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Abstract Under what condition, a process which exists a (E, E)-pullback
exponential attractor implies the existence of (F,V)- pullback exponential
attractor when V' embedded in E? We answer this question in this paper. As
an application of this result, we prove the existence of pullback exponential
attractor for a nonlinear reaction-diffusion equation with a polynomial growth
nonlinearity in L9(92)(Vq > 2) and Hg ().
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1. Introduction

Pullback attractor(see [1-3,7,10,12,14]) is a suitable concept to describe the long
time behavior of infinite dimensional nonautonomous dynamical systems or pro-
cess generated by nonautonomous partial differential equations, which is a family of
compact invariant sets attracting all bounded subsets of the phase space(see Defi-
nition 2.3). However, a pullback attractor attracts any bounded set of phase space,
but the attraction to it may be arbitrarily slow, in order to describe the speed of
attraction, the concept of pullback exponential attractors(see [4,6,8]) is put for-
ward(see Definition 2.5) and some methods were given to prove the existence of
pullback exponential attractors.

As far as we know, only a few articles [4,6,8,11] study the existence of pullback
exponential attractors; for too many equations it is difficulty to establish the pull-
back exponential attractors by these methods. For example, we can not obtain the
existence of pullback exponential attractors in H¢ for nonautonomous reaction dif-
fusion equations with a polynomial growth nonlinearity (see 4.1)by these methods
when 2 <p < oo(n <2),2<p< A5+ 1(n > 3). Motivated by these problem and
some ideas in [3,6], under what condition, a process which exists a (E, E)-pullback
exponential attractor implies the existence of (E, V')-pullback exponential attractor
when V' embedded in E?7 We answer this question in this paper. As application
of our new method, we discuss the nonautonomous reaction diffusion equation and

fthe corresponding author. Email address: li_liyong120@163.com(Y.Li)

1School of Mathematics,Lanzhou City University, No.11, Jiefang Road, 730070,
China

*The authors were supported by National Natural Science Foundation of China
(11261027) and Longyuan Youth Innovative Talents Support Programs of
2014.



Pullback exponential attractors in space of higher regularity 243

get the existence of pullback exponential attractors in L9(Q) (Vg > 2) and H}(2)
and improve the results of [6,8].

The paper is organized as follows: In section 2, we recall some basic concepts
about pullback attractors and pullback exponential attractors for a process. In
section 3, under the condition that V is embedded into E, we provided a new
method to verify the existence of pullback exponential in V' when the process has a
pullback exponential attracotr in E. In section 4, we apply our result to prove the
existence of pullback exponential attractors for nonautonomous reaction diffusion
system.

2. Preliminaries

Let X be a complete metric space, B(X) be the set of all bounded subsets of X, and
a two-parameter family of mappings {U(t,7)|t > 7} = {U(t,7) : t > 7,¢,7 € R} act
on X: U(t,7): X - X, t>7,7eR

Definition 2.1. A two-parameter family of mappings {U(¢,7)} is said to be a
process in X, if

(1) U, s)U(s,7) =U(t,T),Vt > s>,

(2) U(r,7) = Id, is the identity operator, 7 € R.

The pair (U(t,7),X) is generally referred to as a nonautonomous dynamical
system. If z — U (¢, 7)x is a continuous in X, we say that the process is continuous
process; if U(t,7)x, — U(t,7)x as x, — x, we say that the process is a norm-
to-weak continuous process. Obviously, continuous process is also a norm-to-weak
continuous process.

Definition 2.2. A family of bounded sets {B(¢)|t € R} C B(X) is called pullback
absorbing sets for the process (U(t,7),X) if for any ¢ € R, and any bounded set
B C X, there exists a 7(¢, B) < t such that U(¢,7)B C B(t) for all 7 < 7.

Definition 2.3. ( [1-3,14]) The family A = {A(t)|t € R} C B(X) is said to be a
pullback attractor for U(¢, ) if

(1) A(t) is compact for all ¢t € R;

(2) A is invariant, i.e., U(t,7)A(T) = A(t) forallt > T;

(3) Ais pullback attracting, i.e., TEIPOO dist((U(t,7)B,A(t)) =0, for all B € B(X),
and t € R;

(4) if {C(¢)}ier is another family of closed attracting sets, then A(t) C C(t) for all
teR

Here dist(-,-) denotes the non-symmetric Hausdorff distance between sets in X;
that is dist(A, B) = sup inf d(a,b).
ac€A beB

Definition 2.4. ( [2,13])For any € > 0, let n(M, e, X) denote the minimum num-
ber of ball of X of radius € which is necessary to cover M. The fractal dimension
of M, which is also called the capacity of M, is the number

—1 X

dim; (M, X) = Tim rM.e X))

e—0+ 1 1

b
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Definition 2.5. ( [4,6,8])Let {U(t,7)|t > 7} be a process in a metric space X. We
call the family M = {M(t)|t € R} a pullback exponential attractor for U(¢, 1) if

(1) The sets M(t) € B(X) are compact in XVt € R;

(2) It is positively semi-invariant, that is
Ut, T)M(1) C M(t), Vt > T ;
(3) The fractal dimension of M(t) are uniformly bounded in X, that is, there exists
F > 0 such that
dimy M(t) < F, Vt € R;
(4) The sets {M(t)|t € R} pullback exponential attracts bounded subsets of X;
that is, there exist constants k,l > 0, for every bounded subset B € B(X) and
t € R such that
dist(U(t,7) B, M(t)) < ke /t=7),

3. Pullback exponential attractors in space of higer
regularity

Let (E,||-|lg) and (V.|| - ||v) be two Banach spaces such that V is embedded into
E, {U(t,7)|t > 7} be a process in (E, FE) and (E,V), {M(t)|t € R} be a (E, E)-
pullback exponential attractor.

Next we will show that the process exists a (E, V')-pullback exponential attrac-
tor. For the purpose, we will need the following lemmas.

Lemma 3.1. Let B be a bounded set in E | S is a map from E to V.Suppose that
there exist k,a > 0 such that ||S(u) — S(v)||lv < kllu —v||% for any u,v € B, and
that the fractal dimension of B is bounded in E, i.e., there exists a positive constant
d > 0 such that dimy(B, E) < d. Then the fractal dimension of S(B) is bounded in
V and dims(S(B),V) < 4.

Proof. By the definition of fractal dimension, we have

Inn(B,e, E
dim(B, ) = Tn B0 B) _ g
e—0t hlg
we get by for any € > 0, there exist uy, ug, -+ ,uy € E, such that B C U, B(u;,€)

in £ and N < n(B,e, E). Thus, for any u € B, there exists u; € E, such that
lu — ui|| g < e.
By the assumption, we have
[S(w) = S(ui)llo < Ellu — il < ke®.

This shows that S(B) be covered by a ke®-net in V, i.e., S(B) C UN., B(S(u;), ke®)
in V, and N < n(B,e¢, E), by the definition of fractal dimension, we get

dimy (5(B), V) < T 2EELELY) (B0 F)

e0+ In Tla T e—0t In
B

<

d
«

1
ke~
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Lemma 3.2. Let the assumptions of Lemma 3.1 hold and let B be a compact set
in E. Then S(B) is a compact set in V.

The result is obvious, so we omit the proof.

Theorem 3.1. Let (E,||-||g) and (V,||-|v) be two Banach spaces, {U(t,7)|t > 7}
be a process in (E, E) and (E,V), B is a positively semi-invariant bounded absorbing
set in ENV, i.e., Ut,7)B C B, for any t > 7, {M(t)|t € R} be a (E, E)-pullback
exponential attractor, and suppose that the process {U(t, )|t > T} satisfies the
condition with constants k,a > 0,

lu—v|lv <Ek|lu—2|%, YVu,v € Bandt>r. (3.1)

Then the process {U(t,T)|t > 7} exists a (E,V)-pullback exponential attractor.

Proof. {M(t)|t € R} is a (E, E)-pullback exponential attractor, we have to so
M(t) € B. Next we will prove that {M(t)|t € R} is also a (E,V)-pullback expo-
nential attractor.

(Positively semi-invariant) Since {M(t)|¢t € R} is a (E, E)-pullback exponential
attractor, we get U(t, 7)M(7) C M(t). Obviously, the result is hold true in V.

( Compactness) M(t) is a compact set in E, M(t) = U(t,t)M(t) , by the
condition of (3.1), we get

lu —vllv = U t)u — Ut t)v|ly < Ekl|lu—|F, Yu,v € M(t) and t > 7. (3.2)

By Lemma 3.2, we get M(t) is a compact set in V.

( Uniformly bounded of fractal dimension) By the definition of pullback expo-
nential attractors, for any ¢t € R, the fractal dimension of M (¢) is uniformly bounded
in E. U(t,t)M(t) = M(t), By (3.2) and Lemma 3.1, the fractal dimension of M(t)
is uniformly bounded in V.

( Pullback exponential attraction) {M(t)|t € R} is a (E, E)-pullback exponen-
tial attractor, by the Definition 2.5, we conclude that there exist A, > 0 such
that

distg(U(t,7)B, M(t)) < Ne W=7,

so by (3.1) and for any v € B,v € M(t), |[U(t,7)u —v|yv = [|[UEOUE, T)u —
Ut t)llv < k|U(E, m)u—v||%, we get
disty (U(t,7)B, M(t)) < k(distg(U(t, 7)B, M(t)))* < k e~ let=7),
O

4. The existence of pullback exponential attractors
for nonautonomous reaction diffusion equation

As an application of the Theorem 3.1, we prove the existence of the pullback expo-
nential attractors in L()) and Hg(€2) for the process generated by the solution of
the following non-autonomous reaction diffusion equation:

u— ADu+ f(u) =g(t), =€,
u‘ag = 0, (4’1)
u(T) = ur.
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Where f € CY(R,R), g(-) € L2 (R, L*(Q2)), Q is a bounded open subset of R"

loc

and there exist p > 2, ¢; >0, : =1,...,5,] > 0 such that

cr|ulP — o < flu)u < cslul? + eq, (4.2)

Flw) = =1 |f ()] < es(1+ [ulP™?) (4.3)

for all u € R.
Denote H = L?(Q) with norm |- | and scalar product (-), Hg(2) with norm ||- ||,
| - |1 denote the norm of L¥(Q), ¢; denote constants which may change from line to
line and even in the same line.
Suppose that the function g(t) is translation bounded in L}

loc

(R; L3(Q)), that is

t+1
sup/ lg(s)|3ds < oo. (4.4)
teR Jt

By (4.4), there exists a constant cg > 0 such that

t+1
sup / l9()|2ds < cq, (4.5)
teR J¢

and for some \ > 0,

t 00
ef/\t/ 6)\8‘9(8)|2d8§2/
T n=0"t

—(n+1)

—A(t—s) 2 ce _
lg(s)Pds < 25 —er (40)

t—n
e

Lemma 4.1. ( [2, 5, 13]) Let the assumption (4.2) and (4.3) hold and g(t) €
L? (R,H). Then for any initial data u, € L*(2) and any T > T, there exists

loc
a unique solution u for (4.1) which satifies

u e L*(r,T; Hy) N LP(7,T; LP(Q)).
If furthermore, u, € H}, then
ueC([r,T); Hy) N L* (1, T; H*(Q)).
By Lemma 4.1, we can define the process {U(t,7)|t > 7} as follows:
U(t,T)u, : [1,+00) x L*(Q) — LP;  U(t, T)u, : [, +00) x L*(Q) — H;.

Lemma 4.2. Assume that f and g satisfies (4.2),(4.3) and (4.5), u(t) be a weak
solution of (4.1). Then for allt > 7 we have the following inequalities:

lu(t)]? < e | |? + cq (4.7)

and

t

t
/eAS(|\u(s)||2+2c1|u|g)dsg(1+A(t—r))eh|u7|2+CQeM+A—1/ A |g(s)[2ds.
’ ’ (4.8)
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Proof. Taking inner product of (4.1) with w in H, we have

LA P gl + (£, ) = (g(8), ),

2dt
by (4.2), we obtain
d 2 2 P
2 lul” + 20l + 2e1 [ufp < 2e2[Q + 2]g (@) [ul,

thanks to Poincaré inequality ||u|| > Alu| and Cauchy’s inequality, we have

d
Ul Aul? < 26,00 + A7 g (1) (4.9)
and J
21Ul el + 2e1 fulf < 2620 + A7 g (1), (4.10)
Applying the Gronwall’s Lemma and (4.6) in (4.9), we get
lu(t)> < e M0 4 cq. (4.11)
Inequality (4.7) is proved. O

Now let us verify inequality (4.8). Multiplying (4.11) by e* and integrating
from 7 to t, we get

¢
/ e*|u(s)?ds < (t — 7)e* ur|? + crpe™. (4.12)
By (4.10), we find

d
(M u®F) + e ([u®l* + 261 [ulp) < AeMu(®)] + 202 Q™ + A7 e g(0) ],

integrating and using (4.12), we get (4.8) holds.

Lemma 4.3. Assume that f and g satisfy (4.2),(4.8),(4.5), and let u(t) be a weak
solution associated with Eq.(4.1). Then the following inequality holds for t > T:

1 1
Juuf? + (@) |* + [ulh < C11(1+—T)(1+t—7)e_’\(t_7)|u7|2+012(t +1). (4.13)

t— -7
Moreover, for any bounded D C H, there exist T,r > 0, such that
Ut m)ur | + U T)ur || + U T)ur b < 7

foranyu, € D andt—71>T.
Proof. Let F(s) = fos f(r)dr, then by (4.2), we deduce that

Gls|P — & < F(s) < &lsP + (4.14)

Combining (4.10),(4.14), we get

d
£|u|2 + JJul® + 813/ F(u)dz < X Hg(t)]* + cia. (4.15)
Q
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Multiply (4.1) by u, we have

4 5l +2 | Fluydo) = (g(6). )

since [(g(t), up)| < |g(t)||ug] < 2O 1 [P e obtain
d 2 2
%(IIUII +2 [ F(u)dr) < |g(t)]". (4.16)
Q
Combining (4.15),(4.16), we have
d
Gl +2 [ Fde)+ [l +e [ Flds < (16X Dlgl0)+e. (417
Q Q

By Poincaré inequality, we get

Hu||2+clg/F( Yda ” ” \u|2+c /F(u)d:vz015(\u|2+||u||2+2/ F(u)dz).
Q Q Q
(4.18)
Let G(u) = |ul® + [[u]® + 2 [, F(u)dz, by (4.17),(4.18), we obtain
d 2
G +e1sG(u) < eaelg(@)]” + era, (4.19)

inequality (4.19) implies that

%((i —7)eMG(u) < (L+ (A= e15)(t = 7))G(w)eM + (c1a + c16lg(t)]*) (t — 7)™,
integrating, we get

(t—T)e/\tG(u) < (1+cl7(t—7))/ G(u)e)‘sds—l—clg(t—T)e)‘t—i—clg(t—T)/ e)“(”|g(s)|2ds7

using (4.8), (4.12), we obtain the inequality (4.13). O
Lemma 4.4. Assume that (4.2), (4.3) and (4.4) hold. Then the following inequality
holds for t > 1

YL+t = 70)e M7 fug |* 4+ e AT ug B, (4.20)

1
2p—2
u(t)]3p—3 < c19(1+ t—

here u(t) = U(t, T)ur,ur, = U(70, T)us for anyt > 19 > 7.
By the assumption and for some A > 0, we obtain
t 3p—4
sup e*’\t/ e*g(s)| & ds < oo. (4.21)
t>1 T p—1
Proof. Multiplying (4.1) with |u[P~2u, we obtain

1
fdi|u|£—|—(p—1)/ |u|”_2|Vu|2dx+/ f(u)|u\p_2udac=/g(t)\u|p_2udac (4.22)
t Q Q Q
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We deduce from (4.2) that
F) a2 > & ful?2 — d). (4.23)

By Young’s inequality, we have
1
[ aOluP-udel < L+ glato (124
and using (4.22) and (4.23), we get

d 2p—2
Z[ulp + eaolulp=s < ean(1+|g(®)*)

and

d
S ulD) + a0 |33 < AN ulf + cane (1 + lg(B)),

integrating and using (4.8), we deduce that

t

t
/ e>‘s|u|§§:§ds < coa((1 4t — 10)er™ |up|® + e>‘T°|uTO|£ + M+ / e*®g(s)|?ds).
.

0 70
(4.25)
Multiply (4.1) with |u|**~%u, we obtain

22y (2p-3) / 2P~ V2t / F(w)[uf?udz = / o(t) u?P~ud.
Q Q Q

—2dt
(4.26)
We deduce from (4.2) that
Fl) P~ u > P~ — . (4.27)
Using Young’s inequality
3p—4
|/ |u‘2p 4udx| < 1 |u|§§:j + c23|g(t)|@. (4.28)
Using (4.27) and (4.28), we have
d,  op-2 =
%|U|2p,2 < 024(1 + |g(t)|3:%14)
and
s MulPP=3) < (1+ At Myl =2 t 1 o
S (= 10)e™ [ulz73) < (14 At = 70))e™ ulop=3 + caa(t — 7o) (1 + [g(t )ls; 1),
integrating and using (4.21) and (4.25), we obtain estimate (4.20). O

Theorem 4.1. Assume that (4.2),(4.3) and (4.4) hold, then the process generated
by the solution of Eq.(4.1) have a bounded absorbing set B C H N H!NLPNL?*P~2,
and U(t,7)B C B.

Proof. By Lemma 4.3 and Lemma 4.4, the process U (¢, 7) generated by Eq. (4.1)
has a bounded absorbing set By in H N Hg N LP N L?P~2 that is, for any bounded
D C H, there exists T > 0, such that U(¢t,t — 7)D C By for any 7 > T. For
By, there exists Ty > 0, such that U(t,t — 7)By C By for any 7 > Ty. Let B =
Uter Ur>T, U(t,t —7)B C By. Obviously, B is a positively semi-invariant bounded
absorbing set for the process U(t,7) and there exists r > 0 such that |u(z)| <
r, lu(@)]| <7, Ju(z)b < rand |u(x)|§§:§ < r for any u(z) € B. O
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Theorem 4.2. Assume that (4.2),(4.3) hold, and let for any positive integer m,

g(t) is translation bounded in L?.(R; L™(R2)), i.e., sup ftH_l lg(s)|ds < oo, then
teR

the process generated by the solution of Eq.(4.1) have a bounded absorbing set B C
Lm=Dp=2(m=2)(Q)) qnd U(t,7)B C B.

Through induction argument and using the same proof as in Lemma 4.4, we can
prove this result.
Next we will assume that the function g(¢) is normal( [9]) in L?

7o(R; H), that is,
for any € > 0, there exists 7 > 0 such that

t+n
Sup/ lg(s)|?ds < e.
teR Ji

This condition guarantees that the process U(t,7) generated by the solution of
Eq.(4.1) exists a (H, H)-pullback exponential attractors when 2 < p < oco(n < 2),
2 <p < 25 4 1(n > 3), the proof is the same as in Theorem 4.2 of [8], so we omit.
Theorem 4.3. Assume that (4.2),(4.3) hold, g(t) is normal in L% (R;H) and
translation bounded in L} (R; L™(Q2)), and let 2 < p < oo(n <2)2 <p < 2o +
1(n >3), g = (m—1)p—2(m—2), then the process U(t,T) generated by the solution
of Eq.(4.1) have a pullback exponential attractor in LL(Q) for any positive integer
m > 2.

Proof. By holder inequality, we obtain

|u(t) —v(t)lq = (/Q = 0] u = vldz)7 < Ju— vliz\u — |1,
By Theorem 4.2, there exists k£ > 0 such that
Jut) — v(t)], < klu—v]7.
By Theorem 3.1, Theorem 4.3 holds. O

Theorem 4.4. Assume that (4.2),(4.3) and (4.4) hold, ¢'(t) € L?, (R, L*(Q)) and

loc

t+1
sup/ lg'(5)|3ds < occ. (4.29)
teR Ji

Then for the bounded absorbing set B in Theorem /.1, there exists a positive con-
stants T'g such that

d
lus (s)|? = %U(t,r)uJ2 <M forany u; € Bandt—7>1Tg.

Proof. By differentiating (4.1) in time and denoting v = u;, we have
vy — Av + f'(u)v = ¢'(t). (4.30)

Multiplying the above equality by v and using (4.3), we obtain

d
ol < 2ol + A7 () (431)
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and

d _

prl T)eMo?) < (L+ A+ 20t = 7)eM[of?) + A7 E—1)eMg' ()%, (4.32)
integrating (4.32) from 7 to t, we get

lo(t)]? < (X 4+ 21) +

1 t
= T)e*)‘t/ e (s)[2ds + cas. (4.33)

Multiplying equation (4.1) by u, we obtain

Ld (sl + [9(t)2),

N |

ul|? u)dx) = uy) <
(I +2/QF< Jdz) = (g(t),ur) <

that is J
el + (P + 2 | Flds) <[g(0)
Q

and
d
M e (Jul+2 [ Plu)da) < AN (Jul+2 [ Flupde)+elg). (430
Q Q

Integrating (4.34) form 7 to ¢, we have

t
/ e u(s)|?ds
! t t
§e’\T(HuT||2+2/ F(uT)dx)+)\/ e)‘s(||u||2+2/ F(u)dx)ds+/ X |g(s)|2ds.
Q T Q T
(4.35)
Using (4.8), (4.14) and (4.35) in (4.33), we obtain
lv(®)]* < ca6(1 + — T)[e_’\(t_T)((l + (6= 7)) |ur® + Jurl?) + 1] (4.36)
O

Theorem 4.5. Assume that (4.2),(4.3),(4.4) and (4.29) hold, g(t) is normal in
L? (R;H), and let 2 < p < co(n <2),2<p< 5 + 1(n > 3), then the process

loc

U(t,) generated by the solution of Eq.(4.1) has a pullback attractor in HE(Q).

Proof. Let B is the positively semi-invariant bounded absorbing set in Theorem
4.1, u(t) = U(t,7)u, and v(t) = U(t, 7)v, to be solutions associated with Eq.(4.1)
with initial data u,,v, € B. Let w(t) = u(t) — v(t), we have

wy — Aw + f(u) — f(v) =0. (4.37)
Multiplying the above equality by w, we obtain
(we,w) + [[w]* + (f(u) = f(v),w) =0

and

lwl|* < fwlJw] + (/Q [f () = f(0)Pdz) 2], (4.38)
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From (4.2), we deduce that

(/ £ (u) = F)[Pdz)? < cos(1+ [ulf 2, + [v]5,2,). (4.39)
Q

We infer from Theorem 4.1 and Theorem 4.4 that

[[u(t) = v()|]* < ca6lult) — v(t)],

that is

lu(t) = (@) < earlu(t) — v(t)[2,

therefore, by Theorem 3.1 that the process U(t,7) generated by the solution of
Eq.(4.1) have a pullback exponential attractor in H{(€2). O
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