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ON Lp-SOLUTION OF FRACTIONAL HEAT
EQUATION DRIVEN BY FRACTIONAL
BROWNIAN MOTION*

Litan Yan’?' and Xianye Yu'

Abstract In this paper, we study the fractional stochastic heat equation
driven by fractional Brownian motions of the form

dut,z) = (—(=2)"ult,2) + f(t,0)) dt + > g* (¢, 2)8;
k=1
with u(0,z) = uo, t € [0,7] and = € R?, where 8¥ = {8F,t € [0,T]},k > 1isa
sequence of i.i.d. fractional Brownian motions with the same Hurst index H >
1/2 and the integral with respect to fractional Brownian motion is Skorohod
integral. By adopting the framework given by Krylov, we prove the existence
and uniqueness of Ly-solution to such equation.

Keywords Fractional Brownian motion, fractional heat equation, the Littlewood-
Paley inequality.

MSC(2010) 60G22, 60H15.

1. Introduction

It is known that stochastic partial differential equations (SPDEs) play an impor-
tant role in describing a real world with random perturbations. Its theory has
been developed very fast, and it is widely used in many scientific fields such as
nonlinear filtering, the dynamics of population, describing a free field in relativistic
and diffraction in random-heterogeneous media in statistical physics. To study the
SPDEs, one can choose either Walsh’s method [32] using martingale measures or
the abstract Hilbert space approach of Da Prato and Zabczyk [8]. Both Walsh’s
theory and Da Prato and Zabczyk’s approach are rather complete and satisfactory
in solving of the Cauchy problems for SPDEs.

Recently, Krylov in [19, 22] established a comprehensive L, theory of second
order quasi-linear parabolic SPDEs of the form

du(t,z) = (Lu(t,z) + cu(t,z) + f(t,x))dt

5 0
+ Z (Z Ulk@u(t, z) 4+ vhu + gk (t, 3:)) dwFk,
k i
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with u(0,2) = ug(z), where £ = Zai,jﬁgzj + S bis2e, {WF k> 1} is a se-
quence of independent Brownian motions and the integral with respect to Brown-
ian motion is Itd’s integral. This theory is sharp and cannot be improved under
his assumptions, and which may be applied to a large class of important equations,
including equations of nonlinear filtering, stochastic heat equation with nonlinear
noise term, etc. This theory has attracted attentions of many authors and various
LP-results of SPDEs around Krylov’s LP-theory were developed rapidly. Mikule-
vicius and Rozovskii [24] extended Krylov’s L,-solvability theory to the Cauchy
problem for systems of parabolic SPDEs and established some additional integra-
bility and regularity properties. In [17], Kim studied the L,-theory of stochastic
partial differential equations on weighted Sobolev spaces within C! and Lipschitz
domain, respectively. Zhang [33] introduced a more general L,-theory of semi-linear
SPDEs on general measure spaces with an unbounded linear negative operator on
LP(E, B, ). Mikulevicius and Pragarauskas [25] gave some estimates of fractional
Sobolev and Besov norms of singular integrals arising in the model problem for the
Zakai equation with discontinuous observation. Chen and Kim [7] presented the
L,-theory of non-divergence form SPDEs driven by Lévy processes. K. Kim and
P. Kim [16] extended the above results on equation (1.1) to a class of stochastic
equations with the random fractional Laplacian driven by Lévy processes. Some
more works for the L,-theory of SPDEs (1.1) and related questions can be fund in
I. Kim and K. Kim [15], K. Kim [18], Krylov [19] and the references therein.

On the other hand, in recent years there has been considerable interest in study-
ing fractional Brownian motion due to its compact properties and applications in
various scientific areas including telecommunications, turbulence, image processing
and finance. Moreover, there also has been some recent interest in studying SPDEs
driven by fractional Brownian motion. Grecksch and Ann [12] studied the semi-
linear stochastic parabolic equation with an infinite dimensional fractional Brown-
ian motion input. In Nualart and Ouknine [29], the authors proved the existence
and uniqueness of a solution for a quasilinear parabolic equation in one dimension
driven by fractional white noise. Balan and Tudor [3] considered the stochastic
heat equation with multiplicative fractional-colored noise. Balan [2] studied a class
of stochastic wave equation driven by multiplicative fractional noise by a Malli-
avin calculus approach. Duncan et al. [9] investigated the solutions of a family of
semi-linear stochastic equations with a fractional Brownian motion in a Hilbert s-
pace. For more material, we refer to Duncan et al. [10], Garrido-Atienza et al. [11],
Hu-Nualart [14], Maslowski-Nualart [23], Tindel et al. [31] and references therein.

Motivated by the above results, in this paper, we consider an L,-theory of the
fractional stochastic heat equation driven by fractional Brownian motions of the
form -

du(t,x) = (_(_A)a/Qu(ta (E) + f(ta (E)) dt + Z gk(t,x)5ﬁf, (1 2)
k=1 .
u(0, z) = ug(x),

with ¢ € [0,7], z € R? and a € (0,2], where g*¥ = {8F,t € [0,T]},k > 1is a
sequence of i.i.d. fractional Brownian motions with the same Hurst index H > 1/2
and the integral with respect to fractional Brownian motion is Skorohod integral.
When H = % and the stochastic integral is It6 integral, the equation is considered
in Chang-Lee [6], and moreover, when o = 2 Balan [1] considered the L,-theory
of equation (1.2). This paper can be viewed as an extension of the results in
Balan [1] and its structure is organized as follows. Section 2 contains some necessary
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preliminaries on the Skorohod integral with respect to fractional Brownian motion
and definitions of stochastic function spaces, and the fractional Laplacian operator
is also introduced in this section. In Section 3, by using the method introduced
by Krylov in [19], we obtain a version of Littlewood-Paley inequality. Finally, in
Section 4, we prove the uniqueness and existence of equation (1.2) in the framework
of Ly-theory developed by Krylov.

2. Preliminaries

In this section, we firstly recall some basic results of fractional Brownian motion
(in short, fBm). For more aspects on the material we refer to Biagini et al. [4],
Hu [13], Mishura [26], Nourdin [27], Nualart [28] and references therein. In order to
state the main results, we explain also the stochastic function spaces and introduce
some properties of fractional Laplacian operator in this section. We make the
convention that the positive constant C', unless special explanation, depend only on
the subscripts and its value may be different in different appearance. When C' has
subscripts, it will indicate the only dependence on parameters.

2.1. Fractional Brownian motion

Let (2, %, (%), P) be a complete probability space with the filtration {%;} satis-
fying the usual condition. The Gaussian process 8 = {£(¢),0 <t < T} defined on
(Q, F, (%), P), with continuous sample paths, is called a fBm with Hurst index
H € (0,1) if 8(0) = 0, EA(t) = 0 and

1

EIB0)8(s)) = 5 [ + 24—t = 5[21]

for all £,s > 0. FBm [ admits the Wiener integral representation of the form

t
5(75):/ Ky (t,s)dW(s), 0<t<T,
0
where {W(t),0 < ¢t < T} is a standard Brownian motion and the kernel Ky (¢, s)

satisfies 5 L
KH 1 S\ 27 3
Tl ) =wy (H— = (7) t—s)H-3
g (s) = ru ( 2) t (t=s)
with a normalizing constant xz > 0 such that E(3?) = 1. Let H be the completion
of the linear space £ generated by the indicator functions 1j94,¢ € [0,7] with
respect to the inner product

1
(Lo, Lo.a)m = 5 (25 2 — |t — 5?7 ] .

The application ¢ € £ — B(y) is an isometry from £ to the Gaussian space gener-
ated by 8 and it can be extended to . Denote by Sg the set of smooth functionals
of the form

= f(ﬂ(@l)aﬂ(‘pQ)a . 7ﬂ(90n))’

where f € Cp°(R™) (f and all its derivatives are bounded) and ¢; € H. The
derivative operator DP (the Malliavin derivative) of a functional F of the form
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above is defined as
.9
2P =3 2L (301). B(ea), . Blen)es
j=1 """

The derivative operator D? is then a closable operator from L?(€) into L?(Q;H).
We denote by ]]])}3’2 the closure of Sg with respect to the norm

|Fllpy2 ==/ EIFI2 + E|D? |3,

The divergence integral 6° is the adjoint of derivative operator D?. That is, we
say that a random variable u in L?(€2; H) belongs to the domain of the divergence
operator 67, denoted by Dom(§7), if

E|(DPF,u)y| < C||F |12y,  VF €Dy
In this case 0°(u) is defined by the duality relationship
E [Fé°(u)] = E(DPF,u)y (2.1)

for any u € DE’Q. We have ID)E’Z C Dom(6%). We will use the notation

T
5ﬁ(u) = /(; uséﬂs

to express the Skorohod integral of a process u, and the indefinite Skorohod integral
is defined as fg us683s = 67 (uljp z).

Let K be a Hilbert space with norm || - ||x. Consider the family Sg(K) of
K-valued smooth random variables of the form

n
F’ZZ:F‘]‘UJ'7 Fj ESﬂ,’UjEK.
j=1
Clearly, Sg(K) C Lp(€; K). Similarly, the Malliavin calculus can be defined as

DF =Y (D°F)) ®v,

j=1
and we have DPF € L,(Q;H ® K) for p > 1. We endow Ss(K) with the norm

1B 10 ey = BIF I + EID Pl g,
and let ]D)}a’p(K) be the completion of Sg(K) to this norm.

We now introduce some Banach spaces and Hilbert spaces associated with the
Malliavin calculus. Let V be an arbitrary Banach space and let £ be the class of all
elementary processes taking values in V. Define the spaces of strongly measurable

functions by
(Hy = {f [0, T] = V [ [[fllj3¢,| < o0}

and
" @ | Hy| = {f:[0,T]* = V | | fllemy < o},
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where

T T
£l = aH/ / IFOIvIF)Iv]E— s 2dsdt, oy =H(2H —1)
o Jo
and

£ @, = ot /[0 . [F (&) f(s,m)lv [t — s[> 7210 — n|*"—2dOdndsdt.

Note that the space £y is dense in |Hy| with respect to the norm || - ||, It is
well-known that there exists a constant by such that (see Nualart [28])

£t < buN L, w0 v

If V is a Hilbert space, we let Hy be the completion of £ with respect to the inner
product

T T
(6, Ory = o /O /0 (6(8), o(5))v |t — s[2H~2dsdt

and Hy ® Hy be the completion of £ ® £y with respect to the inner product

(¢, ) rven, = a?q/[ } (8(t,0),0(s,m)vevt — s[> 2|0 — n|*""*dsdt.
0,74

Moreover, we define the space |Hy | ® [Hy | of strongly measurable functions by
|HV| ® |HV‘ = {f : [OvT]Q VeV I ||f|||7~[v\®|'Hv\ < 00}7

where
I uvtoiet =0 [ W Oovlfsmlvovlt s~ — o apdsa

Lemma 2.1 (Balan [1]). We have that Hy is isomorphic with H @V and

[fl2ew < WFlpev ) < bullf Iy momivy < 0allfllLagorivy,

and

[ fllaevery < N fllipy 101y S 0ufllL, 0012 vev) < bullfllL.omzvev).

In particular, Ey = &, [Hv| = |H| and Hy = H, provided V = R.

2.2. Stochastic function spaces

Let p > 1 and n € R. We first recall some basic facts about the space of Bessel
potentials. Let C5° = C5°(R?) be the space of infinitely differentiable functions on
R? with compact support and let D = D(R?) be the space of real-valued Schwartz
distributions on C§°. Define the spaces

Ly = LY i= (£ R S R fI7, = [ 1f@)Pde < o)
R
Hy = HP(RY) = {f €D | (I A)/2f € L},
Hy(ly) == {g = (g',9%,...) : €5 — valued functions such that
g* € H? for each k and |(I — A)"/?g|,, € L,},
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and their norms are given by
1Fllery = 1= A2 fllz, Ngllgpen) = I = 2)"2gle,]|z,
for f € H} and g € H(¢2), respectively. Then we have, for u € H}} and ¢ € C§°
(u,0) = (I = 8)"2u, (I = A)™"2g),

where the right hand side is a usual Lebesgue integral. Using Holder’s inequality,
one can easily obtain
(w,9)” < Cllullg,,

where C = ||(I — A)7"/2¢||2Lp/(p71).
Using the spaces mentioned above, we define the following stochastic function
spaces

Hy := L,(Q x [0,T], 7 x #([0,T)); Hy, ),
H7 (f2) := Lyp(Q x [0, T, 7 x ([0, T)); Hy (¢2)),
Hy, i i= Lp(2 % [0,T), 7 x 2([0,T1); L1 u (0, T}, Hy)),
Hy 1y (f2) := Lp(Q x [0, T],.7 x ([0, T1); L1 u ([0, T], Hy (£2))),
D5"(|Huy|) = {f € DgP(Huy) | f € Hupl,
DPf e [H|@ Hay, Hf||mgp(m,{g\) < oo},
L2, (H) o= {g € DY (Harg) | gl i) < o).
and the norms are given by

P — B
||fHD}3’p(|’HH;}|) _E||fH|7-LHn| +E‘”l) f|||H‘®|HH;L‘7

pH

T T T 5 1/H
19035 gy = [ V(s liggas+ £ [ [ 1D7gts e ) as
0 0 0

b + 1Dl

=llgl

for f € D}j’pﬂ"HHgD and g € ]Ll’p 5(Hy ). Note that C§° is dense in H}. Then we
introduce the set Sg(Ecge) of Smooth elementary processes of the form

= Filg,_,)(0)e(), tel0,T],
i=1

where F; € S5, 0 <tg <t <... <ty <T and ¢ € C§°. The set Sg(é'cgo) is dense

in ]D)llg’pﬂHHg ) with respect to the norm || - ”D;’p(IHHg\)' We let L}fB(Hg) be the

completion of Sg(Ecge) with respect to the norm || - ||L1,pB(Hn). It is easy to know
H, P

that L7 (Hp) C Ly (H2).

Let 8% = {BF,t € [0,T]},k > 1 be a sequence of independent fractional Brown-
ian motions with the same Hurst index H > 1/2, defined on the same probability
space (2,.7, (%), P). Then we define

Ly"(Hy 6s) == {g = (¢",0%...) | ¢" € DEF(|Huy)

for each k and H!JHL};P(H;L,&) < oo}
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with the norm || - ||§}{,,,(H;,)Z2

pH
1/H
19023 1) = B / 5y gy + B / (/ IDug ,~>H;L@2)dt> ds

= ll9ll5n (¢ + 19l
)

) given by

H? 4(£2))

where Dg(-,-) := (Dﬁk B, ). At last, we let Iﬁl’p(H" £5) be the set of all elements
g € LEP(H;KEQ) for which there exists a sequence (g;); C L ’p(H” l5) such that
llg; fg||]L}{,p(Hn’ ¢y — 0asj— oo, g7 =0 for k > Cj and g} € Sp(Ecge) for k < Cj.

Remark 2.1. By Proposition 4.3 and Lemma 4.7 in Balan [1], it is easy to check
that for any n € R,¢ € C§° and g € L}{’p(Hg, £5), the series of Skorohod integrals

> [[te 000
converges in probability uniformly in ¢ € [0, T7.

2.3. Fractional Laplace

Fractional Laplacian operator has been studied by many authors (see, for example
Caffarelli-Silvestre [5] and Stein [30]). As we know, the infinitesimal generator of a
symmetric a-stable process X taking values in R? with o € (0,2) is the fractional
Laplacian —(—A)®/2. The connection between X and —(—A)®/2? can be seen as
follows. The fundamental solution of

8u «@
5 (ha) = —(=4) P2u(t, ) (2.2)

is the transition density of X;*. Following the identity
Eei0XE — —tlol”

and Fourier inversion formula, we can give the fundamental solution G (t, z) of (2.2)

1 0z, —t|0]* —1/,—t6]*
Ga(t,z)W/Rde e 1017 dg = F=1(e 1017 (1),
where ]—'(f)( ) = = [ga €77 f(0)d0 is the Fourier transform of f and F~*(f)(z)
= f ’9"” f(0)d? is the inverse Fourier transform of f. For suitable f,
deﬁne
St f(x) = (Galt, ) * f)(x) = y Galt,z —y)f(y)dy,
where the symbol ”*” denotes the convolution operation and

OB f(x) = (=N f(x) == F 0P F(£)(0)) ().
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For 8 > 0, one can obtain by Fourier transform

0787 f(a) = FH(10)7 e~ 1 F(£)(0)(x)

= ﬁ/ e%101P =191 4o x f(x)
71' Rd
— €i9(t71/ar)|g|ﬁe—\9lad9 * f(x)
Rd

=t~ (90 G (1, 2/tY)) * f(2).
Define
U f(2) = V(1) % () (),

where ¢(z) = 05/2Gu(1,2) = ﬁ Jpa €9710]%/2¢71°1"dh. The next inequality can
be found in I. Kim and K. Kim [15] and Mikulevicius-Pragarauskas [25].

t s p/2 t
//(/ ag/zsg_sg(s,.)(m)@dr) dsdach/ / g(s,2) [} dsdz (2.3)
R4 JO 0 R4 JO

with p > 2.

3. a version of Littlewood-Paley inequality

In this section, we shall prove the following theorem which will be used in Section 4.

Theorem 3.1. Letp > 2, + < H <1 and let K be a Hilbert space with norm |- |k .
Then, the inequality

p/2

b t v 2H
//(/ (/ |a;/2sg_sf(s,m,r)}ngr> ds> dtdx
Rd Ja a m
b [ v 1) \PH
§C’/ (/ </ |f(t,x,7’)|’;(dx) dr) dt
a n R4

holds for all f € C§°((a,b) x R*, Ly g ((n,v),K)) with —oo < a < b < oo and
—o0 < pu<v<oo.

This result can viewed as a generalization of Littlewood-Paley’s inequality, pre-
cisely say

/d/ (|Vthsg(S,')|%<d3)p/2 ditdz < Cp’d/d/ lg(t, z)|}dtdz,
Re J —oc0 R4 J —oc0

where g € LP((—00,00)xR? K), V is the usual gradient operator, 7} is the Gaussian
heat semigroup. In order to prove the theorem above, we introduce some concepts
and establish some useful lemmas.

Recall that the maximal function of a real-valued function g with the domain

R? is defined by
1
M g(z) == sup l9(y)|dy,
’ r>0 |Br(®)] /B, (2)
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where B, (z) = {y; |z —y| < r} with B, = B,(0), and |B,(x)| denotes the Lebesgue
measure of B,(z). Similarly, for a function g(¢) : R — R, we define the maximal
function of g as follows

T

1
M,g(t) := sup o - lg(t + s)|ds.
r>0 47 J_p

For a function ¢(¢,x) of two variables, we set

ng(t’m) = Mw(g(t’ ))(.13), Mtg(t’x) = Mt(g("m))(t)'

As in Krylov [19,21], we can introduce the filtration Q,, = {Qn(i0,%1,.-.,%4);
i0,01,--.,iq € Z},n € Z of partitions of R%T!. We denote by Q,(t,) the unique
Q € Q,, containing (t,z). For a measurable function g(t, x), define the sharp func-
tion )
# -
g (t71‘) =Sup Sy |g(57y) 7gn(t7$)|d$dy7
nez Qn(6,0)] Jo, (t.0) |
where g, (t,z) = m an(m) 9(s,y)dsdy. Then by the Fefferman-Stein theo-

rem, we have
lgllz, < Clg*|,

for any 0 < p < oo and g € L,(R¥+1).
Let Qo := [-2%,0] x [~1,1]¢ and

t v 2H 1/2
/ (/ Uy f(s,z,7) }(/Hdr> ds] ,
—oo \Jpu t—s

where f € C(C))O((avb) X Rd,Ll/H((:u'aV)aK))'

Lemma 3.1. Assume that f(t,z,r) = 0 outside of [—10,10] X Bsg. Then for any
(t,.’L‘) € QO

Gaf(t,x) =

v 2H
[ Gt aPasty < o ([ oalsnni emar) L )
Qo "
Proof. Using Minkowski’s inequality, Fourier transform and the fact

/ooo |6 gt”“)Ith <0,

we have

/ G f (5, ) Pdsdy

//}R/ (/ |wassfsy,>”Halr)2H$1
s/_w_/u (/Rd/wssfsy, P dsdy)

r 2H

0 v —s’ 1 1/(2H)
_ d 2 1/a\|12| £/ 2 - /
/1) ((%) L] wetestr) |f<s,s,r>stsds> ar| s

" ds'dyds

1/(2m) 728
dr] ds’
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2H

e[ | (Lewoa) ™ a] o

2H
<C’/ {/ (Mg |f (s, , )|%()1/(2H) dr} ds
10 m
v 1/(2H 2H
<ont, ([ 0alrteanip) /" ar)
o

This completes the proof. O

Lemma 3.2. Assume that f(t,z,r) =0 fort ¢ [—10,10]. Then (3.1) holds for any
(t71') S Q().

Proof. We take ¢ € C5°(R?) such that ¢ = 11in Bag, ¢ = 0 outside of Bz4. Set A =
¢f and B= (1—()f. Combining Lemma 3.1 and the fact that G, f < Go A+ G B,
we just need to concentrate on G,3. Then one can assume that f(-,z,-) = 0 for
2 € By in the following proof. Also notice that if (s,y) € Qo and |z| < p with
p > 1, then

lz —y| < 2d, B,(y) C Baatp(®) C Baa+1)p(2),

whereas if |z] <1, then |y — z| < 2d and f(-,y — z,-) = 0. Then by using (16.16) in
Krylov [19], we obtain, for 0 > s > s’ > —10 and (s,y) € Qo

(/ W f (o) dr)H<<s—s’>-<d+l>/“ (/ ([ 160 atosts = 7o)

1/H H
(s &)/ ( / ( / 1820/ (5 — )1/
H

1/H
x </ If(s’,z,r)IKdz> dp) dr
B(2d+1)p(I)

<C(s — &)~ @D/ / 1820/ (5 — V)| odp
1

X </: (Mm|f(8/,x,7~)|K)1/H dr)H |

where ¢, /2(-) is defined as follows (see Lemma 2.2 of I. Kim and K. Kim [15])

C > (10)71/04,

— _ W? P
(;5(1/2(/0) Cef(d+a/2)(101/ap71) p< (10)71/04.

)
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Thus, an elementary calculation shows

s v 2H
1
Gaf(s,9)]* = / (/ W (5", y,7) }/Hdr) ;ds’
—oo \Jy s— s

H

0 v 2
< c/_w (/ (wa(s',x,r)m)l/Hdr) ds’

0 v L/(2H 2H
<cf (/ (ML (5, ) )¢ >d7«) as'
—10 w
v 2H
<o, ( / (Mxlf(t,x,r)li)l/(w)dr> ,
m

where the second last inequality above follows from Hoélder’s inequality. This com-
pletes the proof. O

Lemma 3.3. Assume that f(t,z,r) =0 for t > —8. Then for any (t,z) € Qo

v

2H
/ 1Gaf(5,Y) — G f(t,x)|?dsdy < CM, (/ (Mmf(t,:c,r)%()l/(zmdr) .
Qo m

Proof. The argument is similar to the proof of Lemma 4.4 of I. Kim and K.

Kim [15] and we omit it. O
Lemma 3.4. Assume that f € C§°(R™, Ly, ((n,v), K)). Then for any (t,x) €
RA+1

v 2H 1/2
<gaf>#<t,x><c<Mt(/ (Mm|f<t,z,r>%<>1/<2H>dr) ) .

Proof. By Hélder’s inequality, we have

1
« # t’ = [Qn(t, )|
(Gu ¥ ( @i‘é%(Qn(w)l @120

Therefore it suffices to prove that

1/2
|gaf(svy) _gafn(tax)|2d8dy> .

1 2
[e7 } — Yal|n t, dsd
Qo6 S T )~ Gednlt D)y

v 2H
<cM, ( / (Mmlf(t,x,r)li)l/(w)df>
I

for each integer n. Based on Lemma 3.2, 3.3, the following argument is similar to

the proof of relation (5.2) given in I. Kim and K. Kim [15]. O
Proof of Theorem 3.1. It is enough to assume that a = —oo, b = oo and to
prove

[ esoraas<e [~ ([ ennpar) ] "
¢J—00 —oo [Jp d

for any p € [2, 00).
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We first consider the case p = 2. As the computation in the proof of Lemma 3.1,
we obtain

/ /OO |Go f(t, x)Pdtda
/ /]Rd/ </ Uy f (5,5, d r>2H d:‘iyjt
2H

- 1 1/(2H)
S[ </ (271’ /Rd/ BEL )2 |f (s, ,r)|%(tdtdg> dr) ds
e v 1/(2H) 2H
2
SC/—OO </u < R |f(t’y’r)Kdy> dv") dt.

We now assume that p > 2. Due to the Fefferman-Stein theorem, Lemma 3.4
and Hardy-Littlewood maximal theorem, we get

[ Gustoraas<c [ [ Gun#wnpas
gc/w /_O; (Mt (/ﬂy(Mz|f(t,x,r)|§()1/(2H)dr>2H>p/2 dtdzx
gc/Rd /O:o </:(Mmf(t,x,r)ﬁ()l/(zH)dr)pHdtdx
gc/z (L (/Rd(Mwu(t,x,r)@()i’/?dx)l/(pm dr) " dt
o ([ ([ nennar) ) "

where the second last inequality above follows from Minkowski’s inequality for in-
tegrals, and the Littlewood-Paley inequality follows. O

4. The main results

In this section, we mainly state the L,-theory of fractional heat equation (1.2).

Definition 4.1. For a D-valued function u € H}"®, we write u € ’HZ}IO‘ if u(0,-) €
L,(Q, %o, H, Hy a/p) and
Y

du= fdt+Y g"opf, te[0,T]
k=0

in the weak sense for some f € HJ and g € H:};p(H;LJra/Q,@). That is, for any
¢ € Cge,

(ult, ), 8) = (u(0. ), ) + /O< ds+2 / Q58 (A1)
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holds for any t € [0,T] a.s. In this case, we write
Du :=f, Sk = gk, Su = (S'u,S8%u,...)
and define the norm

1/p
|wmg;~=|mmya+nDumw+-Suhyggmm&)+(Euwmgpﬂﬂm) .

Theorem 4.1. The space HZ‘EIQ is a Banach space with the norm || - ||Hn<|;10<7 and
’ P,

n+ao
Jorw e HIH,

P P
Efgg lut, )y < Capar (|Du iy + 1Sullgio gnsars ) + Eu(O)||H;+Q_O/p)

and

lulliy < Caparlullg e

Proof. The proof is almost identical to the proof of Theorem 5.5 in Balan [1],
based on the method of proving Theorem 3.7 in Krylov [20], and we omit it. O

Remark 4.1. We know that for any n,m € R, the operator (I — A)m/2 maps
isometrically H) onto H;~™. Indeed,

1T = A 2l gy = (1= AYVAT = )™ g, = |y

On the other hand, Proposition 5.4 in Balan [1] shows that the operator (I —A)™/2 :
H:EP(H;L?fQ) — IL}{’p(H;‘_m,Eg) is an isometry. Replacing ¢ with (I — A)™/%¢
in (4.1), then one can easily obtain that the operator (I —A)™/2 maps isometrically
Hyy  onto H ™.

The following results are also known (see, for example K. Kim and P. Kim [16]).

Theorem 4.2. (i) For any deterministic functions f = f(t,z) and uy = ug(x)
satisfying

T
|1 By < o0, ol geaere < o0,
0 P P
the equation
du(t,z) = —(=A)*2u(t, z)dt + f(t,x)dt, u(0,z)=ug

has a unique solution u with fOT [lu(t, )] dt < oo and

p
+
Hpte

T T
l[u(t, Y niadt < Cpar 1F () dt + lluoll? vaass | -
0 Hp 0 » Hp

(ii) For any f € Hy; and ug € LP(Q,ﬁo,H;L+a_a/p), the equation
du(t,z) = —(=A)*2u(t, z)dt + f(t,z)dt, w(0,z) = ug

has a unique solution u € ]HI;”‘“ with

1/p
|w@ySOMj@ﬂm+(meﬁwm) )
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The next theorem states the main result of this paper.

Theorem 4.3. Letp > 2 andn € R. For any f € Hy, g € H’;}_}p<H]’;’L+O¢/27£2) and

uy € Lp(Q, %o, H, "+a a/p) the equation (1.2) admits a unique solution in H;J}{a,
in the weak sense, and for this solution

1/p
||u|H;;,asc<||f|Hg+||g||W(H;+m,M+(Enu()ngww) > (4.2)

where C' is a positive constant depending on p,d,T and H.

Proof. By Definition 4.1, the unique solution u € 'HZEO‘ is understood in the weak
sense, that is, for any ¢ € C§°,

(u(t, ), ¢) =(u(0,-), 9) +/O ((uls, ), =(=2)*"2¢) + (f(s,-), ¢))ds

+Z/ $)3BF

holds for any ¢t € [0,T] a.s. Due to Remark 4.1, it suffices to prove that the theorem
holds for a particular n = ng. So we let n = —«/2 in the following proof and we
split the proof in two steps.

Step I. We prove the theorem with assumptions f = 0 and ug = 0. Suppose
that g* = 0 for k > kg, and

ZFl L (Bgr () te[0,T],k < ko,

where kg is a fixed positive integer FF e Sg, 0<th <th <...<th <Tand

gf() € C§°. Let v(t,x) := > 12, 0 g*(s,2)03% and
t t

u(t,z) == v(t,z) — / (=A)¥/28% (s, x)ds = v(t,x) — / S& (=A)%y(s, z)ds.
0 0

Then, Fourier transform implies that

d(u—v) = (=(=A)2(u —v) — (=A)*20)dt = —(=A)*/?udt
and

Ko
du = —(—=A)?udt + dv = —(—A)*?udt + ng(t, x)6pF.
k=1
Using the stochastic Fubini theorem, we obtain

Al K ? /2 k k
’ = ) - —-A)” Sa—s ) 4 rd
u(t,z) = v(t, z) Z//( J1258 ¥ (r, 2)ds
Ko t t
_ ’ _ —AQ/QSO:SIC ’ déf
oft, ) ;//( Jo1252 gk (r,2)dsSp
Ko t
—ut.a) =3 [ (gHra) - 52t r0))65%
k=170

Ko t
:Z/o S g"(s,x)08E.
k=1



On Lp-solution of fractional heat equation 595

Therefore we can write
Ko t

05 ulta) =Y [ 92077 g (s, ) (w38 = / 021255 g (5, ) ()58
170

Combining this with Theorem 3.6 in Balan [1], we have

E|0gult, )|
p
=E

0t
3 / 921255 _gM(s, ) ()35
=1

L oo p/2
<CE ( > 1097285 g" (s, -)(w)l2d8>

0 k=1

. /oo 1/(2H) 2H
+CE / (/ (Z \Df’“(aﬁ/?S?_sgk(s, .)(J;))|2> dr) ds
0 0

k=1

. /2
—CFE ( / 182725 _g(s, -)(w>|§2d8>
0

¢ T 2H p/2
L CE (/ (/ |as/2SS_S<DTg<s,->><x>;{Hdr> ds) ,
0 0

where we have used the fact that

p/2

D (927285 1" (s,) (@) = 9272 8¢ (DY g¥ (s, )) (a).

According to Theorem 3.1 and the inequality (2.3), we obtain
T
B [ l0sute, )l e
0

T t p/2
<cp [ [ (/ 85/25?_sg<s,-><x>|%2ds) dtds
R4 JO 0
T t T 2H p/2
vef | (/ (/ 027258 (Drgs, ) (@) d ) ds) dtda
R4 JO 0 0

T
SCE/ / |g(s,m)\§2dsdx
rd Jo
T T 1/(pH) pH
+CE/ (/ (/ Drg(s,x)ﬁ'zdx) dr) ds
0 0 Rd

:CHQH]}pﬂg(Q) + C”Dg”ﬁgﬁ(gz) = C”QHL;}P(Hg,@y (4.3)
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Similarly, we obtain

B[ o, a

@@@/</wmg )@@Wﬁm

ver[ [ /'</ 1S (Drgls, ()1 )wdspﬂde
SCEA;/T/¢W?J®WX@@dWW$
+CA;/L/</'$ ww»wwfmfﬂ%ﬁm

<CE /R d /O /0 l9(s, @) |7, dsdtde

cor [ [ ([T (L patora) " o) auna

SC”Q”%}Q(@) + C”DQH%%H(@)
:O”g”]l,}ip(]{g,b), (4.4)

where we have used Holder’s inequality and Minkowski’s inequality, and the fact
that the operator S§* is bounded for any ¢ € [0,7]. It follows from the definition
and the well-known inequality

lull g < Cllull gz + €10z 2ullw,

with € > 0 that

|w;msc(M@%+n<mw%pam+mwpmé)

p,H
p /2, P s a/2, 1P p
sc(wmywm ullfy + | = (=) uMﬁm+Mmﬂ@b),

which gives

p P a/2, |P P
e < € (Il + 100l + Vol s,

< C”g”]Ll p HO L2)

by (4.3), (4.4) and || — (—A)O‘/QuHHﬂ/z < C||8§/2u||§{0. This leads to (4.2) and
P P

u € "Ha/ 2 and the uniqueness of the solution follows from Theorem 4.2.
By usmg standard approximation argument, we can drop the additional assump-
tion on g and the conclusions above still hold for any g € IL (Hg £3), due to the

completeness of the spaces H, o/2 ]L}}I)(HO l3) and Ha/z
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Step II. We prove the theorem without assumptions on f and ug in Step I
Here we still assume n = —a/2. Owing to Theorem 4.2, it suffices to prove that
there exists a solution u and it satisfies (4.2). Meanwhile, Theorem 4.2 gives that
equation

dv(t,z) = (—(=A)*20(t,z) + f(t,z))dt, v(0,z) = ug

has a solution v € ’Hg/j_?« and

oy < (Ifllgers + (Eluoly o))

On the other hand, the assertion proved in Step I implies that the equation

dw(t, x) = —(=A)*Pw(t,x)dt + Y g"(t,2)08f, w(0,2) =0
k=1

has a solution w such that [[wl| .2 < Cllg|| Thus, v is the solution of
p,H

P

LyP (HO l2)"
equation (1.2), provided we set u = v + w, and moreover the solution u admits the
following estimate:

sy < € (I hggers 4 191230 )+ BNl o))

This completes the proof. O
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