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1. Introduction

Convex functions play an important role in mathematical inequalities [11-13,16,20,
29]. One of the most famous inequalities for convex functions is Hermite-Hadamard
inequality, which is stated as follows: Let f : I C R — R be a convex function,
where a,b € I with a < b, then

(42 it o 2520

This famous result can be considered as a necessary and sufficient condition for a
function to be convex.

Hermite-Hadamard inequality has drawn many researchers’ interest, a variety
of refinements and generalizations have been found (see for example, [1,2,4,5,7-9,
14,15,17,18,21-23, 28, 33]).

In [20], Ozdemir established the following lemma.

Lemma 1.1. Let f : I C R — R be a twice differentiable mapping on I°,a,b € T
with a < b and f" be integrable on [a,b]. Then the following equality holds:

fl@+fo) 1 [
2 Cb— a/a f(@)de
(b—a)®

:T/o s(1—8)f"(sa+ (1 —s)b)ds. (1.1)
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In [21], Ozdemir etc gave some estimates for the result of Lemma 1.1 via m-
convexity.

Theorem 1.1. Let f : I° — R, where I° C [0,00) be a twice differentiable function
on 19, a,b € I with a < b and suppose that f" € Lla,b]. If |f"|" is m-convez on
[a,b] for some fized r > 1 and m € (0,1] then the following inequality holds:

fl@+fo) 1
’ 2 B b—a/a f(@)dz

S(b_a)2 (F(l _,_p))é <f”(a)|r +m|f" (%)|T>i 7 (1.2)

8 L5 +p) 2

T
r—1-

where p =

Theorem 1.2. Let f : I° — R, where I° C [0,00) be a twice differentiable function
on I°, a,b € I with a < b and suppose that f” € Lla,b]. If |f"|" is m-convex on
[a,b] for some fized r > 1 and m € (0,1] then the following inequality holds:

flay+fm) 1
‘ 5 _b—a/a f(x)dx

(b—a)?
2

<

(D)) 13)

Theorem 1.3. Let f : I — R, where I° C [0,00) be a twice differentiable function
on 19, a,b € I with a < b and suppose that f"" € Lla,b]. If |f"|" is m-convex on
[a,b] for some fized r > 1 and m € (0,1] then the following inequality holds:

flay+fo) 1
‘ 5 _b—a/a flx)dx

(b—a)?
4

(|f"<a>7" L+ 1)

1
1 b " B
SIS O —
In recent years, the topic of quantum calculus has attracted the attention of
several scholars [10,27]. Quantum calculus appeared as a connection between math-
ematics and physics. It has large applications in many mathematical areas such as
number theory, special functions, quantum mechanics and mathematical inequal-
ities [19,24-26]. At present, g-analogues of many identities and inequalities have
been established.
In [19], Noor etc established the following lemma and developed some quantum
estimates of it.

<2f”( W4 mr+1)

Lemma 1.2. Let f : I = [a,b] C R — R be a g-differentiable function on I° (the
interior of I) with oDy be continuous and integrable on I where 0 < g < 1, then

qf(a) + f(b)
/f  1+4g

:(11)4:;)/0 (1= (L4 @)t)aDgf((1 = t)a+ th)odgt.
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Theorem 1.4. Let f : I = [a,b] C R — R be a g-differentiable function on I°
(the interior of I) with oDg be continuous and integrable on I where 0 < g < 1. If
laDgf|",r > 1 is a convex function, then

/f _f()+f()

1+¢

b—a

q(b—a) 2¢ \'7" [ q(1+3¢+2¢)
= 14+¢q ((1+q)2) ((1+q+q2)(1+q)3

1

laDg f(a)|"

q(1+4q+q2) A\
T ar @)t gp PO ) '

Theorem 1.5. Let f : I = [a,b] C R — R be a g-differentiable function on I°
(the interior of I) with oDy be continuous and integrable on I where 0 < g < 1. If
laDyf|" is a convex function where p,r > 1, % + % =1, then

’ qf(a) + f(b)
/a f(z)adqx — ﬁ

b—a

q(b—a) 2¢ \* [ q(1+3¢*+2¢)
< (o) (e mt e

laDq f(a)]"

™

q(1+4q+¢°) .
T oo )

The main purpose of this paper is to establish a new quantum integral identity
similar to the one given in Lemma 1.1 and develop some quantum estimates of
Hermite-Hadamard type inequalities for convex functions. Our results in special
cases recapture Lemma 1.1 and Theorems 1.1-1.3.

2. Preliminaries

In this section, we first recall some previously known concepts on g-calculus which
will be used in this paper.
Let J = [a,b] C R be an interval and 0 < ¢ < 1 be a constant.

Definition 2.1 ( [26]). Assume f:J — R is a continuous function and let z € J.
Then g-derivative on J of function f at z is defined as

flz)—flagz+(1—q)a)
(1-q)(z—a) ’
We say that f is g-differentiable on J provided oD, f (z) exists for all z € J. Note

that if @ = 0 in (2.1), then (Dyf = Dy f, where Dy is the well-known g¢-derivative
of the function f (z) defined by

aqu (x) =

r#a, oDgf(a)= illg aDgf(x).  (2.1)

() = f(qz)

Daf (=) = (1-q)z

(2.2)
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Definition 2.2 ( [26]). Let f : J — R be a continuous function. We define the
second-order g-derivative on interval J which is denoted as ,D? 4/ provided ¢ Dy f is
g-differentiable on J with D} f = ¢ Dg(aDgf) : J = R. Surmlarly7 we define higher
order g-derivative on J, Dy : J — ]R

Definition 2.3 ( [26]). Let f : J € R — R be a continuous function. Then
g-integral on J is defined by

/f Qa3 @t (1 q")a) (2.3)

n=0

for z € J. Note that if a = 0, then we have the classical ¢-integral, which is defined

by
/O F(odgt =(1— )2 > q"f (q"2) (2.4)
n=0

for z € [0, 4+00).

Theorem 2.1 ( [26]). Assume f,g : J — R are continuous functions, a € R.
Then, for x € J,

[ @+ gl = [ s dt+/g(t>adqt;

/a(af dt—a/f

In addition, we introduce the g-analogues of a and (x — a)™ and the definition
of g-Beta function.

Definition 2.4 ( [10]). For any real number a,

O (25)

is called the g-analogue of a. In particular, for n € Z%, we denote

) = 2 =L

=¢" 4. +g+1
I—q

Definition 2.5 ( [10]). If nis an integer, the g-analogue of (z—a)™ is the polynomial

1 if n=0
r—a)?*=14" ’ 2.6
( Ja {(a:—a)(x—qa)...(a:—q"la), if n>1. (26)
Definition 2.6 ( [10]). For any t,s > 0,
1
By(t,s8) = / 1 = qr)i odgw (2.7)
0
is called the g-Beta function. Note that
! 1
By(t, 1) = / " todr = —, (2.8)
0 2]

where [t] is the g-analogue of ¢.
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3. Some simple calculations

In this section, we present some simple calculations that will be used in this paper.

Lemma 3.1. Let f(z) =1 in Definition 2.3, then we have

1 )
/ Odqx:(l_Q)anzl-
0 n=0

Lemma 3.2. Let f(z) = x in Definition 2.3 for x € [0, 1], then we have

1 oo ) 1
zodexr = (1 —¢q "= —.
[t = (-0 =

n=0

Lemma 3.3. Let f(z) = 22 in Definition 2.8 for x € [0, 1], then we have

1 00
1
2 3n
r odgxr = (1 —¢q "= .
| aadia = = e

Lemma 3.4. Let f(z) =1 — x in Definition 2.8 for x € [0,1], then we have

1 1 1 1 q
11—z dx:/ dxf/xdlefizi.
/0( Jodgw = | “odgw = | @ody l+q 1+4¢g

Lemma 3.5. Let f(z) =1 — qz in Definition 2.3 for x € [0,1] where 0 < ¢ <1 be
a constant, then we have

1 1 1 1 1
1—qx d:c:/ d:r—q/xdx:l—qizi,
/0( ol = | otar = ot I+q T+g
Lemma 3.6. Let f(z) = x(1 — z) in Definition 2.3 for x € [0,1], then we have
2

1 1 1
z(l—x dx:/mda:—/$2dx: q .
/o ( Joda 0 o 0 0% 1+a)(1+q+4¢?)

Lemma 3.7. Let f(x) = 2(1 — qz) in Definition 2.3 for x € [0,1] where 0 < ¢ < 1
be a constant, then we have

1 1 1
1
z(l —qx dx:/xdqu/xzdz: .
/0 ( Jods o o o T T+ +a+ed)

Lemma 3.8. Let f(z) = (1 — x)(1 — gz) in Definition 2.3 for x € [0,1] where
0 < g <1 be a constant, then we have

1 1 1
q
1-2)(1- dex = 1—x2)od,x — 1—2)odjr = ——.
/0( z)( qx)odgx /0( T)odyx q/o a( z)odgx 1+q+q

Lemma 3.9. Let f(z) = 2?(1—qz) in Definition 2.8 for x € [0,1] where 0 < q < 1
be a constant, then we have

1
I+q+¢®)A+q+¢2+¢%)

1 1
/ x2(1 —qx)odgx :/ (2 — qx?’)odq:c = (
0 0
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Lemma 3.10. Let f(z) = z(1 — z)(1 — qz) in Definition 2.3 for x € [0,1] where
0 < g <1 be a constant, then we have

1 1 1 1
/ z(1—2)(1 — gz)odyx :/ zodqr — (1 +¢) / z?od,r + q/ 23od,x
0 0 0 0

q2

A+g+) (I +qg+a®+¢)

Lemma 3.11. Let f(x) = 2"(1 — x) in Definition 2.3 for x € [0,1] where r > 1 be
a constant, then we have

r+1

o gt
/0 T (l—x)odqx—[r+1][r+2],

where [r+ 1], [r + 2] are the g-analogues of r + 1 and r + 2.
Proof. By using (2.5) and (2.8), we have

1 1 1
1—g¢q 1—gq

_ +1 _
/Oxr(l—x)odqx—/o xrodqx—/o " Odqx_l—q’““_l—qrﬁ

o ¢t (1-q) g
=0 da ™ " v

The proof is completed. O

Lemma 3.12. Let f(z) = 2""Y(1 — qx) in Definition 2.8 for x € [0,1] where
0<qg<1andr>1 be constants, then

1

1
R

where [r+ 2], [r + 3] are the g-analogues of r + 2 and r + 3.
Proof. By using (2.5) and (2.8), we have

1 1 1 1 q
ac”l(l—qa:)dx:/ mrﬂdx—q/ " 2d,r = —
/0 o 0 o 0 o [r+2]  [r+3]
1-¢g-qg _ 1

(T—g )1 —g+3)  [r+2)[r+3]

The proof is completed. O
Lemma 3.13. Let f(z) = 2" (1 — z)(1 — gx) in Definition 2.3 for x € [0,1] where
0<g<1andr>1 be constants, then we have

(1+q)g
[r+1][r+2][r+3]’

/ z"(1—2)(1 — gqx)odyzr =
0

where [r+ 1], [r + 2], [r + 3] are the g-analogues of r + 1, r + 2 and r + 3.
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Proof. By using (2.5) and (2.8), we have

! - 1 1+g¢ q
/0 7 (=) = arodyr =y~ oy Yy

:((1 — ) -¢) (41— g
(

1—-q)(1—q) (1-q¢)(1—-q)
q(l _ qr—i—l)(l _ qr+2) 1
R ) )X(v+uv+ﬂv+a)
(1+q)q™

[r+1][r+2][r+3]

The proof is completed. O

4. A new quantum integral identity

In this section, we establish a new g-integral identity.

Lemma 4.1. Let f : I = [a,b] CR — R be a twice q-differentiable function on I°
with aD,?f be continuous and integrable on I where 0 < q < 1. Then the following
identity holds:

af(@)+f) 1 [°
e ma ), S
2(p a 2 1
Q(ﬂq)/o t(1 = qt)a D} f((1 = t)a + tb)od,t. (4.1)

Proof. From Definition 2.1 and 2.2, we have

oD f((1—t)a+ tb)
:aDq(aqu((l —t)a + b))
WDyf (L= )+ th) — Dy f((1 = gt)a + gtb)

(1—-q)(b—a)t
_ fl(1=t)a+1tb) — f((1 — qt)a + qtd)
(1-q)(b—a)t

(A —gt)atqth) = f(A—g*at )] . (0
- (1 — q)q(b — a)t - [(1 Q)(b )t]
_af (1 =t)a+1b) — (1 +q)f((1 — gt)a+qib) + f((1 - ¢*t)a + ¢*th)

- (1= q)*(b - a)*qt?

Applying this calculation and Definition 2.3, we have

/1 t(1 = qt)o D] f((1 — t)a + th)odgt
0

(L= t)a+th) — (1+q)f((1 — gt)a + qtb)
‘At“ q“( (1—q)2(b— a)2q??

F((1 = ¢*t)a + ¢*tb)

<vaw—w%ﬁ>”“

+




508 W. Liu & H. Zhuang

n=0

(1 -9 —a)*q - (1—¢)*(b—a)*q

{q<1 ~) T A -datah) (1 +)0-g) T A= at g

_|_

(1=0) & (1= a"*atq"2)
(1= 00—

a1 = )b —a) 3 ¢"F((1 ")+ q"b)
o (1— (b —a)’q

(1401 = a)(b=a) & g™ (1= g™ a+ g7 1)

- 92— 0
1—q)b—a) > ¢ 2F((1 - g")a + g"+2b) }

n=0
(1-¢)*(b—a)’¢®

+

q {iof((l —q")a+q"b) — i:)of((l —q¢"a+ qn“b)}
(1-q)(b—a)?q

i::ofm — a+ g ) — i::of«l — 2)a + gn+2b)
- - —a)g

T—q)2(b—ap (1—9)2(b — a)¢?
. 2 f(@)adgr — (1= q)(b— a)f(b) = (1 — q)(b— a)qf (1 — g)a + gb)
(1- )20 — a)’g?
B { a(f(b) = f(a)  F((1—q)a+qb) - f(a)}

L, { L f@adge (L4 q) [ f(@)adgz — (1+q)(1 — q)(b— a) f(b)
(

LA -9 (b—a)*q (1—q)(b—a)?q
l+q [ P +q-1 _af((1 —g)a+gb)
{ qZ/f e T 06— (1—q><b—a>2q2}
_af(a) + 1+q
(e /f

a)

Multiplying both sides by bi, we complete the proof. O

Remark 4.1. If ¢ — 1 and substitute sa + (1 — s)b for (1 — t)a + tb, then (4.1)
reduces to identity (1.1) in Lemma 1.1.



Some quantum estimates of Hermite-Hadamard inequalities

509

5. Hermite-Hadamard inequalities for convex func-

tions

In this section, we will give some estimates for the left-hand side of (4.1) through

convex functions.

Theorem 5.1. Let f : [ = [a,b] C R = R be a twice g-differentiable function on
I° with aDgf be continuous and integrable on I where 0 < q¢ < 1. If |aD§f‘r 18

convex on [a,b] for r > 1, then the following inequality holds:

Qf(1)+q 7@/ fla
s(‘ffq‘);’)z (1 |aD2F (@) + ma |aD§f<b)|’“)% :
where
=(1-¢) i}(qm "1 =g, (1—¢ qu”

Proof. Using Lemma 4.1 and Holder inequality, we have

qf(1)+q _a/ fl@

b —a)
1+g¢q

t(1 = qt) [« D2f((1 = t)a+ tb)| odgt

Applying Lemma 3.2 and the convexity of |QD§ f |T, we have

qf(a) +
1+q b—a/f

(1b+_qa) (1iq> <|D2 a|/ (1= 0)(1 = qt)"odgt

1 +
Lol [ e —qt)fodqt)

¢*(b—a)®
( 1+q)*~
It is easy to check that

3=

+ (m1 [ D2f (@) +ma [D2F0)]")

oo

n+1

1 (
0
gw (/01 todqt>1_r (/01 t(1—qt)" [aD2f((1 —t)a + tb)|rodqt> ' .

my :/0 t(1—t)(1 = gt) odgt = (1= q) Y _(¢>" = ¢*") (1 — ¢" )",

n=0
1 o
Mo :/ (1= qt) odgt = (1—q) Y _ ¢*" (1 =" )"
0 n=0

The proof is completed.
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Remark 5.1. If ¢ — 1, then we have

! _ o\l _; 12 —)"dt = 2
/0“1 Dt = ey /ot(l R e § [N [ &

and (5.1) reduces to the following inequality:

|ﬂ@ _a/f

Corollary 5.1. If r is a positive integer, then

a)2<(r+1)f’(a)lr+2f”(b)l’”>i
92— (r+1)(r+2)(r+3) '

(I—gt)" <(1—gqt)y, (1—t)(1—qt)" <(1—gt);*h

Theorem 5.1 reduces to

qf(a) +
1+q b—a/mf

2 _ 2
giiﬁ%(@mm+mu%ﬂwr+&@w+UhDﬁ@VY-

|~

<
T (1+q)*

Theorem 5.2. Let f : [ = [a,b] C R = R be a twice g-differentiable function on
I° with aDgf be continuous and integrable on I where 0 < q¢ < 1. If ’aDgf‘T 1S
convex on [a,b] where p,r > 1, % + % =1, then

qf(1)+q _a/ fo

qﬂmﬁmW+ﬂ+mb%ﬂWT%
< T a0 Tat @) )’ 52

<q2(b_a)2
- 1+4g¢q

=

(k1)

where
1 —q Z q2n _ n+1

Proof. Using Lemma 4.1, Holder inequality and the convexity of ’aDg f !T, we

have
qf(1)+q - _a/ i
SW (/olt(l —qt)? odqt>p (/Olt\apgf(u — t)a+tb)lrodqt>i
<W (/Olt(l - qt)podqt>é
x (IaDﬁf(a)V/olt(lt)oqu }aDﬁf(b)y“/Ol t%dqt)i
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Applying Lemma 3.3 and 3.6, we have

¢f@+f) 1 f°
1+gq _b_a‘/Gf«E)adqx

Pl—a? ([ N (@LDR@] + () D)
<P () ) ( A+ Tata)

:qg(b B a‘)2 (kl)

1+gq

=

D2 + 1+ 0) L D2 o)\
I+a)(1+q+4q?) '

It is easy to check that
1 00
ky = / t(1 = gt)Podgt = (1—q) > _ ¢”*(1—q" )"
0 n=0
The proof is completed. O

Remark 5.2. If ¢ — 1, then we have

1 1
/0 o1 —e)dt = P+1)(p+2)

and (5.2) reduces to the following inequality:

fla+fe) 1 [
‘ 5 _bfa/a f(z)dx

6=ar ((p+1)1(p+2)>% GO 2|f”(b)lr>i.

Corollary 5.2. If p is a positive integer, p > 1, then

<

(L—gt)? <(1—qt)y.

Theorem 5.2 reduces to

af@+fo) 1 f°
T a/a f(@)adgx

1+g¢

=

P —a)?

2 a 2 a " o 2 b r %
S (By(2,p + 1)) <Q|qu( )| +(1+q)|qu()|> |

1+ +qg+q?)

Theorem 5.3. Let f : I = [a,b] C R — R be a twice q-differentiable function on
I° with aDgf be continuous and integrable on I where 0 < q < 1. If ’aDgf‘r 18
convex on [a,b] for r > 1, then

gf(a)+fb) 1 [
1+g¢q _b_a/af(x)adqx
*(b—a)? T T :
3% (m laD2 (@) + a2 [D2FO) " (5.3)
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where

o

hy :(1 _ q) Z(qn)rJrl(l _ qn)(l _ qn+1)r7
n=0

Ry :(1 - q) Z(qn)rJrQ(l o anrl)r'

n=0

Proof. Using Lemma 4.1 and Holder inequality, we have

qf(1)+q _a/ fo

2 h— 2 1 1-5 1 T %
<CO ([ ) ( / (L) WD~ a4 0] adt)

Applying Lemma 3.1 and the convexity of |,D? f ", we have

qf(a) +
1+q *“/f

2 b — T r r

gqg+;<|aazf<a>| [ ra—ara -
1 .

LD [ gty oda)

2 b— r T %
Z% (i D2 @]+ b D28

It is easy to check that

1 [e'e)
m:/ (1 - gty (1 — odgt = (1— ) 3 (") (1 — g") (1 — g1,
0

n=0
1 00
ha= [ = aadyt = (1) Do) A1 - Y
0 n=0
The proof is completed. O

Remark 5.3. If ¢ — 1, then we have
1
/ (1 —t)dt =B(r + 1,7 +2),
0

1
/t”% t)"dt =B(r + 2,7+ 1),
0

and (5.4) reduces to the following inequality:

fla)+fo) 1 f°
‘ 2 b a/a f(@)de

2
Br+1,r+2)[f" (@) + B(r+2,7+1)[f"(®)]")

1
r
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Corollary 5.3. If r is a positive integer, then
I—at)" < (A—qt)y, (1-t)(1—qt)" <(1—qt);™

Theorem 5.8 reduces to

qf(a) +
1—|—q b—a/f

2
g% <5q( +17r+2)|aD§f(a)!T+5q(’"+2”“+1)|aD3f(b)|r)r'

Theorem 5.4. Let f: I = [a,b] CR — R be a twice g-differentiable function on
I° with aDgf be continuous and integrable on I where 0 < q < 1. If ’aDgf‘T 18

convex on [a,b] where p,r > 1, 1 + % =1, then

qf(a) +
1+q b—a/f

|

CO-a? o (alD @] + D0
<1+q(M)< g ’ o
where
=(1—q)> ("1 —g" )
n=0

Proof. Using Lemma 4.1, Holder inequality and the convexity of ’aDg f !T, we

have
qf(1)+q _a/ o
ng(ll);;)z </01 (1 — qt)podqt)
qu(ll’;q“)Q (/01 (1 — qt)podqt);

1 1 %
x <|aD2f(a)]T/o (1= t)odgt + yaDgf(b)y’"/O todqt)

Applying Lemma 3.2 and 3.4, we have

D=
3=

(/01 |oD2f((1—t)a+tb)|" Odqt>

qf(a) +
1+q —a/f
P ﬂuﬁﬂwr+u%ﬂwV*
- 1+4g¢q ! 1+¢ '

It is easy to check that
1 o]
ulz/ tP(1 — qt)Podgt = (1 — q) Z p+1 — ”+1)p.
0 n=0

The proof is completed. O
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Remark 5.4. If ¢ — 1, then
1
/ tP(1—-t)Pdt =B(p+1,p+1).
0

Using the properties of Beta function, that is, f(z,z) = 21_29%(%7 z) and B(z,y) =
I(z)C(y)

Tzy) Ve obtain

1 I(3)T(p+1)
+1,p+1) =272+ < + 1) =l 22 =
Blp+1,p+1) Blgp T )
where I'(1) = /7 and I'(t) is Gamma function:
I'(t) :/ o' le ™ dx, t>0.
0

Thus, inequality (5.4) reduces to the m = 1 case of inequality (1.2), due to the fact
that

= 3y 4 1p 1)} (lf”(a)r t If”(b)lr)r

Uk Gﬁiﬁ) <|f”(a)7";|f”(b)lr>’l"

Corollary 5.4. If p is a positive integer, p > 1, then
(1—gqt)’ < (1—qt)y.

Theorem 5.4 reduces to

gfla)+fb) 1 [
1+4+g¢ b—a a F(@)adyz
Qb_2 1 aD2 T—l—aD? bT%
<L (1+;) (By(p+1,p+1))7 <q| qf(a)qu' i/ O] > :

Theorem 5.5. Let f : I = [a,b] C R — R be a twice g-differentiable function on
I° with aDgf be continuous and integrable on I where 0 < ¢ < 1. If ’aDgf‘T 1s
convex on [a,b] where p,r > 1, % + % =1, then

qf(a) + f(b) 1 b
1+4+gq _b_a/af('r)adqx
2(h—a)? 1 i . N
: (an) ([p+1]) (=1 D2f (@] + 22 [ D2F®)) (5.5)
where
a=01-9 (" —¢")(1—qg"),
n=0
zo =(1—gq) Z q2”(1 _ qn-i-l)r’
n=0

and [p+ 1] is the g-analogue of p+ 1.
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Proof. Using Lemma 4.1 and Holder inequality, we have

qf(a)+ f(b) 1
1+44¢ b—a

g‘f(lb;q“)z (/01 tpodqt) (/01(1 —gt) [ D2F((1— t)a+ tb)rodqtf .

Applying (2.8) in Definition 2.6 and the convexity of ‘aD,? f |T7 we have

qf(1)+q bia/ fa
SQQ(lb;;)Z([piu)é( 2“'/ L= at)" (1= Oyt

+ |aD2f( |/ 1qt)0dt>

S0 (g sl

It is easy to check that

b
f(x)adgz

"= R

1 oo
Z1 :/ (1 —qt) (1 —t)od t= 1 —q Z q _q _qn+1)r’
0

1
2 :/ t(1 = qt)"odgt = (1 - q) Z (1 =gt
0 n=0
The proof is completed. O
Remark 5.5. If ¢ — 1, then

! 1 ! 1
1— ) Hdt = ——, /tl—trdtzi,
/0( ) r+2 0 ( ) (r+1)(r+2)

and (5.5) reduces to

fl@+fo) 1 [
‘ 2 a b—a/a f(@)de

() ()

Corollary 5.5. If r is a positive integer, v > 1, then
r+1 7+1 r T
(T—t) " < (1—qt)y (1=t < (1—qt)y.

Theorem 5.5 reduces to

qf(a) +
1+q b—a/f

¢b-a?( 1
= 1+gq ([p+1]

1
r

) (Ba(17+2) [ D2f (@] + 82,7+ 1) [D2FO)])
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Theorem 5.6. Let f : [ = [a,b] C R — R be a twice g-differentiable function on
I° with aDgf be continuous and integrable on I where 0 < q¢ < 1. If ’aDgf‘r 1s
convex on |a,b] where p,r > 1, % + % =1, then

f(1)+q —a/f

(b —a)? 1 g Tt r 1 r
ST()\l) <<[7“+1][r—|—2]>| D?,f(a)| +[74_’_2]|aD§f(b)|> , (5.6)

where

1
r

=(1-q) Zq — g P

and [r + 1], [r + 2] are the g-analogues of r + 1 and r + 2.
Proof. Using Lemma 4.1, Holder inequality and the convexity of ’aDg f !T, we

have
COETCR Y
Lo (/O (1— gty ) (/0 D2 (1 —t)a+tb>|’”od¢ﬂf)i

1 1 =
X <]aD§f(a)|T/O t’”(l—t)odqt+\aD§f(b)\T/0 t”lodqt)

Applying Lemma 3.11 and (2.8) in Definition 2.6, we have

qf(1)+q bia/ fa
<O ([ ap odqt)”
((p5ea) e g paor)

_¢b-a)® 1 g+t 250 N|" 1 2 p )’
s o0 (i) PO g hoOT)

It is easy to check that

oo

1
n= [ g =00 Y a0 -y

n=0

The proof is completed. O
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Remark 5.6. If ¢ — 1, then

! 1
/ (1—t)Pdt = ——.
0 p+1

Since

1 1
1 P 1 o1
lim [ —— =1 and lim (—— =,
p—=oo \14+p p—=1+ \1+p 2

1 1\
§< — ) <1, re(l,c),

we have

hence for r € (1, 00),
Ly <1 d ! <1
— and — < 1.
1+p (r+1)(r+2)
Then inequality (5.6) reduces to the m = 1 case of inequality (1.3).
Corollary 5.6. If p is a positive integer, p > 1, then

(1 —qt)? < (1—qt)h.
Theorem 5.6 reduces to

af(@)+ f(b) 1 /”

144¢ b—a/,

f(x)adyw

T

P —a)?
- 1+g¢q

o=

r+1
q 2 r 1 2 r
1 1 ——— | |.D —— oDz f(b
a1 (5 ) WD + oy D20
Theorem 5.7. Let f : I = [a,b] C R — R be a twice q-differentiable function on I°
with aDgf be continuous and integrable on I where 0 < g < 1. If ’aDgf’ 18 conver
on [a,b], then

af(a) + /() 1 /b Fahudoa| < CO= D (@57 @) + DI O)])
1+gq b—al, | T A+ +a+ )l +at+a+d¥)
(5.7)
Proof. Using Lemma 4.1, Holder inequality and the convexity of faDg f1, we have

af(a) +f(b) 1 /b
11gq b—a af(x)adqx
¢*(b—a)? 2 ' 2 ' 2
g |aqu(a)|/ t(1 —t)(1 — gt)odgt + |aqu(b)|/ t*(1 — qt)odgt | .
1+q 0 0
Applying Lemmas 3.9 and 3.10, we get (5.7). The proof is completed. O

Remark 5.7. If ¢ — 1, then (5.7) reduces to the following inequality:

f@+fm) 1 " b—a)*(f"(a) + f"(b))
’ - bfa/a f(zx)dx .

<
2 = 24
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Theorem 5.8. Let f : I = [a,b] C R — R be a twice g-differentiable function on
I° with aDgf be continuous and integrable on I where 0 < q¢ < 1. If ’aDgf‘r 1s
convex on [a,b] for r > 1, then

f(1)+q b—a/f

g (b ol W)* . 59

T (L4 l+g+@+¢°

Proof. Using Lemma 4.1, Holder inequality and the convexity of ’aDg f {T, we

have
qf(a) +
1—|—q —a/ fx
1—1

<"2(f+‘q“)2 ( /0 o —qt>odqt> '

1 1
. (\aDsﬂa)V / £ — 1)1 — qt)odyt + [D2F(B)]" / (1 - qt>odqt)

Applying Lemmas 3.7, 3.9 and 3.10, we have

qf(a) +
1+q b—a/f

qQ(ba)z( 1 >1 ¢*[aD7f(a)|" + [aDFf ()]
1+¢q I+ +q+4q?) I+q+?) (A +q+q¢>+¢3)

_PFb—a)? (@lDif (@) + Do)\
(1493~ l+q+q*+¢° '

The proof is completed. O

1=

i

Remark 5.8. If ¢ — 1, then (5.8) reduces to the following inequality:

f()2 bfa/f

Theorem 5.9. Let f : I = [a,b] C R — R be a twice q-differentiable function on
10 with aD?If be continuous and integrable on I where 0 < q < 1. If LZDgf}r 18
convex on |a,b] for r > 1, then

af(@)+f) 1 [
1+q _bia/af(x)adqx

Ph—a?( 1\ (1+q)qg"** N
1+q <1+q> ([T+1][r+2][7’+3]‘aqu(a)‘

1 r
+— _|.D?f(b , 5.9
[r+2][r+3]‘ o 0 ) (5.9)
where [r+ 1], [r + 2], [r + 3] are the g-analogues of r + 1, r + 2 and r + 3.

1
=

P @+ 170

= 22+1

i
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Proof. Using Lemma 4.1, Holder inequality and the convexity of ’aDg f {T, we

have
qf(a) +
1+q b—a/f

q2(b _ a)2 1 -
<P ( (1—qt odqt> (/ t"(1 = qt) [« D2 f((1 = t)a + tb)]| Odqt>
I+g¢ 0 0

2 2
q°(b—a)
<—" 1—tdt
- 1+g¢ (0 QOq>

< (Lol / =00 = atdadyt + DO [ 70 athodyt

Applying Lemmas 3.5, 3.12 and 3.13, we have

af@)+f®) 1 ("
O [ f@da

Pl—a)? ( 1\ (1+q)q"*! 2 b0 T
Y (1+q> ([r+1][r+2][r+3]|aqu(a)‘

1

Sl

1
T

1 r\"
o)

The proof is completed. O
Remark 5.9. If ¢ — 1, then (5.9) reduces to

fl@+fm) 1"
‘ 5 _b—a/a f(x)dx

(b—a)? ( 2
4 (r+1)(r+2)(r+3)

1
v

<

)T @I @ + ¢+ DO (5.10)

3=

Since (m) < 1,r € [1,00), then inequality (5.10) reduces to the
m =1 case of inequality (1.4).
Theorem 5.10. Let f: I =[a,b] CR — R be a twice q-differentiable function on

I° with aDgf be continuous and integrable on I where 0 < q < 1. If |aD§f}r 18
convex on [a,b] where p,r > 1, % + % =1, then

qf(1)+q ﬂl/ f@

(a+ ) |D2f(@)] +|aD2F®)]"\”
( I+g)(l+q+¢*) - G

_P(b—a)?
=T 11g

=

(ﬂq(p +1,2))

Proof. Using Lemma 4.1, Holder inequality and the convexity of ’aDg f |r, we



520 W. Liu & H. Zhuang

have

b
R R e

2 2 1 »

q“(b—a) (/ )"
<A tP(1 — qt)od,t
=" 114 ) ( Q)Oq

X <yaD§f(a)y’"/0 (1 —t)(1 — qt)odyt + yapgf(b)y’“/o t(1— qt)odqt>

1
P

Applying Lemmas 3.7, 3.8 and the fact that (1 —gt) = (1 — qt)}, we have

qf(a) + f(b) I
1+g *b_a/af(x)adql'

2b—a2 1 (q_|_q2) QDQf(a)T—I— aDQf(b)T T
Sq ( ) (Bq(p+172))p | 1 | | 2 1 ’ .
l+gq I+ +q+4¢°)
The proof is completed. O

Remark 5.10. If ¢ — 1, then

1

1
6(p+1,2):/0 (1 —t)dt = CESCEDE

and (5.11) reduces to

fla)+f) 1
’ _b—a/a f(z)dx

2

b <<p+ 1)1(p+2)>; (2|f”(a)|r6+ |f“<b)|r>i'

6. Conclusions

<

Quantum calculus has large applications in many areas such as number theory, spe-
cial functions, quantum mechanics and mathematical inequalities. In this paper,
we first establish a new quantum integral identity and then develop some quantum
estimates of Hermite-Hadamard type inequalities for convex functions. These re-
sults in some special cases recapture the known results. We hope that our results
will motivate other researchers who are exclusively working in the field of integral
inequalities for convex function and may be helpful for further study in various
applications areas (see [3,6,30-32]).
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