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Abstract In this paper, by introducing a new operator, improving and gen-
erating a p-Laplace operator for some p > 1, we discuss the existence and
multiplicity of positive solutions to the four point boundary value problems
of nonlinear fractional differential equations. Our results extend some recent
works in the literature.
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1. Introduction

In this paper we’ll consider the existence of multiplicity of positive solutions for the
following problem

D (g (D z(t)) + f (t,x(t)) =0, te(0,1),

a1z(0) = B12'(0) = —mz(&1), (11)
(1) + B2’ (1) = —y92(62),
Dra(0) = 0,

where o, as, 51, P2,71, 72 are real constants with, oy, as, 81,82 > 0, B1 > 71, B2 >
Y2, 0 < & < & <1, f € C([0,1] x RT,R*) and D" and DY are the standard
Caputo fractional derivatives of fractional order r and ¢ with 1 <r < 2,0 < ¢ <1,
¢ : R = R is an increasing homeomorphism and positive homomorphism with
»(0) = 0.

A projection ¢ : R — R is called an increasing homeomorphism and positive
homomorphism, if the following conditions are satisfied;

1) If z <y, then p(z) < p(y), for all z,y € R,
2) ¢ is a continuous bijection and its inverse mapping is also continuous,

3) p(zy) = p(z)p(y), for all z,y € R.

Due to the development of the theory of fractional calculus and its applica-
tions, such as in the fields of physics, rheology, dynamical processes in self similar
and porous structures, electrical networks, visco-elasticity, chemical physics, and
many other branches of science, many works on the basic theory of fractional cal-
culus and fractional order differential equations have been published. For details,
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see [5,10,12-16,20]. Also, there have been many papers dealing with the existence
and multiplicity of solutions of boundary value problems for nonlinear fractional
differential equations, see [1-4,6-9,18,19,21-25] and the references therein. Very re-
cently, some authors considered the nonlinear fractional differential equations with
p-Laplacian operator (¢(u) = |u[P~2u,p > 1) and two-point, three-point, multi-
point boundary value conditions. It is well known that the p-Laplacian operator is
odd. In this paper we’ll use the operator which is not necessary odd improves and
generalizes a p-Laplacian operator. Moreover, for the increasing homeomorphism
and positive homomorphism operator, the research has proceeded very slowly. E-
specially for the existence of countable many positive solutions of boundary value
problems for fractional differential equations still remain unknown.
In [24], Zhao et al. investigated following fractional boundary value problem:

D, ult) + f(t,u(t) =0, te(0,1),

w'(0) — Bu(€) =0, (1) +~yu(n) =0,

where « is a real constants with, 1 <a <2,0<£<n<1,0<3,vy<1and D8‘+
is the Caputo fractional derivative.

In [9], Ji and Ge obtained positive solutions for the following four-point nonlocal
boundary value problems of fractional order:

De.ut) + f(tu(t) =0, te(0,1),
u'(0) = Bu'(§) =0, u(l)+~yu'(n) =0,

where « is a real constants with, 1 <a<2,0<¢<n<1,0<pB<1,v>0and
D¢, is the Caputo fractional derivative.

In [18], Lu et al. studied the following fractional differential equations with
p-Laplacian operator:

D (pp (Du(t))) = f(t,u(t), te€[0,1],
u(0) =4/ (0) =/ (1) =0, D*u(0) = D*u(1) =0,

where « is a real constants with, 2 < a < 3, 1 < < 2 and D®, D? are the Caputo
fractional derivatives.

In [22], Yang studied the following fractional differential equations with p-
Laplacian operator:

D (¢p (Dx(t))) = f(t, (1), te[0,1],
z(0) =z(1) =0, D%x(0)=D%(1)=0,

where « is a real constants with, 0 < o, 3 < 1,1 < a + 3 < 2 and D, D? are the
Caputo fractional derivatives.

Motivated by the above-mentioned works, using Krasnoselskiis and Legget-
Williams fixed point theorems in a cone, we show that the problem (1.1) has at
least one and three positive solutions. The remainder of the paper is organized as
follows. In Section 2 we state some preliminary facts needed in the proof of the
main results. We also state a version of the Krasnoselskiis and Legget-Williams
fixed point theorems. In Section 3, we state the main results of the paper, that
establish existence of at least one or multiple positive solutions for the problem

(1.1).
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2. Preliminaries

In this section we collect some preliminary definitions and results that will be used
in subsequent section. Firstly, for convenience of the reader, we give some definitions
and fundamental results of fractional calculus.

Definition 2.1. For a function f given on the interval [a, b], the Caputo derivative
of fractional order r is defined as

" -t t — )" M () ds, n=]r
DF0) = s [ s =L @)

where [r] denotes the integer part of r.

Definition 2.2. The Riemann-Liouville fractional integral of order r for a function
f is defined as

I"f(t) = % /Ot(t —8)" " f(s)ds, r>0. (2.2)
Lemma 2.1. Let r > 0. Then the differential equation D"x(t) = 0 has solutions
w(t) = co+ert + cat® + - epat™ (2.3)
where ¢; € R, 1=0,1,2,...,n, n=[r] + 1.
Lemma 2.2. Letr > 0. Then
I"(D"2)(t) = x(t) + co + crt + cot®> + -+ + e t" 1, (2.4)

where ¢; € R, 1=0,1,2,...,n, n=[r] + 1.

For finding a solution of the problem (1.1), we first consider the following frac-
tional differential equation

o1z(0) — B1a’(0) = = (&), (2.5)
(

where y € C ([0,1],R™).
Let we define d := ai(az + B2 + 7282) + 71 (B2 + aa(l — &1) +72(&2 — &1)) +
Bi1(az + 72).

Lemma 2.3. Let r € (1,2] and y € C[0,1]. The boundary value problem
—Drz(t) =yt), 0<t<]l,
a1z(0) — f12(0) = —n1z(&1), (2.6)

(
aox(1) + foz’ (1) = —yox(§2)

has a unique solution x in the form

2(t) = /0 G(t, s)y(s)ds (2.7)
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where
- %(t —s)" 4 T ( ) (g + B2 + 112
—t(as +72)] (&1 —8) " + drl( ] b1 =& s<&,8<t,
+(oa + 7)) [r2(6a — 8)" 7+ aa(1— )" !
—|—7‘,82(1 — S)T — 2] s
7(1 las + B2+ 116 — taz + 7)) (6 — )"
1<r) [B1 = m& + (o1 + 7)) [y2(&2 — s)" s<éLs 2t
+as(1 — s)r_1 +7rfBa(1 — s)r_g} ,
Gts)=4 _ L o v 1 s
(t,s) o) (t—s)"""+ () [B1 — 11&1 + (a1 + 7)1 6 <s<bns<t,

[72(52 — 5)’“71 + (1l — 5)’“71 +7rf2(1 — S)Tiﬂ ,

(8 — s+ (on + )] [ra(s — 5)7!

T(r) 6 <s<Es>t,
+rB2(1—5)"?],
1 1
_W(t_s) +W[51_%§1+(m+%)t] & <s,s<t,
[042(1 —8) By (1 — s)“ﬂ ,
ﬁ [B1 = &+ (o1 +7)t] [o(1 — )" €y < s8>t
—|—T‘,@2(1 - S)Tiﬂ )
(2.8)
Proof. The equation D"z(t) 4+ y(t) = 0 has a unique solution
t
z(t) = —% /0 (t —s)""ty(s)ds + co + cit, (2.9)

where cg, c; € R.
By a1z(0) — 12'(0) = —m12(&1), aez(1) + B22'(1) = —y22(&2), we have

&1 1
(o ;Fﬁ(i; 7262) /0 (& =) ty(s)ds = ~(né& — 1)

2 [y + 2 [T - gy (s)s
L(r) Jo L'(r) Jo
v | “lea- s)r—1y<s>ds]
0

I(r)
and
al 1 (65 2 ! —
A [F(r — 8)"ly(s)ds +F(f_1)/0 (1= 5)72y(s)ds

S yr-ly ol ) [
/0 & — s) (s) 51 NG /0(51 $) " y(s)ds.
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Substituting cg, ¢; into equation (2.9) we find,

1t ) y(s)ds (a2 + B2+ 128) (& _ o) ly(s)ds
o) = = g7 [ (0= o ey + PELEREIED [T gty g

1 a; ! r—1 b2 — )" 24(s)ds
- S [yttt

0

+ % /052 (&2 — 8)"‘1y(s)ds} + {al ;% {rogi) /01(1 — ) " y(s)ds

52 ! o\ —2 L s 757"71 $)ds
iy | 0= 7 [ 6= tuteas)

oz +72) [© oLy (s)ds
dl“(r)/o (61 —35) y()d]t

1
= / G(t,s)y(s)ds.
0

The proof is complete. O
Throughout this study we will assume the following condition is satisfied:

(H1) (a2 + (r —1)B2) (B1 — 11&1) = d.

Lemma 2.4. If (H1) holds, then there exist a constant N such that 0 < G(t,s) <
N(1—3s)""2 t,s€0,1], where

dFl(r) Y1(ae + B2 +71&2) + (1 + B1) (v2 +az + (r — 1)52)] .

Proof. Obviously G(t,s) > 0,

"
01232(16;& 8) < —dr(r )

+ dF(r) (Br — & + (01 +1)t) (&2 — )"t

(%) + (7’ — 1)52
S v

(a2t B2+ m&)(1 - s)" 7+ dlj(2r) (B —mé + o1 +m)

(a2 + B2 +m& — (ag +72)t) (&1 — )"

Br — €1+ (a1 +7)t) (1 — )2

=8
=
—~

(1—5)""+ M(ﬂl —mé&+ar+m)1—s)7?

dr(r)
*dI‘l(r) {71(0@ + B2 + 11&2) + (o + 1)
(v2 + a2+ (r - 1)62)} (1-s)2
<N(1—s5)""2
The proof is completed. O

Lemma 2.5. If0<s<1,0€(0,3), then there exists a constant @ such that

G(t,s) > QN(1 —s)" 2, (2.10)
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where

Q= —d+ (g + (r —1)B2) (B1 — 71&1 +min{0,1 — 0} (a1 +71)) (2.11)
' Mg+ o+ M)+ (a1 +61) (2 + e+ (r—1)82) '

Proof. We have two cases:
Case 1. For 0 < s<t<1-—0, we get

Glt.9) > ~pas(1 =92+ W [B1 = iés + (a1 +1)t] (1= 5)72.

(2.12)
Case 2. For 0 <t <s<1, we get
Glt.s) = 5B S i o (- 0 (2.13)
Hence we have

Glt.s) > —d+ (az+ (r—1)82) (/1 —dng)l + (a1 +71)min{0,1 —0}) (1— sy,
(2.14)
O

Lemma 2.6. Let f € C([0,1] x [0,00]), then the problem (1.1) has a unique solu-
tion

x(t) :/0 G(t,8)p t (I1f(s,2(s))) ds. (2.15)

Proof. Let D"z(t) = g(t) and h = ¢(g), then we have the following problem

DIh(t) + f (t,z(t)) =0,

(2.16)
h(0) = 0.
By Lemma 2.1, we have
h(t) = et !t — I9(f (t,2(t))). (2.17)
Since h(0) = 0, we get
h(t)=-I9(f (t,z(t))), O0<t<l1. (2.18)
So, the problem
Dra(t) ==t (I (f (t,2(t)))) = —¢~ (1 (f(t,2(1)))),
a12(0) — B12(0) = —m1z(&), (2.19)
(1) + foz’ (1) = —yox(&2)
has a unique solution
x(t) = / G(t,s)e™t (I1f(s,2(s))) ds. (2.20)
0
O

To prove our results, we need the following fixed point theorems.



708 S. M. Ege & F. S. Topal

Theorem 2.1 ( [11]). Let E= (E,| . ||) be a Banach space, P C E be a cone in E.
Suppose that 1 and g are open subsets of E with 0 € 1 and 1 C Qa. Suppose
further that T : PN (Q2\ Q1) — P is a completely continuous operator such that
either

(1) || Tu| < ||ul| for u e PN OQ, ||Tull > ||u|| for ue PNoQs, or
(2) || Tu|| > ||u]] for u € PN oL, ||Tull < ||u|| for ue PNoQs

holds. Then T has a fized point in PN (Qz \ Q1).

Define P, :={z € P || z |[< ¢}, Playa,b):={z € P:a<a(zx),] z|< b}
where a,b,c > 0.

Theorem 2.2 ( [17]). Let E = (E,|| . ||) be a Banach space, P C E a cone of E
and ¢ > 0 a constant. Suppose that there ezists a nonnegalive continuous concave
functional o on P with a(z) <|| z || forx € P, and letT : P, — P, be a completely
continuous map. Assume that there exist a,b,c,d with 0 < a < b < d < ¢ such that
(S1) {x € P(a,b,d) : a(z) > b} #0 and a(Tz) > b for all x € P(a,b,d);

(S2) || Tu ||< « for all x € Pg;

(S3) a(Tx) > b for all x € P(a,b,c) with || Tu ||> d.

Then T has at least three fived points x1,x2,x3 € P such that | 1 ||< a, a(z2) >
b, || z3 [|> a and axs) < b.

3. Main Result

In this section, we prove the existence of multiple positive solutions of the problem
(1.1) by using Theorem 2.1 and Theorem 2.2. We consider the Banach space E =
C (]0,1],R) endowed with the norm defined by ||z|| = supg<;<; |(t)|]. Let P = {x €
E: Q| 2 ||< mingejp1_g x(t)}, then Pis a cone in E.

Theorem 3.1. Assume that

(A1) There exist t1,to € (0,1) such that lim, Ita) _ o uniformly on [t1,1s],

x

(A2) Ry is a positive real number such that Ry > cpfl(r(évfrl))% where M =
max{f(t,z) : (t,x) € [0,1] x [0, Ra]},
then the problem (1.1) has at least one positive solution such that Ry <| = ||< Rs.

Proof. It is well known that the existence of positive solution to the boundary
value problem (1.1) is equivalent to the existence of fixed point of the operator T'.
So, we shall seek a fixed point of T in our cone P where the operator T': £ — FE is
defined by

Txz(t) = /0 G(t,8)p t (I7(f (s,2(s))))ds, t€]0,1]. (3.1)

First it is obvious that T is completely continuous. Now we will prove that T'(P) C
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P.
xw:AGmmﬂuwm@@mw
1
SL/ N(1 = 572071 (I (f(5,2(5)))) ds
<, min / L Gt s)ot (19 (f(5,2(5)))) ds.
Therefore
1
I7el= g [ i, G0 U (o)) ds, 101 62
Thus, we get
Q| Tz || [mlln ; Tx(t). (3.3)

This shows that T(P) C P.
Let Qr, = {z € E :|| = ||[< Ry}. We shall prove that | Tz ||<| z ||, for
x € P(OQg,. Then || z ||= R;. Then, we find for ¢ € [0, 1],

Talt) = [ Glt.s)e™ (17 (7(s.0()) ds

since

Therefore || Tz ||[< R =|| « || for y € P(0Qg, .
Let K be a positive real number such that

ON ., ( KL \ .,
Ry > 1. 3.4
r—17 (F(q+1)) 2 = (34)

In the view of (A2), there is a constant L > 0 such that f(¢,x) > Kz, Vo > L and
te [tl, tg].

Now set, Ry := Ry + L and define Qp, = {z € E :| = ||[< Rz}. Therefore for
x € P 0Qr,, we have

f(t,z(t) > Kz(t) > KL, t€ [t,ta). (3.5)
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(3.26) implies that

IW&=AG@@W%FU@MW»@
1

2/ QON(1 —s)" 20" ' (I (KL))ds

0

QN _,( KL
(7

17 g+ 1)

)2&#MW

so we get || Tz ||> Ry =|| « ||
Then it follows from Theorem 2.1 that T has a fixed point 2 with Ry <|| z ||< Ra.
Hence, x is a positive solution of the problem (1.1) such that R; <| = ||< Ra.
O

Theorem 3.2. Assume that there exist constants a,b,c,d with 0 < a <b<c=d
such that the following conditions hold:

(B1) f(t,0) <o () T(g+1), 0<w<a,
(B2) f(t,x) Z@(%) L(g+1), b<z<c
(B3) f(t,z) S@(”(T—g”) L(g+1), 0<z<c

Then the boundary value problem (1.1) has at least three positive solutions x1,xs, 3
such that

max |z1(t)] <a, b< min |zo(t)] < max |z2(t)| < ¢,
te[0,1] te[0,1-0] te[0,1]

< t) <ec, i 3(t)] < b.
a tgl[gﬁ]lxa()Ifc te[rg,llrig]lxs()l

Proof. Let we define the nonnegative, continuous concave functional o« : P —
[0,00) by a(z) = minsg[o 1) |2(t)|. For each z € P, it is easy to see a(z) <[ = ||.
First we show that (S1) of Theorem 2.2 holds. To check the condition (1) of
b
Theorem 2.2, we choose z(t) = %7 for t € [0,1]. It is easy to see that zp € P,

b b
| zo ||= % < cand a(zg) = ;C > b. That is ¢y € {z € P(a,b,d) : ax) >

b} # @. Moreover, if x € P(a, b, d), we have b < x(t) < c for ¢t € [0,1]. By (B2) and
Lemma 2.5, we have

o(Tr) = min_|(T2)()

> / QN(1 = )72~ 1 (19 (f (5, 2(5)))) ds
0

> /01 QN(1—s) 20! (Iq (w (b(;;)) T'(q + 1)>) ds

b(r—1) 1
=ON——— T 1)—— =b.
aNTig+ D ¢TI

Hence condition (S1) of Theorem 2.2 is satisfied.
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If d = ¢, then the condition (S1) of Theorem 2.2 implies the condition (S3) of
Theorem 2.2. So condition (S3) of Theorem 2.2 is satisfied.

Next we show that (S2) of Theorem 2.2 holds. If z € P,, then || z ||< a. By
Lemma 2.4 and (B3), we get

| Tz || = mex / Gt 5)p " (I (1 (s,2(5)))) ds

t€(0,1]

< /01 N(1—s) 297! <Iq (so <G(TN_1)) I'(q+ 1))) ds

</1N(1 )21 (‘D(a(r]\?”)r(q—’—l) d
— s s
~—Jo 4 I'(g+1)

c(r—1) 1
=N——T 1)— =a.
NT'(g+1) (a+ )7“—1 ¢
Hence condition (S2) of Theorem 2.2 is satisfied. L
In the same way, we can show that if (B3) holds, then T'(P.) C P..
To sum up, all the hypotheses of Theorem 2.2 are satisfied. The proof is com-
pleted. O
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