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GLOBAL DYNAMICS IN A MULTI-GROUP
EPIDEMIC MODEL FOR DISEASE WITH
LATENCY SPREADING AND NONLINEAR
TRANSMISSION RATE*

Haitao Song™', Jinliang Wang? and Weihua Jiang®

Abstract In this paper, we investigate a class of multi-group epidemic models
with general exposed distribution and nonlinear incidence rate. Under biologi-
cally motivated assumptions, we show that the global dynamics are completely
determined by the basic production number Ry. The disease-free equilibrium
is globally asymptotically stable if Ry < 1, and there exists a unique endem-
ic equilibrium which is globally asymptotically stable if Ry > 1. The proofs
of the main results exploit the persistence theory in dynamical system and a
graph-theoretical approach to the method of Lyapunov functionals. A simpler
case that assumes an identical natural death rate for all groups and a gam-
ma distribution for exposed distribution is also considered. In addition, two
numerical examples are showed to illustrate the results.
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1. Introduction

Multi-group epidemic models have been used in the literature to describe the trans-
mission dynamics of many different infectious diseases such as mumps, measles,
gonorrhea and HIV/AIDS and vector borne diseases such as Malaria [33]. Since the
difference of contact patterns, education levels, gender, age and mode of transmis-
sion, then the host population can be divided into several groups. They can also be
formed geographically, such as by schools, communities and cities, or epidemiolog-
ical, to incorporate differential infectivity or co-infection of multiple strains of the
disease agent. So that within-group and inter-group interactions could be modeled
separately.

It is well known that global dynamics of multi-group models with higher di-
mensions, especially the global stability of the endemic equilibrium, is a very chal-
lenging problem. There are many research papers about multi-group models, see
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[1,4,6,7,9-11,17,21,23,27,36,37,41,42] and references therein. One of the earli-
est work on multi-group epidemic models was that by Lajmanovich and Yorke [17]
where the transmission dynamics of gonorrhea for a class of SIS multi-group models
was analyzed, and they proved the global stability of the unique endemic equilibrium
by constructing Lyapunov functionals. Hethcote [9] investigated the global stabili-
ty of the endemic equilibrium for a class of multi-group SIR model. The paper [7]
proposed a graph-theoretic approach to the method of global Lyapunov functions
and used it to establish the global stability of a unique endemic equilibrium for a
multi-group SIR model with varying subpopulation sizes.

The global stability of an epidemic model with a gamma distribution for the
latency in a heterogeneous host population was studied by Yuan and Zou [44]. Sun
and Shi [32] considered a multi-group SEIR model with nonlinear incidence of in-
fection and nonlinear removal functions between compartments and obtained global
stability results. Motivated by the above two works, in this paper a more general
multi-group epidemic model is proposed to describe the disease spread in a hetero-
geneous host population with general exposed distribution and nonlinear incidence
rates. The host population is divided into n distinct groups. For 1 < k < n, the
k-th group is further partitioned into four compartments: the susceptible, exposed,
infectious, and recovered, whose numbers of individuals at time ¢t are denoted by
Sk(t), Bx(t), I(t) and Ry (t), respectively. Susceptible individuals infected with the
disease but not yet infective are in the exposed (latent) class. A fixed latent period
can be considered as an approximation of the mean latent period, and this would
be appropriate for those diseases whose latent periods vary only relatively slight-
ly. For example, poliomyelitis has a latent period of 1-3 days (comparing to its
much longer infectious period of 14-20 days), and hepatitis B has a latent period
of 13-17 days (comparing to its infectious period of 19-22 days). However, disease
such as tuberculosis including bovine tuberculosis (a disease spread from animal
to animal mainly by direct contact) may take months to develop to the infectious
stage, and also can relapse. Furthermore, since the time it takes from the moment
of new infection to the moment of becoming infectious may be different from various
diseases; even for the same disease, it differs in diverse individuals, it is indeed a
random variable. It is thus of interest to investigate models with general exposed
distribution in order to determine whether sustained oscillations can occur.

Following the method of [34], we use Pj(t) (without taking death into account)
to denote the probability that an exposed individual remains in the exposed class
t time units after entering the exposed class. Assume that the disease does not
cause deaths during the latent period, and we take the natural death rate into
consideration. For 1 < k,j < n, Bi; denotes the transmission coefficient between
compartments Sy and I;. We assume that fi; is nonnegative and n-square matrix
(Brkj)i<k,j<n is irreducible [2], which implies that every pair of groups is joined by
an infectious path so that the presence of an infectious individual in the first group
can cause infection in the second group. The proportion of exposed individuals can
be expressed by the integral

Filt) = Y i /O Fus (S (), I ()=t Py (¢ — w)du, (1.1)

where the sum takes into account cross-infections from all groups, integrals are in
the Riemann-Stieltjes sense and Py(t) satisfies the following reasonable properties:
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(A) Py :[0,00) — [0, 1] is non-increasing, piecewise continuous with possibly finite-
ly many jumps and satisfy Py(0%) = 1, limy_o0 Pi(t) = 0 with [ P (t)dt is
positive and finite.

Differentiating (1.1) leads to

E(t) = Brifui(Se(t), 1;(1))

j=1

+ Z Brj /O Frj (Sk(w), I (w)e W P (t — w)du — 6, B (t),  (1.2)

where the first term on the right hand side in (1.2) is the rate at which new infected
individuals come into the exposed class, and the last term explains the natural
deaths. The second term denotes the rate at which the individuals move to the
infectious class (noting that Pj(t —u) < 0 due to the above property) from the
exposed class, hence

) = = 32 By [ iy (Sutud e Pt = = G+ ex+ )0

(1.3)
Let gr(t) = —P}(t), then equation (1.3) becomes

I(t) :Zﬂkj/o Fri (Sk(w), I (w))e™ =) gy (t—u)du— (O +ex 47k ) Tk (1) (1.4)
j=1

In the k-th group, o (Sk) represents the intrinsic growth rate of Sk, which in-
cludes both the production and the natural death of susceptible individuals. On the
basis of these assumptions, our general new multi-group epidemic model with group
mixing and nonlinear incidence rates can be given using the following differential
and integral equations:

Si(t) = @r(Sk(t) =D Brj fri (Sk(t), I;(t),

=1

EL(t) = Y Brifus (Sk(1), 1 (1))

j=1

-y mj/o Fas (S (), I (w))e 0 g (¢ — w)du — 5, Be(t),  (15)

) = 32 8y [ (k). L) gt = )

— (6r +ex + ) hr(In(t)),
Ry (t) = vehi(Ik(t) — Ol (Re(t)).

Since the variables Fy(t) and Ry(t), i = 1,...,n, are decoupled from the Sy (t)
and Ii(t) equations, we can consider the sub-system of (1.5) consisting of the Sy
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and I equations:

Sk(t) = or(Sk(t Zﬂkjfky Sk(t), 1;(#)),

j=1
0 :Zﬁkj/o Fri (Sk(w), I (w))e™ ™ gy (t — u)du
Jj=1

— (0k + er + ) i (Ix (1)),

where J, denotes the natural death rates of I, compartments in the k-th group,
€k is the death rate caused by disease in the k-th group and ~j is the rate of
recovery of infectious individuals in the k-th group. (0 + ex + Y& )hx(Ix) denote
the removal of the infectious classes in the k-th group. Assume that all constants
are nonnegative and Jg, €, v are positive for k = 1,2,...,n. In what follows, we
investigate the global stability of system (1.6). More precisely, we will identify the
basic reproduction number Ry of the system (1.6), and show that Ry completely
determines the global dynamics of the system (1.6), as stated in Theorem 2.1 and
Theorem 2.2. Our proof for the global stability of endemic equilibrium uses global
Lyapunov functionals (see [13-16,24,25,30,31,38]) and the graph-theoretic approach
(see [6,7,20]).

The paper is organized as follows. In section 2, we obtain the global dynamics are
completely determined by the basic production number Ry. If Ry < 1, the disease-
free equilibrium is globally asymptotically stable and the disease dies out; if Ry > 1,
there exists a unique endemic equilibrium which is globally asymptotically stable
and the disease persists at the endemic equilibrium. In section 3, we investigate one
case for gamma distribution. In section 4, some numerical simulations are showed
to support the results. A brief conclusion ends the paper.

(1.6)

2. Main results

On the basis of biological considerations, we make the following assumptions for
the intrinsic growth rate of susceptible individuals in the k-th group ¢ (Sk), and
the transmission functions hy(Ix) and fi;(Sk, I;).

(G1) hy arelocal Lipschitz on [0, 00) with hy(0) = 0. hy, are continuous and positive
n (0,00), the function ;- 7n(e) 18 non-increasing on (0,00), and limg_,+ %(g) =
o}, for positive constant o > 0.
(G2) ¢ are C! non-increasing functions on [0, 00) with ¢x(0) > 0, and there is a
unique positive solution £ = SY for the equation px(§) = 0. ¢x(S) > 0 for
0<S <SP, and ¢(S) <0 for S > SY.

(G3) There exist positive constant Ay, By and Cy satisfying

1 1
> — ) > A 9 l > < 9 Z C )
€25 né?oaf«:%]{“"k( nh €= Ak (8 = o ng[loago]{wk( n} €= Ch

O < {on(n)}. €> By,

h . wk
K(8) 2 Ok + €k + Ve ne[o SO

where

J(§) = /:o gk(u)eﬂskudu and Qr = J(0) = /OOO Qk(u)eﬂskudu.
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It can be verified that Q; € (0,1). Assume that the functions f;(Sk, I;) satisfy
(H1) 0 < limg,_op 200 — Cy5(Sy) < 400 for 0 < Sp < SP,

(H2) frj(Sk,1;) < Cy;(Sk)l; for all I; > 0,

(H3) Cyj(Sk) < Crj(SY) for 0 < S, <SP, k,j=1,2,...,n.

Moreover, we assume that

(G4) f01+ ﬁdx = 400, for ¢ € {Cg, hr},k=1,2,...,n.

Observe that the common forms of ¢y (Sy) satisfying (G2) are

S
0 (Sk) = Ak — 6 Sk + 1Sk (1 — Fi) and g (Sk) = Ap — 0 Sk,

which have been widely used in many papers, see [6,28,40,42] and references there-
in. The forms of fi;(Sk, I;) satisfying assumptions (Hi) — (Hs) include common
transmission functions (see [7,28,39,42-44]) such as

frj(Sk, I;) = Silj,
frj(Sk, 1) = S,

pSkIJ
fk]( k> ]) 1+a[]27

Tri(Sk, I;) = Ci(Sk) Fj(1).

From the equations of (1.5), we obtain that

(Sk+ Er) = oir(Sk(t)) — Z B /0 P (S (), L (w))e ™2 g (t — u)du — 5 Ej(t)

< @r(Sk(t)) — okER(t) < max ]w(u) — 0k Ex(t) <0, if By > Ay,
u€l0,59

(Sk + Ex + 1) = @r(Sk(t)) = 0 Er(t) — Ok + ex + )i (Li(t))
or(Sk(t)) — (0 + ex + vi) ha (Ix (1))

IT[loafg(O] o(u) = (O + ex + )b (Ik(t)) <0, if I, > By,
u€e|0,5%

IN A

and

(Sk + Ex + I + Ry.) = @r(Sk(t)) — 0k Ex(t) — (01 + ex) i (Ix(t)) — Ol (Ri(t))

< @r(Sk(t)) — okl (Ri())
< max p(u) — dklp(Re(t)) <0, if Rg > Cy.
u€(0,57]

Denote
D = {(Sk,I) € RY" :S, < Sp, S, + Ex < Sp + Ay, Sy + Ey, + I, < Sp + B,
Sk+Ek+Ik+RkSSngCk,k:l,Q,...,n}

is the feasible region for system (1.6), which is positively invariant with respect to
(1.6). IntD denotes the interior of D.
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It is clear that system (1.6) has a disease-free equilibrium Py = (S?,0,5¢,0,...,5%,0).
For finite time ¢, system (1.6) may not have an endemic equilibrium. According
o0 [26], if system (1.6) has an endemic equilibrium, the endemic equilibrium must
satisfy the limiting system

Si(t) = 0r(Sk(t) = D Bij fri (Sk(t), I; (1)),

Jj=1

) =3 0y [ (St~ ) i w)egnfu)da

_7(5,C + ek + i) hi Ik (2)).

(2.1)

Note that system (2.1) has an infinite delay, then its initial conditions are restricted
in an appropriate fading memory space. For all A € (0, &), define (see [8,12])

Ok = {¢ € C((—0,0],R) :p(s)e™* is uniformly continuous in (—oc, 0]

and  sup |p(s)e** < oo}
s<0

and Y = {pp € Oy : ¢r(s) >0 for all s <0} with || ¢ |[x= sups<|@(s)|e**s. Tt
can be easily verified that Oy, is positively invariant with respect to system (2.1). Let
IntOy, be the interior of Oy. Let ¢ € O be such that ¢:(s) = p(t+s),s € (—o0,0].
Assume ¢y, € Oy and SY € R satisfy that ¢ (s) > 0,s € (—00,0]. We consider the
solutions of system (2.1) with initial conditions

SO = S.(0),I? = pr, k=1,2,...,n. (2.2)

From the standard theory of functional differential equations [8], we have Iy (t) € Oy
for ¢ > 0. Thus, we will consider system (2.1) in Q@ = II}_, (Rx Oy). It can be verified
that the solutions of system (2.1) with initial conditions (2.2) are nonnegative.

An equilibrium P* = (S5, I, 55,15, ..., 5%, I*) in IntOy, is an endemic equilib-

rium of system (2.1), where S}, I} > 0 satisfy the equilibrium equations

r(Sk) =D Brifri (k. 1),

Jj=1

D Brifri (St 1) Qk = (Sk + e + )i (I7). (2.3)

Jj=1

Under the biologically reasonable conditions, we will show that the endemic
equilibrium P* is unique. Let Ry = p(M?) denote the special radius of the matrix
MO, where

MO — <5kj0j0kj(52)Qk>
Sk ter+%  Jopxn

If Ck;(S)) = 4o for some k and j, we let Ry = +oo. The parameter Ry is
referred to as the basic reproduction number, which is defined as the expected
number of infected but non-infectious individuals produced in an entirely susceptible
population by a typical infected individual during its entire infectious period [4].
We have the following result:
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Theorem 2.1. Assume that the functions y, hi and fi; satisfy assumptions
(G1) — (G4) and (Hy) — (Hs), and the matric B = (Bkj)nxn is trreducible.

(1) If Ry <1, then Py is the unique equilibrium of system (1.6), and Py is globally
asymptotically stable in D.

(i) If Ry > 1, then Py is unstable and system (1.6) is uniformly persistent in IntD.
BrjCrji(Sk)I;Qr _

Proof. Let Z(S,I) = (wﬁkat;(—%)nm’ where S = (51,52,...,5,) and

I = (Ih,I,...,1,). Since B = (Bkj)nxn is irreducible, then the matrix MO is

also irreducible. By the theory of nonnegative matrices [3], p(M°) is an eigen-

value of MY, then there exists a positive eigenvector (wi,ws,...,w,) such that
(Wi, wa, ..., wp)p(M?) = (w1, wa,...,w,)M°. Now we construct a Lyapunov func-
tional

Vo = — 7T
0 ;5k+€k+% ¥

Differentiating V, along the solutions of system (1.6), we have

- Y w ; - . ' . u (u 6_6k(t_u) —wdu
= ; k[5k+5k+’)’k;5}w~/{) fkg(Sk( )7IJ( )) gk(t )d
~ h(1x(1)]

< Zwk [m Zﬁkackj (Se)1;Qr — hi(1k(t))

k=
= (w1, wa,...,wn) [Z (SJ) (I) — h(I)]
(w17w27 . )[Moh(l)ih(‘[)]
[P(MO)—1](w1,w2,...,wn)h(1),

—

S

where h(I) = (h1(I1),ha(I2),. .., ho(I,)). Thus, if Ry = p(M°) < 1, then V§ < 0,
and VJ = 0 if and only if I = 0 and S = S° = (59,59,...,59). It can be verified
that for system (1.6), the only compact invariant subset of the set where Vj = 0 is
the singleton {Py}. By LaSalle’s Invariance Principle [18], if Ry = p(M°) < 1, By
is globally asymptotically stable in D.

Note that

Mo (B SR D) D :
Ok + €k + Yk 1;—0F I; Li=0t hi(Ik) ) o,

If Ry = p(M°) > 1, then
(w1, ws, ... ,wn)MO — (w1, wa, ... ,wp) = [p(MO) — 1|(w1,wa, ..., wy) >0,

and then, by continuity, we can obtain

n

VO’—Z [mzﬂh/ Frj (S (), Ii(w))e 0= gy (¢ — u)du

k=1

— hi(Ik(1)] > 0
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in a neighborhood of Py in IntD, then P, is unstable.

Assume Ry = p(MY) > 1. By the uniform persistence result from [5] and
a similar argument as in the proof of [19, Proposition 3.3, then P, is unstable
implying that system (1.6) is uniformly persistent when Ry > 1. The proof is
completed. O

The uniform persistence of system (1.6) and the uniform boundness of solutions
of system (1.6) in Int D, imply that system (1.6) has at least an endemic equilibrium
P* = (81,171,585, I5,...,55, %), Sf and I} >0 for 1<k <mn.Inwhat follows
we prove that the endemic equilibrium P* of system (1.6) is globally asymptotically
stable when Ry > 1.

Throughout the paper, we denote H(z) = z—1—1Inz, then H(z) > 0 for z > 0,
and has global minimum at z = 1. In order to establish the global stability of P*,
we make the following assumptions

(G5) (hk(Ik) — hk(I]:))(Ik - I;;) > 0 for Ik Z 0 and Ik 75 I]:,
(G6) (0r(Sk) — x(S5))(Sk — S;) < 0 for S, > 0 and Sy # Sj.

Remark 2.1. Condition (G5) holds if hy(Iy) is strictly monotonically increasing
with respect to I, and condition (Gg) holds if ¢ (Sg) is strictly monotonically
decreasing with respect to Si. However, the monotonicity of functions hj and ¢y, are
not necessary for (Gs) —(Gg) hold. For example, ¢ (Sk) = Ap —05Sk+71SK(1— %’;)
is not strictly monotone but (Gg) is satisfied.

Two difficult mathematical questions for system (1.6) are that whether the en-
demic equilibrium P* is unique when Ry > 1, and whether P* is globally asymptot-
ically stable when it is unique. Now the following theorem can answer the questions.

Theorem 2.2. Consider system (2.1). Assume that (G1) — (Ge) and (Hy) — (Hs)
hold, and the matric B = (8ij)nxn is @rreducible. If Ry > 1 and

(H4) (or(Sk) = or(SE) [ frr(Sk, ) — frr (S5, 1)) < 0 for Sy # S5,

Sk (SisI5) frj (Sk,15) b (13) frew (Sk I ) frj (Sp,15) )
(Hs) (fkk(S:Jg)fk;(S;J}) - 1) (1 - h;-(f;)fkk<sz,f,:>fkj<sk,é>) <0 for Sy, 1; >0

hold, then there is a unique endemic equilibrium P* for system (2.1), and P* is
globally asymptotically stable in IntOy. Consequently, all solutions of the system
(1.6) in IntD approach to the endemic equilibrium of the limiting system (2.1)
when Ry > 1.

Proof. We show that P* is globally asymptotically stable in IntOy, which implies
that there exists a unique endemic equilibrium. Consider the Lyapunov functional
as

O Juon (& 1) = Fra (S 1) g [ ) = ()

Vi =@ st S (&, 13) I: hi(7)

dT+V+,

where

Vi = gﬁm/o fri (S5 15)J (u) H ( F 51 ) du.
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First, calculating the derivatives of V,, we obtain

/ Jiej (S (
Ve 725’”/ fis(Si 15 ) < 8 kfkj Sk,I )

=B [t (R Y

* Tk f S t*
jz;Bkjfkj(Sk’Ij)J(u)H( R v L
+Z%/ fkj(sij)H( D) )dJ

ZQkﬂkJ [fk; Sk(t), Ii(t)) — fr;(Sk, I7)In f’w(Sk(]

Fri (S5, I7)
= Z Brjgr(u)e™* " i (Sk(t —w), I;(t — u))du

=1
Fri(Se(t —w), Ii(t — u))d
i (S35 15)

Calculating the time derivative of V}, along the solutions of system (2.1) and using
equilibrium equations (2.3), we obtain

: Fr (St I7) 3
Vi=@n (1= £ g ) (s 0) - Z B fr (e (). I (1))

u.

+ Z Brjgr(w)e " fi; (Sk, I7)In
=1

+ ( - hk Ié:t) Zﬂkﬂ/ Fri (Se(w), I (w))e ™= gy (t — w)du
r(I7) /
_ (1 hk(Ikét)))((sk'f‘Ek+’yk)hk(1k(t))+v+

=Qulpr(Sk(1) = wr(5)) (1 - W)

Frr(Sk(t), I
Trr (S%: I7)
Fere(Sk(t), I})
Fr (S5 15) fiej (Sk(t), 1; (1) hk(fk(t))]
Sre(Sk(t), 1) fij (S5, 15) b (I3;)

N [T v e BT Feg (St — ) Lt —w)
> | st o) e

2 Qubifus (St 1) |2 -
j=1

o [ (5 g (et 1 TR (St WLt =),
I B e MEAUR AT

Therefore, we have
S* I*
Vi =Qi(n(Sk(1)) = wr(Si)) (1 - JM)

Jrr(Sk(t), I}
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Qk;ﬂkjfkj(SZ’I;)[H(m)
Jur(Sk(t), I*)fk](S,’;,Ij* )
T (S5, 1) i (Sk(t),
fkk(S ,I ) kJ(Sk() ())
+Qk2ﬂkff'ﬂ Al fkkék(k), )i (S 1) )

(1_ h ( (1)) Fron (Sk (), TE) fir ( S,’;,IJ* )
B (17) frr (Ss 1) i (S (

*Z@kg/ Fri (S5, I7 ) gi(w)e ™ H

+H(

i)l wfu)))du
hie (1) fiy (S5 15)

*Q’“Zﬂ’”f’”(s’“’fj’[hj<f;> e A )

Jj=1

Thus, by (H4) and (Hs), we have

SN e e [ala) ) by hi (1)
Vi< 2 Qu iy 53 15) [hj(f;f) (i) ) T hk(I,:)]
Set Bkg /Bk]fk](sk’ g) 1<k]<n and
Zl;él Bll _8217 cee _énl
5 —Bi2 Y bBa o P2
75177, 76;271 v Zl;ﬁn Bnl

Since B = (Bk;j)nxn is irreducible, then B is also irreducible. By [7, Lemma 2.1],
we know that the linear system
Buv=0
has a positive solution v = (v, va,...,v,) and (v1,va, ..., vn) = (C11,Ca2, ..., Chy),
where Oy, > 0(k =1,2,...,n) is the cofactor of the k-th diagonal entry of 5.
Set V = 22:1 ’Uka, then

hi(L;) (I h; (1 h
kaVk < ZQkﬁkjfk](Sk’ )|:h’]((‘[;)) o h:EIZ; —In hj((];f)) +n h:EI*;}

j=1

hi(l;)  he(
:;Qkﬁkjfkj(sz,lj’f)[ha( j) k(]i)
::Hl _HQ.

First, we show that Hy = 0 for Iy, I, ..., I, > 0. From Bv = 0, we have

n n
> Bikvi = Brivk
i=1 i=1
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and using B, = Bk fix (S} ,I7), we obtain

i=1

> Binfin(Sy Loy = Brifri(Si I )oe k=1,2,...,n
j=1

This implies that

> By fri (Si I7) 7 Z (ZZ

n

Z /Bjk)f]k

~—

k,j=1 )Fl
- Z (fgzﬁk’sz(sk’ o
hi (1,
_ Z Ok Brj frj (S J)hké k;

k,j=1

then H; =0 for Iy, I>,...,I, > 0. Next we prove Hy =0 for I, 1I5,...,I, > 0.

Let G represent the directed graph associated with matrix (Bkj)nm. Then G
has vertices 1,2,...,n with a directed arc (k,7) from k to j iff Bx; # 0. Then
E(G) is the set of all directed arcs of G. By Kirchhoff’s Matrix-Tree Theorem
(see [7, Lemma 2.1]) we know that vy, = Cjy can be expressed as a sum of weights
of all directed spanning subtrees T" of G that are rooted at vertex k. Thus, each
term in vy P, is the weight w(Q) of a unicyclic subgraph @ of G obtained from
such a tree T by adding a directed arc (k, j) from the root k to vertex j. Since the
arc (k,j) is a part of the unique cycle CQ of @, and that the same unicyclic graph
@ can be formed when each arc of CQ is added to a corresponding rooted tree 7.
Then the double sum in Hs can be expressed as a sum over all unicyclic subgraphs
@ containing vertices 1,2,...,n. Thus, Hs = ZQ Hg, where

_ hi(L)hi(I)
Hg = wq Z lnihj(f*)hk(fk) =wqln

(k.J)€E(CQ) (k.J)€E(CQ)

Note that E(CQ) is the set of arcs of a cycle CQ, we can obtain

) =1, and then In

hy (L) b (1 () _
(vremoq) MLk (Tk) (vrercqy ML)

Thus, Hg = 0 for each @, then Hy = 0 for Iy, I5,...,I, > 0. The conditions (Hy)
and (Hs) imply that V' <0 for all (S1,I1(+),S2, I2(+), ..., Sn, In(*)) € IntD. Then
we know that the largest invariant subset of the set where V' = 0 is the singleton
{P*}(see [7]). Using LaSalle’s Invariance Principle [18], we can show that P* is
globally asymptotically stable in IntOj, when Ry > 1. An immediate consequence
of Theorem 7.2 in [26] is that P* attracts all solutions of the system (1.6) in IntD.
The proof is completed. O

Remark 2.2. Condition (Hy) holds if fix(Sk, I}) is strictly increasing with respect
to S > 0.
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Remark 2.3. In the special case fi;(Sk,I;) = pe(Sk)g;(I;) and h;(I;) = a;l;,
condition (Hs) becomes

o) ) ([, el o
(%(I;) 1) (1 I;qj(fj)>§0’ for ;> 0. (2.4)

Therefore, (2.4) holds if ¢;(I;) is monotonically increasing and concave down which

is satisfied by nonlinear functions with the forms of ¢;(I;) = I}’ and for

1+a@
0 <p;j £1and a > 0 widely used in many papers of epidemic modeling. In this

case, conditions like (2.4) are subjected only on g;(;).

Remark 2.4. In the case of f;(Sk,I;) = Sil;, system (1.6) will reduce to the
system studied in [44]. Theorem 2.2 generalizes the global stability results in [44]
to nonlinear incidence rates.

Remark 2.5. In the special case fi;(Sk,I;) = Br;jSel; and hi(Ix) = I, system
(1.6) becomes the multi-group SEIR model studied in [28], Theorem 2.2 generalizes
Theorem 3.3 in [28].

3. One case for Gamma distribution

To get the main result more conveniently, we suppose that all groups have the

same natural death rate § = § for k = 1,2,...,n. We assume gx(s) = g(s) for
k=1,2,...,n. Furthermore, we choose the gamma distribution
Snfl

9(s) = gnp(s) = me )

which is widely used and can approximate several frequently used distributions. For
example, when b — 07, g, 5(s) will approach the Dirac delta function; when n = 1,

gnp(s) is an exponentially decaying function. Moreover, we define b = b/(1 + 6b)
such that we can absorb the exponential term e~%* into the delay kernel. Then
system (1.6) becomes

Si(t) = or(Sk(t Zﬁkgfkg Sk(t),1;(t)),

Iz@(t)zzlféb /fk] k(). 13(1)) g, (¢ = w)ddu = (5 + e + )T (1),

j=1
(3.1)
Forl=1,2,...,n, let

S\ Bigb ’
yea(t) = Zl m /0 fij (Sk(w), Li(u)g, 3(t —w)du, bk =1,2,....n

Thus, for [ € 2,...,n, we have

V(1) =0,5(0) Y- 72 o (S0, 15 (0)
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S Beb [0 D=0 |
+Z(1+(5b) /Oo (l—l)!l;l € bka(Sk(u)’IJ(u))du

- 5]{) t t—ulil —(t—w)/b
Y (E - 1)!)bl3r1e (70 i (Sk(w), () du

=[yr1_1(t) = yra()]/b.

For [ = 1, we obtain

SR
t) = - i(Sk(u), Lij(u)du,k=1,2,...,n
yk?,l() J_Zl(l+§b)n e b fkj( k( ) J( ))
then

y;cl Z 1+5b fk.] Sk() ())_gyk,l(t)7k:1,2,---,n
j:l

Then the integro-differential system (3.1) is equivalent to the ordinary differential
equations

Si(t) = r(Sk(t)) — Zﬂkjfkj(sk<t>, I;(t)),

h0) = [ 5 22 Prfa S50 = a0,
Vi) = = (1) = wral0), F=12 o (32)

—_

y;cn(t) = 7(yk,n*l(t) - ykm,(t)),

IL(t) = =Yk (t) — (0 + e + ) b (Ii (1))

—_
(=

S

By the Theorem 2.1 in [29], we can get that the corresponding solution remains
nonnegative for a set of nonnegative initial conditions. Let the maximum of ¢y be
N,, on Ry, and let ¢ > IA)NV,,C. Denote by Yi = (Sk, k.15 Yk, 2s - - - » Ykon, L) is the
k-th tube for the system (3.2). Define

Do = {11, Y2, ., Ya) € RIS < 8P, Sp 4 (14 66)" et < q+ P,
it < q+ 52 < q+ S
TS T B 0) (0 ekt )

which is the positively invariant set.
Thus, we can obtain that system (3.2) always has the disease-free equilibrium

k:1,2,...,n},

PO =(59,0,...,0,59,0,...,0,...,0,5°,0,...,0) € R (3.3)

and P* corresponding to the equilibrium for (3.2)

5% __ * ok * * Qk % * * * % +2
P _(Slvyl,l""7y1,n’11’52’y2,17""92,717]27"'7Sn7yn,1""7ynn7]n)Eann )~
3.4)
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From the theory of [35], we can define the basic reproduction number as Ry = p(MPO)
which is the spectral radius of the matrix M = (M), xn, where

ij
o = PiuCy(50)o,
Y (14+80) (0 4 g+ i)

i, i=1,2,...,n.

By the similar to the proof of Section 2 and [44, Theorem 2.2], we can get the
following result.

Theorem 3.1. Assume that B = (Bij)nxn is irreducible and (G1) — (G1) and

(Hl) — (Hg) hold.

(i) The disease-free equilibrium PO of system (3.2) is globally asymptotically stable
on Ri(mrm if Ry <1, and P° is unstable if Ry > 1.

(ii) If Ry > 1 and assumptions (Gs) — (Ge) and (Hy) — (Hs) hold, there exists a
unique endemic equilibrium P* of system (3.2) which is globally asymptotically

stable on R"("+ ) excepted for initial conditions satisfying I;,(0) = 0 for k =
1,2,.

4. Numerical examples

Consider the system (1.6) when k = 2, then we have a two-group model as follows:

51 ©1(S1) — [Bi1f11(S1, 1) + Praf12(S1, I2)],
= [Q1611f11(S1, I1) + Q1512f12(51, I2)] — (61 + €1 + 71)hi (1), (4.1)
52 ©2(S2) — [B21f21(S2, I1) + P22 f22(S2, I2)], .
I, = [Q2821 f21(S2, 1) + Q222 f22(S2, I2)] — (82 + €2 + Y2) ha(I2),
where fi;(Sk, I;) = 757 (see [22]), k, j=1, 2,
or(w) =1, palu) =2, ha(u) = halu) = u (12)
and
2 1 1 1 2 1 1 2
Ql_ga 51_17 €1_67 71_57 QQ_ga 52_17 52_57 Y2 = g (43)
If Bi; are chosen as
5 1 5 5
Bi1 = BYE Bi2 = BYE Ba1 = 36 B22 = 36" (4.4)

Correspondingly, we have Ry ~ 0.2299 < 1, then Py = (1,0,2,0) is the unique
equilibrium of the system (4.1) and it is globally asymptotically stable in D from
Theorem 2.1 (see Fig. 1 left panel). In addition, if Sx; are chosen as

1
2 )
Correspondingly, we have Ry & 3.0744 > 1, then P* = (0.3710, 0.4574, 1.0000, 2.7844)

is the unique endemic equilibrium of the system (4.1) and it is globally asymptoti-
cally stable in IntD from Theorem 2.2 (see Fig. 1 right panel).

pi1=4, Pr2=1, Par =75, Pn=4 (4.5)



Global dynamics in a multi-group epidemic model 61

Figure 1. Numerical simulations of system (4.1) with functions (4.2) and parameters (4.3). (Left)
Br; as in (4.4), and Py is globally asymptotically stable; (Right) Br; as in (4.5), and P* is globally
asymptotically stable. Initial conditions with S1(0) = 10, I;(0) = 1, S2(0) = 15, I2(0) = 2.

Figure 2. Numerical simulations of system (4.1) with functions (4.6) and parameters (4.7). (Left)
Bk; as in (4.8), and Py is globally asymptotically stable; (Right) Bi; as in (4.9), and P* is globally
asymptotically stable. Initial conditions with S;(0) = 10, I;(0) = 1, S2(0) = 15, I2(0) = 2.

A second example, we consider system (4.1) with fi;(Sk, I;) = S7I;(see [39]),
k7 j:17 27

o1(u) =2 —u, @a(u)=4—u, hi(u)=ha(u)=u (4.6)
and
Q1=; 51217€1=é7 n=1 QzZZ, 52237 522%, y2=1 (4.7)
If By; are chosen as
1 1
p11 = BYE Pz =1, B21 =0, Baa= 21 (4.8)

Correspondingly, we have Ry = 0.0682 < 1, then Py = (2,0,4,0) is the unique
equilibrium of the system (4.1) and it is globally asymptotically stable in D from
Theorem 2.1 (see Fig. 2 left panel). In addition, if fi; are chosen as

Prii=1, Pi2=3, Par =1 Par=2. (4.9)

Correspondingly, we have Ry ~ 3.9650 > 1, then P* = (0.6494,0.4903,0.7061, 1.0002)
is the unique endemic equilibrium of the system (4.1) and it is globally asymptoti-
cally stable in IntD from Theorem 2.2 (see Fig. 2 right panel).

5. Conclusions

In this paper, a class of multi-group epidemic models with exposed distribution and
nonlinear incidence rates is investigated. Under biologically motivated conditions,
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we show that the global dynamics are completely determined by the basic produc-
tion number Ry. If Ry < 1, the disease-free equilibrium is global asymptotically
stable, and the disease will die out; if Ry > 1, there exists a unique endemic equi-
librium which is global asymptotically stable, and the disease will survive in each
group. When gx(s),1 < k < n, are gamma distributions, we establish the global
stability of the disease-free equilibrium and endemic equilibrium.

In the special case gi(s),1 < k < n, are gamma distributions and fy;(Sk, ;)
and hy(I)) are linear functions, the global stability of the disease-free equilibrium
and endemic equilibrium has been established in [44]. When gi(s),1 < k < n,
are exponentially distributions, system (1.5) becomes the multi-group SEIR model,
and the global dynamics have been established in [6,7]. Theorem 2.1 and Theorem
2.2 extend these stability results to the case with general distributions gx(s) and
nonlinear functions fy;(Sk, I;) and hi(Ix). In the special case fi;(Sk,I;) = BrjSkl;
and hg(Ix) = I, system (1.5) becomes the multi-group SEIR model studied in [28],
Theorem 2.2 generalizes Theorem 3.1 and Theorem 3.3 in [28].

Our methods can be used to consider the global dynamics of epidemic models
and then can help Disease Control and Prevention Center to prevent and control
diseases. When some of the assumptions (G1) — (Gg) and (Hy) — (Hs) are invalid, it
would be interesting to consider the multi-group model with nonlinear transmission
rates.
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