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Abstract In this study we derive the Gelfand-Levitan-Marchenko type main
integral equation of the inverse problem for the boundary value problem L and
prove the uniquely solvability of the main integral equation. Further, we give
the solution of the inverse problem by the spectral data and by two spectrum.
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1. Introduction

We consider the boundary value problem (L) of the form

)

— " +q(x)y = Np(x)y, 0 <z <,
y'(0) — hy(0) y'(m) + hay(m) =0,

where ¢(z) is a real valued function in Lo(0,7), A is the spectral parameter, h, hy
are real numbers,and p(z) is the following piecewise-constant function with discon-
tinuity at a point a € (0,7) :

1, 0<z<a
plx) = , O0<a#l.
af,a<zx<Tw
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The goal of this article is to determine the potential ¢(z) and the boundary
constants h, hy by the spectral characteristics of the problem (L). Problems of this
type are called inverse spectral problems. Inverse problems of spectral analysis
consist in the recovery of operators from their spectral characteristics. The theory
of inverse problems for differential operators occupies an important position in the
current developments of the spectral theory of linear operators. The already existing
literature on the theory of inverse problems of spectral analysis is abundant. The
most comprehensive account of the current state of this theory and its applications
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can be found in the monographs of Marchenko, Levitan, Beals-Deift-Tomei and
Yurko(see [15,20,21,25-27,31,38,42] and the references therein).

Boundary value problems for the Sturm-Liouville equation with discontinuous
leading coefficients arise in geophysics, electromagnetics, elasticity and other fields
of engineering and physics; for example, modelling toroidal vibrations and free
vibrations of the earth, reconstructing the discontinuous material properties of a
nonabsorbing media, as a rule leads to direct and inverse problems for the Sturm-
Liouville equation with discontinuous coefficients (see [7, 18,22, 23,39, 40]).

The presence of discontinuities generates important qualitative modifications
in the investigation of the boundary value problems. Direct and inverse problems
for discontinuous Sturm-Liouville boundary-value problems in various formulation-
s have been studied in [3,4, 8,10, 11, 14,19, 32,33, 39, 41, 43, 44] and other works.
The discontinuous inverse scattering problem for the equation of type L on the half
line [0, +00) was investigated in [13,16]. In these papers, the inverse problem on
the half-line [0, +00) has been reduced two inverse problems on the intervals [0, a]
and [a, +00) for the Sturm-Liouville operator without discontinuity, although the
complete solution of this problem was given in [17] where the new integral repre-
sentation, similar to transformation operators, was obtained for the Jost solution
of the discontinuous Sturm-Liouville equation.

Note that, direct and inverse scattering problems on the half-line for the equation
of type L with various boundary conditions also has been investigated in [28-30].

After the half-line inverse scattering problem for the equation of type L was
successfully solved by using the integral representation of the Jost solutions, it is
naturally to think about the inverse spectral problems in a finite interval. In this
aspect, the direct and inverse spectral problem for the equation of the problem L
with Drichlet boundary conditions on the interval (0,7) recently has been investi-
gated in [1,2] where the new integral representations for solutions have been also
constructed. The boundary-value problem for the discontinuous Sturm-Liouville
problem L recently has been investigated in [35]. Some other results related to
the inverse spectral and inverse scattering problems for the discontinuous Sturm-
Liouville equation recently have been investigated in [6, 34, 36, 37].

In the present paper we derive the Gelfand-Levitan-Marchenko type main inte-
gral equation of the inverse problem for the boundary value problem L and prove
the uniquely solvability of the main integral equation. Further, we give the solution
of the inverse problem by the spectral data and by two spectrum.

2. The main equation of the inverse problem

Let s (x, ), ¢(x,A) be solutions of the equation of the problem L with the initial
conditions

5(0,\) = (0,A) =0,5 (0,\) =c(0,\) =1.
Then w; (z,\) = hs(x,\) + ¢(z, A) is the solution with initial conditions

w1 (0,0) =1, w] (0,\) =h

respectively. We know that (see [6])

ut (@)
wi(x, A) = com, A) + / W (z,t) cos Atdt, (2.1)
0



Inverse problems for the Sturm-Liouville equation 561

where

co(w, N) = rt(z) cos \u™ (x) + 77 (x) cos A\p™ (),

rile 1 *(z) = £2/p(z) + a Vo(z
(z) 2<1im>7u() v/ p(x) + a(l F V/p(2)),

Wi(z,) € L1(0;u™(x)) for all z € [0,7]. Note that the function Wi(x,t) also
satisfies the conditions (see [35]).

i 1z, ut(2)) = ! ! x .
Wi " (@) 4@(”%)“ ) 22)

d _ - — 1 _71 z). (2.
%{Wl(x,u () +0) = Wi(z,p (z) —0)} = ) (1 p(x))q< ). (2.3)

N

It is also known that ( [35]) the boundary value problem (L) has a countable set of

eigenvalues {A2} _ . and for sufficiently large values of n the asymptotic formula
d k
A’n = AO — -
nt A0 + n

is held. Here \) = oy T On, sup |0, = 6 < 400,

ht cos Nt (71) + h™ cos AO ™ ()
3 (@+ 1) pt (m) cos Nyt (1) — 3 (@ — 1) p= () cos N~ ()

n =

is a bounded sequence and k,, € ¢5. Moreover,

an:/ p(x)w? (z,\p)dz, n=1,2,...
0

are the normalized numbers of the problem L. We also define

b= [ pla) e s,
0

Using Eq. (2.1) it is easy to obtain

4
On(w,t) =Y In,(x,1),
k=1

where

an a?

N
Dy (z,t) = Z <w1(x,)\n)w1(t,>\n) col, /\%)Co(t,/\g)) |

n=0

ap, a?

N
IN1 (x,t) = Z <CO(Z‘, A’ﬂ)CO(tv An) CO(J?, )\%)Co(t, A%)) ’
n=0

0
«
n=0 n

u () N
et = [0 Wi 3 RIS
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*(x) N . 0 0
In,(2,) = /“ Wi, o) Z <Co(t,)\n)cos A€ co(t, Ay) cos /\ng) .

0
0 Qn an

n=0

(1) N
In,(2,1) :/0“ WS w1(x,>\;) COS/\"gdg_

n=0
Let us show that

)\f_ CO(£7>‘)7 £<(L,
ORAS = 1 §=a _ o _
—rcola+ 5%, 0) — Sxc(2a =€, N), €>a.

Obviously, since

(€3) cos A&, ¢ <a,
co(€,0) =
’ %(14-%) COSMﬁ(E)-i—% (1— é) cos A\~ (€), &> a,

because of 2a — u*(£) < a we have

cos A\t (€) = O%CO(S,A) - ZjCO(QCL — (), N).

Now substitution u*(£) — £ gives Eq. (2.4). We put

L (eo(t, An) cos Az co(t, An) COS A
Fo(z,1) =) ( o Of -l 02 )
n:() n n
and

1

o(z) p(z)

F(z,t) = % (1 + ) Fo (p*(z),t) + % (1 - 1) Fo (= (2),t).

Clearly

F(z,t) = i (Co(t,)\n)co(x,)\n) _ Co(t’)\g)co(mv/\%)) |

0
« [0
n=0 n n

Let f(x) € AC|0, w]. By the Theorem 6 in [35] we have

_ — ﬂ-p(t)f(t)wl(xa /\n)wl(ta /\n)
fla) = T;)/O dt

o2

and

s =3 [Con g At
n=0"0

0
Qp

Using Eq. (2.8) and Eq. (2.9) we estimate

Aim | max /0 p(t)f(t)@zv(m)dt’
N
. 4 'lUl(.’L', )\n)wl <t7)\’n)
< _
< Jim max /0 p(t)f (t);:O o dt — f(z)|,

=0.

lim max
N—oo 0<z<m

i Y oz, \0)e v
| oty R

n=0 n

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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Moreover, uniformly with respect to x € [0, 7],
™

lim [ p(t)f(t) Iy, (z,t)dt = /0 "o F(O)F(w, Dyt (2.11)

N—oco 0

Similarly, using Eq. (2.4) and Eq. (2.9) we have

s

lim p( )OI, (z, t)dt

N —oc0

/Wxt dt—l——/qu dt——/ W(x,2a —t)f(t)dt

Because ¢t > p~(x) in the last integral of the right hand side of Eq. (2.10) and
W(z,2a —t) =0, for 2a —t > p*(z) we have

T

lim p( )f () In, (2, t)dt

N—o0
2\/p e 5 1—+/p(2a—1)
/ W(a 1+F dt+/0 Wia,20 ) VP
(2.12)
uniformly in « € [0, «r]. Further, using Eq. (2.5) we have
™ Q ut (@)

i [Cow O 0de = [ o050 [ W R gt (213

—Jo 0 0

By Lemma 1 of [35] we also have
wl(xv >\n) _ 2>\nU}2($, )‘n)
Qn A\

, (2.14)

where wo (2, \) is the solution of the equation of the problem L with the conditions
wy (m,A) = =1, wh (m,\) = hy.

Now using the residue theorem we calculate

s

lim p(t)f(t)IN4 ($7 t)dt

N—o0 0
T 1 Awg(x, \) [+ ‘
=2 tim [ 0105 ﬁ TR /O W(t, ) cos A | dAdt,

where I'y = {A: |A\| = N}. Since

wa(z,\) =0 (e|Im )‘(“+(”)*“+(z))|>
and

AN > Cs|Afel™ @ ) e @ (2.15)
(see [35]), where C5 >0, G5 = {X: A= X)| > 6}, for all A € G5 we have

‘ Awa (z, A)

< Fop—mA(ut (@)—pt (1)) '
ACY ‘C(se D Yxen (2.16)
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where Cs > 0 is a constant. Because of T (t) < u* (x) we obtain

Awsa(z, A)

A o Ay (2.17)
In other hand
lim max e—lm(wt))l/mt W (t,€) cos AédE = 0 (2.18)
IA|—o0 0<z<r 0

by the Riemann-Lebesque lemma (see [31]). Therefore Egs. (2.16) and (2.17) imply
that

K

lim | p(t)f(t)In, (z,t)dt = 0. (2.19)
N—oo Jg

Now from Egs. (2.10)-(2.13) and (2.19) we have

T x 2\/7
/0 p(t) F(1)F (e, t)dt + / W (o (1) Ff(

1—+/p(2a —1t)
/Wx?a—t)lerf(t)dt

i (z)
+ /0 o(t) (1) /0 Wz, €) Fol&, t)dedt = 0.

Since f(x) € AC[0, 7] is arbitrary we obtain the following theorem:

Theorem 2.1. For every fized x € (0,7) the kernel function W (x,t) of the inte-
gral representation of the solution w; (:z: A) satisfies the following linear-functional
integral equation

ww(x 2a — t)

2
S 7 7
14+ 4/p(t) 14+ p(2a —t) (2.20)
pt(x) '
+ F(z,t) —l—/o Wz, &) Fo(&,t)dE = 0,

z, 1t (1) +

where the functions Fy(z,t) and F(x,t) are defined by the formulas (2.5) and (2.6)
respectively.

Note that here we have taken into our account the obvious equality

1—/p(2a—1t) t(l— p(2a—t))

T+ vpa—n iy a0

Theorem 2.2. Let numbers {\,},~, satisfying the asymptotic formula

0<t<ua. (2.21)

dn  ky
A—W+F+ n — 0o (2.22)
are given. Here A, # A\ if n # k, ( ) >0
(dn)p>o s a bounded sequence and (ky), -, € l2. Then the system of functions
{co(w, M)}, 50 is a Riesz basis of the space L2 (0,7, p).

are zeros of the function co(x, ),



Inverse problems for the Sturm-Liouville equation 565

Proof. Let f(z) € Ly(0, 7, p) and

/07r px)f(x)eo(x, Ap)dx =0, n>0. (2.23)

Consider the functions

0 y2 42
A = p (M2 -3 ] AMA

n=1

FO) = 5037 [ o0 @eate Vs, A2

From the equation (2.4) we have that the function F(\) becomes an entire function
after removing the similarities. By virtue of (2.15) and the asymptotic behavior

co(z,A\) =0 (e|1“‘)‘”+(’”)|) , |A\| = oo we have
FO)I< T A€ Ga = 0

for sufficiently large A* > 0. Using the maximum principle ( [12], page 128) and
Liouville’s theorem ( [12], page 177) we conclude that F(A) =0, i.e.

/07T p(x) f(x)eo(z, N)dz = 0.

This yields that f(x) = 0. Therefore we have proved that the system of functions
{co(x, A\n)},>0 is complete in the space Ly(0,, p). Further from the asymptotic
formula (2.22) we obtain that the system {co(z,\,)}, >0 is quadratically close to
the orthogonal basis {co(x, A\n)},~q » i€ a

o0
Z HCO(xa)‘n) - CO(x’Ag)}’iz(Oaﬂ?P) < oo
n=0

Then from the Proposition 1.8.5 in [42] we conclude that {co(x, An)}, ¢ is a Riesz
basis of L2(0, 7, p). Theorem 2.2 is proved. - O

Theorem 2.3. For each fized x € (0,7], equation (2.20) has a unique solution
W (x,t) which belongs to La(0, u(x)).

Proof. If z < a then Eq. (2.20) has a form
Wia,t)+ Flo.t)+ [ W &) Folé, )€ =, (2.24)
0

which is a Fredholm integral equation and equivalent to the equation of type
(I+B)f=y, (2.25)

where I is the unit operator, B is a compact operator in the space Lo(0,7), f,
g € Ly(0,7). Let us prove that in the case z > a the equation (2.20) is also
equivalent to an equation of type (2.25).
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If > a the equation (2.20) can be written as

LW(x,.)+ K, W(x,.) = —F(z,.),

where
) 4 LTV o .
(L f)(t) = 1+F f(pt() 1+\/mf(2 t), 0<t<umz (2.26)
(2
(Kﬁﬂﬂzl FOFo(E, 1), 0<t<u. (2.27)

It was shown in [2] that the operator L, has a bounded inverse in the space Lo (0, )
and

f()_l af( t+o¢a+a>7 t<a,

L) = (2.28)
0 f (thancs) 1>a
Consequently the equation (2.20) is equivalent to the equation
W(x,.)+ L K,W(x,.) =L, F(z,.). (2.29)

Since L, ! is a bounded and K, is a compact operator in Ly (0, 7) then the operator
B = L;'K, is compact in Ly(0,7). The right hand side of (2.29) also belongs
to Lo(0,7) since L, is invertible in Lo(0,7). Therefore the equation (2.29) is a
Fredholm integral equation of type (2.25) and it is sufficient to prove that the
homogeneous equation

()
LW+ [ W oR(E i =0 (2.30)
0
has only trivial solution W (x,t) = 0. Let W (t) := W (x,t) be a solution of Eq.
(2.30).
Then

x x #Jr(f)
[ oo waway s [ sorwe [ Wk =0, (@31
0 0 0

Now consider the formulas (2.4) and (2.5). Taking into the account W(2a — &) =0
for £ < p~(x) we have

()

&W@:A“ W (€)Fo(€, t)de = / V(€ 1) de.

Therefore (2.31) takes the form
/Ox p(t) (LW (t))* dt + Z </ t)co(t, A )wa(t)dtf
_Zao (/ cot, \0) I W(t)dt)zzo.

(2.32)
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Now using the Parseval’s equality ( [35])

[ oo =3 ([ wsa )

for the function
),0<t <,

t>uw,

which belongs to the space L2(0, ), we have

/ " () (LW (8)) ot An)dE = 0, n >0,
0

Since the system of function {co(t, \n)},,~( is complete in Ly(0,7) by the Theorem

2.2 we have L, W (t) = 0. Because the operator L, has inverse in the space Lo (0, T)

we obtain W(t) = W(x,.) = 0. Theorem 2.3 is proved. O
From Theorem 2.2 and Theorem 2.3 we obtain the following theorem:

Theorem 2.4. The spectral data {)\fwan}
value problem L.

>0 uniquely determines the boundary

The integral equation (2.20) is called main integral equation of GLM (Gelfand-
Levitan-Marchenko) type for the problem L.

3. On Properties of the functions Fy(z,t), F(z,t) and
the solution W (z,t) of the main integral equation

Lemma 3.1. Let numbers {\,, an},~q are given, where Ay # Ay, if n % m, a >0
for allm > 0, and the following asymptotic formulas are satisfied:

dn = kn n
An —)\0+)\—0+— an =y + %, 00, (3.1)

Here {)\2}”>0 are zeros of the function co(xz, \), (d,) is a bounded sequence,

o) = / " p(0) (e \)dx (n > 0),
(kn), (tn) S 52. If

o) = 3 (cos At cos)\gx) | (52)

= Qn a?
then b(z) € W3 (0,27), Fo(z,z) € W3 (0,2r), F(z,x) € W3 (0,2m).
Proof. Denote €, = A\, — A\Y. Then

o0
Z cos \pz cos Aoz
o, af

n=0

oo )\ _ )\O 1 1
B Z [cos T — cos + ( _ 0) cos )\na:] . (3.3)
Qo @
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We have
cos A — cos N = —g,xsin Aoz — (sine,z — e,2) sin Aoz — 2sin? %Tx cos A\ .
(3.4)
Consequently, using Egs. (3.2)-(3.4) and e, = % + & ( [35]) we obtain
b(x) = Bi(z) + Ba(),
where
2. dpxsin N
(1 1 1
By(z) = nz:l (Ozn - a91> COS A\ + 072 (cos Ao — cos Ajz)
Ky )\0
- Z vsin Z (sing,x — epx) sin Az (3.6)
n=1 n= 1
Z —O et os N,
Using
= [ pla)chw ) (3.7)
0
where

cO<x,An>;<1+ ;(x)>cosw<x>+;<1 pl(m)>cosm<x>,

we can show that

oo (r-a(tad) (1
ozn—2—|— 1 +0 ~ ), m oo (3.8)
Indeed,
o a (1+a?)(r—a) P,
== 3.9
o =3 = (39)
where

1
P, = 1% (o sin2X) pt (1) — a” sin2A0 4~ (7)) .

By virtue of

=
topt(m)
we have that the sequence (P,,) is bounded. Then from Eq. (3.9) we have Eq. (3.8).
Further, since

+ 6, suplf,| < +oo,

sn:O(1>, a? =0(1), n— oo,

we obtain
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and consequently Bi(z), Ba(x) € Wa(0,27) i.e. B(z) € W4 (0,27). It easy to verify

that
Folz, 1) fl(

+
i( ) b(z—p= () +b(x+p ()] (3.10)

) bz — (1) + b (e + 4 (0)]

Therefore, Fy(z,z) € W4(0,27) and by the formula (2.6) we have F(z,z) €
W4(0,2m). The lemma is proved. O

Now using the main integral equation (2.20), the formulas (2.24), (2.25), (2.27),
(3.10) and (2.6) we obtain the following theorem:

Theorem 3.1. The kernel function W (x,t) of the main integral equation and the
functions F(x,t), Fo(x,t) satisfy the following relations:

PFo(x,t) P Fy(,t) O*F(x,t) O*F(z,t)
Fy(@,1)]t=0 = b(x),

Fle Ol = (1 + 1) b (@) + <1 - 1) b (@), (3.12)

p(t) p(t)
OFy(z, OF (z,
%\t:o 0, gt” ) |t:o7 (3.13)
B
%FU (1= (2),t) = £/p( FO (&) tmp () (3.14)
B
5 (@0 =0, (3.15)

P;idﬁw( /ﬁ(x)):%{W(%V@HO)—W(JC,M‘(@—0)}. (3.16)

4. Solution of the Inverse Problem

In this section we investigate the necessary and sufficient condition for solvability of
the inverse problem with respect to the spectral data. We have proved the following
theorem.

Theorem 4.1. For real numbers {)\i, ozn}n>0 to be the spectral data for a certain
boundary value problem L = L(q(x), h, hi) with q(x) € Ly(0,) it is necessary and
sufficient the relations

dn  kn

An = )\0 + )\70 + — (kn) S 62, (41)
29

a, =ad + o (tn) € Lo, (4.2)

where A% are zeros of the characteristic function No(\) = ¢y (m,\), (dn) is the
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bounded sequence

B 2hF cos A2t (7)) + 2k~ cos A0~ ()
 (a+ Dpt(m) cos Agpt () — (o = 1)p~ () cos A) = ()

b= [ pla)cblz )z,
0

hE = ot <h1 + % /OW q(t)dt> +a*a (h + g/oaq(t)dt> .

Proof. The necessity part of Theorem 3.1 is proved in [35, Theorem 1], here we
prove the sufficiency. Let real numbers {\,, o, }, < of the form (2.1)-(2.4) be given.
We construct function Fy(x,t) and F(z,t) by the formulas (2.5) and (2.6) of the
Section 3 and consider the main integral equation (2.20). Let the function W (x,t)
is the solution of (2.20). We construct the function wi (z, A) by the formula

ut(z)
wi(\) = cola, \) + / W (x, t) cos M, (4.3)
0

and the function ¢(z) and the numbers h, h; by formulas

T)= 7]1'0(37) i z,ut(x
0(0) = =B W st (), (44)
h =W (0,0), (4.5)

hi=ht+h —2

q
2/0 \/p(x)—kldt

where h* and k™ are defined using (d,,). To prove the theorem we need some axillary
assertions. 0

(4.6)

Lemma 4.1. The following relations hold:

—w (2, \) + q(2)w (x, \) = N2 p(z)w: (z,\), (4.7)
wi(0,) = 1, w) (0, ) = h. (4.8)

Proof. 1) First we assume that b(x) € WZ(0,7), where b(z) is defined by Eq.
(3.1) of the previous section. Differentiating the identity

.. ot 1—+/p(2a —1t) v 2
J(z,t) 1+\/7 (t))+—1+mW( ,2a —t)

ut ()
+ F(z,t) —|—/ W (z,&)Fo(&,1)dE =0, 0 <t <z, (4.9)
0

we calculate

e O R f(j_:?w v.20 1)
(4.10)

D*Fy(&,t)

ot? de =

ut(z)
+Ftt(xat)+/(; W('/Eaf)
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1—+/p(2a — )

Jealt) = j@wm(x,mt)) ey Vel 20
t Falo,t) + / O @ ) Fo(e. e
+Vp(@) Fo(u* (x), ¢ awa(; :4) le=pu+ (2)
VIRt )0 | P o = P o

V@ o (o), t)iwmmx» A DW (it () 220 @)D

dzr or

+ \/7( )+0)— W(z,p () — O)) 78}70(”8;(%)’”

+ V@) Fo(p (2), t)@ {W(z, u™(x) +0) = W(a,u~(x) = 0)} = 0.
(4.11)

Using (3.11) we rewrite Eq. (4.10) as

1—+/p(2a —1t)

Jir(2,t) = l_fp\(/i (1t (1) + 1+ +/p(2a —t)
@) O*Fy (&, 1)

+ Fyi(,t) + p(t) /0“ W, &) €2

th J} 2a — )

dé = 0. (4.12)
Using the formula (2.21) finally we have

1
7Jtt(x7 t)

__ 2 o ut
00 = W ()

1—+/p(2a—1) R (.0

+1+\/ (2a —t) p(t)
(W () — 0) — War, () +0)) %Fo(f»t)k:u—(x)

oW (z,§)
e le=n (@)=

th Z, 2a — t) +

+ Az, p (2 ))afFo(f s Ole=pt @) — Folz, p~ (x))

ow oW (zx,
+ Fo(,0) 8(23 13 le=0 — Fo(z, u* () a(g ) 6=+ ()

0 i g2
+Faa @) T ot [ TR e
(4.13)

Now it follows from (4.9), (4.10), (4.13) and the identity

Joa(x,t) — p(@) Jee (2, t) — q(z)J (x,t) = 0.

Using this identity according to the formulas (2.6), (3.11)-(4.1) from the previous
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section and the formula (4.5), we have

1-+vp(2a—t) .,

1++/p(2a —t) Woa(

A L)

1+ /p(2a—1t)
1—+/p(2a—1t)

1—|—\/,0(x) 1+ +/p(2a —1t)
(a)
+ / W (.€) — pla)Wee(2.€) — a(2)W(2,€)] Fo (€.8)dE = 0. (4.14)

(z, 1" (1) + —— == Wau (2,20 — 1)

2
7WZL’{E
1+ +/p(z)

- p(z)

th LE 2a — t)‘|

1+F

—q(x) W (a, (1)) +

—— W (z,2a — t)]

By the Theorem 2.3 of the previous section the homogenous equation (4.14) has
only trivial solution i.e.

Wae(z,t) — p(x) Wy (z,t) — ()W (2, t) =0, 0 < t < x. (4.15)
Now differentiating Eq. (4.3) twice, we get

(@)

wi(z, \) =cj(x, \) + /0# W (z,t) cos Mdt + +/p(x)W (z, ™ (x)) cos A\u™ (z)
+ v/ p(x) cos Ap™ (z) [W(z, ™ () +0) — W(z,u~ (x) — 0)], (4.16)
. + @)
wi(z, ) =co (z,\) + /0 Wow (2, 1) cos Atdt
++/p(z) 2W (,1) |tmpt () cOS AT ()
e [ (@8) by 40 ~ W) b0 cos ™ (@)
+ /() cos it ( j (W, i @) AW (2 1 (1)) sim Ay ()
+/p(x) cos At ( —{W:L’u () +0) = W(z,pu (z) —0)}
+ Mp(z {W z,p(x) +0) — Wz, u (z) — 0)} sin A~ (z). (4.17)
In other hand, integrating by parts twice, we obtain
N p(x)wi(z, \)
ut (=)
=\2p(z)co(x, \) + N2 p(x) /0 W (x,t) cos Atdt
e (e, N) + Ap() sin M~ (@) [W ™ () — 0) — W(a, ™ () + 0)]
1 Apla)sim At ()W (o, 1t (2) + pla) 220

ot
oW (z,1) oW ()

+ p(x) cos Ap™ () {at =y~ ()40 o lt=p— () —0

OW (z, ¢ @) grw
— p(x) cos \u™ (w )%\t ut (@) + o )/ %COS/\tdt (4.18)
0
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Together with the formulas (2.6), (3.11)-(4.1) and (4.15) this gives
wy (2, ) + p(x)Nwi (2, A) = g(z)wi (@, A).

Hence, the formula (4.7) is proved. The relations (4.8) are obtained from eq. (4.4)
and (4.16). Lemma 3.1 is proved for the case b(x) € W2(0,7). Now for the case
b(z) € W4 (0,7) the lemma is proved by the standard method (see [42]). O

Lemma 4.2. For each function g(x) € La(0,7) is following relation holds:

2

/Oﬂ pla)g?(z)de =) ain (/Oﬂg(t)wl (t, )\n)dt> : (4.19)

Proof. Using the formulas (2.4)-(2.6) of the previous section it is easy to transform
solution

wi(z, A) = colx, A) —I—/ p(x)d(x, t)eo(t, N)dt (4.20)
0
and the main integral equation (2.20) from the previous section to the form
8(wt) + Fa )+ [ ool P, =0, (421)
0

where
_ 2 W, 1 1—+/p(2a—1)
14+ /p(t) 7 1+ +/p(2a —1)

Solving the equation (4.20) with respect to ¢o(z, ) we obtain

é(x,t) (1) + W(x,2a —t).
co,\) = wi (2, ) + /O " () H (o, tywn (2, N)d. (4.22)
By the standard method (see [42]) is can be proved that
) =P + [ pQo0.0Fe. 0 0<i<a (129
Denote Q(A) = [ p(t)g(t)w1(t, A). Then using (4.20) we have
Q) = [ pOhOelt

where
h(t) = g(t) + / P(E)9(E)d(t, €)de. (4.24)

By the similar way, using the formula (4.22) we obtain

o) =n(t)+ [ " p(Oh(©)H(E. 1)de. (4.25)

Now according to Eq. (4.24) we have

/Oﬂ p(t)h(t)F (x,t)dt :/Ow p(t)g(t) [F(x,t) + -/Otp(g)@(t7§)p(x7§)d£:| dt
+ /I ’ p(t)g(t) {F(x,t)+ /O t p(E)®(t, &) F(x, g)dg] dt.
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Consequently, by the formulas (4.21) and (4.23) we obtain

™

/O " OO F(a, )t = /0 " (B g(t) H ()t — / p(Bg(D)B(E, 2)dt.  (4.26)

From Eq. (4.5) and the Parsevall equality we have
| oorde+ [ popenone)F s
0 0
(%s) 1 T
> = ([ a0t rnar)
(7% 0

n=0
o Q2 )\n
-3 #
n=0
Using (4.26) we get
S M — " 2 4 ™ ., N i i
nz::O o, —/0 p(t)h (t)dt+/0 p(t)g(t) M p(x)h(x)H (x,t)d }dt

_ /O " p(@)h(z) [ /m " D90 (t, x)dt] da.

Finally, in view of (4.24) and (4.25) we obtain
S M — " 2 i -
nzzo an / p(R=(t)dt + / p(t)g(t) (g(t) — h(t)) dt

- / " pl)h(z) (h(z) — g(a)) dr = / " plt)g? ().

The lemma is proved. O

Corollary 4.1. For arbitrary functions f(x),g(x) € La(0,7; p) the following rela-
tion holds:

o0

s 1 s s
| sat@at@as =3 = [ [ owune . @20)
n=0 "
Lemma 4.3. The following relation holds:
” 0, n#k,
/ wr (£ A (£ A )t = 7 (4.28)
0 Qp, N = k.

Proof. 1) Let f(z) € W[0,7]; consider the series

f* (.Z‘) = Z CnW1 <x7 )\n)y (429)
n=0

where Lo
Cp = — f(z)wy(z, Ay)d. (4.30)
0

o2



Inverse problems for the Sturm-Liouville equation 575

Using Lemma 3.1 and integration by parts we calculate

n =— (hF0) = (0) + wr(m. A () = wr (m. A ()

anA2

+ [ @) @) + a(@)f (@) do).

From the asymptotic formulas for the wq(x, A) and A, (see [35]) we have
1
cn=0 () ;o wi(z,Ay) = O(1)

n2

uniformly for x € [0, n]. Consequently the series (4.29) converges absolutely and
uniformly on [0, 7]. According to (4.27) and (4.30) we obtain

™
0

|| oors@i= [ a0 3 et nie = o1 @

Since g(x) is arbitrary, we obtain f*(z) = f(x), i.e.
F@) = cawn(z,An). (4.31)
n=0

2) Fix k > 0 and take f(x) = w1(z, Ag). Then, by virtue of (4.31)

T

= 1
wy(z, Ag) = chkwl(x7)\n), Cnk = wy(z, A )wi (z, Ay )de.
n=0 n Jo

Further the system {co(x, A\y)},,~ is minimal in Lo (0, 7; p) (see Theorem 2.2 of the
previous section), and consequently, in view of (4.3) the system {w(z, An)}, > 18
also minimal in Ly (0, 7; p). Hence, ¢,,, = dpk, where 8,y is a Kronecker symbol.
The Lemma 4.3 is proved. O

Lemma 4.4. For alln,m >0

- . (4.32)
Proof. By the standard method (see [42]) we derive that

(2 - a2) /0 " pewn (@, A (2, A )da
= [wi(z, An)wi (2, Am) — wh (@, An)wi (@, Am)] [§-
Taking into the account the Eq. (4.28), we set
w1 (7, Ap)w) (m, M) — w (7, Ay )wi (70, A) = 0. (4.33)

Clearly, if wy(m, A;,) = 0 for a certain m, then w)(m, \y,) # 0, and in view of
(79) wi(m, Ap) = 0 for all n, which is impossible since wy(m, A\,) = co(m, \p) +
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Jo W (. t) cos Antdt ~ co(m, An) # 0 for n — oo. Hence, wy (m, A,) # 0 for all n > 0.
Then Eq. (4.33) implies (4.32). Denote

o wimA)
wl(ﬂ-7 )‘n)

From Eq. (3.8) we have that H is independent of n. Hence
W) (7, M) + Hwy (7, M) =0, n > 0.

Together with Lemma 3.1 and Lemma 4.2 this gives that numbers {\,,, a,},,~ are
the spectral data for the constructed boundary value problem L(g(x), h, hy). Clearly
H=h , where hq is defined by Eq. (4.6). Thus Lemma 4.4 is proved. O

From the proof of the Lemma 4.4 we have the following algorithm for the con-
struction the problem L(q(x), h, hi) by the spectral data {\,, an}, >0 :

1) Construct the function Fy(z,t) and F(z,t) by the formulas (2.5),(2.6).

2) Construct the function W(z,t) as the unique solution of the main integral
equation.

3) Calculate the function ¢(z) and numbers h, h; by the formulas (4.4)-(4.6).

Note that the similar results can be obtained for the boundary value problem-
s L = L%4q(x),h1) and L; = Lyi(q(x),h) for equation (2.1) with the boundary
conditions

y(0) =0, ¢'(7) + hay(m) =0

and

respectively.

5. Recovery of differential operators from two spec-
tra

Boundary value problems L, L%, and LY defined in the previous section are also can
be recovered by its spectral data, in particular the following theorem hold:

Theorem 5.1. For real numbers {pi,am}nm to be the spectral data for a cer-

tain boundary value problem Li(q(z),h) with q(x) € Ly(0,7), it is necessary and
sufficient that p, # i (0 #m), ap, >0 and

d k
0 1 ni
n = , kn, €4ly, d, €Ly 5.1
2 o, + Iu% + n 1 2 1 s ( )
tn
iy =al + —nl , tn, €L, (5.2)

are satisfied.

Let {)\,QL} and {ui} be the eigenvalues of L and L; respectively. Then the
asymptotic formulas (3.4), (3.5),

dn
An:Ag+r0+? kn €4y, dy, € Lo, (5.3)

ln
an=al+ 2 t, el (5.4)
n
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hold, and we have the representations

0O 32 32
AN = pt H E‘ A (5.5)

H “" - AQ, (5.6)

n=0
for the characteristic functions A(\) and d(\) of the problems L and L; respectively.

Theorem 5.2. For real numbers {\y, in },~, to be the spectra for certain boundary
value problems L and Ly with q(x) € L2(0,7) it is necessary and sufficient that Eq.

(5.1), (5.2), (5.3), (5.4) and
An < fin < Apg1, n>0 (5.7)

hold. The function q(x) and the numbers h and hy can be constructed by the fol-
lowing algorithm:
i) From the given numbers {An, lin}, > calculate the numbers a, by the formula

(5.8)

ii) From the spectral data {\,,an},~, construct q(x), h, and hy by the formulas
(4:4)-(4-6)- B

Proof. The necessity part of Theorem 5.1 has been proved in [35] and in [6]. Let
numbers {/\mun}n>0 satisfying the conditions (5.1), (5.2), (5.3), (5.4) and (5.7)
are given. We construct the functions A(\) and d(A) by the formulas (5.5) and
(5.6) respectively, and calculate the numbers «;, by the formula (5.8). By using the
asymptotic formulas for the characteristic functions A(A) and d(\) we can prove
that

tn
a, >0, an:a%—k—, t, € 5.
n
Then, by Theorem 3.1 there exists a boundary value problem L = L(q(x), h, H)
with ¢(z) € L2(0,7) such that {)\fwozn}n>0 are spectral data of L. Denote by
{ ,u%}n>0 the eigenvalues of the boundary value problem E(q(m), h). Let us prove

that g, = u,. Let J(A) be the characteristic function of L;. Then together with
(5.8) we also have

A(An)d(An)
= >
Qi . (n>0)
and we conclude d(\,) = d(An), n > 0.
Consequently, the function
_d) —d(y)
Z(N) AV

is entire in A. On the other hand using the estimations

)] < Cexp (At (m), [d)] < Cexp (|tm A| ()
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for certain C' > 0, and the estimation
[dV)] = Cs [Alel™ N e G, A > x*

for some fixed § > 0, we get

C
[Z(\)] < o A€ Gs, [N > A"

Then using the maximum principle and Liouville’s theorem we obtain Z(\) = 0,
i.e. d(A\) =d(N), and consequently pi, = i, n > 0. Theorem is proved. O
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