korkmaz
& Tunc [23], Lalli & Skrapek [25-27], Lin et al. [28], Ogundare & Okecha [30],
Ogurcov [31,32], Okoronkwo [33], Sadek [36], Sinha [38], Skidmore [39], Skrapek &
Lalli [40], Tejumola [41], Tejumola & Tchegnani [42], Tunc [43-55], Wu & Xiong [56],
Yang [57] and the references cited therein.

In the literature, the first attempt for the following linear and non-linear differ-
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ential equations of the fourth order

n " /
+ asx” + azx’ 4+ agx =0,

+agr” + azx’ + f(z) =0

x(4) +aix
.Z‘(4) + alx///
and

2@ a2 + asx” + p(x)x’ + f(x) =0

was due to Cartwright [8], who investigated the asymptotic stability of zero solution
of these equations by the Lyapunov’s second method based on the use of the Routh
—Hurwitz criteria. The key idea in [8] is to transform the each of the above differen-
tial equations into an equivalent system of first order differential equations and then
to construct an appropriate the Lyapunov’s function which guarantees the asymp-
totic stability of the solution. Throughout the above mentioned book and papers,
the authors followed the approach as presented in [8] and the stability, boundedness
and existence of periodic solutions for fourth order differential equations with and
without delay were studied. It should be noted that a disadvantage of the Lya-
punov’s second method is that construction of a Lyapunov function, which gives
meaningful results, remains as an open problem in the literature by this time.

This paper is concerned with the problems of stability and boundedness of so-
lutions to the fourth order nonlinear differential equation with multiple variable
delays

@ o2 + h(z, 2’ z")

n

+ Zgi(x’(t —ri()) + ) fila(t = ri(t) = p(t, w2’ 2" 2"™) (L)

i=1

or its equivalent system

' =y,
y =z,
W' == ¢(2)u—h(@,y,2) = > 9iy) = D _ fila) (1.2)
l “(y(s))z(s)ds - [ "x(s)y(s)ds
+§ /() 9:(y(5))2(5) +§ /t_w) Fi((s))y(s)

+ ot (1), y(t), 2(), u(t)),

where ¢, h, g;, f; and p depend only on the variables displayed explicitly and r;(t)
are positive bounded delays with r(t) = max ri(t) , () < v, 0 <y <1 It

is assumed as basic that the functions ¢, h,g;, f; and p are continuous in their
respective arguments and satisfy a Lipchitz condition in x,y, z and w; h(x,y,0) =
9:(0) = f;(0) = 0 and the derivatives Zii = ¢i(y) and % = f/(x) exist and are also
continuous.

The motivation of this paper comes by the above mentioned results on the
fourth order differential equations. This paper is the first attempt on the stability
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and boundedness of solutions of fourth order differential equations with multiple
variable delays. Our results complement and improve some recent ones in the
literature. By this we mean that when we check the related literature, there are
many papers on the stability and boundedness of the solutions to certain nonlinear
differential equations of fourth order without and with delay (See the references
of this paper). However, we cannot find any paper on the same topic for the
differential equations with multiple delays. Here, we will get some results for certain
nonlinear differential equations of fourth order with multiple delays. Besides, when
ri(t) =0, (i =1,2,...,n) in Eq.(1.1), the considered equation and assumptions to
be established here reduce that in the literature. However, we would not like top
give details here. Therefore, the results of this paper include and improve some
related ones in in the literature.

2. Preliminaries

We also consider the general autonomous delay differential system
= f(z), x(0)=z(t+0), —r<60<0, t>0. (2.1)

Lemma 2.1 (Sinha [38]). Suppose f(0) = 0. Let V be a continuous functional
defined on Cy = C with V(0) = 0, and let u(s) be a function, non-negative and
continuous for 0 < s < 0o, u(s) = oo as s = oo with u(0) = 0. If for all ¢ € C,

u(|p(0)]) < V(¢), V(¢) > 0,V(¢) < 0, then the solution = = 0 of Eq.(2.1) is
stable. If we define Z = {qﬁ eCq: V(¢) = 0}, then the solution x =0 of Eq.(2.1)
is asymptotically stable, provided that the largest invariant set in Z is Q = {0}.

3. The main results

For convenience, we shall introduce the notations:

1 z

- 7)dT
) - [ otnyan =20,

¢(0)a ZZO,

h(z,y, 2)
b) 07

hl(xvyaz) = z ‘ #
h(z,y,2z), z=0

and .
gi\Yy
Sy
Gly) =< "
> gi0), y=o.
i=1
Our first main result is the following theorem.

Theorem 3.1. Let P(.) = 0. In addition to the basic assumptions imposed on

¢, h,g; and f; , we assume that there are positive constants a,b,c,d,d,e and k;, c;
(i=1,2,...,n) such that:
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(1) abc—cZkz —add(z) >0 >0, gi(y) < ki, for ally and z;

M:

(i) 0 < d— <Ef() ¢ <d, 0< fl(x)<e¢ forallz;

=1

(iii) 0 < Gy) —c < &1/5%  for all y;

2ac
(iv) 0 < hy(z,y,2)—b< Cdi,for all z (z # 0) in which 0 < e < 5 D,D = ab-i-%c;
(’U) (b(Z) Z a, (bl(z) - QS(Z) < 20,207 fO’f' all Z3
(UZ) ’é)h(ggtyaz) S \i:l/»?’ 8}74(;:;/72) < %60
If
r(t) = max r;(t) < min = 0 202
C1<i<n ' 2(Bd + Bab + 2)\)’ 8ac(ab+d +2u)” a(ab+d) |’

withaze—i—%,ﬂ:s—i—%,)\:%>O,uz%>0,thenthczem

solution of system Eq.(1.2) is asymptotically stable.
Remark 3.1. Conditions (i) and (v) imply

(z) < EC, ZkZ < ab, ae < 1. (3.1)
i=1

Theorem 3.2. Let P(.) # 0. Assume that all the assumptions of Theorem 3.1 and
the following assumption hold;

Ip(t,z,y, z,u)| < q(t),

where max q(t) < oo and q € LY(0,00),L'(0,00) is space of integrable Lebesgue
functions. If

r(t) = max r;(t) < min = 0 20
C1<i<n ' 2(Bd + Bab + 2)\)’ 8ac(ab+d +2u)” a(ab+d) |’

« 1 ab(a .
wztha*EJr ﬁ*Eer )\7%>0,M:W>0,thenthereexzsts

a finite posztwe constant K such that the solution x(t) of Eq.(1.1) defined by the
initial function

z(t) = P(t), 2'(t) =Y'(t), 2" (t) =" (t), 2" (t) ="' (t), where t € [to — 7, 10],
satisfies the inequalities
lz(t) < K, [2'()] < K, [2"(¢)] < K, [2"()] < K,

for all t > to, where ¢ € C3([to — 7 ,t0], R).
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Proof of Theorem 3.1. To prove the theorem, we define a Lyapunov-Krasovskii
V =V (z,y,z,u) functional by

2V 25/ Zfl )d¢ + bBy? — ady® +2/ Zg,
i=1
2 h(z,y,7)dT + 2 dr — 82?2 2
—|—a/0 (x,y,7)dT + /OQS(T)TT Bz* + au
+2y) filz) + 202> fila) +202 ) giy)
i=1 i=1 i=1
—|—25y/z o(T)dT + 2Byu + 2zu
0

0 t ¢
+ 2)\/ / y*(0)dods + 2u / 2%(0)dfds, (3.2)
—r(t) Jt+s —r(t) Jt+s

where o = ¢+ é, B=c+ % and A\, u are positive constants that will be determined

later in the proof. It is clear that V(0,0,0,0) = 0. We write the expression of 2V
in the following form:

2V =Vi+ Vo + Vs + Vi + Vs, (3.3)

where
x n 1 n 2
V=2 [ 3 ficyic - () lz ﬁ(m)] ,
0 =1 i=1
Y n
Vo = (b8 — ad — B*¢1(2)] y* + 2/ Zgi(n)dn — ey,

2a/0hmy, Pdr — (B + a%c)s } [/¢ Vrdr — é1(2)22]

1 1 9
Vs == [Zfz +ey + acz +m[u+¢1<z>z+ﬂ¢l<z>y],

+ 2)\/ / 0)dfds + 2 / 0)dods.
—r(t) Jt+s —r(t) Jt+s

By using the mean value theorem for derivatives and (ii), it follows that

vimes [ non- () [2_; fi<x>r
=2(e8) [ 3 hon- () lZf()]
2/036 (e+ ) ()Zf 171 fi(©)dg

} W +20y2[G(y) — d],

2
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> 2/; Ker ‘j) - ﬂ ifz«)dc
> [ Igmodc

>¢ (d - Zi) z2. (3.4)

Because of the mean value theorem for derivatives , from condition (iii) and
Eq.(3.1), we have ¢ < ab. By using the mean value theorem for integrals, we have

/ b(s)ds = p(72),  0<y<1. (3.5)
In view of (i), (iii), Eq.(3.1) and Eq.(3.5) , it follows
Vo= [b8—ad— ¢1(z)] y*> +2 /Oy Zn;gi(n)dn — oy
> [b8 —ad — 3°¢(612)] y -

5d \
> (= <6, <1. .
_(M)y, 0<6 <1 (3.6)
By noting the estimate ¢} (2) = — (&) Ji ¢(r)dr + 2 ) , it can be written
22¢1(2) / ¢1(T)TdT + / o(T)rdr. (3.7)

From (i), (iii)-(v), Eq.(3.1) and Eq.(3.7), we get
Vs = [204 h(z,y,T)dT — (B + o’c)z ] [/(b yrdr — ¢1(2)2*

0

> ab= 5 - o]+ [ [6(r) = oa(r)] rar
2 (2526) & (3.8)

It is also clear that
1 9 { 1 1 ] 9
a— Ut =g+ — — U
{ ¢1(2)} a  ¢1(z)
1

and

[2ay2 [G(y) — ]| < = \yz (G(y) — ]

i da. .
— 2ac 2acy
od ) 2

- 4a02y + 8a?c
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Then

dd 5
S 2 %0 2 0 o .
Vi > eu 1a2Y T gare? (3.9)
Combining estimates Eq.(3.4), Eq.(3.6), Eq.(3.8) and Eq.(3.9), we obtain
ad od 5
2V>eld—— |+ — |y +eu’ 2+ V5. 1
E( 4C)x +<4a62>y + cu +8a2cz +Vs (3.10)

Calculating the time derivative of V' along solutions of system Eq.(1.2), we have

(v+22)" ~ (e 2) — b <z+ §y>2

dV_ [d Zf

~[BG(y) — dy’ +Bf[h1(w y,2) —bly? — [b azgl — B (2 ]

n

d= 3 sl ] ~ las(2) - 12+ay/iah(”gf”)d7

0
t

a
4

PELT gy s aut py+ 2y [ dllu(s)s(s)ds
=)

8h ,
+ az a: y

n

+ (cu+ By + 2) Z / Fl(x(s)y(s)ds + My2r(t) + pz?r(t)
7'1(

7.:1t_ (1)

t

S =) / V2(s)ds — p(1— 1'(8)) / 2(s)ds. (3.11)

t—r(t) t—r(t)

By conditions (i)-(vi), Eq.(3.5) and ae < 1, it is obvious that

) d 62 ce
—d> < - <2 — <=
BG(y) —d > ce,e < 50cD < 1 [hi(z,y,2) —b] < 5
and
b— cuZ:gZ — Boi(z >— [abc — ngz —ad¢ 'yz)] — abe — ep(v2)
0
>— 12
2ac’ (3.12)
and
-y s < o) -1
1 2 (z Toc ap(z ae,
/ Oh(z,y,T) 9 o /Zah(x Y, T) 0 5
< — —_— <
a/ oz d 1Y +8ac ’ « Oy dr| < Gac
0 0
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Hence, we get

n n n n

Because of > fl(x) < Y ¢; <d, Y gi(y) < X ki < aband 2mn < m? +n?, we
i=1 i=1 i=1 i=1

can write

|—|
\V]

S~ (@bB+pd+20) 7|y — [as = 5 (ab+ d)r] 2

[;<ab+d+2m 'E

(a+8+1)—A1- ’y)} / y*(s)ds
t—r(t)
t

a+pf+1) u(l—v)} /zZ(S)ds. (3.14)

t—r(t)

_ d(at+B+1 __ ab(a+p+1
Let)\—w>0andu—ﬂ>0Then

R P e
7% {820 — (ab + d +2p) ] (3.15)

Therefore, if

r(t) = max r;(t) < min = d 202
TEE 2(Bd + Bab + 2)\)’ 8ac(ab+d +2u)" a(ab+d) |’

then we have

av
g < -0 (y +224u ) for some constants o > 0. (3.16)
Using ‘fi—‘t/ = 0 and system Eq.(1.2), we can easily obtain = y = z = v = 0. This
means that the largest invariant set in Z is @ = {0}. Hence, all the conditions in
Lemma 2.1 are satisfied, and so the zero solution of Eq.(1.1)is asymptotically stable.
The proof of Theorem 3.1 is now complete. O
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Proof of Theorem 3.2. From equality Eq.(3.10), we have

vV >D; (332 +y? 4+ 22+ u2) , (3.17)

where D; = L min {a (d — a—‘s) od 9 EuQ}. Taking the total derivative of E-

2 4c /)’ 4ac?’ 8a2c’

q-(3.2) with respect to ¢ along the trajectory of system Eq.(1.2), we obtain

C%/ < -0 (y2 +224 u2) + |au+ By + 2| |p(t, z(t), y(t), 2(t), u(t))]

< |04U + 5?/ + Z| \p(t,x(t),y(t),z(t),u(t))\
< Da (lyl + |2] + |ul) ¢(?),

where Dy = max {a, 3,1} . Now, making use of the estimate |y| < 1+ y?, it is clear
that

%/ <Dy (3+ 9%+ 2% +u?) q(t).
By Eq.(3.17), we also have
(y2 +22 4+ u2) < (x2 +y? 422+ uz) < D1_1V(£E, Y, 2, 1).
Hence
%/ < Dy (3+ Dy V(w,y,2,u) q(t)
= 3Dyq(t) + Do D7V (2, y, 2,u)q(t).

Now, integrating the last inequality from 0 to ¢, using the assumption ¢ € L*(0, c0)
and Gronwall-Reid-Bellman inequality, we obtain

t
V(x7y7zau) S V(man07Z07u0) + SDQA + D2D1_1 /V(meysazmus)Q(S)dS
0

t
< (V(z0,y0, 20, u0) + 3DoA) exp | DoD; ! /q(s)ds
0

< (V(z0, Y0, 20, uo) + 3D2A) exp (DD ' A) = Ky <00,  (3.18)

where K1 > 0 is constant, (V(zo, Yo, 20, uo) + 3D2A) exp (D2D7 ' A) = K; < oo
¢

and A = [ ¢q(s)ds. Now, the inequalities Eq.(3.17) and Eq.(3.18) together yield that
0

2(8) + 42 (1) + 22(t) + w?(t) < DTV (e, 210 w) < K2,
where K? = K; Dy !'. Thus, we can conclude that
[z < K, [y@) < K, [2(0)] < K, |u()] < K
for all t > tg. That is,
@) < K, &' < K, [2"()] < K, [2"({t)] < K

for all t > tg. The proof of Theorem 3.2 is completed. O



Stability and boundedness 345

Example 3.1. Consider for n = 2 in Eq.(1.1) the fourth order nonlinear differential
equation with multiple variable delays

™ (24 cos )z + ((50.4)z 4 0.4sin x cos 2’ sinz”) 4 42’ (t — r1(t))
+0.5sina’(t — ri(t)) + 72'(t — r2(t)) + 0.5sina’ (¢t — r2(t))
+ax(t—ri(t) +0.9sinz(t — ri(t)) + 22(t — r2(t)) + sinx(t — ra(t))

2

= 3.19
1412 + exp(x) + (2/)* + sin® 2 + (2)2 (3:19)

or its equivalent system

/

T =y,
r_
Yy =z,

/
z' =u,

w =— (24 cosz)u — ((50.4)z + 0.4sinz cosysin z) — (4y + 0.5siny)
¢
— (Ty + 0.58iny) — (x +0.9sinx) — (2z +sinz) + / (44 0.5cosy)zds
t*Tl(t)
¢

t
+ / (74 0.5cosy)zds + / (14 0.9cosz)yds
t*Tz(t) t—ry (t)

t
2

+ 2+ cosx)yds + ,

/t—rz(t)( st + 12 + exp(z) + y + sin® 2 + u?

where r1(t), ro(t) are positive bounded delays with r(¢) = max{ri(t), r2(t)} ,
r(t)<~v,0<y<Ll.

d(z) = 2+4cosz, ¢(z) > 1,a =1, ¢1(2) — ¢(2) = %f;(? + cosT)dT — (2+
cosz) < 2 < ﬁ, for all z, g1(y) = 4y + 0.5siny, ¢1(0) = 0, gi(y) < 4.5,

ki = 4.5, g2(y) = Ty + 0.5siny, g2(0) = 0, g5(y) < 7.5, ka = 7.5, fi(z) =
x4+ 09sinz, f1(0) =0, 0 < fi(x) < 2,¢c1 =2, fo(zx) = 22 +sinz, f2(0) = 0,

1ly+siny
0 y#0

12, y=0.

1< fi(x) <3, =3, d=10, G(y) = ,0< Gy) —10 <

o /5L for all y, ¢ = 10, h(z,y,2) = (50.4)z + 0.4sinx cosysin z, h(z,y,0) = 0,

8c 2ac

50.4 0.4 sin x cos y si
( )240.4 sin x cos y sin z 275

0 0.4 sinx cos y sin z
, 50 < 50.4 4 YAsinzcosysinz 5 g

hi(z,y,2) = : ’
h('rayvz)a z=0
for all z (z # 0), b = 50, ‘% = |0.4cosz cosysinz| < V4f/%57 %ﬁz) =

|—0.4sinasinysinz| < 12, § = 350, D = 100, ¢ = 0.17,

p(t, @y, 2,u) = 1+t2+exp(a?)-zy4+sin2 T S H% =q(t), [y als)ds = [~ H%ds =
7 < oo that is ¢ € L1(0,00). Thus, all the assumptions of Theorem 3.1 and The-
orem 3.2 hold. That is, null solution of Eq.(3.19) is asymptotically stable and all
solutions of the same equation are bounded, when p = 0 and p # 0 in Eq.(3.19),
respectively.
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