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TRANSMISSION DYNAMICS AND THE
CONTROL OF HEPATITIS B IN CHINA: A
POPULATION DYNAMICS VIEW*

Chenxi Dai', Aijun Fan®' and Kaifa Wang"'

Abstract Though the prevalence of hepatitis B began to decline for the first
time in 2010, it remains unclear whether this downward trend is permanent and
the disease will be eradicated in mainland China under the current measures.
Because a large number of hepatitis B virus (HBV) carriers and unknown HBV
infections is characteristic of HBV infections in China, a mathematical model
was designed and fitted to the reported hepatitis B data. The estimated basic
reproduction number is 1.2861 (95% confidence interval (CI) 1.2386-1.3302),
which remains greater than one. Thus, the decline in 2010 may be part of the
temporary benefits of public policy measures and should not be interpreted as
indicative of successful intervention, although interventions do provide some
benefits. To assess the effects of various interventions, the global uncertainty
and sensitivity analyses revealed that the contribution of carriers is always
greater than that of acute infections, and the prevalence of hepatitis B in
China may be primarily a result of transmission by unknown patients. There-
fore, strategies for controlling the HBV endemic, which target known patients,
are unlikely to be highly effective. Additionally, three feasible strategies are
proposed, although the benefits of these strategies may change radically over
time.

Keywords Hepatitis B, mathematical modeling, basic reproduction number,
equilibrium, control strategy.
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1. Introduction

Hepatitis B is a potentially life-threatening liver infection that is caused by the hep-
atitis B virus (HBV). Currently, HBV infection has become a serious public health
problem because of its worldwide prevalence and potential adverse consequences,
including cirrhosis, liver failure and hepatocellular carcinoma [5]. The World Health
Organization (WHO) reported that more than 240 million people have a chronic
(long-term) liver infection, more than 780,000 people die worldwide each year due to
hepatitis B, and its prevalence is highest in sub-Saharan Africa and East Asia [24].

In mainland China, hepatitis B is one of the top three infectious diseases, and
the prevalence of HBV surface antigen (HBsAg) among the general population is
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9.7%, based on a national survey conducted in 1992 [27]. With the use of the
hematogenous hepatitis B vaccine beginning in 1984 and the vaccination program
for newborn babies beginning in the 1990s [2], the overall prevalence of HBsAg
carriers has decreased slightly from 9.7% in 1992 to 9% in 2002 [1I]. However,
the incidence of hepatitis B continues to increase, from 21.9 in 100,000 people in
1990 to 53.3 in 100,000 in 2003 [25]. As a result, the disease has become endemic
in China [I2]. The number of people living with HBV in China makes up almost
one-third of the people infected with HBV worldwide [13], and 300,000 people die
from HBV-related diseases in China every year, including 180,000 patients with
hepatocellular carcinoma [10].
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2003 2005 2007 2009 2011 2013
Time (years)

Figure 1. Hepatitis B data reported by the National Health and Family Planning Commission of the
People’s Republic of China from 2002 to 2013 [17].

To better survey the epidemic situation, the National Health and Family Plan-
ning Commission of the People’s Republic of China (NHFPC) has published the “na-
tional statutory epidemic situation of infectious diseases” every year since 2003 [17].
Figure 1 illustrates the hepatitis B data from 2002 to 2013, which are reported by
the NHFPC. Figure[llshows that a decline in hepatitis B prevalence started in 2010.
This decreased incidence is primarily due to the enactment of the 2006-2010 hepati-
tis B control plan, in which infant hepatitis B immunizations are administered, the
modes of disease transmission were controlled, the infection situation of hepatitis
B was monitored among key crowds, and so on [18]. However, it remains unknown
whether the downward trend is permanent and will lead to hepatitis B eradication
from mainland China under the current control measures.

In mainland China, because of the imbalance in economic develop among provinces,
the existence of many remote mountainous and rural areas, and the fragmented
health services, patients with HBV infection are often missed. Such patients do
not know that they suffer from an HBV infection, use Chinese herbs and/or other
improper agents to treat their symptoms [3,[14], and thus continue with their usu-
al daily activities, which is also common in many developing countries. Hence, in
addition to the large number of HBV carriers, another specific characteristic of the
HBYV infection endemic in China is that there are many unknown HBV infections,
i.e., the infected persons but they do not know. Although the effect of carriers on
the prevalence of hepatitis B in China has been explored by Zou et al. [29.[30], the
effect of unknown HBV infections and their contribution has not been considered



78 C. Dai, A. Fan & K. Wang

and remains unclear.

Mathematical models can provide key insights into the course of an epidemic,
potentially helping medical management by anticipating the impact of various inter-
ventions [8,22126129H32]. The purpose of this study is to develop a mathematical
model to study the transmission dynamics and control of HBV according to the
specific characteristics of the viral infection in mainland China. The model is a
compartment model expressed by a set of ordinary differential equations. Besides
a comprehensive kinetic analysis of the proposed model, the reported hepatitis B
data is further used to estimate the undetermined parameters and the basic repro-
duction number. In addition, a global uncertainty and sensitivity analysis of the
model is performed to estimate the resultant effects of various interventions. As a
result, the proposed interventions are assessed, and some projections and feasible
control strategies of HBV infection in China are discussed.

2. Materials and Methods

2.1. Model structure

In the following, we describe the modified model structure of HBV transmission
based on an existing model [2980]. According to the specific characteristics of
HBYV infection in China, the population at time ¢ is divided into nine epidemiological
groups: (1) the proportion susceptible to infection S(t); (2) those latently infected
L(t); (3) unknown acute infections I3 (¢); (4) unknown carriers C1(¢); (5) unknown
carriers recovered and with protective immunity R;(¢); (6) known acute infections
I5(t); (7) known carriers Cs(t); (8) known carriers recovered and with protective
immunity Rz(t); and (9) immune following vaccination V(). The values of all of
the groups correspond to the proportion based on the population in 2002. Figure
illustrates the flowchart of nine compartments and model variables, which describes
how individuals can move among the states.
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Figure 2. Flowchart of HBV transmission in a population.

Comparing the proposed model structure (Figure[2)) with the previously reported
model [29130], the potential HBV patients in China, i.e., the categorical variables
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of unknown patients, including acute, carriers and recovered groups, are considered
in our model. Additionally, because the prevalence of HBsAg among children aged
1 to 4 years decreased from over 8.5% in 1992 to less than 1% in 2006 in China [15],
and because the GAVI project in China has been highly successful regarding HBV
prevention and control [7,[9], the proportion of perinatally infected patients has
become negligible. The perinatal exposure is neglected, and horizontal transmission
is primarily considered in our model.

2.2. Dynamical model

According to the model structure shown in Figure 2, the dynamic model can be
described by the following differential equations:

S =YV + pw — 1Sy +eCh) — B2S(Iz + £Ca) — (1o + 73) S,

L' = B1S(I1 +eCh) + B2S(Iz + Cy) — (puo + 01 + 02) L,

I =o1L — (po + 1),

I, = 3L — (po + 721) 12, (2.1)
Cy = qyinly — (po + i1 + @ +7112)Ch,

Cé = aC1 + q2v2112 — (po + p1 + 722)Co,

7

Vo= p(1 —w) + 38 — (o +¥)V.

Note that there is no interaction between the unknown/known recovered groups
and other groups, aside from the influx from acute infections and carriers to the re-
covered groups (Figure[2)). Here, we omit the change in size of the unknown/known
recovered groups over time. The interpretations and biologically plausible values of
the variables and parameters are listed in Table S1 and Table S2 in Appendix A.

2.3. Basic reproduction number

Using the idea of the basic reproduction number in compartmental models [6,23], we
obtain the basic reproduction number of model (21J), which indicates the expected
number of secondary infections produced by an index case.

Ro = Ry, + Rr,c, + Ri,0,0, + R1, + Ry, (2.2)

Here,
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denote the contribution of unknown acute infections, unknown carriers, the conver-
sions from unknown carriers to known carriers, known acute infections and known
carriers, respectively. Sy in these expressions denotes the steady state when HBV
is eliminated, [, g;, 255, ¢ = 1,2,7 = 1,2, are the combinations of some parameters,
and the detailed expressions can be found in the kinetics analysis in the Appendix
B. Briefly, the basic reproduction number Ry can be divided into two scenarios,
Ry =Ry, +Rrc, + Ri,c,c, and Ry = Ry, + Ry,c,, which correspond to the basic
reproduction number for unknown patients and known patients, respectively.
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3. Results

3.1. Kinetics analysis

Regarding the kinetics of the proposed model ([Z1]), based on the Routh-Hurwitz
criterion, a disease-free equilibrium always exists, and it is stable only if the basic
reproduction number is less than one. Conversely, a disease-endemic equilibrium
appears and is stable as long as it exists (see Appendix B for a detailed proof of
the kinetics). According to the biological significance of the kinetics, the basic
reproduction number is a critical value for the outbreak of hepatitis B. When the
basic reproduction number is greater than one, the mean reproduction number of
an HBV patient is greater than one during his or her lifetime in the absence of any
control policies, i.e., the disease will continue to be prevalent or become an endemic.
Otherwise, the disease can be controlled or eradicated.

3.2. Fitting the reported hepatitis B data and estimating the
basic reproduction number

Using an adaptive Metropolis-Hastings algorithm to carry out an extensive Markov-
chain Monte-Carlo (MCMC) simulation, we estimate the undetermined parameters
and initial conditions in Table 1.

TABLE 1. Means and 95% confidence intervals (CI) for the estimated
parameters (Par.) and initial conditions (IC).

Par./IC Interpretation Mean (95% CI)

b1 Unknown HBV transmission rate from  5.3959 (5.3671, 5.4247)
susceptible to latent

B2 Known HBV transmission rate from 1.5906 (1.5734, 1.6295)
susceptible to latent

o1 Conversion rate from latent to 1.6015 (1.5734, 1.6295)
unknown acute

Y3 Vaccination rate 0.2539 (0.2491, 0.2587)

Q1 Average probability that an unknown 0.3759 (0.3726, 0.3792)

HBYV individual fails to clear an acute
infection and develops into the carrier

state
@ HBYV conversion rate from 9.3936 x 102
unknown carrier to known carrier (9.3679 x 1072,9.4193 x 107?%)
S(0) Initial proportion of the susceptible 3.2997 x 1072
population (3.2708 x 1072,3.3285 x 1072%)
L(0) Initial proportion of latently infections  7.1146 x 10~*
(4.3943 x 107*,9.8349 x 10~ %)
1,(0) Initial proportion of unknown acute 3.2929 x 10~*
infections (4.0823 x 107*,6.1776 x 107*)

Figure BlA illustrates the numerical simulation of the model with the fitted pa-
rameters, which provide the overall trend of the percentage of acute hepatitis B
infections in mainland China. Furthermore, we estimate the basic reproduction
number, Ry = 1.2861 (95% CI 1.2386-1.3302). We conclude that the decrease in the
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basic reproduction number compared to the previous estimation (Ry = 2.406) [29]
is due to better control precision and adaptability, based on the 2006-2010 hepatitis
B control plan in China [I8]. However, because the value remains greater than
one, the incidences will rebound after a long-term decrease and tend toward the
disease-endemic equilibrium (Figure[3B). Therefore, hepatitis B remains an endem-
ic in China, even under the current control measures and immunization programs.
Regarding the basic reproduction number, we can also estimate the contributions of
unknown and known patients, which are Ry = 0.9067 (95% CI 0.8679-0.9500) and
Ry = 0.3794 (95% CI 0.3660-0.3935), respectively. As a result, the transmission
of hepatitis B in mainland China may be largely due to unknown patients because
the contribution from unknown patients is greater than that of known patients
(R; > Ryr). Ignoring the role of unknown HBV infections could underestimate the
epidemiologic trend of hepatitis B in China.
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Figure 3. Illustration of the fitting prediction of the model and the uncertainty and sensitivity analysis
on the basic reproduction number. (A) Result of the model that was fit to the reported acute hepatitis
B data of 2002-2013. The black diamond curve shows the reported data, and the red star curve shows
the simulated data. (B) Simulations of the long-term transmission outcome for the model. Here, the
parameters and initial conditions are given in Table 1, Table S1 and Table S2. The gray areas indicate
95% CI of the fit lines. (C) Partial rank correlation coefficients (PRCCs) illustrating the dependence of
Ro on each parameter. The gray area represents the PRCC values that are not statistically significant.
(D) Boxplot graph showing the variation in the basic reproduction number for the total patients and
each sub-grouping R;, i =0,1,11,1,,11C1,11C1C2, I3, I2C5.

3.3. Uncertainty and sensitivity analysis

To quantify the degree of confidence in the parameter values, Latin hypercube sam-
pling (LHS) and PRCCs are performed to identify the critical parameters of our
model and quantify how input uncertainty impacts the model outcomes [16]2§].
LHS is a stratified sampling without replacement technique, where the random pa-
rameter distributions are divided into IV equal probability intervals, which are then
sampled. N represents the sample size and is generally much larger than the number
of parameters that are varied to ensure accuracy [16]. PRCC is calculated using the
rank-transformed LHS matrix and output matrix to describe the influence of the
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uncertainties on the model outcomes [T16128], i.e., to assess the sensitivity of the out-
come variable to parameter variation [IL[16]. Because there is no priori distribution
on the parameters, a natural choice is a uniform distribution within £20% variation
with respect to the best point estimates of the corresponding parameters [16,21].

We set the sample size IV to 1000, and each parameter is independently sampled
from a uniform distribution. Figure BIC shows the PRCC results, which illustrate
the dependence of the basic reproduction number Ry on each parameter using the
LHS/PRCC algorithm. According to the criterion that the absolute value of the
PRCC is greater than 0.2 [16}28], we find that there are fifteen parameters that
have a significant impact on the basic reproduction number. The birth rate u, the
natural mortality rate pg, the HBV conversion rate from unknown/known acute
to unknown/known carrier v11 /721, the HBV conversion rate from known carrier
to known immune 799, the average probability that an unknown/known HBV in-
dividual fails to clear an acute infection and develops into a carrier state ¢1/q2 ,
and the rate of waning vaccine-induced immunity v usually remain unchanged and
are difficult to regulate under the stable social circumstances and current treat-
ments/vaccines in China. Because the sign of the PRCC indicates whether the
basic reproduction number will increase or decrease, if we regulate the correspond-
ing parameter [I6] to decrease the basic reproduction number to control the disease,
the following three feasible strategies emerge: strengthen the general education pro-
gram for the entire population to decrease the unknown/known HBV transmission
rate from susceptible to latent 81/82 and the reduced transmission rate e; imple-
ment a strict vaccination program for newborns and susceptible adults to further
improve the vaccination rate v3; and mandate regular physical examinations and
prompt reporting to decrease the conversion rate from latent to unknown acute oy,
to increase the conversion rate from latent to known acute o2, and to increase the
HBYV conversion rate from unknown carrier to known carrier a.

To demonstrate a realistic variation in the basic reproduction number for the to-
tal population of patients and each sub-grouping R;, ¢t = 0,1,11,1,,[,Cy, [1C1Cs, I5,
I,C5, we produce a boxplot for R; based on the Markov chains obtained from the
parameter estimation processes. Figure 3D shows that the contribution of carriers
on the basic reproduction number is always greater than the contribution of acute
infections and that the transmission of unknown patients is the major contributor
to the prevalence of hepatitis B in mainland China.

3.4. Time-varying sensitivity analysis

To further identify significant time-dependent relationships between the above-
mentioned seven parameters and hepatitis B patients with time, time-varying PRCC-
s are calculated for the variables of unknown/known acute infections and carriers,
as shown in Figure[dl According to the results, we find that the final effects due to
changes in the seven parameters with respect to the variables are identical: the signs
of 1, B2, €, 01 remain positive, and the signs of 73, 02, @ remain negative, which is
consistent with the results shown in Figure [BC. However, there are apparent pat-
tern variations for time-varying PRCCs between unknown and known patients. For
instance, regarding parameter oo (the conversion rate from latent to known acute),
both PRCCs remain negatively correlated over time for unknown patients (Figures
A and HFIC). However, for known patients, both PRCCs are significantly positively
correlated at early time points and then become significantly negatively correlated
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Figure 4. PRCCs plotted over time for identifying significant time-dependent relationships over a
long-term course. PRCCs are calculated with respect to unknown acute infections in (A), known acute
infections in (B), unknown carriers in (C) and known carriers in (D). The gray area represents PRCC
values that are not significant. Note that the sensitivities of the parameters change as the system
dynamics progress.

as the transmission progresses to steady state (Figures @B and FD). Thus, accord-
ing to the sign of the PRCC, the conversion rate from latent to known acute (o2)
is initially responsible for increasing the number known patients (likely due to an
accumulative effect). Then, the parameter becomes a significant cause in decreas-
ing the number of known patients (likely due to therapeutic effects under standard
antiviral treatments).

4. Discussion

Hepatitis B and its related disorders are important public health issues in China,
though considerable efforts have been made by the Central Government of China,
including the 2006-2010 hepatitis B control plan [I8], the global alliance for vaccines
and immunization (GAVI) project [7.[9], and the guidelines on the reform of the
health-care system for 2009-2011 [4]. How can the efficacy of such strategies be
evaluated and the long-term trend of hepatitis B prevalence be predicted in China?
Mathematical models have recently been used to examine the transmission dynamics
and model the control of many epidemics [8}22[26,29-32]. In China, in addition
to a larger number of HBV carriers [29], a large quantity of unknown patients is
another specific characteristic of the HBV endemic [3[I4]. By combining the specific
characteristics with the flowchart of HBV transmission, we propose a mathematical
model to study the transmission dynamics and control of HBV in mainland China.

Kinetics analyses show that there is a critical threshold index to determine the
outbreak of a disease, i.e., the basic reproduction number Ry, which is determined
by five components and can be divided into two types: the basic reproduction
numbers for unknown and known patients. When the basic reproduction number is



84 C. Dai, A. Fan & K. Wang

less than one, disease-free equilibrium is stable, and the disease can be controlled or
eradicated. Conversely, the disease-endemic equilibrium is stable, hepatitis B will
be prevalent or become an endemic.

Using a MCMC algorithm, we estimate the suitable parameter values and report
a good fitting result based on the reported hepatitis B data by the National Health
and Family Planning Commission of the People’s Republic of China from 2002 to
2013 [I7]. Using the estimated values, the basic reproduction number is calculat-
ed. In contrast to the previous estimation [29], our dynamic model predicts that
hepatitis B remains an endemic in China, even under the current control measures
and immunization programs, although the recent efforts have been beneficial and
have contributed to a significant decline in the basic reproduction number. We find
that the effect of unknown patients is greater than that of known patients on the
prevalence of hepatitis B. Thus, unknown patients should be the focus of programs
aimed to effectively control hepatitis B in mainland China in the future.

By performing the global uncertainty and sensitivity analysis of the model using
various parameters, we identify three feasible strategies for efficiently decreasing the
basic reproduction number, i.e., for containing hepatitis B epidemics. First, increas-
ing the awareness of HBV throughout the population is expected to help decrease
the HBV transmission rate from susceptible to latent and reduce the transmission
rate due to increased knowledge of hepatitis B [T4}[I§]. Second, implementing strict
policies can further improve the vaccination rate, including vaccinations of newborns
and susceptible adults [7,@T41[I8]. Third, implementing sensitive surveillance and
prompt reporting, such as regular physical examinations, would directly reduce the
conversion rate of latent to unknown patients and increase the conversion rate of
unknown patients to known patients [3}[14]. However, the time-varying sensitivity
analysis of the compartments of patients illustrates that there are variations with
time that should be considered in the long and difficult battle for the prevention
and control of hepatitis B.

In addition, the variation in the basic reproduction number for all patients and
those for each sub-grouping indicates that the two specific characteristics of China
mentioned above must be carefully considered in the battle for hepatitis B eradi-
cation. Currently, the main cause of the HBV epidemic may be the fact that the
contribution of carriers is always greater than that of acute infections, and the
transmission of unknown patients is the major contributor to the prevalence of hep-
atitis B. Thus, in addition to the carriers, unknown HBYV infections represent an
objective variable that is worth exploring as a potential epidemiologic factor in the
transmission mechanism of hepatitis B in China.

Though the proposed model with the fitted parameters captures the trend of
the reported hepatitis B data, our results are characterized by various limitations
that should be acknowledged. For example, some factors are not incorporated in
our analysis, such as neonatal infection, age structure, the cost of treatment, and
overall socioeconomic development, which may be correlated with the prevalence
of hepatitis B in mainland China over the long term [12|[14,[26,29]. Moreover, de-
mographics also influence the transmission of hepatitis B, and a stochastic model
will be incorporated into future studies [19,20]. Despite these caveats, our result-
s strongly suggest that controls focused on the known patients are unlikely to be
highly effective strategies for combating the HBV epidemic; instead, general educa-
tion, vaccination programs, and regular physical examinations should be enhanced
to effectively mitigate HBV infections.
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Appendix

A. Description of initial conditions and parameters in our

model
TABLE S1. Description of initial conditions (IC) in our model.
IC Interpretation Value Reference
S(0) Initial proportion of the susceptible 0—1 Undetermined
population
L(0) Initial proportion of latently infections 0 —1 Undetermined
I,(0)  Initial proportion of unknown acute 0-1 Undetermined
infections
I>(0)  Initial proportion of known acute 5.2029 x 107*  [I0]
infections
C1(0) Initial proportion of unknown carriers  0.0616 [1O/I7)
C>(0)  Initial proportion of known carriers 0.0293 [1O/I7]
V(0)  Initial proportion of the immune 0.3947 [10]
following vaccination
TABLE S2. Description of parameters (Par.) in our model.
Par. Interpretation Value Reference
L Birth rate 0.0121/year [
Lo Natural mortality rate 0.00693/year  [5]
H1 HBV-related mortality rate 0.002/year [24]
61 Unknown HBV transmission rate B> B2 @ Undetermined
from susceptible to latent
B2 Known HBV transmission rate 0.95 —20.49 [27]
from susceptible to latent /person/year
€ Reduced transmission rate 16% [27]
o1 Conversion rate from latent to o1 <o Undetermined
unknown acute
02 Conversion rate from latent to o1+02=6°% Undetermined
known acute /year
Y11 HBV conversion rate from unknown 4/year 27
acute to unknown carrier
Y12 HBYV conversion rate from unknown 0° Assumed
carrier to unknown immune
a1 HBYV conversion rate from known 4/year 27
acute to known carrier
Y22 HBV conversion rate from known 0.025/year 27
carrier to known immune
v3 Vaccination rate 0 —1/year Undetermined
w Proportion of births that do not 14.5% 2]
undergo a successful vaccination
Q1 Average probability that an unknown 0—-1 Undetermined

HBYV individual fails to clear an acute

infection and develops into the carrier state




86 C. Dai, A. Fan & K. Wang

TABLE S2. (Cont.)
q2  Average probability that a known HBV 0.0885 [2L[121125]
individual fails to clear an acute infection

and develops into the carrier state
1 Rate of waning vaccine-induced immunity  0.1/year [13]
o HBYV conversion rate from 0—1/year Undetermined
unknown carrier to known carrier
% B1 > B2 and o1 < o2 indicate that there are more infectious and a lower metastatic
rate in unknown patients compared with known patients due to the increasing

general education program for the whole population [18].
b 61 4+ 02 = 6 indicates that the average latent period persists for approximately two
months, and then the individual becomes an acute HBV patient, including the
unknown and known branches [27].
Note that the use of solely Chinese herbs and/or other improper agents to treat
hepatitis B may be ineffective for the cases of unknown carrier [18]. Therefore,
the rate moving from unknown carriers to immune is estimated as zero.

o

B. Kinetics analysis

For the sake of notations, let
k= po+v, m=v3+ po, | = po+ o1+ 02, 211 = po + Y11, 221 = Ho + V21,
Z12 = po + p1 + Y12 + o, 222 = po + pH1 + Y22, 91 = Q17115 92 = q2721-

Note the model ([ZI)) in main text always has a disease-free equilibrium E, =
(50,0,0,0,0,0, V), where

o = u(w+kw7ww)7 Vo = plm —mw + wys)

km — 13 km — b3

Using those notations, the basic reproduction number of model (ZI)) can be
written as (Z2) and (Z3) in main text.

Furthermore, if Ry > 1, there is an endemic equilibrium Ey = (S*, L*, I, I, CY,
C3,V™), in which

S km — Ry —1)5* L* L*
S*:_O; L*: ( m ¢73)( 0 ) 9 Iik: Ul) Iék: 027
Ro kl Z11 Z921
«_ L'gion « _ L*(g1z21001 + g221121202) w M= pw+ 735"
Ci = , 5= , Vi='t—-——
2117212 2112122217222 k

On the stability of the equilibria, we first have
Proposition 4.1. If Ry < 1, then Ey is stable; if Ry > 1, Ey is unstable.

Proof. The Jacobian matrix at Ey is

[ —m 0 —=SoB1 —Sofa —Soebi —Soefa W
0 =1 SoB1  SoB2  Soebi SoeBa O
0 g1 —Z11 0 0 0 0
J(Eg) = 0 g2 0 —2Z921 0 0 0
0 0 g1 0 —Z12 0 0
0 0 0 g 0 —2Z922 0
L 00 0 0 0 —k |
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With the aid of MATHEMATICA, the corresponding characteristic equation is
Do(A) = (A + k) (A + m) — 3) (oA’ + ar X! + asX® + azh® + agh + a5) = 0,
where ag = 1 and

a1 = 1+ 211 + 212 + 201 + 222,

az = (1 — Rp)lz11 + (1 — Ry,)lzo1 + (212 + 2922)
+ z11(212 + 221 + 222) + 212(221 + 222) + 221222,

as = (1 — Ry, — Rr,cy)lz11z12 + (1 — Ry, — Rp,)lz11221
+ (1= R, — R0y )lz21222 + (1 — Ry, )lz11222 + (1 — Ry, )lz12221 + 1212290
+ z11212(221 + 222) + (211 + 212) 221 222,

as = (1= Ry, — Rr,cy, — Rp,)lz11212201 + (1 — Rp, — Ri,oy — Ri,ch05)l211212222
+ (1 =Ry, — Ry, — Rr,c,)lz11221 222
+ (1 = Ry, — Rr,c,)lz12221 202 + 211212221 %22,

as = (1 — Ro)lz11212201 222

Clearly, all a; > 0,7 = 1,2,3,4,5, are valid when Ry < 1. Furthermore, note
that
A+E)A+m) =Py =0 (A+ po)(A+po+1+73) =0

and

a a

as as
=(z12 + 221) (212 + 222) (221 + 2022) + 211(212 + 221 + 222) (211 + 212 + 221 + 222)
+12((1 = Rp,)z11 + (1 — Ryp,) 291 + 219 + 222)
+U((1 = Rp)zt + (1= Rp,)2, + (2 + Riyc,) 221222 + 215)
+ U(235 + 2212(221 + 222) + 211 ((2 + Ry, ) 212 + 2221 + 2222)) > 0

are valid when Ry < 1. To make the expressions of Ag and Ay simple, let Ry, =
R17 RhCl - RQ; R110102 = R3) RIQ - R47 RIQCQ - R5' Then

ai ag O
Ag =| a3 az a1
as a4 Qs
=(z11 + z12) (211 + 221) (212 + 221) (211 + 222) (212 + 222) (221 + 222)
+1A31 + 12A32 + l3A33 >0
because

Az =231 255(721 + 222)(1 — Ra — Rs) + 275221 + 222) (23, (1 — Ra)
+ 221222(3 + Rs) + 235) + 215231 (1 — Ra) + 2z21202(2 + Rs) + 23
+ 212221 222(2231 (1 — Ry) + 221202(4 — Ry + Rs) + 223,)
+ 23, (#35(1 = Ry — R) + 2%5(1 — Ry — Ry) + 221222(2 — 2Ry + Rs)
+ 281 212(2201 (1 — Ry) + 222(2 — 2Ry + R3) + 235(1 — Ry))
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+ 22 (235(1 = Ry — Ro) + 2%5(221(4 — Ry + Ry) + 202(4 — Ry + Ry + 2R3)))
+ 271 (291 + 202) (25, (1 — R1 — Ra) + 221222(3 + Rs) + 23,(1 — R1))

+ 21 212(251 (4 — R1 — Ry + Ra) 4 221222(8 — Ro — Ry + 3Rz + 2R3

+ Ry 4+ 2R5) + 22,(4 — Ry + Ry + 2R3)) + 211 (255 (2221 + 222(2 + R3))

+ 221202(223) (1 — Ry) + 221202(4 — Ry + Rs) + 223,)) + 211(25, (221

+ 222(2 + R3)) + 221222(225, (1 — Ra) + 201202(4 — Ra + Rs) + 223,))

+ 211275(251 (4 + Ry — Ry) + 201222(8 — Ro + Ry + 3Ry + 2R3 + Ry + 2R5)
+ 22,(4 + Ry + 2R3)) + 211 212(25,(2 + Ry — 2Ry)

+ 22,299(8 — Ry 4+ Ry 4+ 2Ry + R3 — Ry + 3R5)) + 211212(221255(8 — Ry

+ Ry + 2Ry + 2R3 + Ry + 3R5) + 25,(2 + Ra + R3)) > 0

Agy =(25,200(1 — Ra) + 25,255 (2 + Rs) + 22125,) (1 — Ra — Rs)
+ 235 (201(1 — Ry) + 222) + 23, (z12(1 — Ry — Ry) + 201(1 — Ry — Ry)
+ 290(1 — R1))(1 — Ry) + 225(223, (1 — Ry) + 221220(4 — Ry + Rs) + 223,)
+ 212(221 (1 — Ra) + 222) (231 (1 — Ra) + 2z21202(3 + Rs) + 223,)
+ 211 (275(1 = R — R2)(2 + Ra) + 225,(1 = R1 — Ry)
+ 291220(4 — 4Ry — Ry(1 — Ry) + Ry + RiRs)) + 23, (223,(1 — Ry)
+ 212(201(4 — 4Ry — Ry + Ro(1 — Ry — R4) + R1Ry) + 292(4 — 4Ry
+ Ro(1 = Ri) + 2R3))) + z11(273(1 = Ri — R2) + 25, (1 — R — Ra)(1 — Ra)
+ 22,299(4 — Ry — 4Ry + R5(1 — Ry) + R1Ry)) + 211 (201 255(4 — Ry — Ry
+ Rs(1 — Ry)) + 2%5(201(4 — Ry — Ry + Ra(1 — Ry))
+ 222(4 — Ry + Ry + 2R3))) + 21125,(1 — Ry)
+ 21121225, (4 — Ry — 4Ry + R1Ry + Rao(1 + Ry))
+ 211219(259(2 — 2Ry + R3) + 201202(8 — 2Ry — 2Ry
+ R5(2—2R2+ R1)+ R2(2—R4)+R3)) >0

and

Aszz =(221(1 — Ry) + 222) (235 + 201202(1 — Ry — Rs) + z12(201(1 — Ry) + 220))
+ 22 (z12(1 = Ry — Ry) 4+ 221(1 — Ry — Ry) + 200(1 — Ry))(1 — Ry)
+ 212(221(1 — Ry) + 222)* + 211 (252 (1 — Ry — Ry)
+25 (1~ R4)(1 = Ra) + 221222(2(1 = R1)(1 — R4) + R1R5))
+ z11(%3 2(1 —Ry) + 212(221( (1 =Ry — Ry4) +2R1Ry + RaRy)
+ 222(2 — 2Ry + R3))) >

are valid when Ry < 1. Similarly, we have

ai apg 0 O
az a2 a; Qo
as a4 a3 Qa2

0 0 as Q4

Ay =
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=z11212221222(211 + 212) (211 + 221) (212 + 221) (211 + 222) (212 + 222)(221 + 222)
+ 1A 4 Py + PAy + ' Ay >0
because all Ay; > 0,7 =1,2,3,4, are valid when Ry < 1.
Thus, based on the Routh-Hurwitz criteria, we know that all roots of ®o(\) have

negative real parts if Ry < 1, i.e., Fy is stable. When Ry > 1, a5 < 0 is valid, so
Ej is unstable. U

Proposition 4.2. F; is stable only if it exists, i.e., Ry > 1.

Proof. When Ry > 1, E; exists and the Jacobian matrix at F; is

[ —m—M 0 —S*61 —S*f2 —S*efi —S*efz ¢ ]
M -l S*B  S*By  S*eBr  S*eBr 0
0 o1 —Z11 0 0 0 0
J(El) = 0 g9 « —Z91 0 0 0
0 0 g1 0 —2Z12 0 0
0 0 0 g2 « —Z929 0
T 0 0 0 0 0 —k

in which M = (If +eCY)51 + (I3 4+ €C3) Ba.
Similarly, let Ry, = Ry, Rpc, = Re,Rr,c,0, = R3,Rp, = Ry, Rp,c, = Rs.
With the aid of MATHEMATICA, the corresponding characteristic equation is

D1 (N) = (boAT 4 b1 AS + D2 + b3\t + by A3 + b5 A2 + bgA + br) = 0,
where bg = 1 and

by=(k+m)+M+c

b =Q + (k+m)er + M(k+di) + c2,

bs = Qc1 + (kE+m)ea + M(kdy + da) + cs,
by = Qca + (k+ m)es + M(kdy + ds3) + ca,
bs = Qcs + (k+m)eq + M (kds + dy),

be = Qca + M (kdy + ds),

by = KMds,

in which

Q = km —Yy3 = po(po + v3 + ),
c1 =1+ 211 + z12 + 221 + 222,

R R
e =1l(z12 4 222 + z11(1 — —1) + 201(1 — R—i)) + z11(z12291 + 222)

Ry
+ z12(221 + 222) + 221222,
R1 RQ R1 R4 R4
=1 12y 1ot ey 1- e
C3 z11212( R Ro) + lz11221( R Ro) + 1212221 ( Ro)
R R R
+ z11212201 + [211222(1 — R—(l)) +lz01222(1 — R_i - R—Z

+ (I + 221) 212202 + 211222(212 + 221),
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R1 RQ R4 Rl RQ RB

ca = lzn1z12221(1 — R Ry R—O) + lz11212222(1 — R Ry R—O)
R R R R R
+ lz11221 222 (1 — R_:) - R—i — R—Z) + 1212201 222(1 — R—i — R—Z) + 211212221 222,

dy = ¢,
dy = l(z11 + 212 + 221 + 222) + z11(212 + 221 + 222) + 212(221 + 222) + 221222,
ds = l(z11(z12 + 221 + 222) + 212(221 + 222) + 221292) + 211212(221 + 222)
+ (211 + 212) 221222,
dy = l(z11212(221 + 222) + (211 + 212) 221 222) + 211212221222,

ds = 1211212221 222.

It is easily to see that by > 0 and by > 0 when Ry > 1. So we only need to
judge the sign of A;, i = 2,3,4,5,6, in order to show the stability of E;. After
some calculations, A; can be expressed as a polynomial of Q, M, k,m, ie., A; =
fi(Q, M, k,m). Concretely, we have

b bo | _ Q. M, kym)
bs  bo

=hg ok? M + ho 1 kmM + hookM? + ho 3kQ + ho 4mQ + ha s MQ + ho k>
+ ho 7km + hagm® + ha gk M + ha 1omM + ha 11k + ho19m + ho 13 M
+ ho14 + ho1sM? + ha 16 M,

AQ‘

in which
hoo=ho1 =hoa=hog=hos=has=1,
hae = hag = ho 10 = ho,15 = 1,
ha7 = hag = hayo = 2c1, ha11 = ho12 =ci,
ho,13 = c2, hoj1a = crc2 —c3, hoj16 = didy — d3.
Using the expressions of ¢1, ¢2, ¢3, d1, d2 and d3, we know all oo ; > 0,5 =0,1,2,---, 16,

are valid if Ry > 1, i.e., Ag > 0.
Similarly, when Ry > 1, after some tedious calculations, we have

b1 by O

A3: b3 b2 bl :f3(Q7M7kam)>Oa
bs by b3
b1 b 0 O

| b3 b2 by bo |

A4— b5 b4 b3 b2 _f4(Q7M7kam) >0)
bz bg bs ba
by b 0O 0 O
bs by by by O

A5 = b5 b4 bS b2 bl = f5(Q7M7kam) > 0)
b7 bg bs by b3
0 0 by bg b5
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by b 0 0O 0 O
bs by b1 by 0 O
by by by by by by |
AG - b7 b6 b5 b4 b3 b2 - fﬁ(Q7M7kam) > 0)
0 0 by bsg by bs
0 0 0 O by bg

Thus, by Routh-Hurwitz criteria, all roots of ®;(\) have negative real parts if

Ry > 1, i.e., F; is stable only if it exists. ([l
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