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Hadamard type for («, m; P)-convex functions on co-ordinates in a rectangle
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1. Introduction

Let us recall some definitions of various convex functions.

Definition 1.1. A function f: I C R = (—o0,4+00) — R is said to be convex on
an interval I if

fOx + (1 =Ny) < Af(@) + (1 =N f(y)
holds for all z,y € I and A € [0, 1].

Definition 1.2 ( [5]). We say that a map f: I C R — R belongs to the class P(I)
if it is nonnegative and satisfies

fQz+ (1 =Ny) < f(z) + f(y)
for all z,y € I and X € [0, 1].
Definition 1.3 ( [9]). For f:[0,b] — R and m € (0, 1], if
fOx+m(l = Ny) < Af(x) +m(l - A)f(y)

is valid for all 2,y € [0,b] and A € [0, 1], then we say that f is an m-convex function
on [0, ].
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Definition 1.4 ( [7]). For f:[0,b] = R and (o, m) € (0,1] x (0, 1], if
fOz+m(1 = Ny) < A%f(z) + m(l — 1Y) f(y)
is valid for all z,y € [0,b] and X € [0, 1], then we say that f is an (a, m)-convex
function on [0, b].
Definition 1.5 ( [3,4]). A function f : A = [a,b] X [¢,d] C R? — R is said to be
convex on co-ordinates in A for a < b and ¢ < d if the partial functions
fyilab] = R, fy(u) = fy(u,y) and fo:led] =R, fo(v) = fo(z,0)
are convex for all z € (a,b) and y € (¢, d).
Definition 1.6 ( [3,4]). A function f : A = [a,b] X [¢,d] C R? — R is said to be
convex on co-ordinates in A for a < b and ¢ < d if the inequality
flz+ 1=tz y+ (1 - Nw)
<tAf(z,y) +t(1 = N f(z,w) + (1 = )Af(z,9) + (1 = 1)1 = A) f(z,w)
holds for all ¢, € [0,1] and (z,y), (z,w) € A.

Some integral inequalities of Hermite-Hadamard type for the above mentioned
convex functions may be recited as follows.

Theorem 1.1 ( [6]). Let f : Ry = [0,00) — R be m-convex and m € (0,1]. If
f € L([a,b]) for 0 <a <b< oo, then

Lo [ (@) + mf(b/m) mf(a/m)+ F(B)
b—a/a f(x)dxﬁmm{ 5 , 5 }

Theorem 1.2 ( [5, Theorem 3.1]). Let f € P(I), a,b € I with a < b, and [ €
L([a,b]). Then

()< 52 [ 1wan <20t + 10,

Both inequalities are the best possible.

Theorem 1.3 ( [3,4, Theorem 2.2]). Let f : A = [a,b] X [¢,d] — R be convex on
co-ordinates in A for a < b and ¢ < d. Then

f(a+b C+d)

1 b c+d 1 d a+b
e [ 15 )aee g [ ]

)
bia</abf(x,c)dx+/abf(x,d)dx> T (/cdf(a,y)dy
+/Cdf(b,y)dy>]

<f(a,c)—|—f(b,c)—|—f(a,d) + f(b,d)
- 4

<

1

. (1.1)
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For more information on new results in this topic, please refer to [1,2,8,10] and
plenty of references therein.

In this paper, we will introduce a new notion “(ca, m; P)-convex function on co-
ordinates” and establish some new integral inequalities of Hermite-Hadamard type
for (e, m; P)-convex functions on co-ordinates in a rectangle from the plane Ry x R.

2. Integral inequalities of Hermite-Hadamard type

Motivated by Definitions 1.2, 1.4, and 1.6, we now introduce a new notion “(a, m; P)-
convex function on co-ordinates” as follows.

Definition 2.1. For m,a € (0,1], a mapping f : [0,b] X [¢,d] — Rq is called
co-ordinated («, m; P)-convex for 0 < b and ¢ < d, if the inequality

fz+ml —t)z,  y+ (1 — Nw)
<t*[f(z,y) + f(z,w)] + m(1 = t*)[f(2,9) + f(z,0)]
holds for all ¢, A € [0,1] and (x,y), (z,w) € [0,b] X [¢,d].

Now we establish some new integral inequalities of Hermite-Hadamard type for
(o, m; P)-convex functions on co-ordinates in a rectangle from the plane Ry x R.

Theorem 2.1. Let f: [0, 2] x [¢,d] = Ry be integrable for 0 < a < b, ¢ < d, and
m € (0,1] and let f € Ll([O, %] X [e, d}) If f is co-ordinated (o, m; P)-convex on
[0, 2] x [¢,d] for o € (0,1], then

f<m(a+b c+d> f f (mz,y) + m(2* — 1) f(z,y)]|dzdy
2 72 20=1(p — a)(d — )

and

o | [ e waen

[f(a,c) 4 f(a,d) +maf(:;,c) —|—maf<:1,d>}

<
Ta+1

Proof. The (a,m; P)-convexity of f gives

f<m(a+b)7c+d)

2 2
_ (m(ta+(1—t)b+(1—t)a+tb) )\c+(1—)\)d+(1—)\)c+)\d>
2 ’ 2
g%{f(m[ta-i- (1= t)b], A+ (1 = A)d) + f(m[ta+ (1 —t)b],
(1=Nc+ M) +m2* = 1) [f((1 = t)a+th, e+ (1 — \)d)
+ F((1 = t)a+th, (1 — Ne+ Ad)] ). (2.1)

Putting © = ta+ (1 —¢)b and y = Ac+ (1 — A)d for 0 < t, A < 1 and integrating the
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inequality (2.1) on [0,1] x [0, 1] over (¢, A) lead to
a+b) c+d
f( m(a +b) >

2

,2(1/ / mlta+ (1 —t)b], Ac + (1 — A)d)
+ f(m[ta+ (1 = t)b], (1 — N)c+ Ad) + m(2* = 1) [f((1 — t)a + tb,
Ae+ (1= N)d) + F((1=t)a+1tb, (1 —A)c+)\d)]}dtd)\

d b
g ). [ Ve e me - D@ dedy. (22

Similarly,

o | [ e wden

1 1
://fta+ (1—t)b,Ac+ (1= Nd)dtdA

//{ta a,c)+ f(a,d)] + (1_ta>[f(:1,0>+f(:1,d)]}dtd)\

[f(a 0+ fla, d)+maf< b ) +maf<:1,d>}.

Ca+1
Theorem 2.1 is thus proved. O
Corollary 2.1. Under the assumptions of Theorem 2.1,

1. if m =1, then
(d //fxydxdy

a+b c+d
(505) <5
[f(a,c) + fla,d) + af(bc) + af(bd)];

I A

2 72

IN

a+1
2. ifa=1, then

(e ety < o [ [ rona) 4t azay

and
/ / flz,y)dzdy
bfa d—c)

<2{f(a o) + f(a, d)+mf<b >+mf<b d)]

3. ifm=a=1, then

f(a;b,c;d) — / /facydacdy

( ) (ad+fbc)+f(bd)

I A
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Theorem 2.2. Let f : [0, ] [c,d] = Ry be integrable for 0 < a < b, ¢ < d, and
m € (0,1] and let f € Ll([() b1 x [e.d]). If f is co-ordinated (cv, m; P)-convez on

' m2

[0, %] x [¢,d] for a € (0,1], then

oo | [ senasay

< gt |, Qo4 g [ o0 4 mes(550)] o0

¢ it [otwea - maa(,ea)]
where

Q(x,c,d) = f(z,c) + fla,d) + m(2* — 1) {f(2c> + f(:l,dﬂ
forz € fa, L]

Proof. Letting y = Ac+ (1 — A)d for 0 < A < 1 and empoying the (a,m; P)-
convexity of f reveal

ﬁ/d/bf(:c,y)dxdy:bia/ol/abfcgm,xcﬂkx)d)ddi
—2ab—a / /{ x,¢) + f(z,d) +m(2 *1){f(%,c)+f<%,d)}}dxd)\

- d)d
Qa(b_ S / Q. e, d)da
Taking x = ta+ (1 —t)b for 0 < ¢t < 1 and utilizing the (a, m; P)-convexity of f figure out

= | [ T
< %(;ﬁ/lb{f(m,c)—kf(m,d)—km@a—1){1‘ %C> +f<%,d)”dx
< 2(}71 /01 [taQ(a,c, d) + m(1 —t°‘)Q<%7c,d>] d

_ mpa ¢ d)+maQ(b c d)}

ﬁ/d/bfx,ydxdy
[tfay +m1—t)f<b )}dtdy
:m“ﬂay”"‘”(b v)]av

gm/ol[cg(acd)+mo@(b cd)}d)\
L {Q(acd)#—ma@(b cd)}

T a1 (a+1)
The proof of Theorem 2.2 is completed. O

Similarly,
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Corollary 2.2. Under the conditions of Theorem 2.2,

/ / flz,y)dzdy
b—a d—c)

<(b_a)/a [f(@,0) + f(z.d)] do

1. if m =1, then

d
n 1(d_c)/ [f(a,y) + af(b,y)] dy

(a+1)
_ﬁ{f(avc) +f(a7d) —|—a[f(b,c) —|—f(b,d)]},

2. ifa =1, then

d b

%/ / flz,y)dzdy
d

74 /Qxcddx+ (dl_ )/ {f(my)—kmf(:;,y)}dy
éi{f(a6)+f(ad)+m{f<b o)+ 1(2a)]

a a b b
oG o Got) oG Gie) <))

m m m m

Theorem 2.3. Let f :[0,] x [¢,d] — Rq be integrable for 0 < a <b and ¢ < d and

let f € L1(]0,b] x [c,d]). If f is co-ordinated (o, m; P)-convex on [0,b] X [c,d] for
€ (0,1] and m € (0,1], then

f( 2(a +b) c—i—d)

2

g [ - )
() e s () s
Sz?a*?(b—axd—c)/c / [Fm*.9)

+2m(2% — 1) f(ma, y) + m*(2* — 1)* f(z,y)] dz dy.

Proof. Similar to the proof of (2.2), by the (a, m; P)-convexity of f, we see that

f(m2(az+b)’ c;d) - 2a1_1 /01 {f<m2[ta+(1 o, c;d)

4 m(2 — 1)f(m[(1 ~t)a + th], gdﬂ dt

- [ o3 (o5




Inequalities of Hermite-Hadamard type 177

322@17/ /{fmm)\c—i— 1—N)d) + f(m?z, (1 — N+ \d)

+2m(2% = 1) [f(ma, Ac + (1 = A)d) + f(mz, (1 — X)c+ Ad)]
m?(2% — 1)2[f(z, Ae + (1 = A)d) + f(z, (L = N)c+ Ad)| }dzd A
d b
- o ). | e+ 2m@ — 1 fmay)

m?(2% — 1)2f(a:,y)] dzdy

< 2% Ol{f(mQ(C;er),)\ch (1- /\)d> +f<m2(6;+b),(1 - A)c+>\d)
(2% — m(a-i—b)’ . B m(a+b)7 e
+m(2 1)[fd( e+ (1 /\)d)+f( (1-2) +Ad>”dx

2

s P2 (2 )

e //{f 2040+ (1 — 1)b], y) + m(2° — 1) f(mlta + (1— 1)B],y)

— 22a —_
+m(2a —D[f(mta+ (1 = )b],y) + m(2* = 1) f(ta+ (1 — t)b,y)] } dtdy

1 ¥ — mx
- [ [ 15+ 2mer 1))

m?(2% = 1) f(z,y)] dzdy.
Theorem 2.3 is thus proved. O

Corollary 2.3. Let f : [ , 2] [e,d] = Rg be integrable for 0 < a < b, ¢ < d,
and m € (0,1] and f € Ly ([0, %] x [e,d]). If f is co-ordinated (o, m; P)-conves
on [0, %] x [e,d] for o € (0,1], then

f(a ; b’ c;d)
g /(2 5) 01 (55
iy TP
g aa=a | | [ e -s(f)

+m?(2% — 1)2f<nf2,y>} dzdy.

Corollary 2.4. Under the conditions of Theorems 2.2 and 2.3, if m = 1, then

a+b c+d 1 b c+d 1 d la+b
<
f( et )b_a/(lf(w, . )d +d_c/c f( ! 7y)dy
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T _C//fmydwdy

7bfa/[f(x0)+f(wd)]dw+7/ (0.0) + F(b:9)] dy

< 4[f(a,c) + f(a,d) + f(b,c) + f(b,d)].

A

Corollary 2.5. Under the conditions of Theorem 2.3, if « =1, then

LS
S iy
s (52 (52

d b
/ / (m?z,y) + 2mf(mz,y) + m? f(z,y)]dzdy.
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