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CONVEX SOLUTIONS OF THE
POLYNOMIAL-LIKE ITERATIVE EQUATION

WITH VARIABLE COEFFICIENTS*
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Abstract In this paper, by applying the Schauder’s fixed point theorem we
prove the existence of increasing and decreasing solutions of the polynomial-
like iterative equation with variable coefficients and further completely inves-
tigate increasing convex (or concave) solutions and decreasing convex (or con-
cave) solutions of this equation. The uniqueness and continuous dependence
of those solutions are also discussed.
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1. Introduction
The polynomial-like iterative equation( [10])
Mf() + X f? (@) + - 4+ Ao f"(2) = F(z), z €8, (1.1)

where S is a subset of a linear space over R, F' : S — S is a given function, \;s
(i = 1,...,n) are real constants, f : S — S is the unknown function and f? is the
ith iterate of f, i.e., fi(z) = f(f""1(x)) and f°(z) = = for all z € S, is one of
important forms of functional equation ( [1,7,17,22]) since it is the basic form of
iterative functional equation, and the problem of iterative roots and the problem
of invariant curves can be reduced to the kind of equations. For S C R, many
works (e.g. [6,9,11,13,21,23,24]) were contributed to the existence of solutions for
Eq.(1.1). Some efforts were also devoted to Eq.(1.1) in high-dimensional spaces
(e.g. [3,5,8,16,25]). One of generalizations for Eq.(1.1) is the following equation

M(@)f(2) + Ae(2) f2(2) + -+ Aa(2) f" () = Flz), z €8, (1.2)

where \; : S = R (i =1,2,...,n) is a mapping. Eq.(1.2) is called polynomial-like it-
erative equations with variable coefficients, which was investigated in 1-dimensional
space in [14,19,26]. More concretely, continuous solutions, differentiable solutions
and analytic solutions for Eq.(1.2) were discussed respectively in [26], [14] and [19].

Tthe corresponding author. Email address:xbgong@163.com(X. Gong)

LCollege of Mathematics and Information Science, Neijiang Normal University,
Dongtong Road, 641112 Neijiang, China

?Department of Mathematics and Information Science, Binzhou University,
Huanghe Five Road, 256603 Binzhou, China

*The first author was supported by The Research and Innovation Team Fund of
the Department of Education of Sichuan Province(14TD0026) and the second
author was supported by Shandong Provincial Natural Science Foundation
(ZR2014AL003).


http://dx.doi.org/10.11948/2016024

Convex solutions of the polynomial-like iterative equation with variable coefficients 307

Also in 1-dimensional space, the more general functional equation of Eq.(1.2), an
iterative functional series equation with variable coefficients was studied and the
existence and uniqueness of the solution were proved in [12].

In our paper, we consider convex solutions of Eq.(1.2). The study of convex
solutions for the polynomial-like iterative Eq.(1.1) in 1-dimensional space can be
found from [18,20,27] and in high dimensional spaces one can refer to [3,5]. In [27],
convex solutions and concave ones of Eq.(1.1) were discussed under the normaliza-
tion condition: Z?:l Aj =1 on a compact interval, and continued the work of [27],
increasing convex (or concave) solutions and decreasing convex (or concave) solu-
tions of Eq.(1.1) were completely investigated with no normalization condition and
no requirement of uniform sign of coefficients on a compact interval in [20]. In [18],
nondecreasing convex solutions for Eq.(1.1) on open intervals (possibly unbound-
ed) were discussed. In [3], a partial order was introduced by an order cone and the
monotonicity and convexity depending on this order were considered. The existence
and continuous dependence of increasing convex (concave) solutions for Eq.(1.1) in
the ordered real Banach spaces were proved. In [5], monotone solutions and convex
solutions of the Eq.(1.1) on an open set (possibly unbounded) in RY were discussed.
Furthermore, convexity of multi-valued solutions ( [2]) for Eq.(1.1) and convex so-
lutions for generalized Eq.(1.1)( [4]) were also discussed. Up to now, there are no
further results on convexity of solutions for the polynomial-like iterative equations
with variable coefficients.

In this paper, we discuss convex (or concave) solutions of Eq.(1.2). Using the
idea of [20], we first discuss the monotonicity and convexity of the product of two
functions by divided difference and prove the existence of increasing and decreasing
solutions for this equation. Then we completely investigate increasing convex (or
concave) solutions and decreasing convex (or concave) solutions. The uniqueness
and continuous dependence of those solutions are also discussed.

2. Some Lemmas

In this paper, we discuss Eq.(1.2) on [a,b]. As in [26], we may assume that a =
0,b =1, and I := [0,1]. Let C'(I) denote the real Banach space consisting of all
continuous maps of I into R with respect to the uniform norm || f|| = max,es |f(z)].
As in [15], the first-order divided difference of f in C'(I) is denoted by

f[$17x2] =
X9 — I

for distinct two points x1,z2 € I, and the second-order divided difference of f is
denoted by

flwo, x3] — flr1, 22]
Tr3 — T1

f[$1,$2,$3] =

for distinct three points x1, z2, x5 € I. Obviously, f is increasing (resp. decreasing)
if flx1,22] > 0 (resp. < 0) and f is convex (resp. concave) if f[x1,zq, 23] > 0 (resp.
< 0) for all possible three points x1, z2, 3.
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Lemma 2.1. Let f1, fo € C(I) and z1,x2,x3 € I with 1 # x9 # x3. Then

(fifo)lz1, x2] = fi(z2) fa[z1, 2] + fa(z1) frlz1, 22]
= fa(w2) i1, w2] + fi(z1) fa[z1, 22],
(fif2)[z1, w2, 23] = fa(x3) filw1, 2, 3] + f1(22) 221, T2s T3] + fi[1, 22] fol21, 23],

Proof. For two points x1,zs € I with 1 # x9, by definition of divided difference,

(frf2)(@2) — (frf2)(@1)

(fifo)lzr, 22] =
To — T

_ fi(@e) fal@e) = fi(@1) fa(z1)

T2 — T1

_ fil@)(fa(x2) — fa(@1)) + fa(@1)(fi(z2) — fi(21))

T2 — 1

= fi(z2) folz1, 22| + fa(21) fi[71, 72].

Similarly,

(fif2)[w1, x2] = fa(w2) fi[z1, w2] + f1(z1) fa[z1, 22].

For three points x1,xs, x3 € I with x1 # x2 # x3,

(flfz)[xbfz,x:ﬂ
(f1f2)[w2, z3] — (fifo)[21, 72]

xr3 — T1

(f2(w3) f1lw2, 3] + fi(x2) fa[z2, w3]) — (f1(22) falr1, T2] + fo1) f1lm1, 22])

Tr3 — I

_ fa(@s)(filze, z3] — filw1, w2]) + fa(x3) f1]71, 23]

T3 —T1

fi1(@2)(fa[z2, w3] — folw1, 22]) — folz1) filz1, 22

Tr3 — I

= fo(x3) filz1, 2, 23] + fi(x2) folz1, 2, 23] + filz1, x2] folz1, 23]

+

The proof is completed. O
Let J := [c,d]. Similar to [20], define the following function classes.

CI,J):={feC(): fI)cJ},
Cr(L, ) :={feC(,J): f(0) = ¢, f(1) = d},
C_(I,J):={feC,J): f(0) =d, f(1) = c}

For —co < m < M < 400, define
CI,J;m,M):={feC(,J):m< flr1,x2] < M,V # x5}
Moreover, for —oco <m < M < +oo and —oco < k < K < +00, define

cI,Jym, Mk, K) :={feC,J;m M) : k< flz1,x2,23] < K,Vx1 # 29 # 23}
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Let

Ci(I,J;m, M) :=CI,J;m,M)NCL(I,J),
C_(I,J;m,M):=C,J;m,M)NC_(I,J),
Ci (I, J;m,M,k,K):=C(,J;m,M,k, K)NCy(I,J),
C_(I,J;m, M.k, K) = C(I, J:m, M, k, K) 1 C_(I, J).
As shown in [20], C (I, I;m, M), C_(I,I;m, M), CL(I,I;m, M, k,K), C_(I,I;m,
M, k, K) are compact convex subsets of C'(I).
For any ¢ € R, let ¢t := max{c,0} and ¢~ := max{—c,0}. Both ¢ and ¢~ are
nonnegative. Let J* = [—¢™,d™].
Lemma 2.2. Suppose that f1 € C(I,J;mq, My, k1, K1), fo € C(I,1I;ma, Mo, ko, Ko).
Then

(i) f1f2 S C(I, J* i mq + c+m2 —c My, My —d mgy + d+M2,k1 + C+k‘2 —c Ko+
my My, K1 —d ko +d" Ko+ My M) if mq <0< M;,0<mo < Mk <0<
Klao S k2 S KQ;

(ii) fife € C<I7 J*imq +c+m2 —c My, My —d " ms +d+M2,k‘1 —|—d+k‘2 —d Ko+
miMa, K1 — ¢ ko + ¢t Ko+ M1 M) if my <0< Mp,0 <mg < Mo,k <0<
K,k < Ko <0;

(iii) fife € C(I, J*imy —|—c+m2 —c My, My —d_m2+d+M2,k1 —|—d+l€2 —c Ko+
miMa, Ky — ¢ ko +dT Ko+ MiMs) if my <0< Mp,0 <mg < Mo, k; <0<
K;,i=1,2,cd > 0;

(iv) fifo € C(I,J*;mq +d mg —d~ Mo, My —c ma+cT Mo, k1 +d ko — ™ Ko +
moMi, K1 — ¢ ko +dT Ko +mima) if my <0< My,mg < My <0,k <0<
Kii—1,2,¢d>0.

Proof. The proofs of results (ii)-(iv) are similar to (i), so we only prove (i) in
details. Tt is obviously —c™ < fi(z)f2(z) < dT because ¢ < fi(x) < d,0 <
fa(x) < 1,Vx € I. Hence fi1fs € C(I,J*). Since ¢ < fi(z) < d,Vax € I and
0 S mao S fg[Il,ZIJ2] S Mg, we have

cfalzr, x2] < fi(xe) fo[z1, x2] < dfa[z1, 2. (2.1)
Note that
ctmg — ¢ My < cfalr1,m2] < ™My — ¢ my

and
d+m2 — d7M2 S dfg[l’l, 1'2} S d+M2 — dimg.

By (2.1), we get
ctmg — ¢ My < fi(x2) foz1, m2] < dT My — d mso. (2.2)
Similarly, m1 < fi[z1,22] < My and 0 < fo(x) < 1,V € I imply that
my fo(x1) < fa(@r) filwr, x2] < My fa(x).

So
my < fo(z1) fi[we, 22) < My (2.3)
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because m; < 0 < M;. By Lemma 2.1 and summarizing (2.2) and (2.3) we get
my +ctmy — ¢ My < (fifo)[z1, xa] < My +dt My — d ™ ma.
Since k1 < fi[x1, x2,23] < K7 and 0 < fo(z) < 1,V € 1,
kifa(xs) < fa(ws)filrr, 22, 23] < K fa(ws). (2.4)
k1 <0 < K; implies
k1 < k1fa(z3) <0,0 < Ky fa(zz) < K.

Hence, by (2.4),

ki < fa(xs) filer, 22, 23] < K. (2.5)
Similarly,
cThy — ¢ Ky < fi(m2) falw, 22, 73] < dT Ky —d ke (2.6)
because
c< fi(w) <d ko < folzr, 22, 73] < K2,0 < kg < Ko,
Since

m1 < fi[z1, xa] < Mi,ma < falzy, 22] < Mo
and 0 < mg < My, we have
my falr1, w2] < filwy, wo] folwr, m2] < My folwy, x2].
Hence
m1 My < fi[zy, x2] fa]x1, x2] < M1 Ms (2.7)

because my; < 0 < M;. By Lemma 2.1 and summarizing (2.5), (2.6) and (2.7), we
get

ki +cthy — ¢ Ky +miMy < (fif2)[x1, 72, 23] < Ky —d ke +dT Ky + My M.
Consequently,
fifa €CI, J*;mq +cmy — ¢ My, My +d My — d " ms,
ki +cthy — ¢ Ky +miMy, Ky — d ko +dT Ko+ My Ms).
The proof is completed. O

Lemma 2.3. ( [20, Lemma 2.2]). Let I and J be compact intervals in R such that
J CI. Both fj : I — J(j = 1,2) are homeomorphisms such that |f;[z,y]| << for

all distinct x,y € I, where ¢ > 0 is a constant. Then (i) ||fi — fi|| < Z;;E I fr—
Foll Vi = 1,2, () 1fs = foll <<l = 2701

Lemma 2.4. ( [20, Lemma 2.4]). Suppose that f; € C(I,I;m;, M;, k;, K;),j =
1,2. Then
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(1) af1 + bfg € C(I, I, a+m1 —a~ M, + b+m2 — 177]\4-27 —a mi + (Z+M1 —b"mo +
bTMy,aTki—a” K1+b ko —b" Ko, —a" k1 +aT K1 —b"ky+bT K3) fora,b € R;

(i) f2 0 fi € C(,I;momy, MaMy, Maky + koMZ, MoKy + KoM3) if 0 < my <
Mi,0 <mg < Mo, ki <0< Ky and ky <0 < Koy

(111) fg o f1 S C(I, I, m2m1,M2M1,m2k1 + kng,MgKl + K2M12) ZfO S miq S
M1,0 <mo < M3,0 < ki <K and ka <0< Ko;

(iV) fg Of1 S C’(I,I;mgml,Mng,M2k1 —|—k2M12,m2K1 +K2M12) sz < mp <
M1,0<m2<M2,k1 <K1 <0 and k2<0<K2,'

(v) fao f € C(I,I; MoMy,mamy, moKq + kam3, maky + Komi) if my < My <
0,me < My <0,k <0< Ky and ky <0< Ky

(Vi) fao fi € C(I,1; Mymy, moMy, Moky + kom3, MoKy 4+ Kom?) if my < My <
0,0 <mo < Mo,k <0< Ky and by <0 < Koy

(Vii) foo fi1 € C(I,I; Momq, mo My, moky + k‘gm%,MgKl —|—K2m%) ifm; < My <
0,0 <mg < My, 0<ky <Ky and ky <0< Ky

(Viii) foo f1 € C(I, I; Momq, mo My, Mok + kgm%,mgKl + Kgm%) ifm; < M; <

0,0 <mg < My, ki < K; <0 andky <0< K.

Lemma 2.5. ( [20, Lemma 2.5)). Let f € C(I,I;m, M, k,K) and J := f(I). Then
G) f~teC(J,I;1/M,1/m, —K/m3 —k/m3) if0<m <M and k<0< K;

()f’eC’(IImMZk:Z WM KSR MI) if 0 <m < M and k<0 <
K fori=1,2,..

]11

Lemma 2.6. ( [20, Lemma 2.6]). Let f € C(I,I;m,M,k,K), where m < M <
0,k <0< K. Then

f*e C(I,I; M?%* m (Km + km? )Si—1(m), (km + KmQ)Si_l(m)),
A e oI, I;m* ) M Km3S;_1(m) + kS;(m), km3S;_1(m) + KS;(m))

foralli=1,2, ..., where S} = Z;:o m2U+D for1=0,1,2,....

3. Increasing and decreasing solutions

Before discussing convexity, we prove the existence of increasing and decreasing
solutions of Eq.(1.2). We need the following hypothesis:

(H1) X\, € C(1, J;, i, B;), where J; := [¢;,d;] and Y1 Ai(1) =1, <0 < B,

Theorem 3.1. Suppose that (HI1)holds and F € C(I,1;0,M;), where M; €
(0, +00) is a constant. If

for a constant M € (0,400), where

= ef =+ 3 (o 20
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Then Eq.(1.2) has a increasing solution f € Cy(I,1;0,M). Additionally, if

n—1 i-1
Z Yit1 Z M < mr, (3.2)
i=1 =0

where v; := max{|¢|, |d;|},i = 2,3, ...,n, then the solution f is unique in Cy (I, 1;0, M)
and depends continuously on F'.

Proof. Define L: C;(I,1;0,M) — C(I) by
Lf(z) = M(z)x + Xa(z) f(@) + -+ Mo(2) "M (2), f€CL(I,1;0,M).
By Lemma 2.5 (ii),
0< fillzr,ae) <MY i=1,2,...,n— 1.
Hence, by Lemma 2.2 (i),
aip1 — e M < (A i1 f)[m1, 2] < Big1 + df M'i=1,2..,n—1
Let h(z) = A (z)x,x € I. By Lemma 2.2 (i),
ar +cf —c] <hlwy,ae) < B +df —dy. (3.3)
By (H1) and (3.1), Lf € C(I,I,mr, My), where
n—1
My =B +df —di +) (B +di M),
i=1

and Lf is an orientation-preserving homeomorphism from I onto /. By Lemma 2.5

(i),

1 1

(LN e CUL L, ). (3.4)

Define a mapping 7 : C(I,I;0,M) — C(I) b
@) = (Lf) ™ o F@), f € C+(1,T;0,M). (35)

Note that Lf(0) = 0,Lf(1) = 1 by (H1). Hence, by F(0) = 0,F(1) = 1, we get
T£0)=0,Tf(1)=1and Tf(I)C I because T f is increasing. By Lemma 2.4 (ii)
and (3.4) we have

M
my

TfeC (I,1;0, =),
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which implies that 7 is self-mapping on Cy(I,I;0,M) by (3.1). For fi,fs €
C+(1,1;0, M),

ITfo =TI = (L) o F = (L)™' o F|
= I(Lf2) " = (L)

< —||Lf2 — Lfi|
mr

IN

1 n—1 ) .
E Z%+1||f§ - fill
i=1

IN

n—1 i—1
1 )
— E Yi+1 E M]||f2—f1H
mri4 j=0

by Lemma 2.3. Hence 7 is a continuous mapping. C4(I,I;0,M) is a compact
convex subset of C(I). Schauder’s fixed point theorem guarantees that 7 has a
fixed point f € Cy(I,I;0, M) which is a solution of equation (1.2). By (3.2),
similar to the proof of Theorem 3.1 in [20], uniqueness and continuous dependence
of the solution can be proved. This completes the proof. O

The following is devoted to decreasing solutions. We need the following hy-
potheses:

(H2> A € C(I, Ji,ai,ﬂi), where J; := [Ci,di], )\1(0) = )\i(l) =) and o; <0< ﬁz

(H3) 0= 3 eveni Ai < 2oddi Ai < 1.
(H4) F € C(I,1;—M,,0) satisfies F(0) = > qq; A and F(1) = > veni i, where
M; > 0 is a constant.

Theorem 3.2. Suppose that (H2), (H3) and (H4) hold. If
mpM > M, (3.6)
for a constant M € (0,+00), where
mp = cf —cf —i—Zai - Z ey Mt — Z dif Mt
i=1 oddi,#1 eveni

Then Eq.(1.2) has a decreasing solution f € C_(I,I1;—M,0). Additionally, if

n—1 i—1
Z’YiHZMj <mp, (3.7)
i=1 =0

then the solution f is unique in C_(I,1;—M,0) and depends continuously on F.

Proof. Define a mapping L : C_(I,I;—M,0) — C(I) as in Theorem 3.1. By
Lemma 2.6,

0 < fPay,wo) < M, =M1 < 2 2y, 25] 0,0 =1,2, ...
Similar to Theorem 3.1, by Lemma 2.2 (i),

i1 — Co  M? < (Noig1 f2) w1, 2] < PBoir +dg (M i=1,2, ...,
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and by Lemma 2.2 (iv),
Qs — d2+i+2M2i+l < ()\2i+2f2i+1)[x1,x2] < Paoiro + C;i+2M2i+1,i =0,2,....

By (3.3), (H2), (H3), (H4) and (3.6) we have Lf € C(I,I,mp, Mp), where

Mp:=df —dy +>_ B+ > dfM™ + > M
i=1 oddi,#£1 eveni

and Lf is an orientation-preserving homeomorphism from I onto I; := [F(1), F(0)].
Clearly I C I by (H3). By Lemma 2.5 (i),
(Lf)™ € Ol I, —). (38)
s Ly MD mp
Define a mapping 7 : C_(I,I;-M,0) — C(I) as in (3.5). Clearly 7f(0) =
1,7f(1) =0. By Lemma 2.4 (vi), (3.8) and F' € C(I,I;—M1,0), we get
M
TfeC(I1;——,0),
mp
which implies that T is self-mapping on C_(I,I; —M,0) by (3.6). The proof of
continuity of 7 is similar to Theorem 3.1. C_(I,I;—M,0) is a compact convex
subset of C(I). Schauder’s fixed point theorem guarantees that 7 has a fixed point
f e C_(I,I;—M,0) which is a solution of equation (1.2). The remaining part of
the proof is the same as the proof of Theorem 3.1. This completes the proof. [

4. Convexity of solutions

In this section, we will discuss convexity of increasing solutions and convexity of
decreasing solutions.

4.1. Convexity of increasing solutions

First we give convexity of increasing solutions. We need the following hypothesis:

(H5) )\2 S C(I, Ji;ai,ﬂi,m, 1/7;), where Jz = [Ci7di] and Z?:l )\2(1) = 1,CVZ' <0<
Bispi <0 < v

Theorem 4.1. Suppose that (H5) holds and F € C4(I,1;0, My, k1, K,), where
M; € (0,400) is a constant and 0 < ky < Ky. If
kl chlez Kl kIcvM12

miM > My, — — >0,— —
" M m3 "my m3

<K (4.1)

for constants M, K € (0,+00), where

n—1 2(i—1)

kreo : :,u1+oz1+2(ui+1 —Ci_+1K Z M +Oé,'+1MZ),
i—1 j=io1
n—1 2(i—1)

Krew i =148+ Y (g1 +df K Y M 4 B M),

i=1 j=i—1
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Then Eq.(1.2) has a convex solution f € Cy(I,1;0,M,0, K). Additionally, if (3.2)
is satisfied then Eq.(1.2) has a unique increasing convez solution f € C4(I,1;0, M,
0, K), which continuously depends on F'.

Proof. Define L: C4(I,1;0,M,0,K) — C(I) as in Theorem 3.1. By Lemma 2.5

(ib),
2(i—1)
fleCI,1;0,M"0,K Y M)
j=i—1
Hence, by Lemma 2.2 (i),
g1 — i M < Nipr f) w1, 0] < Bigr +df MY, (4.2)

and

2(i—1)
Pit1 — ¢ K Z M + a1 M*

j=i—1

< (N1 )1, 22, 23] (4.3)
2i—1)

<vipr +df K Z M7 + Biga M?,
j=i—1

where i =1,2,...,n — 1. Let h(zx) = M\ (z)z,z € I. By Lemma 2.2 (i),
H1 + (65} S h[l’l,xg,xg} S %1 —+ 61. (44)

By (H5) and the first inequality of (4.1), summarizing (4.2), (4.3), (3.3) and (4.4)
we get Lf € C(I,I,mr, My, kiew, K1ep) and Lf is an orientation-preserving home-
omorphism from I onto I. By Lemma 2.5 (i),

(Lf)ytecC (LI; L (4.5)

L _ KIC’U klcv )
My mr” (mp)® (mp)?

Define a mapping 7 : C(I,1;0,M,0,K) — C(I) as in (3.5). Clearly 7 f(0) =
0,7 f(1) =1. By Lemma 2.4 (iii) and (4.5) we have

M K. M? K kv M2
Tf60+<l,1;0,1 ki KoMy Ky kre 1>7

my; M; m3  Tmy m3
which implies that T is self-mapping on C (I, I;0, M, 0, K) by (4.1). The remaining
part of the proof is the same as the proofs of Theorem 3.1. We complete the proof.

O
Concaveness of increasing solutions can be discussed similarly.

Theorem 4.2. Suppose that (H5) holds and F € C4(I,1;0, My, k1, K1), where
M, € (0,400) is a constant and k1 < Ky <0. If

k Koo M? K kreeM?
mIMZMLm*l—Iigl—i—KZO,ﬁl— ! —
1 my I my

<0 (4.6)
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for constants M, K € (0, +00), where

n—1 2(i—1)
kree:=m+o1+ Y (i —diy K Y M+ i M),

i=1 j=i—1
2(i—1)

n—1
Kree i =11+ 1+ > (Wig1 + ¢, K Y M7+ B MY).
i=1 j=i-1

Then Eq.(1.2) has a concave solution f € C.(I,I;0,M,—K,0). Additionally, if
(3.2) is satisfied then FEq.(1.2) has a unique increasing concave solution f € C4(I,1;0,
M, —K,0), which continuously depends on F.

Example 4.1. Consider the equation

Obviously, equation (4.7) is the form of Eq.(1.2) and

159 111
ameco(o |24 -2 L Ly
L€ ([’]’{160’}’ 10°40°  40° >

1 111
1 = ==
A2 €C<[O’ ) {0’ 160}’ 10° 10" 40)’
FeC, (I,1,0,2,1,1).

ST (1) o= 159/160 4+ 1/160 = 1,01 = —1/40 < 0 < By = 1/40, 09 = —1/40 <
< B2 =1/40, 1 = =1/40 < vy =0, p2 = 0 < vp = 1/40 imply that H5 is satisfied.

n—1
151
mry = a1+cl+Z(ai+1—ci+1M):ﬁ,
i—1
= 21 1
Mp=Bi+di+ Y (Bixa +df M) = =+ —M,
e 20 T 160
n—1 2(271) 1 1
kIcv = M1+a1+2(ﬂi+1_c;+1K Z MJ"'Oéi-&-lMl):—%—ZOM,
i=1 j=ia1
ne1 2(i—1)
; . 8+ K +4M
Krep =014 B1+ Y (i1 +df K Y M+ By MY) = T
i=1 j=ie1

by calculation inequalities (4.1) hold when M = 32/15, K = 2, by Theorem 4.1 we
see that Eq. (4.7) has a increasing convex solution f € C(1,1,0,32/15,0,2).
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4.2. Convexity of decreasing solutions

Suppose that

(HG) )\2 S C(I, Ji;ai,ﬂi,,ui,yi), where Jl = [Ci,di] and )\1(0) = )\2(1) = )‘iacidi Z
Oyai < 0 < BZ)NZ < 0 < Vivi = 1,27...,77,.

(H7) F e C(I, I; —Ml,(),kl,Kl) satisfies F(O) = Zoddi A; and F(l) = Zeveni >\i7
where M; > 0 is a constant and 0 < k; < K.

Theorem 4.3. Suppose that (H3), (H6) and (H7) hold and if

k1 KpeyM? K1 kpeyM?
mpM > My, 4o = =20k > 0, — — S0l <K (4.8)
D mp mp mp

for constants M, K € (0,+00), where

Fpev i =01 — G K —MBy+ Y pi— > (df KMSws(M)+c; KM?S s (M)
i=1 oddi,#1
S M) = Y ([ KMPS s (M) + ¢ KSia (M) + BM'T),
eveni,#2
Kpey:=Pi+df K —Mas+Y vi+ Y (¢ KMSes(M)+df KM?Sis(M)
i=1 oddi,#1
M+ D (e KMPSia(M) +df K Sia (M) — i),

even:,#2

Then Eq.(1.2) has a convex solution f € C_(I,I;—M,0,0,K). Additionally, if
(3.7) is satisfied then Eq.(1.2) has a unique decreasing convez solution f € C_(I, I;
— M,0,0, K), which continuously depends on F.

Proof. Define L : C_(I,1;—M,0,0,K) — C(I) as in Theorem 3.1. By Lemma
2.6, for f € C_(I,I;—M,0,0, K) and positive integer ¢ we have

A eI, 1;0,M* ~KMS; (M), KM?*S;_1(M)),
and

Al e, I, —M* 0, —KM3S;_1 (M), KS;(M)).
Hence, by Lemma 2.2 (iii) and (iv), we have

Q241 — 051+1M2i < ()\2i+1f2i)[$1,$2] < Baiy1 + d;rz‘+1M2ia
Q212 — d;iJrzMQiH < Mo fP N a1, 2] < Boiga + C§i+2M2i+1, (4.9)

g —di M < (Ao f)[1, 2] < B2+ c5 M,
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and

p2ip1 — dgi KM S; (M) — ¢ KM?S; 1 (M) + a1 M

< (Aaig1 f2) w1, w2, 3] < voig1 + oy KM S; 1 (M) + d3;  { KM?S;_1(M)
+ Baiy1 M*,
faive — d3; oy KMPS; (M) — 3, o KSi(M) — Bai o M*H!

< (Agig2 f7 ) @1, 22, 23] < vaiga + oy o KMPS; 1 (M) + dg; K Si(M)
- 0421'+2M2i+1,
o — ¢y K — MBy < (Nof)[w1, 20, 23] < vo +df K — asM, o)

4.10

where ¢ = 1,2, .... By (H3),(H6), (H7)and the first inequalities of (4.8), summarizing
(4.9), (4.10), (3.3) and (4.4) weget Lf € C(I,I1,mp, Mp,kpev, Kpey) and Lf is an
orientation-preserving homeomorphism from I onto I := [F(1), F(0)]. By Lemma
2.5 (i),

1 1 KDcv chv > (4 11)

L 1eC<I,I;,, :

() 2y iy ) (moy?
Define a mapping 7 : C_(I,I;—M,0,0,K) — C(I) as in (3.5). Clearly T f(0) =
1,7f(1) =0. By Lemma 2.4 (vii) and (4.11) we have

M k K M,MQ K k M)MZ
TfeC <LI;—1,O,1—D‘3171_13431)7
mp MD mp mp my

which implies that 7 is self-mapping on C_ (I, I; —M, 0,0, K) by (4.8). The remain-

ing part of the proof is the same as the proofs of Theorem 3.1. This completes the

proof. O
We similarly give concaveness of decreasing solutions with the hypothesis:

(H8) F € C(I,1I;—M,,0,ky, K ) satisfies F'(0) = > qq; A and F(1) = " ven; Nis
where M7 > 0 is a constant and k1 < K7 <0.

Theorem 4.4. Suppose that (H3), (H6) and (H8) hold and if

ki KpeM? Ky kpeM?
mpM > My, —— — =P L 4 K >0, L - =il <0 (412)
mp my, Mp my,

for constants M, K € (0,+00), where

kpee: =1 —dyg K = MBa+ Y ps— Y (df KM?Sis(M)+c; KMSis (M)
=1 oddi,#1
—aMTh) = 3 (@ KSea (M) + o KMPSa (M) + B,M'Y),
eveni,#2

Kpee : = ﬂl +C£K—MC¥2 —I—Zyi + Z (C;KM2S?(M) +dZ+KMS?(M)
i=1 oddi,#1
AN Y (RS KM - 0 )
eVeni, A2
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Then Eq.(1.2) has a concave solution f € C_(I,I;—M,0,—K,0). Additionally,
if (8.7) is satisfied then Eq.(1.2) has a unique decreasing concave solution [ €
C_(I,I;-M,0,—K,0), which continuously depends on F.

Example 4.2. Consider the equation

M (2)f(z) + Xo(2) f2(x) = F(x), x€l:=][0,1], (4.13)

1 1\? 161
A - _Z i
@) =7 (x 2) " 160°

1 1\* 1
Ao(z) = 10 (I 2> ~ 160
Obviously, equation (4.13) is the form of Eq.(1.2) and
161 1 1 1
nMec|(on, |, —|,—,—,——,0
Le <[’ ]’[’160}’ 10°10° 40’ )

1 111
1. | = — - 0=
A2€C<[O’ ]’{ 160’0]’ 40’40’0’40>’

FeC,(I,1,-20-1,-1).

where

0 <> eveni Vi = A2 =0<3 044, Ai = A1 =1 < 1 implies that (H3) is satisfied.
c1dy = 161/160 > 0,cods = 0 > 0,07 := —1/40 < 0 < B := 1/40, ap := —1/40 <
0 < Be:=1/40,p1 = —=1/40 < 1y = 0,u3 = 0 < vy = 1/40 imply that (H6) is
satisfied. F(0) =1 =) qq; A = A1 and F(1) =0 = Y yen; Ai = A2 imply that
(HS) is satisfied. Since

mD::cl+zn:ai— Z o Mt — Z dei—1_19

; . - 20

=1 Odd’i,;él evens

~ i i 16T+ M
Moy 30 S arars Y ape < O

i=1 Oddi,;ﬁl evens:

kpee := o1 —d3 K — Mps + Zui - Z (deM25§(M) o KMSi_s (M)
i=1 oddi,#1
—aMT) = Y (dfKSie (M) + ¢ KMPSia (M) + ;M)
eveni,#2
1 M

20 40’

n
Kpee:=Pf1+c; K —Mag+ Y vi+ > (c;KMZS% (M) +df KMS:_s (M)
i=1 oddi,#1
+BMT 4 Y (T KSie +df KMSis — o M')
eveni,#2
1 K M

=20 160 T 40"
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by calculation inequalities (4.12) hold when M = 40/19, K = 2, by Theorem 4.4 we
see that Eq. (4.13) has a decreasing concave solution f € C_(I,I,—M,0,—K,0).

We end the paper with remarks that in the special case where all \;(x) are constants,
our theorems imply the results (at the cases a = 0,b = 1) in [20] and it is difficult
to simplify (4.1), (4.6), (4.8) and (4.12) similar to [20].
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