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EXISTENCE OF GENERALIZED
HOMOCLINIC SOLUTIONS OF A COUPLED
KDV-TYPE BOUSSINESQ SYSTEM UNDER A

SMALL PERTURBATION*

Yixia Shi and Shengfu Deng!

Abstract This paper considers the coupled KdV-type Boussinesq system
with a small perturbation uze, = 6cv — 6u — 6uv + £f (g, U, Uz, V, V), Vo =
6cu — 6v — 3u’ + eg(e, U, Uz, v,v5), where ¢ = 1 + p, p > 0 and € are smal-
I parameters. The linear operator has a pair of real eigenvalues and a pair
of purely imaginary eigenvalues. We first change this system into an equiv-
alent system with dimension 4, and then show that its dominant system has
a homoclinic solution and the whole system has a periodic solution if the
perturbation functions g and h satisfy some conditions. By using the con-
traction mapping theorem, the perturbation theorem, and the reversibility,
we theoretically prove that this homoclinic solution, when higher order terms
are added, will persist and exponentially approach to the obtained periodic
solution (called generalized homoclinic solution) for small € and p > 0.

Keywords Generalized homoclinic solution, coupled KdV-type Boussinesq
system, reversibility.

MSC(2010) 34B60, 34C37, 37C29.

1. Introduction

Bona, Chen and Saut [5,6] derived a four-parameter family of Boussinesq systems

vt + U + (uv)g + augee — bugee =0, (11
Ut + Ve + UlUg + CUgee — dut& =0

to describe the two-way propagation of small amplitude gravity waves on the surface
of water in a canal or near the shore with a flat bottom, where v represents the
elevation from the equilibrium position and u represents the horizontal velocity in
the flow at height Sh (h is the undisturbed depth of the liquid and g € [0,1]).
Here the parameters a, b, ¢ and d are required to satisfy the following consistency
conditions

1., 1 1 )
=-(B?— = —-(1-8%>
atb=5(8=3), etd=501-520,
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which implies a + b+ c+d = % This system has also be obtained in two s-
pace dimensions over a variable bottom for the generation and propagation of
tsunami waves [23]. (1.1) has been studied mathematically and numerically in
many literatures and numerous interesting results have been obtained (for example,
see [1-4,6,9-12,16, 18,22, 25, 26]).

Bona and Chen [4] pointed out that if b = d = §, a = ¢ = 0, the system (1.1) is a
good candidate to model the two-dimensional surface water waves. When b = d = 0,
the system (1.1) become a KdV-type Boussinesq system and [1] investigated its
boundary stabilization posed on a bounded domain with the condition a = ¢ > 0.
Ifa=c= % and b = d = 0, a purely coupled KdV-type Boussinesq system is given

in [5] as

v + ug + (uv)e + é’Lngg =0, Ut + Ve + uue + %Uggg =0, (1.2)

which is free of the presumption of unidirectionality, while the classical coupled
KdV equation assumes that the waves travel only in one direction. There are a
lot of research papers devoted to the study of various properties of the system
(1.2). For example, [24] discussed the exponential decay of the total energy; [6]
considered its Hamiltonian structure and its initial-value problem; [7, 8] stressed
that (1.2) does not possess classical solitary waves decaying to zero at infinity, and
they investigated numerically its generalized solitary wave solutions—solitary wave
solutions exponentially approaching to a periodic solution with a small amplitude
at infinity. In this paper, we study the system (1.2) and theoretically prove the
existence of generalized solitary wave solutions.

Let © = {—ct where the constant c is the speed. Integrating the system (1.2) and
taking the constant of integration equal to zero, we obtain the ordinary differential
system

Ugy = 6cv — 6u — 6uv, Uy = 6cu — 6v — 3u?. (1.3)

Since the real world always has some small noises or disturbances, here we are
specially interested in the solutions of the system (1.3) under small perturbations,
that is, we will focus on the following system

Ugzr = 6cv — 6u — 6uv + e f(e,u, Uz, v, Vz),
( ) (1.4)
Vag = bcu — 6v — 3u? + eg(e, u, Uy, v, vy),

where € is a small parameter and the conditions for the smooth real functions f
and g will be given as we need (see (1.5) or Section 2). The linearized operator of
(1.4) at the origin has two pairs of purely imaginary eigenvalues for ¢ < 1; a double
eigenvalue 0 and a pair of purely imaginary eigenvalues for ¢ = 1; and a positive
eigenvalue, a negative eigenvalue and a pair of purely imaginary eigenvalues for
c > 1. As we know, a bifurcation will appear if an eigenvalue transversely cross the
purely imaginary axis. In this paper, we are interested in the travelling speed ¢ close
to 1. Using a dynamical system approach, we will rigorously prove the existence of
a generalized homoclinic solution—homoclinic solutions exponentially tending to a
periodic solution for ¢ > 1 but close to 1, which corresponds to a generalized solitary
wave solution of (1.2) under a small perturbation. We would like to mention that
Lombardi [19-21] has obtained some good results about the generalized homoclinic
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solutions for the general system with the aid of the norm form theory and the
complex analysis. Our method is basically similar to ones in [19-21]. The main
theorem can be stated as follows.

Theorem 1.1. Writec =1+ p (1 > 0) and assume that

f(€70707070):07 9(570707070)207
f(57 Uy —Ug, VU, 71}?6) = f(ea Uy Uy, UV, Um)a 9(5, Uy, —Ug, U, *vm) = 9(57 Uy Uy, U, Uz)-
(1.5)
There exist constants o and v > 0 such that for each p € (0, o), if we suppose
that

= O(M17/12)7 c = O(Ml7/12+a2)

with a positive constant aa, then the system (1.4) has an even generalized homoclinic
solution

u(x) =2usech? (\/26?13 + lc(m) cos (2\/5(1 +7r)(z+ 9))
+ Dl p) + Tulw; ),
v(x) =2usech? <6ua: - lg(m) cos <2\/§(1 +7r1)(x+ 9))

2
+ Dy (x; ) + To (5 1),

where the phase shift  is of order O(u'/?*), <(z) is a smooth even cut-off function
with ¢(x) = 0 for |x| <1 and ¢(x) = 1 for |x| > 2. Here Dy, D2, Ty and Tz are
smooth functions in their arguments, Ty and Tz are periodic with a period 7/(v/3(1+
r1)) for some constant r1 = O(u), and D1, D, T1 and Tz satisfy uniformly with
respect to the parameter u that

Dy (s )] + D )| < My Pe [T )] + | Taas )] < Mpt/°

for x € R and some fixed constant v € (‘/767”, \/61), where M is a generic constant.

The paper is organized as follows. Section 2 changes the system (1.4) into a
system with a dimension 4. A homoclinic solution of the dominant system is given.
In Section 3, some lemmas are presented. The contraction mapping theorem and
the perturbation method are applied to prove that the obtained homoclinic solution
deforms to a generalized homoclinic solution exponentially approaching to a periodic
solution for z € [0, 00). In Section 4, using the reversibility and adjusting the phase
shift, we extend this generalized homoclinic solution to & € (—oo, 00), which yields
the proof of Theorem 1.1. Section 5 yields the proofs of two lemmas left in previous
sections.

Throughout this paper, M denotes a positive constant and B = O(C) means
that |B| < M|C]|.
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2. Homoclinic solutions
Let u1 = u, and v; = v,, which changes (1.4) into

Uy = U7,

Uty = —6u + 6v + 6uv — 6uv + ef(e, u, u1, v, v1), 2.1)

’UJ: = Ula

V1 = 6u — 6v + 6pu — 3u? + eg(e,u,ug,v,v1),

where ¢ = 1 + p is used and p is a small parameter. Under the assumption (1.5),
we know that the origin is an equilibrium and the system (2.1) is reversible with a
reverser S defined by

S(U, ui, v, Ul) = (ua —u1, 7, _U1)7 (22)

that is, S(u,u1,v,v1)(—z) is also a solution whenever (u,uy,v,v1)(z) is. If S(u,uq,
v,v1)(—x) = (u,u1,v,v1)(x), we call the solution (u,u;,v,v1) reversible. This
means that u(x) and v(x) are even functions, and w; (z) and vy (z) are odd function-
s. The reversibility will play an important role in the existence of the generalized
homoclinic solution.

For 4 = 0 and € = 0, the linear operator of the system (2.1) has a double
eigenvalue 0 and a pair of purely imaginary eigenvalues +2+/3i. The corresponding
eigenvectors and the generalized eigenvectors are given by

m= (1707 170)T7 2 = (07 1,0, 1)T7
= 77_1a_771Ta =13 = _77_17771T7
3 (2\/§ 2\/3) N4 773(2\/5 2\/5)
and they satisfy
Smo=mn1, Sm2=-m2, Snz=-na, Sni=-n3. (2.4)

Note that the solution of (2.1) can be expressed in terms of the above vectors. Since
the system (2.1) is real and 73,74 are complex, we let U = (u,u1,v,v1)T and

U = Ani + Bna — iVi(n3 — na) + Va(nz + n4). (2.5)

Then (2.1) is equivalent to the real system for (A, B, Vy, V3), which is

A, = B,
1 ~
Bm = 6/114 - gAg - \/§AV1 + §V12 +5f(€,A,B, Vl, ‘/2)7
2.6
Vig = —2v3V%, (26)
3., V3 3.0 -
Vou = 2\/§V1 + \/§MV1 + ZA - 7AV1 - ivl +eg(e, A, B, Vi, Va),
where )
f(€7AaBa V17V2) = §<f(€,u,u1,v,v1) + g(€,u, Ul,’l),’l)1)>,
(2.7)

~ 1
g(€7A7B7Vv17 ‘/2) = _Z<f(€7u7u17v7v1) - 9(57U7U1,U7U1)>.
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By (2.2), (2.4) and (2.5), the reverser S is now given by
S(A,B,V1,Va) = (A, —B,Vq,—V3). (2.8)

The assumption (1.5) implies

fle, A, =B, Vi, ~Va) = f(e, A, B, V1, Va), 2.9
9, A, =B, V1,—Va) = §(e, A, B, V1, Va). '
Thus, the system (2.6) is reversible with the reverser S. Symbolically, the system
(2.6) can be written as

v - . - 8
E:LU+N1(U)+N2(U)+£R(5,U), (2.10)

where U = (A, B, V1, V)T, and

01 0 0 0
60 0O 0 . —942
=" AR
00 0 —-2V3 0
002v3 0 0
0 0
. —V3BAV; + 12 N f(e, A, B, V4,V
N (0) = e e = |1 b
0 0
VBUVA + §A2 — AV, - 312 g(z, A, B, Vi, V)
(2.11)
The dominant system of (2.6) is
au - -
— =LU + N1 (U 2.12
() (212
which has a homoclinic solution
V6 V6 V6
H(z)= (2usech27'ux, —2\/6u3/2860h2T'ux tanh T'ux, 0,0)T (2.13)
with
SH(—z) = H(x). (2.14)
Moreover H (z) satisfies the following inequality
|H ()] < Mpe Vol x € (—00,00). (2.15)

In Section 3 and Section 4, we will prove that this homoclinic solution deforms
into a generalized homoclinic solution for the whole system (2.10).
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3. Generalized homoclinic solution for x € [0, c0)

In this section, by using the contraction mapping theorem, we will demonstrate
that for x € [0,00), (2.10) has a generalized homoclinic solution exponentially
approaching to a periodic solution X, . ,(z) as  — oo.

First we look for the periodic solution X, . ,(z). Let 7 = 2v/3(1 + 1)z for a
constant r; to be determined. By the reversibility defined in (2.8), we can assume
that the reversible periodic solution of (2.10) with a period 27 has the form

oo oo o0 o0
(A,B,V1,V,) = E A, cosnr, E B, sinnr, E Vi cosnr, E Vonsinnt | .
n=0 n=1 n=0 n=1

Choose Vi1 as a small positive real parameter (We use v to denote V;; in the
following). Plugging the above expressions into (2.10) and making the coefficient of
each term in the Fourier series equal, together with the contraction mapping theo-
rem, we can solve for ry, A,, By, Vi, (n# 1) and Vs, as functions of (x, y,€,7).
The result is given by the following lemma.

Lemma 3.1. There exists a positive constant ug such that for each p € (0, po], if
e=0(ptatez) 4 =0(u't) (3.1)

with any positive constants a1 and aq, then the system (2.10) has a reversible smooth
periodic solution

Kpuerr () = (Ap(is€.7), Byl €,7), Vip (s €,7), Vap (1, €,7)) " () (3-2)
satisfying
X 1@l < MpT'92, 1 Xpeq k(@) < My, §=1,2, k=34, (3.3)
and 1 is a smooth function of (u,e,7y) such that
Iri| < Mp. (3.4)

Here f[j] denotes the j-th component of f, and the norm || - || denotes C'%(R)-
norm, which is a space of continuously differentiable functions up to order m with
a supremum norm and any positive integer m.

The proof is given in Section 5.
Assume that the solution of the system (2.10) has the following form

Ue) = H(z) + Z(2) + () Xppe. 1 (x + 0), (3.5)

where H(x) and X, . 4 are defined in (2.15) and (3.2) respectively, the phase shift
6 € St = [—m, 7] is a constant, the cut-off function ¢(z) is in C*°(R, R) satisfying
0<¢(z) <1land

) |Qf| Z 2a
s(z) = (3.6)

07 |'r| S ]"
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where Z(z) is a perturbation term to be determined, which exponentially tends to
0 as ¢ — o0, so that U(x) is a solution of (2.10) that approaches to the periodic
solution X, . 5(z 4 6) as x — oo. Plugging (3.5) into (2.10) yields

% =U(x)Z + N(z,2Z) 4+ eR(z,¢e, Z), (3.7)
where
0 10 0
— sSecC. 2@55
U(z) = L+ dN,[H(z)] = O = 18pusech™ 572 00 0 7
0 0 0 —2V3
0 023 0
N(x,Z) =N1(H(z) + Z(x) +<(z )Xﬂm(x+9))—le[H(x)}Z(w)—Nl(H(w))
—g(m)Nl( ey x—i—@)) + No(H(z) + Z(x )+§(x)Xu,€w(x+9))
_§($)N2( ue,"/(x"_g))?
R(z,¢,2) =R(e, H(x) + Z() + ¢(2) Xp e o (@ + 0)) — 6(2) R, Xpu e v (2 + 0))
2@ X 0+ ),

(3.8)
and d means taking the Fréchet derivative.
By (2.15) and (3.3), a direct calculation yields the following lemma.

Lemma 3.2. If u, € and v are small enough and |Z| + |Z1| + [Z2| < Mo for some
positive constant My, then for x > 0, N(z,Z) and R(x,e,Z) satisfy

N[(z,2) = N[3](z,2) = 0,

(N[2)(w, 2)] < M (e V5 [5] 4+ (™5 1| 2)) + 72 + |22,

N{)(z, 2)] < M (p2e™5 4 u)Z] + (e 4 |Z)) + €792 +|2]),

INRl(z, 21) = N2)(z, Z2)| < M(1Z1] + | Zal + 0 +7) |21 = Zal,
N4, 21) = N)(2, Z2)| < M+ + 12| + 122 )| 21 - Zal,

2
Rl 2, 2)] < M (e +12]+ (e,

(Rl (z,e, 2)] < M (pe™ VI 1Z]+ e ),
\R(z,e,21) — R(z, e, Z5)| < M| Zy — Zs,

where j = 1,2, k = 3,4, Z(x) = (i, 01,0,01)7 (x) and f[j] denotes the j-th compo-
nent of f.

It is easy to obtain that the solution Z(z) of (3.7) exists if « is in a finite interval
and an initial condition is given. In order to prove the existence of Z(x) for z > 0
with decay to zero at infinity, we change (3.7) to an integral equation and then
use the contraction mapping theorem to prove the existence of a fixed point of the
integral equation.
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First, consider the linear equation

dz
dz

which has four linearly independent solutions
s1(z) = 3/2(—2\[sech2(1/ 5 x) tanh(y/ ;x),
4, [3p T
6/p(—2 4 cosh(+/6uzx)sech™( ?x),0,0) ,
1 3
so(z) = W( — 2(6 + cosh(y/6ux)) — 15sech?(4/ ?'ux)

(=2 + @ztamh(\/?z)),—\{fsechll(\/?x) (3.11)

x (720/pix — 360+/fiz cosh(y/6px) 4+ V/6(185 sinh(+/6px)
T
+ 4sinh(2\/6pz) + sinh(3./6 x))),o,o) :

={(x)Z(x), (3.10)

s3(z) = (o 0, cos(2v/3z), sm(zfz)) ,
sa(z) = (o 0,sin(2v/3z), 7005(2\[:10)) .
Moreover,

[s1(2)| < Mpze VT [sy(2)] < Mp=2eVSe, |sy(2)| + |sa(z)] < M (3.12)

for z € [0, 00), and

1

51(0) = (0,—642,0,0)7,  s5(0) = — (1,0,0,0)",

1(0) = ( p ) 2(0) 6Mg( ) (3.13)
53(0) = (0,0,1,0)T, 54(0) = (0,0,0,—-1)%.

The adjoint equation of (3.10) has four linearly independent solutions given by
si(x) = 961 5 (\g h4(\/7 2)(720y/px — 360/pz cosh(y/6p)
+ V6(185 sinh(y/6px) + 4sinh(21/6uz) 4 sinh(31/6uz)))
— 2(6 4 cosh(y/6pux)) — 15sech2(\/7 —2 + /6pz tanh( \/7 )),0, 0) ,
sy(x )——,u3/2<6\f( 2 + cosh(+/6p)sech® \/; ), 2\[sech2(\/?x)

3 T
X tanh(\/gx),(),o) ,

s5(x) :<0 0, cos(2V/3x), sin(2\/§x)>T,
si(z) = (o 0, sin(2v/3z), — cos(2v/3 x)) :

(3.14)
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Moreover,
[s7(@)] < Mp~2eVo™, [s(@)| < Mp2e o, |s3(2)] + |si(x)| < M (3.15)
for « € [0, 00), and

1
ST(O) = 7@(()’ 1a070)T7 8;(0) = (6M27030a0)T7

S;(O) = (0707 170)Ta SZ(O) = (050707 71)T

(3.16)

For any z € [0, 00), we have

(si(w),s}(x)) =0 for i # j, (si(x),si(x)) =1, 1i,7=1,2,3,4, (3.17)

where (-,-) denotes the Euclidean inner product on R*.

The solution of (3.7) that decays to zero at infinity can be expressed as
Z-F(z)~ / (Nt Z) + 2Rt 2, Z), 51 (8))dtsr ()
0

4 00
—Z/ (N(t,Z) +eR(t,e, Z),s;(t))dts;(x). (3.18)
j=27%

Fix v € (@, v/6p) and consider (3.18) as a fixed point problem in a Banach
space

&, =1{Z € C(0,00) x SY)

sup {|1Z(z,0)]e""} < oo}
z€[0,00),0€5"

with the norm

1Z1, = sup{|Z(z,0)e""|z € [0,00),0 € S'}.

Then we have

Lemma 3.3. Under the assumption (3.1), for Z,Z1,Z5 € &,, the function F sat-
1sfies

2
. < —1(,5/2 v 3/2 2
IFGHZ) < M~ (5772 4 T (6 )20+ 121,

|FNZ) b < Mu= 2 (52 + iy + llZ ) +11212), (3.19)
|F(22) = F(Zo)ll < Mp~ i + 5+ | 20l + 1 22111121 = Zall,

for j =1,2, and k = 3,4 where f[j] means the j—th component of f.
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Proof. By (3.12), (3.15), (3.18) and Lemma 3.2, it is obtained that for z > 0

v

‘/ (t,Z) + eR(t,e, Z), 51 (1))dts: (z)]e

SMAFQ/ (ue’@tl’bl +y(pe™ Vo 4+ Z)) + eIy + | Z)
0
2
el 2]+ (e e Tt e e
<M [ (e T o+ 2 e 2]
0

2
e+ 121" + (o e )/ Tedyte /T

SMMI(mmuH(wHZH )+ VI +1ZIE 4 el + 121+ iy + NI |))

<M iy + 2+ il + 120 +1212).

T
(3.20)

vx

/ Oo(N(t, Z)+¢eR(t,e, Z), s5(t))dtsy(x)|e
<Mp? /Oo (ue’@tlﬁl +y(pe™ YV 4+ Z)) + eIy + |2

+ lel(ue™ VOt 4+ 1 Z] + (v + /J;)et))e\/@tdt,u% bpw pve
<ttt [ (e YT (o 2] e et 2
S+ 120+ G+ e e a2 e

<M (3l + 90+ 1200) + VL +1Z12 + el + 121 + iy + — N |)>

2
_ Y ~
<M (4 T2l + 120 +1212),

(3.21)

vx

\/ N(t, 2) + eR(t,e, Z), 57 (8))dts; (z) |e
<M [ (22T 4 2]+ eV 4| 2)

T 12+ fel (e 2]+ L) e
S

<M / (n2e 25 s+ | Z)lye™" + (a1 Z] )"

FeT 42 4 (G + 1 Z e+ e die®

) iy
Mu 1/2(M2+MIIZIIV+7(M+||Z||u)+x/A772+||Z”§+6(”+|Z”+\C)>
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<M V2 (12 4 iy + 20+ 112)2) (3.22)

for j = 3,4. Note that (3.22) corresponds to the estimate of ||7]|,, which yields
the second inequality of (3.19). Replace ||9], in (3.20) and (3.21) with (3.22), and
we obtain the first inequality of (3.19). The remaining estimates can be similarly
obtained. The proof is completed. O

Now we are ready to use the contraction mapping theorem to look for a fixed
point of the mapping F. For simplicity, we take

a1 € <:1)), ;) . (3.23)

Let B,(0) C &, be a closed ball in £, with radius r = O(p!+1/2). It is easy to see
that F is a contraction mapping on B,.(0) € &, for small 1 > 0 under the assumption
(3.1). This yields that (3.18) has a unique solution Z(z; i, €, y) satisfying

| Z (x5 pye,7)| < Mpt+e/2 e [0,00). (3.24)
With a more subtle estimate, we can get for € [0, c0)
|Z[)(s e, 7)| < Mp=22, | Z[K] (25 p6,7)] < My, j = 1,2, k=3,4. (3.25)

Using the same argument as that for (3.25) and an extension of a contraction
mapping principle [27], we can show that Z(x; u,e,) is smooth in its arguments.
Note that the solution Z of (3.18) exists if x belongs to any finite interval and the
initial condition is given so that U(z;8, u,e,) defined in (3.5) exists for z > Z
with any fixed &y € (—o0, 00).

4. Reversible homoclinic solution for z € (—o0, >0)

In this section, we show that the system (2.10) has a reversible generalized homo-
clinic solution for z € (—o00,00). Due to the reversibility of (2.10), this problem is
equivalent to solve the following equation

(I—S)U(O;H,u,s,v) =0 (4.1)

for @ € St. Let Z(z) = (@, 1y, 0,91)% (z). By (2.14) and the definition of ¢(x) in
(3.6), it is easy to check that (4.1) is equivalent to

1(0) =0, (4.2)

1(0) = 0. (4.3)
Using (3.13) and (3.18), we know that (4.2) holds automatically. Thus, we only
need to study (4.3).

Lemma 4.1. Under the conditions (3.1) and (3.23), if we take oy = &, then the
equation (4.3) can be transformed into

0 = u (0, 1, e, ), (4.4)

where @ is differentiable with respect to its arguments, and ¢ and its derivative with
respect to 0 are uniformly bounded for bounded 6 and small p > 0.
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The proof of Lemma 4.1 is given in Section 5.

Again using the contraction mapping theorem and Lemma 4.1, we can solve
(4.4) for 6 as a smooth function of u,e and ~y, which gives that the equation (4.3)
is valid.

Notice that both ﬁ(a:;@,u,e,v) for x > 0 and Sﬁ(—x;@,,u,e,v) for x < 0 are
solutions of (2.10) by the reversibility. Hence we may define a solution of (2.10) as
follows

U(m;@,,u,s,’y) for z > 0,
U(z) = (4.5)

SU(—x;0, p,e,7) for x < 0.
Then SU(—x) = U(z). Since the equation (4.1) is true, we know that
SU(0;0, p,e,7) = U(0;0, p, e, ).

The uniqueness of the solution for an initial value problem implies that the system
(2.10) has a reversible generalized homoclinic solution U(x; 0, e, ) for x € (—o0, 00).
By (1.4), (2.1), (2.10) and (3.5), we get the proof of Theorem 1.1 in Section 1.

5. Appendix

In this section, we will give the proofs of Lemma 3.1 and Lemma 4.1.

5.1. Proof of Lemma 3.1

The general theory for the existence of periodic solutions of a reversible system
can be found in the book [17]. Here we need the exact estimates for some terms
which will play an important role in the construction of the generalized homoclinic
solution. We just sketch the proof. More details can be seen in [13,14]. The main
method for this purpose is to use the Fourier series expansion technique and the
contraction mapping theorem.

Let

T =2V3(1 + 1)z, (5.1)
where r; is a small real constant to be determined later. Then system (2.10) is
changed into

1 _ V3

Ay=—— B B, A+ hi(p,e, A, B, Vi, V),

231 +r) Lty (5.2)
1 1
Vl‘r _1+’I" ‘/2; VYZT— 1+T1‘/1+h2(,u785AaBa‘/1aVv2)7
where
hi(p,e, A, B, V; V)—;(—QAQ—x/%AV + Ly
1M, €y A, 71’2_2\/3(14—’[“1) 2 1 21

+efle. A, BV VR)),

3 3 3
ha(ine, A, B, Vi, Va) = Vani+ 22 - Ly By

s
2v3(1+ r1)
+6§(€7A7B5V17‘/2))'
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Since we look for a reversible periodic solution, we assume that

A= ZA” COSNT, B = ZB" sinnr,

" "t (5.4)
Vi= Z Vi n cosnr, Vy = Z Vo nsinnr.

n=0 n=1

Plugging (5.4) into (5.2) and making the coefficient of each term in the Fourier
series equal yields

A= g [ A BV nz L
A= = 2 A BV
ne QnQQELI(:-tSlQ)j- 1 {hl(ﬂ’g’A’B’ Vi, VQ)]n’ nz2l (5.5)
Vin = oy [P ABVIR)] L n# L
Vo = m (a2, A, B VA, V)| n>2,

‘/2,1 - (1 + Tl)‘/l,17

where [f]; denotes the k-th Fourier coefficient of f. For n =1,
Via(rf +2r1) = (L4 7) [ha(pn. e, A, B, VA, Vo) (5.6)

Now we activate V1 ; and choose V; 1 > 0 (Remember that we use v to denote Vi 1
for simplicity). We first solve (5.5) for A, By, Vin(n # 1),Va,(n > 2) and then
solve (5.6) for ry.

Let H™(0,27) be a space of periodic functions of 7 with a period 27 such that
their derivatives up to order m are in L?(0,27), and the norm is denoted by || - ||
Fix v and define spaces

H{(0,27) = {f(1) = Z fncosnT € H*(0,27)},

n=0

Hy(0,27) = {f(7) = > fasinnr € H'(0,2m)},

n=1

H}(0,2m) = {f(1) = Y facosnr € H'(0,2m)|f1 =0},

n=0

H(0,2m) = {f(1) =Y fasinnr € H'(0,27)|fi = 0}.

n=2

Using (5.5), we define a mapping ©(FE, F, G, P; %) from H' = H{(0,2r) x H(0,2m)
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x H(0,27) x H}(0,27) to itself by

S s (e B, F, G, P)), cosnr + Ao

oo 2n(1+r1)2 = .
anl m[h](u,E,E,F,G,P”n smnTt

O(E, F,G, P;w) = ;
> o 0mAL %[hg(u,s, E,F,G,P)],cosnt
o n(14r)? SN .
Yoo PETr)E=T [ha(w, e, E, F,G, P)], sinnt
(5.7)
where a )
- e —(1+mr ~ =
w=\M,E,7,T1), A :7[1’1‘ ,U7E7EaFaG7P )
( D Ao V3 1 o (5.8)

G=G+~cost, P=P+(1+7)ysinT.

Assume that B;(0) is a closed ball with a radius 7 in the space H!. We have the
following lemma.

Lemma 5.1. For (E,F,G,P), (Ey,F1,G1,P)), (Ey, Fy,Ga, Py) € B:(0) and any
small bounded W and 7, © is smooth in its arguments and satisfies

|O(B, F.G. Pi)]|;
<M (92 + (2 DB + 1P+ Gl + 1P + BN + I1FIE + G112
+11PI3),
|1O(Es, Fa, Ga, Py;w) — ©(EL, Fi, Gy, Pi;0)|l1
SM/fl(uz T+ el + 1Bl + 1Bl + [|Frfl + 12l + [Galls + G2l + (P12
+11Plls) (1B = Eally + 1 Fs = Fall +11Gy = Gally + [Py = Pl ).
(5.9)

The factor ! appears since the denominator of Ag in (5.8) has x. Under the

assumption (3.1), if we take 7 = 7 for a positive constant 7, we can show from
Lemma 5.1 that © is a contraction mapping on Bz(0) for small g > 0. Thus © has
a unique fixed point which is a smooth function in its arguments. Write this fixed
point as

(A9, By, Vi, Vay) (i, €,7,71)(7), (5.10)
which satisfies with a more subtle estimate
[Apll + 1Bl < Mp='2, [Vl + [[Vapllh < Mpy. (5.11)

Using the same argument we can show that (5.10) is in H™(0,27) and satisfies
(5.11) with H™(0, 27)-norm for any integer m > 0. We use (A4,, By, Vip, Vap)(7) to
denote

(Ag(T), BS(T), an + ycosT, VQ(;7 + (14 7)ysinT). (5.12)
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Now we solve (5.6) for r1. Substituting (5.12) into (5.6), we obtain
2971 = g(p: €7, 71);
where
(i gy, = (L4 r1)[ha(p,e, Ap, Bp, Vip, Vap)l — 11y (5.13)

is smooth. Let

(1 + Tl)[h’z(.u7 67 A;m Bp7 ‘/1[73 ‘/QP)]l _ }’I"2
2y r

g1(p,e,7,7r1) =

Then we have 11 = §g1(p,€,7,71). Under the assumption (1.5), we know that
(0,0,0,0)T is a trivial periodic solution of (5.2), which corresponds to v = 0. This
means that [he(u, e, Ap, By, Vip, Vap)]1 has a factor v. Hence §; is smooth in it-
s arguments. Similarly we can prove that g; is a contraction mapping satisfying
|g1] < M(p+~y + |e]). Thus, g1 has a unique fixed point

r1=r1(p,€,7)
as a smooth function for small (u, e, ), which satisfies
Ir| < M(p+v+le]) < Mu.
Therefore, (2.10) has a periodic solution
(Ap(p,e,7), Bp(ps €,7), Vip (i, 6,7), Vo, €,7) ) (7) (5.14)

in H™(0,27). By the relation 7 = 2v/3(1 + )z, we write the periodic solution
(5.14) as

Xpen (@) = (Ap(p,€,7), Bp(p, €,7), Vip(p, €,7), Vap(p, e, 7)) " (),

which is smooth for z and small p,v,e. Then X, . ,(x) is a reversible periodic
solution of (2.10) which satisfies for any integer m > 0

1 Xpeq(@)llm < M. (5.15)

The Sobolev embedding theorem gives that (5.15) holds also in C'F (R)-norm, which
is a space of continuously differentiable function up to order m with a supremum
norm. The proof of Lemma 3.1 is finished.

O
5.2. Proof of Lemma 4.1
First we estimate Vy, and V5,. Let
Cp(1) = Vip(T) + iVap(7), (5.16)
which yields
Vip = Cp—gcpv ‘@p:icpgcp' (5.17)
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Thus, by (5.2), we know that (Ap,Bp,Cp,C_'p)T(T) is a periodic solution of the
following system
1

2v/3(1 +r1)B”’

\[ _
Bp‘r = 1+M A +h1(ﬂ7€7Ap7BP7Cp7CP)7 (5 18)

CpT = Trr C + h2(/~j/75 A;D7BP’CP7C )
_ —1 = ~
Cpr = 1+7m Cp — ha(p, e, Ap, By, Cp, Cp),

Apr =

where

El(MaE7Apop7Cpﬂé )
_ 1 ( 942 _ V3(Cp + Cp)
2/3(1+r)\ 277 2

+@+gf(€ﬂ4p,3p,Cp—’_cp,icp_cp)),

Bg(u, g, Ap, By, Cp, Cp)

i Co+Cy 3 o V3(C,+Cp)
(\/g 2 +4AP* 4

(5.19)

24/3(1 +11)
3(Cp + Cp)?
16
We can express Cp(T) as

+eg(e, Ap, By, 2 N ))

Cp(1) = Cp(0)e B T+ w(r), (5.20)

where

w(T)z/ ¢ T ha(, €, Ay, By, Cy, Cy)ds (5.21)
0

Note that the coefficient of '™ in C,(7) is . Thus,

1 2m

7= 5 Cp(s)e™**ds

1 27r

"o

= (1+ K(r1))Cp(0) + L /% e Sw(s)ds, (5.22)

e s (Cp(O)eﬁs + w(s))ds

2

2mryi

where K(r;) = 324 (1 —e 71 ) —1 = O(ry) and K(0) = 0, which yields

27TT1’L

0 = 37 (55 | " Pl ). (5.23)

SO

Cp(r) = 1_61_1;1(;1) <’y - % /027r eisw(s)ds> + w(T), (5.24)
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or

62\/5(1+r1)ix 2r
Cp(x) = TEEm) (’y - %/0 e”w(s)ds) + w(2\/§(1 +r1)z). (5.25)

From (3.1), (3.3) and (3.23), we can get w(z) = O(uy + |ely +~%) = O(uy) so that
Cp(x) = O(7). Then we obtain by (3.4) and (5.17)
)+

Vip(z) = Re Cp(x) = v cos(2V3z) + P(z, p, &, 7), (5.26)
Vap(2) = Im G (x) = 7sin(2V/3) + Q(z, 1., 7), '
where P(z, 1, ¢,7) = O(wy) and Q(x,u,s,v) = O(i).
By (3.13) and (3.18), we can transformed (4.3) to
0=— /oo < N(t,Z) +eR(t,e, Z), s5(t) > dt, (5.27)
which is equivalent to the following equation by (3.8), (3.9) and (3.14)
O:/O (( ' (t)Vip(t+6) +eR[3](t )) sin(2v/3t)
— (=< (OVap(t +0) + NI(2, Z) + eRIA)(D) ) cos(2V3H) ), (5.28)

where
R(z) =R(e,H(z) + Z(z) + () Xpe~(x+0)) —s(z)R(e, X, e (x + 6)).
Using (3.1), (3.23), (3.25) and Lemma 3.2, we obtain the following estimate

| [ St 2)costeaa] < 22 (i + 21+ 200+ 121)
VI 1212) < M, (5.29)
and
‘/ ) sin(2v/3t) dt‘ + ‘ER cos(2\/§t)dt‘
<M|E|/ ue ‘/@t+|Z|+'yQ _t)dt

<Ml (u+ 1120 + Vir?)
<Ml 2 (4 w292 < Mile] (5.30)

By (5.26), we transform the equation (5.28) into
0= /00 ( — ¢’ (t)y cos(2V3(t + 0)) sin(2V/3t)
0
+ ¢/ (t)ysin(2v/3(t + 6)) cos(2\/§t)> dt+P(0, 1, e,7)

= ~sin(2v/36) /2 J(t)dt + P (0, p,€,7) = vsin(2V30) + P(0, u,e,7),  (5.31)
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where P is smooth in its arguments and
P < M2 + \hlel) < Mp®/2.
Thus,
0 = u/*P0, ue,7), (5.32)

where
—1/24

23

For computational simplicity, we take a1 = 35 in (3.1), which implies that (3.23)

2
holds and v = O(p'"/12) and ¢ = O(u!7/12+°2). Thus, for small y > 0

P(97 €, 7) = -

arcsin(P /7).

|P(O, p,e,7)| < M.

Using a similar argument as above, we may show that P is differentiable with respect
to its arguments and its derivative with respect to 6 is also uniformly bounded for
bounded 6 and small g > 0, which gives the equation (4.4). The lemma is proved.

O
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