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Abstract In the paper, the authors establish several explicit formulas for spe-
cial values of the Bell polynomials of the second kind, connect these formulas
with the Bessel polynomials, and apply these formulas to give new expressions
for the Catalan numbers and to compute arbitrary higher order derivatives of
elementary functions such as the since, cosine, exponential, logarithm, arcsine,
and arccosine of the square root for the variable.
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1. Notation and main results

In combinatorial analysis, the Bell polynomials of the second kind, also known as
the partial Bell polynomials, denoted by B, x (1,22, .., Zn_k+1), can be defined
by

' n—k+1 0.
n: Ti\
B k(w1, 22,0 Tppy1) = Z e H (F)
1<i<n,l;€{0}UN Hi:l Gl )
Sy ili=n
n =k

for n > k > 0. The well-known Faa di Bruno formula can be described in terms of

the Bell polynomials of the second kind By, x (21,2, ..., Zn_k+1) by
d” "
Tl oa@) =) [P (g@)Bu(g(@),g"(@),....g" (), (L.1)
k=0

see [2, p. 139, Theorem C].
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The first aim of this paper is to discover an explicit formula for special values
By (=D, 115300 [2(n — k) — 1]1). (1.2)
Theorem 1.1. Forn >k > 0, we have

n k n—1
B x (DL 11,31 [2(n — k) — 1)) Z ( ) [[@—2m). (13)
=

m=0

In recent years, several explicit formulas of special values for the Bell polynomials
of the second kind B,, (1,2, ..., Tpn—k+1) Were discovered, recovered, and applied
in [4,6,19,22,30,37] and references cited therein.

The Bessel polynomials were defined in [9] by

n

yn(x)zzm<x) an Lk, (1.4)
k=0

The first five Bessel polynomials y, (x) for 0 < n < 4 are

vo(r) =1, wyi(x)=x+1, yo(x)=32"+3x+1,
ys3(x) = 152° + 1522 + 62 + 1, ya(z) = 1052" + 1052° + 452% + 10z + 1.

For more information on the Bessel polynomials y,(x), please refer to the web
sites [33, 34, 38].

The second aim is to simplify the right hand side of the identity (1.3) in The-
orem 1.1 and, as a consequence, to find a connection between special values of the
quantity (1.2) and coefficients b,, i, defined in (1.4), of the Bessel polynomials y, (z).

Theorem 1.2. Forn >k > 0, we have

Byo((= 1)1 111,31, [2(n— k) — 1]11) = (ﬁ;f;)l) 2(n—k) =11 (15)

Consequently, coefficients by, of the Bessel polynomials y,(x) and special values of
the quantity (1.2) satisfy

bt = Bttt (DT3B (2k— D), n>k > 0. (1.6)

In combinatorial number theory, the Catalan numbers C,, for n > 0 form a
sequence of natural numbers that occur in tree enumeration problems such as “In
how many ways can a regular n-gon be divided into n — 2 triangles if different
orientations are counted separately?” The first twelve Catalan numbers C,, for
0<n<11 are

1, 1, 2, 5 14, 42, 132, 429, 1430, 4862, 16796, 58786.

) ?

Let us recall some conclusions in [3,8,35,36] as follows. Explicit formulas of C,, for
n > 0 include

1 f2m\  (2n)! 2"(2n—-D1)I neonit [ 1/2
C”_n+1(n>_n!(n+1)!_ (n+1)! =(=1) 22+1(n+1>

L\ ATy
N n<n— 1> - VAl(n+2) 2F1 (1 —n,—n;2;1), (1.7)
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where -
I(z) = / t#le7tdt, R(z)>0
0
is the classical Euler gamma function and

= (@1)n - (ap)n
Fy(ar,...,ap;b1,... by 2) = — P
r 8 ! ,;J (01)n -+ (bg)n n!
is the generalized hypergeometric series defined for positive integers p,q € N, for
complex numbers a; € C and b; € C\ {0,—1,—2,...}, and in terms of the rising
factorials

zz+1)(x+2)...(z+n—-1), n>1,

(T)n = _
1 n =0.

)

The asymptotic form for the Catalan function

c b 4T (z + 3)
¢ rl(z +2)

c 47 1 9 1 145 1

P A \BE 3 e T )

Motivated by the sixth expression in (1.7) and by virtue of an integral represen-

tation of the gamma function InT'(z), the authors represented in [32, Theorem 1]
the Catalan function C, as

3247 (x +1/2)" <1/ 1 11 .
= _ _ = - —t/2 _ —2t\ —at dt
O = Jr(w g g)eren P [/0 t (et 1t 2> (e e }

for x > 0. Hereafter, the above integral representation was further deeply cultivated
in [15,29]. For more detailed information on the Catalan numbers C,,, please refer
to the monographs and websites [2,3,35,39] and references cited therein.

The third aim of this paper is to apply the formulas (1.3) and (1.5) in Theorem-
s 1.1 and 1.2 to express the Catalan numbers as new forms below.

is

Theorem 1.3. Forn > 0, the Catalan numbers can be expressed by

n T k n—1
Cn = (—1%%2 ;}CZ(_w(’;) I - 2m) (1.8)
k=0 =0 m=0
Mk (2n—k—1
- ”!k—02k< 2 — k) )[Q(nk) — 1. (1.9)

Finally, the fourth aim of this paper is to apply the formula (1.5) in Theorem 1.2
to compute arbitrary higher order derivatives of several elementary functions of the
form f(va+bx) for a,b € R and b # 0. As examples, we obtain the following
results.

Theorem 1.4. Let g(z) = Va+bx for a,b € R and b # 0 and let n € N. Then
the Bell polynomials of the second kind B, j, satisfy

Bk (9 (), 9" (2),...,g" " (2))

=(=1)""*[2(n — k) — 1}!!<g)n(2§(;f;)1>m. (1.10)
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Consequently, for n > 0, we have

d"(sinvz) _ ()" 5 n—k) — n—k=1\ kg (z 46T
do () kZ:O( R ””( 25— k) ) (fﬂzz),
d" (cos v/z) EC VRS Ro(n — ) — n—k—1 w2 o x
Ty VPR ””( 2n — k) ) <f+k2),
) _ Ve ) n—k) — m—k—1\
dzn (Qx)n kz:;)( 1) [2( k) 1W< Q(n_k) > |
and
d"[In(1+ /z)]
dz»
_ﬂ ° kg Y om— k1 ¥ .
- (o g:;(ﬂ) (k= 1)'2(n — k) 11”( 2(n — k) )(uﬁ) .
Formn > 1, we have
d"(arcsin x) B d™(arccos x) B dqn—t ]
dar o dam™ _dm"_1< 1 x2>
_ 1 n—1 k41707, o n—1 k B kt1/2
_(25”)";)2 (2= e =k 1)!( k )(nk1)<1m2) (' )
1.11

Consequently, for n > 1, we have

d" (arcsin /z ) o d" (arccos \/z)

dan N dan
(D) K (-)F m—k—1\ 1
~ oy ; o= n - (%)

k—1 Y4 x? t1/2
€+1 ! _
XZ2 (0 1)( ) ><k—€—1)<1—x2> |

2. Proofs of Theorems 1.1 to 1.4

Now we are in a position to prove Theorems 1.1 to 1.4 in details.
Proof. [First proof of Theorem 1.1] In [2, p. 133], it was collected that

1 0 tm k oo i
E m‘z::lzmﬁ :;Bn,k(l‘l,l’g,...,l‘n_k_,'_l)a

for £ > 0. From this, it follows that
0 tn 0 tm k
D Bar((=DI L3, [2(n — ) — 11) (Z (2m — 3) H)
n=k m=1

1
:H(l—\/ﬁ) .
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Differentiating m > k times on both sides of the above equation reveals that

Z Bk ()11 31 [2(n — &) — 1]”)%

T k 1 d” ’
g (1= VI= ) = (C)f S (VI 2 - 1)
:(_1),%;? ;)(_1)k£<'lz>(1 pez — ;z_; ( )ddtm(l—Qt)l/z
7lk_fkm_1€— _ opnl/2—m
- ;( 1) <£)p1:[0(2 p>( 2)™(1-2t)

Further letting t — 0 yields

k m—1
B k(DI L3, (2(m — k) — D) = % Z(N(E) (5 p) (—2)™
’ 0

k m—1
— om0 () TTe -2

p=0

The formula (1.3) is thus proved. The first proof of Theorem 1.1 is complete. [
Proof. [Second proof of Theorem 1.1] The nth derivative of the function ﬁ

can be computed by the Faa di Bruno formula (1.1) or by the following formula

"y (D s, R pead (@) dby
don = 2w 0 ) e qee 20 @D

k=0 T a=0

in [31, p. 12, (83)], where y = ¢(u) and u = f(x).

Taking in (1.1) f(u) = H% and u = g(z) = /1 — 4z yields
2 (n)
(1 +v1—4x )
=2 Z (14 u)r+tt
B 2 22 2"k 2(n — k4 1) — 3]!
X T T 2 T @ 42T (1 dg) B kD112

_ k! ke (1 —42)*/?
kao (1+m)’““( & (1 —da)"
X Bue (1)1, 10, [2(n — k) — 1]1)

on+l I kl(vI—4x)”

= Bk (DI 1 [2(n — k) — 1]1), (2.2)
(1 —da)” = (14 T—dz)*
=0
where the formula
Bk (ab:cl, ab’za, . .. ,abn_kan,kH) = akb”Bn,k(xl, T2y ey Tn—k+1) (2.3)

for complex numbers a and b, which was listed in [2, p. 135], was employed above.
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Taking in (2.1) y = ¢(u) = p%u and u = f(z) = V1 — 4x gives

2 M I (—1)k & ne (5 (vizam )
(fi;??ﬁﬂ =2 g 0, |(Vi- )
d"[(1 — 4z)*/?] d* 2
x dzan W(l—&—u)
n Lk k
— (_kl') Z(_l)a <Z>( /71_4x)k7a
k=0 a=0

o — 2 () (1 — 4) /2T 2(—1)%k!
X(:o( 20)(—2)"(1 — 4z) (1)

e T RIS e
=(-1) (1 - 4z)" = (1 Y —4x)k+l o;) al(k — a)! g( 20).

(2.4)
Comparing derivatives (2.2) and (2.4) leads to (1.3). The second proof of Theorem 1.1 is
complete. 0
Proof. [Proof of Theorem 1.2] In [33], it was mentioned that
Bus (/1 "o FOH) = T — Lk = 1)1 - 2027, (25)
where f(z) =1—-+/1—2z and
2n —k
T(n, k)= 2(n— k) — 1! >k>0. 2.
()= (o J2ln = k)= 1 0= k20 (2.6
On the other hand, as done in (2.2), it follows that

Bn,k (f/7 fﬂv /”7 RN f(n7k+1))

1 1 2(n—k+1)—3]!
PR = 22) 127 (1= 22)3/27 77 (1 — 22)ROn—k+1)-1]/2
=B (DI 1 [2(n — k) — 1) (1 — 2a)F/277,
Since the sequence of the functions (1 — 2z)*/2=" is linearly independent, we have
2n—k—1
Bnre((=DW 1 .. 2(n—k)—1]!) =T(n—-1,k—1) = 2(n—k)—1]1,
£ 2n-0)-118) = Tn-1.6-1) = (%5 F L)k -1

that is, the identity (1.5) follows immediately.
The equality (1.6) comes from directly verifying b, = T'(n,n — k). The proof

of Theorem 1.2 is complete. O
Proof. [Proof of Theorem 1.3] The Catalan numbers C,, can be generated [35,39]
by
2 1—y1T—4 -
L =3 ot (2.7)

I+vVIi—de 2 =

Hence, making use of the equations (2.2) and (2.4) and employing Theorem 1.1, it
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follows that

= lim|—
nl zli%<1+\/1 49:)

ontl L k!
== ZWBW((—U!!,H!,...,[Q(n—k)—1]!!)
T k=0
g+l gl 1 & e K\ o
~ IS g e (f) TTe-2m
k=0 =0 m=0
n k n—1
2" 1
(D" o < ) T ¢—2m).
k=0 :O m=0

Therefore, the equality (1.8) is deduced readily.
Similarly, we can derive the equality (1.9). The proof of Theorem 1.3 is complete.

O
Proof. [Proof of Theorem 1.4] By virtue of (2.3) and the formula (1.5), we have

Bn,k (g/(l’), g”(x), cee ’g(n_k+1)($))

B 1#1 Sy
"\ 2@+ 2) 722\ 2 ) (at ba)p 2

1 1 3 b3 - [2(77, _ k‘) _ 1]” pn—k+1
DA VAUR) m7 (=1 on—k+1 (a + bx)((—k)+1)/2

:(—1)"+’f2in(a + bx)k/2mBn,k((—1)!!, 13N 2 — k) — 1))
mar L (2n—k—1 bn

The formula (1.10) is thus derived.
Further, by the Faa di Bruno formula (1.1) applied to the functions f(u) = sinu

and v = g(x) = /x and by the formula (1.10) applied to @ = 0 and b = 1, we easily
obtain

D uB, k(¢ (x),¢" (@), ..., 9" ()
—Zsm(xf—f—k )( )"+k21n (2;(;5;)1) [ﬂn—k)—l]!!ﬁ

22;)): (- <2;(nf k)l) 2(n — k) — 1]11z*/? sin (ﬁ + kg)

k=0

dz

As did just now, considering cos™ z = cos (:E —i—n%) leads to the formula for the
derivative dd; (cosy/z ) in Theorem 1.4.
Similarly, we acquire

d” n—
dajn *GIZBnk (I)a"'vg( k+1)(x))
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n

1 M2n—-k—-1 1
_ VT _1\n+k _ —_1n
D 2n( 2 ) >[2(n k) = ==

o @~ (k-1 k) 1k
=(-1) (296)”2( 1) (2(n_k)>[2( k) — 1)112"/2.

k=0

Furthermore, we see that

(1 va)]
— kizo WBn,k(ig’(@, oo, g TR ()
_ kz W(ﬂkm,k(g’(x), g ()
:(;x);:l kf:_o(ﬂ)’f(k —1)! (2;(;f ;)1) [2(n = k) = H”(l fﬁ )k~

In the proof of [30, Theorem 3.1, pp. 601-602], it was derived that

d" 1 " (2k—1)!
_ — = 7]3 1:,1,07.-.,07 nZO
dm"(x/l—xQ) Z)(l_xQ)kH/Z il )

k=

In [6, Theorem 4.1], it was established that the Bell polynomials of the second kind
B, for 0 < k < n satisfy

B,i(z,1,0,...,0) = M(Z) ( K k)x%—". (2.8)

n —

As a result, it follows that

n

dazm
" (arccos x) " !

= — I S =
dzn ST qan—t 1— 22
1

— (2k— 1)
= WBn_l,k(I, 1,0,...,0)

- k-1 (n—k—-1)/n—1 k Phentl
_k:O (1—x2)k+1/2 on—k—1 k n—k—1 r

:(2alc)n :Z:(% —D!(n — k —1)12k+1 (n; 1) <n . 1; . 1> (£;>k+1/2

for n > 1. The formula (1.11) is proved.

(arcsin x)
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By the Faa di Bruno formula (1.1), the formula (1.10) applied to a = 0 and
b =1, and the formula (1.11), we arrive at

d — (arcsiny/z ) = — dda:" (arccos vz )

(aresin®™ u)B,, k(' (z), g" (), ..., g""F D (2))

k—1 04+1/2
k—1 / x2
§ (20— D)N(k — € —1)12°F! —

Mz 1S

k:l
1 2n—k—1 1
—1)nth— 2(n—k) — 1|l———
< (1) 2n(2<n_k>>“n [
)" &K (DR 2n—k—1 X
2(n — k) — 1]Nzk/?
"2_:12@’“( i [CCR R
k—1 £041/2
k—1 12 x?
—D(k — 1)12¢+1 _
x> (20— 1Nk —£—1)12 (z )<k€1>(1x2>
=0
for n > 1. The proof of Theorem 1.4 is complete. O
3. Remarks

Finally, we give several remarks on the recovery of the third formula in (1.7), on
the formulas (1.11) and (2.8), and on the derivatives of some elementary functions.

Remark 3.1. Let u = u(z) and v = v(z) # 0 be differentiable functions. In [1,
p. 40], the formula

U v 0 0
u’ v v 0
d® fu\  (=DE| u 20’ 0
dzk( ) = Tkt (3.1)
uk=1) y(k=1) (kfl)v(k_z) .
W (B ()

for the kth derivative of the ratio ZE;; was listed. In [19, Section 2.2, p. 849], [22
(3.2) and (3.3)], and [37, Lemma 2.1], the formula (3.1) was reformulated as

(3.2)

a* (u (—=1)k
e :W’A(k-&-l)xl Br41)xk

where the matrices

(k+1)x (k+1)

Aperiyx1 = (ag1)o<e<k  and Bk = (be,m)o<e<k,0<m<k—1

satisfy
¢
aey =u®(z) and be,m:( )N-m)(z)
m
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under the conventions that v(?)(2) = v(z) and that (Z) =0 and v»~9(2) = 0 for

p < q. Applying the formula (3.1) or (3.2) to the function 1=, V21w_4r by taking
u(xz) =1 —+/1—4z and v(z) = 2z reveals that

1-y1—4z 20... 0 0
2
T4z lz... 0 0
m 02 0 0
d" (1-yI=4z\ _ (-1)"
dzn 20 723’:"""1 2) .............
2" 2 (2n=T)!!
WOO,,_ r 0
27~ 1(2n—5)!! 00. n-1z

(1741)(2n73)/2

=200, 0 m
="
£ WD(n+l)><(n+1)7
where the determinant D(,, 1 1)x (n41) satisfies
z0... 0 O
lxz... 0 0
22 —3)1 [02... 0 0
Dni1yx(nt1) = nDnxn + (_Dnm
00... « O
00...n—-1z
nxn
xn
= —1)"on W
nDpxn + (—1)"2"(2n — 3)I! A dz) 172
Consequently, we obtain
d* [1—-+1-4 -1)" n
vizde ) D e en— g
dzn 2z 2gn+1 (1 —4x)n—1/2
1] (=1)n1 2n=1(2n — 3)!!
- —— 7Dn n T 1 . o179
= {n 9z T (1 4g)n-1/2
A A 1=V 27=1(2n — 3)!!
M dent 2z (1 —4dx)n=1/2 |

This implies that

i dmt (11— V1 -4z L 2n=1(2n —3)11 277 1(2n — 3)!!
1m = = .
z—0 dgn—1 2z

n a0 (1 —4x)n=1/2 n

As a result, by virtue of (2.7), we acquire

2n=1 (2 — 3)I!
n!

Cnfl =

which recovers the third formula in (1.7) for the Catalan numbers C,, for n > 0.
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Remark 3.2. On 14 September 2015, when the original version of this paper was
finalized, we found the papers [13,14,17] which are related to the generating func-
tion (2.7) of the Catalan numbers C,, and its derivatives.

Remark 3.3. As said in [6, Remark 4.1], the formulas in (1.11) simplify those
results obtained in [30, Theorem 2.1 and Corollaries 2.1 and 2.2] while the formu-
la (2.8) simplifies [30, Theorem 3.1].

Remark 3.4. Recently, among other things, several explicit formulas and their
applications of higher order derivatives for the tangent and cotangent functions
were collected and established in [19]. By virtue of conclusions obtained in [5,7,41],
some nice closed formulas for higher order derivatives of the tangent, cotangent,
secant, cosecant, hyperbolic tangent, hyperbolic cotangent, hyperbolic secant, and
hyperbolic cosecant functions were found in [40]. Hence, we can regard this paper
as a companion of the papers [19,30,40] and closely related reference therein.

Remark 3.5. This paper is a companion of the articles [15,16,23-25,29, 32] and
the preprints [18,20, 21,26, 28] and is a slightly revised version of the preprint [27].

4. Appendix

For completeness and accuracy, we now directly and alternatively verify the formu-
las (2.5) and (2.6) as follows.
In [10-12] and closely-related references therein, the composita Y2 (n,k,z) of
the function
Yz, 2) = y(x + 2) —y(z)

was introduced by
ya (n,k,x) Z H y )
TR ESy 1=1

where y(@ is the ith derivative of the function y(z), S, is the set of compositions
of n, and 7 is the composition of n with k parts such that Z§=1 A¢ = n. In those
papers, it was proved that the composita Y2 (n, k, x) can be generated by

[V (z,2))* = [y(z + 2) — ZYA n,k,x) (4.1)
n=~k

and that the Bell polynomials B,, ;, and the composita Y2 (n, k,z) have the relation

Bk (v (2), " (2),...,y"" F ) (2)) = EYA(H k,x). (4.2)

It is straightforward that

k
Fty) — F@)]F = (1 — 2072 (1 P ) ,
where f(z) =1— /1 —2x. Since

(1—m)k:2—z,

n==k
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2
1-2z

v\ o2 e
<1_ 1_1—233) _Z<1—2x) n v

n=~k

by regarding as a coefficient, we derive

Hence, by (4.1), the composita F2(n, k, ) of the function F(z, 2) = f(x+2) — f(z)
is equal to

2 "k 2n —k —1
FA —(1-2 k/2 72]67271
(ko) = (1202 ) -

_ gtk <2" —k- 1) (1 — 22)k/2—n,

n n—=k

Therefore, by virtue of the relation (4.2), the Bell polynomial of the second kind
B, i for the function f(z) =1—+/1— 2z is

B (f'(2), £ (@), 7D (@) = Z—fFﬁ(m k)

=2 EZ - B: (an t 1) (1 - 22)h/2

which can be reformulated as (2.5) and (2.6).
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