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1. Introduction

In this paper, we study an integral boundary problem of nonlinear impulsive
differential equations with fractional derivatives involving several orders and given
by 

CDαk

t+k
u(t) = f(t, u(t)), 1 < αk ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4u(tk) = Ik(u(tk)), 4u′(tk) = I∗k(u(tk)), k = 1, 2, · · · , p,

u(0) =

p∑
k=0

λkJ βk

t+k
u(ηk) + κ, u′(0) = 0, tk < ηk < tk+1,

(1.1)

where CDαk

t+k
is the Caputo fractional derivative of order αk and J βk

t+k
is fractional

Riemann-Liouville integral of order βk > 0. f ∈ C(J×R,R), Ik, I
∗
k ∈ C(R,R). λk, ηk

are positive constants. J = [0, T ](T > 0), κ ∈ R, 0 = t0 < t1 < · · · < tk < · · · <
tp < tp+1 = T, J ′ = J\{t1, t2, · · · , tp}, 4u(tk) = u(t+k ) − u(t−k ), where u(t+k )
and u(t−k ) denote the right and the left limits of u(t) at t = tk(k = 1, 2, · · · , p),
respectively. 4u′(tk) have a similar meaning for u′(t).
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Boundary value problems for fractional differential equations have considered by
many authors recently. See, for example, [1–6,10,11,13,16–18,22] and the references
therein. The concept of solution is based on [15] and we show the existence of
extremal solutions by using the classical Monotone Iterative Technique [7, 9, 12,14,
19–21].

2. Preliminaries

Let us fix J0 = [0, t1], Jk−1 = (tk−1, tk], k = 2, · · · , p + 1 with tp+1 = T and
introduce the Banach space:

PC(J,R) = {u : J → R |u ∈ C(Jk), k = 0, 1, · · · , p and u(t+k ) exist, k = 1, 2, · · · , p}

with the norm ‖u‖ = sup
t∈J
|u(t)|.

ACn(J) = {h : J → R :h, h′, · · · , h(n−1) ∈ C(J,R) and h(n−1) is absolutely continuous}.

For the reader’s convenience, we present some necessary definitions from frac-
tional calculus theory and several important Lemmas.

Definition 2.1 ( [8]). The Riemann-Liouville fractional integral of order α for a
function f ∈ L1([d,∞),R) is defined as

J αd+f(t) =
1

Γ(α)

∫ t

d

(t− s)α−1f(s)ds, α > 0,

provided the integral exists.

Definition 2.2 ( [8]). The Caputo fractional derivative of order α for a function
f ∈ ACn[d,∞) is defined by

CDα
d+f(t) =

1

Γ(n− α)

∫ t

d

(t− s)n−α−1f (n)(s)ds, n = [α] + 1,

where [α] denotes the integer part of real number α.

Lemma 2.1. For a given y ∈ C[0, T ] and constants Ik, I∗k(k = 1, 2, · · · , p.), the
impulsive integral boundary value problem

CDαk

t+k
u(t) = y(t), 1 < αk ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4u(tk) = Ik, 4u′(tk) = I∗k , k = 1, 2, · · · , p,

u(0) =

p∑
k=0

λkJ βk

t+k
u(ηk) + κ, u′(0) = 0,

(2.1)

has a unique solution

u(t) =



1

Γ(α0)

∫ t
0

(t− s)α0−1y(s)ds+A, t ∈ J0;∫ t
tk

(t− s)αk−1

Γ(αk)
y(s)ds+

k∑
i=1

[ ∫ ti
ti−1

(ti − s)αi−1−1

Γ(αi−1)
y(s)ds+ Ii

]
+
k−1∑
i=1

(tk − ti)
[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+

k∑
i=1

(t− tk)
[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+A,

t ∈ Jk, k = 1, 2, · · · , p,

(2.2)
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where

A =
(

1−
p∑
k=0

λk(ηk − tk)βk

Γ(βk + 1)

)−1
×
{ p∑
k=0

λk

∫ ηk

tk

(ηk − s)αk+βk−1

Γ(αk + βk)
y(s)ds

+

p∑
k=1

k∑
i=1

λk(ηk − tk)βk

Γ(βk + 1)

[ ∫ ti

ti−1

(ti − s)αi−1−1

Γ(αi−1)
y(s)ds+ Ii

]
+

p∑
k=1

k−1∑
i=1

λk(ηk − tk)βk(tk − ti)
Γ(βk + 1)

[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+

p∑
k=1

k∑
i=1

λk(ηk − tk)βk+1

Γ(βk + 2)

[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+ κ
}
.

Proof. Let u be a solution of (2.1). Then, by [8, Lemma 2.22, pp 96], for any
t ∈ J0, we have

u(t) = J α0
0 y(t)− c1− c2t =

1

Γ(α0)

∫ t

0

(t− s)α0−1y(s)ds− c1− c2t, t ∈ J0, (2.3)

for some c1, c2 ∈ R. Differentiating (2.3), we get

u′(t) =
1

Γ(α0 − 1)

∫ t

0

(t− s)α0−2y(s)ds− c2, t ∈ J0.

If t ∈ J1, then

u(t) =
1

Γ(α1)

∫ t

t1

(t− s)α1−1y(s)ds− d1 − d2(t− t1),

u′(t) =
1

Γ(α1 − 1)

∫ t

t1

(t− s)α1−2y(s)ds− d2,

for some d1, d2 ∈ R. Thus,

u(t−1 ) =
1

Γ(α0)

∫ t1
0

(t1 − s)α0−1y(s)ds− c1 − c2t1, u(t+1 ) = −d1,

u′(t−1 ) =
1

Γ(α0 − 1)

∫ t1
0

(t1 − s)α0−2y(s)ds− c2, u′(t+1 ) = −d2.

Using the impulse conditions

4u(t1) = u(t+1 )− u(t−1 ) = I1, 4u′(t1) = u′(t+1 )− u′(t−1 ) = I∗1 ,

we find that

−d1 =
1

Γ(α0)

∫ t1
0

(t1 − s)α0−1y(s)ds− c1 − c2t1 + I1,

−d2 =
1

Γ(α0 − 1)

∫ t1
0

(t1 − s)α0−2y(s)ds− c2 + I∗1 .

Consequently, we obtain

u(t) =
1

Γ(α1)

∫ t

t1

(t− s)α1−1y(s)ds+
1

Γ(α0)

∫ t1

0

(t1 − s)α0−1y(s)ds

+
t− t1

Γ(α0 − 1)

∫ t1

0

(t1 − s)α0−2y(s)ds+ I1 + (t− t1)I∗1 − c1 − c2t, t ∈ J1.
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By a similar process, we get

u(t) =

∫ t

tk

(t− s)αk−1

Γ(αk)
y(s)ds+

k∑
i=1

[ ∫ ti

ti−1

(ti − s)αi−1−1

Γ(αi−1)
y(s)ds+ I1

]
+

k−1∑
i=1

(tk − ti)
[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗1

]
+

k∑
i=1

(t− tk)
[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗1

]
− c1 − c2t,

t ∈ Jk, k = 1, 2, · · · , p. (2.4)

The boundary condition u′(0) = 0 implies c2 = 0. For t ∈ Jk, we have

J βk

t+k
u(t)

=

∫ t

tk

(t− s)αk+βk−1

Γ(αk + βk)
y(s)ds+

k∑
i=1

(t− tk)βk

Γ(βk + 1)

[ ∫ ti

ti−1

(ti − s)αi−1−1

Γ(αi−1)
y(s)ds+ I1

]
+

k−1∑
i=1

(t− tk)βk(tk − ti)
Γ(βk + 1)

[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗1

]
+

k∑
i=1

(t− tk)βk+1

Γ(βk + 2)

[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗1

]
− c1(t− tk)βk

Γ(βk + 1)
. (2.5)

Applying the boundary condition u(0) =
p∑
k=0

λkJ βk

t+k
u(ηk) + κ, we find

−c1 =
(

1−
p∑
k=0

λk(ηk − tk)βk

Γ(βk + 1)

)−1
×
{ p∑
k=0

λk

∫ ηk

tk

(ηk − s)αk+βk−1

Γ(αk + βk)
y(s)ds

+

p∑
k=1

k∑
i=1

λk(ηk − tk)βk

Γ(βk + 1)

[ ∫ ti

ti−1

(ti − s)αi−1−1

Γ(αi−1)
y(s)ds+ Ii

]
+

p∑
k=1

k−1∑
i=1

λk(ηk − tk)βk(tk − ti)
Γ(βk + 1)

[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+

p∑
k=1

k∑
i=1

λk(ηk − tk)βk+1

Γ(βk + 2)

[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+ κ
}
.

Substituting the value of ci(i = 1, 2) in (2.3) and (2.4), we obtain the unique solution
u(t) of impulsive fractional integral boundary value problem (2.1), which is given
by expression (2.2), This completes the proof.

Lemma 2.2 (Comparison theorem). If
p∑
k=0

λk(ηk − tk)βk

Γ(βk + 1)
< 1 and u(t) ∈ PC(J,R)∩
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AC2(Jk) satisfies
CDαk

t+k
u(t) ≥ 0, 1 < αk ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4u(tk) ≥ 0, 4u′(tk) ≥ 0, k = 1, 2, · · · , p,

u(0) ≥
p∑
k=0

λkJ βk

t+k
u(ηk), u′(0) = 0.

(2.6)

Then u(t) ≥ 0, ∀t ∈ J.

Proof. Consider a modified version of problem (2.1):

CDαk

t+k
u(t) = y(t), 1 < αk ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4u(tk) = Ik, 4u′(tk) = I∗k , k = 1, 2, · · · , p,

u(0) =

p∑
k=0

λkJ βk

t+k
u(ηk) + κ, u′(0) = 0,

(2.7)

where y(t) ∈ C(J,R+) and Ik, I∗k(k = 1, 2, · · · , p.), κ are nonnegative constants.
Then, the problem (2.7) has a unique solution

u(t) =



1

Γ(α0)

∫ t

0

(t− s)α0−1y(s)ds+ B, t ∈ J0;∫ t

tk

(t− s)αk−1

Γ(αk)
y(s)ds+

k∑
i=1

[ ∫ ti

ti−1

(ti − s)αi−1−1

Γ(αi−1)
y(s)ds+ Ii

]
+

k−1∑
i=1

(tk − ti)
[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+

k∑
i=1

(t− tk)
[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+ B,

t ∈ Jk, k = 1, 2, · · · , p,

(2.8)

where

B =
(

1−
p∑
k=0

λk(ηk − tk)βk

Γ(βk + 1)

)−1
×
{ p∑
k=0

λk

∫ ηk

tk

(ηk − s)αk+βk−1

Γ(αk + βk)
y(s)ds

+

p∑
k=1

k∑
i=1

λk(ηk − tk)βk

Γ(βk + 1)

[ ∫ ti

ti−1

(ti − s)αi−1−1

Γ(αi−1)
y(s)ds+ Ii

]
+

p∑
k=1

k−1∑
i=1

λk(ηk − tk)βk(tk − ti)
Γ(βk + 1)

[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+

p∑
k=1

k∑
i=1

λk(ηk − tk)βk+1

Γ(βk + 2)

[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
y(s)ds+ I∗i

]
+ κ
}
.

On account of the nonnegative nature of function y(t) and constants Ik, I∗k , κ,
then by (2.8), the conclusion of Lemma 2.2 holds.
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3. Main results

Definition 3.1. We say that u(t) is called a lower solution of (1.1) if

CDαk

t+k
u(t) ≤ f(t, u(t)), 1 < αk ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4u(tk) ≤ Ik(u(tk)), 4u′(tk) ≤ I∗k(u(tk)), k = 1, 2, · · · , p,

u(0) ≤
p∑
k=0

λkJ βk

t+k
u(ηk) + κ, u′(0) = 0,

and it is an upper solution of (1.1) if the above inequalities are reversed.

To prove the existence of extremal solutions of problem (1.1), we need the fol-
lowing fixed point theorem in the sequel.

Theorem 3.1 ( [7]). Let [a, b] be an order interval in a subset Y of an ordered
Banach space X and let Q : [a, b] → [a, b] be a nondecreasing mapping. If each
sequence {Qxn} ⊂ Q([a, b]) converges, whenever {xn} is a monotone sequence in
[a, b], then the sequence of Q-iteration of a converges to the least fixed point x∗ of
Q and the sequence of Q-iteration of b converges to the greatest fixed point x∗ of Q.
Moreover,

x∗ = min{y ∈ [a, b] : y ≥ Qy} and x∗ = max{y ∈ [a, b] : y ≤ Qy}

Theorem 3.2. Assume that

(H1) The functions f(t, u), Ik(u), I∗k(u)(k = 1, · · · , p.) are continuous and nonde-
creasing on u.

(H2) There exist u0 and v0 ∈ PC(J,R) ∩ AC2(Jk), lower and upper solutions,
respectively, for the problem (1.1), such that u0 ≤ v0.

(H3)
p∑
k=0

λk(ηk − tk)βk

Γ(βk + 1)
< 1.

are satisfied. Then problem (1.1) has extremal solutions in the sector [u0, v0].

Proof. Consider the problem (2.1) with y(t) = f(t, ω(t)), Ik = Ik(ω(tk)) and
I∗k = I∗k(ω(tk))(k = 1, 2, · · · , p). By Lemma 2.1, we know problem (2.1) has a unique
solution. Define u(t) = Gω(t), then G is an operator from [u0, v0] to PC(J,R) ∩
AC2(Jk). Now we shall prove that G maps [u0, v0] into [u0, v0].

Let u1 = Gu0, v1 = Gv0. Then u1, v1 are well defined and satisfy

CDαk

t+k
u1(t) = f(t, u0(t)), 1 < αk ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4u1(tk) = Ik(u0(tk)), 4u′1(tk) = I∗k(u0(tk)), k = 1, 2, · · · , p,

u1(0) =

p∑
k=0

λkJ βk

t+k
u1(ηk) + κ, u′1(0) = 0,

(3.1)

and 

CDαk

t+k
v1(t) = f(t, v0(t)), 1 < αk ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4v1(tk) = Ik(v0(tk)), 4v′1(tk) = I∗k(v0(tk)), k = 1, 2, · · · , p,

v1(0) =

p∑
k=0

λkJ βk

t+k
v1(ηk) + κ, v′1(0) = 0.

(3.2)
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Now, put r = u1 − u0. Combining with the definition of lower solution, we have

CDαk

t+k
r(t) ≥ 0, 1 < αk ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4r(tk) ≥ 0, 4r′(tk) ≥ 0, k = 1, 2, · · · , p,

r(0) ≥
p∑
k=0

λkJ βk

t+k
r(ηk), r′(0) = 0.

It follows from Lemma 2.2 that p(t) ≥ 0,∀t ∈ J . That is Gu0 ≥ u0. Similarly,
together with the definition of upper solution, we can show Gv0 ≤ v0.

Denote q = v1 − u1, by (3.1), (3.2) and (H1), we can get

CDαk

t+k
q(t) = f(t, v0(t))− f(t, u0(t)) ≥ 0, 1 < αk ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4q(tk) = Ik(v0(tk))− Ik(u0(tk)) ≥ 0, k = 1, 2, · · · , p,
4q′(tk) = I∗k(v0(tk))− I∗k(u0(tk)) ≥ 0, k = 1, 2, · · · , p,

q(0) =

p∑
k=0

λkJ βk

t+k
q(ηk) ≥ 0, q′(0) = 0.

Lemma 2.2 ensures that q(t) ≥ 0, i.e. Gv0 ≥ Gu0. It means G is nondecreasing
and u0 ≤ Gu ≤ v0 for any u ∈ [u0, v0]. Hence, G : [u0, v0] → [u0, v0] and ‖Gu‖ ≤
max{‖u0‖, ‖v0‖} := q.

Let {un} be a monotone sequence in [u0, v0], then u0 ≤ Gun ≤ v0 and ‖Gun‖ ≤
q. Next, we shall show that the sequence {Gun} is an equicontinuous set. For any
(t, u) ∈ J × [−q,q], there exist nonnegative constants Li > 0 (i = 1, 2, 3) such that
|f(t, u)| ≤ L1, |Ik(u)| ≤ L2 and |I∗k(u)| ≤ L3. Thus, for any t ∈ Jk, 0 ≤ k ≤ p, we
have

|(Gu)′(t)|

≤
∫ t

tk

(t− s)αk−2

Γ(αk − 1)
|f(s, u(s))|ds+

k∑
i=1

[ ∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
|f(s, u(s))|ds+ |I∗i (u(ti))|

]
≤L1

∫ t

tk

(t− s)αk−2

Γ(αk − 1)
ds+

p∑
i=1

[
L1

∫ ti

ti−1

(ti − s)αi−1−2

Γ(αi−1 − 1)
ds+ L3

]

≤T
αk−1L1

Γ(αk)
+ p
[L1 max

0≤i≤p
Tαi−1

min
0≤i≤p

Γ(αi)
+ L3

]

≤(p+ 1)

L1 max
0≤i≤p

Tαi−1

min
0≤i≤p

Γ(αi)
+ pL3 := L(constant).

Hence, for τ1, τ2 ∈ Jk with τ1 ≤ τ2, 0 ≤ k ≤ p, we have

|(Gu)(τ2)− (Gu)(τ1)| ≤
∫ τ2

τ1

|(Gu)′(s)|ds ≤ L(t2 − t1).

This implies that {Gun} is an equicontinuous set on all Jk, k = 0, 1, 2, · · · , p and
hence, by the Arzela-Ascoli Theorem, {Gun} is relatively compact. In consequence,
{Gun} converges in G([u0, v0]).

Theorem 3.1 ensures that G has a least and a greatest fixed point in [u0, v0].
This further implies that the problem (1.1) has extremal solutions on [u0, v0].
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4. Example

Example 4.1. For α0 = 3
2 , α1 = 5

4 , β0 = 3
2 , β1 = 5

2 , λ0 = 1
5 , λ1 = 1

7 , η0 =
1
5 , η1 = 1

3 , and t1 = 1
4 , we consider

CDαk

t+k
u(t) =

t

5
(u(t) + eu(t)), t ∈ [−0, 1], t 6= 1

4
, k = 0, 1,

4u(t1) =
1

32
arctanu(t1), 4u′(t1) =

1

5
u3(t1),

u(0) =

1∑
k=0

λkJ βk

t+k
u(ηk) +

1

2
, u′(0) = 0,

(4.1)

here f(t, u) =
t

5
(u+ eu), I1(u) =

1

32
arctanu, I∗1 (u) =

1

5
u3.

Take u0(t) = 0, v0(t) =

1 +
t2

2
, 0 ≤ t ≤ 1

4

1 + t2,
1

4
< t ≤ 1

. Then u0, v0 are lower and

upper solutions of problem (4.1), respectively. Moreover, by a simple calculation,
λ0(η0 − t0)β0

Γ(β0 + 1)
+
λ1(η1 − t1)β1

Γ(β1 + 1)
= 0.013695 < 1.

At last, it’s obvious that (H1) is satisfied. The conclusion of Theorem 3.2 applies
and the problem (4.1) has extremal solutions in the sector [u0, v0].

5. Concluding remarks

It is noted that, the problem investigated in this paper has a very general form.
Some of special cases are listed below:

By setting αk = α(1 < α ≤ 2) in (1.1), we obtain the special case of an inte-
gral boundary problem for nonlinear impulsive differential equations with fractional
derivatives involving single order

CDα
t+k
u(t) = f(t, u(t)), 1 < α ≤ 2, k = 0, 1, 2, · · · , p, t ∈ J ′,

4u(tk) = Ik(u(tk)), 4u′(tk) = I∗k(u(tk)), k = 1, 2, · · · , p,

u(0) =

p∑
k=0

λkJ βk

t+k
u(ηk) + κ, u′(0) = 0, tk < ηk < tk+1.

(5.1)

Again, by setting Ik = I∗k = 0, αk = α, βk = β, λk = λ, ηk = η in (1.1), we can
obtain a very special case of (1.1). That is, we get a nonlinear fractional differential
equations without impulse effect

CDα
0 u(t) = f(t, u(t)), 1 < α ≤ 2, t ∈ J,

u(0) =
λ

Γ(β)

∫ η

0

(η − s)β−1u(s)ds+ κ, u′(0) = 0.
(5.2)

Finally, taking α = 2, β = 1 in (5.2), we have the classical second order problem
with integral boundary condition

u′′(t) = f(t, u(t)), t ∈ J,

u(0) = λ

∫ η

0

u(s)ds+ κ, u′(0) = 0.
(5.3)
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Accordingly, our results also give rise to various interesting situations. It is
a contribution to the theory of integral boundary value problem and fractional
differential equation.
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