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KIRCHHOFF TYPE PROBLEMS INVOLVING
P-BIHARMONIC OPERATORS AND
CRITICAL EXPONENTS*
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Abstract In this paper, we study the existence of solutions for a class of
Kirchhoff type problems involving p-biharmonic operators and critical expo-
nents. The proof is essentially based on the mountain pass theorem due to
Ambrosetti and Rabinowitz [2] and the Concentration Compactness Principle
due to Lions [18,19].

Keywords Kirchhoff type problems, p-biharmonic operators, critical expo-
nents, mountain pass theorem.

MSC(2010) 47A75, 35B38, 35P30, 34105, 34L30.

1. Introduction and Preliminaries
In this paper, we are interested in the existence of solutions for the following Kirch-
hoff type problem

{M (Jq, [AulP dx) A(|Au\p’2Au) = Af(z,u) + [ulf” "2u, z€Q, (1)

u:%:o, x € 09,

where 2 is a bounded domain in RY with C? boundary, N > 2, A is the Laplace
operator and g—g is the outer normal derivative, A\ is a positive parameter, f :

Q x R — R is a Carathéodory function, p** is the critical exponent, i.e.

Mo ifop< N
p** — N-—-2p> 1 p ) (12)
00, if 2p > N,

where p € (2, 4+00).
Throughout this paper we assume that M : [0,4+00) — R is a continuous and
increasing function that satisfies:

(Mp) There exists mg > 0 such that M (t) > mo = M(0) for all ¢ € [0, +00).

Since problem (1.1) contains integral over €2, it is no longer a pointwise identity;
therefore it is often called nonlocal problem. This problem models several physical
and biological systems, where u describes a process which depends on the average
of itself, such as the population density, see [10,17]. Kirchhoff type problems for
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p-Laplace operators have been studied by many mathematicians, see [4,5,9, 13,
14,21,22,24]. In a recent paper [11], Colasuonno and Pucci have introduced p-
polyharmonic operators. Using variational methods, they studied the multiplicity
of solutions for a class of p(z)-polyharmonic elliptic Kirchhoff equations. In [20],
V.F. Lubyshev studied the existence of solutions for an even-order nonlinear problem
with convex-concave nonlinearity. In [6], the author extended the previous results
in [11] to nonlocal higher-order problems. Althought the Kirchhoff function M (t)
in [6,11] was assumed to be degenerate at zero, the nonlinearity is not critical.
Finally, we refer the readers to two related interesting papers [7,25]. In [7], G.
Autuori et al. considered a class of Kirchhoff type problems involving a fractional
elliptic operator and a critical nonlinearity while in [25], L. Zhao et al. studied the
existence of solutions for a higher order Kirchhoff type problem with exponential
critical growth.

In this paper, we study the existence of solutions for Kirchhoff type problems
involving p-biharmonic operators and critical exponents. We are motivated by the
results introduced in [1, 6, 11] and some papers on p-biharmonic operators with
critical exponents [3,8,12,15,16,23]. We also get a priori estimates of the obtained
solution. We believe that this is the first contribution to the study of the existence of
solutions for Kirchhoff type problems involving p-biharmonic operators with critical
exponents. Due to the presence of the critical exponents, the problem considered
here is lack of compactness. To overcome this difficulty, we use the Concentration
Compactness Principle due to Lions [18,19]. The existence of a nontrivial solution
is then obtained by the mountain pass theorem due to Ambrosetti and Rabinowitz
in [2].

In order to state the main result, we assume that f : xR — R is a Carathéodory
function satisfying the following conditions:

(Fy) |f(z,t)] < C(1 + [t|971) for all (x,t) € Q x R, where p < ¢ < p** and p** is
defined by (1.2);

(Fy) lim;o l’;ﬁf—ff = 0 uniformly for z € Q;
(F3) There exists 6 € (p, p**) such that
0<0F(z,t) < f(z,t)t, Ve, VteR\{0},
where F(z,t) = fot f(z,s)ds.

Let WO2 P(Q) be the usual Sobolev space with respect to the norm

| = (/Q|Au|pda:>p, we WE(Q).

We then have that Wo2 P(Q) is continuously and compactly embedded into the

1
Lebesgue space L"(£2) endowed the norm |ul, = ([, [u["dz)", 2 < r < p**. De-
note by S, the best constant for this embedding, that is, Sy|u|, < [ju| for all
u e WeP(Q).

Definition 1.1. We say that u € WP (Q) is a weak solution of problem (1.1) if
M(||uH")/ |AuP2 Aulv d — )\/ f(z,u)vdx —/ lulP” 2uvdr =0
Q Q Q

for all v € WP (Q).
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The main result of this paper can be stated as follows.

Theorem 1.1. Assume that (My), (F1)-(F3) are satisfied. Then, there exists A* >
0 such that for all A > X\*, problem (1.1) has a nontrivial solution. Moreover, if uy
is a solution of problem (1.1) then limy_, 40 ||ux|| = 0.

2. Proof of the main result

Here we are assuming, without loss of generality, that the Kirchhoff function M ()
is unbounded. Contrary case, the truncation on M (t) is not necessary. Since we
are intending to work with N > 2, we shall make a truncation on M as follows.
From (M), given a € R such that my < a < %mo, there exists tg > 0 such that
M(tp) = a. We set

Mt <t<t
M,(t) := { 1), 0st<to, (2.1)
a, t 2 to.
From (M) we get
M,(t) <a, ¥t>0. (2.2)

As we shall see, the proof of Theorem 1.1 is based on a careful study of the solutions
of the following auxiliary problem

My (Jull?) A(1Auf2Au) = Af(@,u) + [l 2,z e,

u=9%=0, z€od,

(2.3)

where f, N,p, A are as in Section 1. We shall prove the following auxiliary result.

Theorem 2.1. Assume that (My), (F1)-(F3) are satisfied. Then, there exists Ao >
0 such that for all A > Ao and all a € (my, %mo), problem (2.3) has a nontrivial
solution.

We recall that u € W2 () is a weak solution of problem (2.3) if
M, (||qu)/ |AulP~2 AuAv dx — )\/ f(x, u)vdr — / lulP”" ~2uv dz = 0,
Q Q Q

for all v € W§P(Q). Hence, we shall look for nontrivial solutions of (2.3) by finding
critical points of the C'— functional I, y : Woz’p(Q) — R given by the formula

*

1~ 1 .
Ia,A(U)=fMa(IIullp)—A/F(:c,u)d:v—f*/IUV’ dz,
p Q p Q

where M(t) = [

o M(s)ds and F(x,t) = fot f(x,s)ds. Note that

ax(u)(v) = M, (Hu||p)/ |AuP~2 AuAv d — )\/ f(:mu)vdx—/ lulP” ~2uw da
Q Q Q
for all u,v € WP (Q).

We say that a sequence {u,} C W;P(Q) is a Palais-Smale sequence for the
functional I, » at level c € R if

I\ (up) = c and Ié)k(un) —0in (VVOZ”’(Q))*7
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where (WZP(€2))* is the dual space of WZ (). If every Palais-Smale sequence
of I, » has a strong convergent subsequence, then one says that I,  satisfies the
Palais-Smale condition ((PS) condition for short).

Lemma 2.1. For all X > 0, there exist positive constants p and r such that
Toa(u) > 7> 0 for all u € WP () with |Ju|| = p.

Proof. From (F}) and (Fy), for any € > 0, there is Cc > 0 such that
)] < et~ + CTY, V(w,t) € Q xR,

which implies that
€ C.
|F(z,t)] < =t + —t|?, VY(z,t) € A xR. (2.4)
b q
From (2.4) and (M), for all u € W;P(Q), we get
1~ 1 .
an(@) = 30, (fulP) = A [ Flowyds = o [l do
p Q P Ja

: 1 i
> e - [ <€u|p+c|u|‘I) do— - [ s
p Q \P q p Q
1

> D0 ulP = AeS, P lull? = ACS; ul|? — ——=[[ulP”,
P q P
p p**ST,

where S is the best constant of the embedding Wg?(Q) < LP™ (Q), that is,
Jo 1Aul? dz

p dx)

S = inf

(2.5)
wEWS @0} ([, Ju

P
For A > 0, let € = m0% e get

2pX
1 .
Toa(u) > 22 ful[? = AC.S; ||| — ———=|ul/”
2p g p**SPT
1 .

— Jluf? [ 22— AC.S, U ul| P — ——[ulP P
2 q P
Y% p**S 7

Since p < ¢ < p**, there exist positive constants p and r such that I, x(u) > 7 >0
for all u € WP () with ||jul| = p. O

Lemma 2.2. For all A > 0, there exists e € WP (Q) with I, x(e) < 0 and ||| > p.

Proof. From (F3), there are positive constans Cy and Cy such that
F(x,t) > C1t? — Cy, Y(z,t) € A xR, (2.6)

Fix ug € C§°(Q)\{0} with |lug|| = 1. Using (2.2) and (2.6), for all ¢ > 0 large
enough, we have

1~ 1 .
I (tug) = =M, (J[tuo|?) — )\/ F(z,tuy) de — W/ [tug|?  dx
Q P Ja

hS

*

P dx.

Q

s
< —tP — ACltG/ luo|? da + ACy — —/ |ug
p Q P Ja
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Since 0 € (p,p**), the result follows by considering e = t,ug for some ¢, > 0 large
enough. O

Using a version of the Mountain pass theorem due to Ambrosetti and Rabinowitz
2], without (PS) condition, there exists a sequence {u,} C W () such that

Tax(un) = can, I \(un) — 0 as n — oo,

where

carn = 1af e, Lo (60

and
D= {7 € C(0, 1, W™ (@) : 7(0) =0, Lua(y(1) <0}

Lemma 2.3. It holds that

lim ¢4\ =0.
A—~+o0

Proof. Since the functional I, » has the mountain pass geometry, it follows that
there exists ty > 0 verifying I, x(tauo) = maxe>o I 2 (tuo), where ug is the function
given by Lemma 2.2. Hence, 41, 5(t\uo)(tauo) = 0 or

OzMa(Htonp)/ \At,\u0|pdx—)\/ f(m,two)twodx—tg**/ o™ da
Q Q Q

Hence,
5 Mo ( / [, taug)tauo dx + 5 / |u0\p dz. (2.7)

From (2.2), (2.7) and (F3), we get

p**—p ok
a>th / |ugl? de,
Q

which implies that {t,} is bounded. Thus, there exist a sequence \,, — +o0o0 and
t > 0 such that t), — ¢ as n — co. Consequently, there is C3 > 0 such that

th Mu(t5 ) < C3, VneN,
and Vn € N,

An / Fla,tr, o)t uo dz + 15 / luo[P” da < Cs. (2.8)
Q Q
If t > 0, by the Dominated Convergence Theorem,

lim f(z,tx, u)tr, up de = / £z, tug)tug dz
Q

n—o0 O

and thus (2.8) leads to

n—oQ

lim < /f x,tx, uo)tr, uo dr + 5 /|U0|p** dx) = 400,
Q

which is an absurd. Thus, we conclude that ¢ = 0. Now, let us consider the path
~«(t) = te for t € [0,1], which belongs to I, to get the following estimate

0 < can < v Lan(7:(t) = Laa(tauo) < Mat).
€10,
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In this way,
/\Er-ir-loo M. () =0,
which leads to limy_, 4 cqx = 0. O
Lemma 2.4. Let {u,} C WZP(Q) be a sequence such that
Tax(un) = caxn, I \(un) =0 asn — oo. (2.9)

Then {un} is bounded.

Proof. Assuming by contradiction that {u,} is not bounded in W;"*(Q), up to a
subsequence, we may assume that |[u,| — 400 as n — oo. It follows from (2.1),
(Mp) and (F3) that for n large enough

14 can + [lunl|
1
>To\(un) — 5151,/\(un)(un)

1~ 1 o
— W () = A [ Py do = [ o
p Q Q

p**
1 A 1 -
— fMa(||un||p)/ [Vuy,|?P de + f/ f(z up)u, doe + f/ |unlP  dx
0 Q 0 Jo 0 Ja
myg a A 1 1 o
> — — =) lupl? — = Ty Uy )Un — OF (2, up dm+<— )/unp dz
(22 = S) bl = 5 [ (ot =07 @) do+ (5= ) [l

where C, is a positive constant. Since a < %0 and 6 < p**, the sequence {u,} is
bounded. O

Proof of Theorem 2.1. From Lemma 2.3, we have

lim ¢40 =0. (2.10)

A——+oo

Therefore, there exists A\g > 0 such that
1 1
Car < ( - > S, (2.11)

for all A > Ao, where S is given by (2.5). Now, fix A > )¢ and let us show that
problem (2.1) admits a nontrivial solution. From Lemmas 2.3 and 2.4, there exists
a bounded sequence {u,} C WP (Q) verifying

Tax(un) = can, I \(un) — 0 as n — oco. (2.12)

Hence, up to subsequences, we may assume that {u,} converges weakly to u €
WP (), {u,} converges strongly to u in L(2), 2 < ¢ < p** and uy, (z) — u(z) for
a.e. x € {) as n — oo.

Using the Concentration Compactness Principle due to Lions [18,19], if |Au, [P —
Iy |un|p** — v weakly-* in the sense of measures, where p and v are bounded non-
negative measures on RY, then there exist an at most countable set .J, sequences
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(z;)jes C Q and (vj);es, (17)jes nonnegative numbers such that

V= ‘u|p** + Zvjdmj, v > 0,

JjeJ
H2 |Au|p + Zﬂjfszj» My > 0, (2'13)
jeJ
o My
Vj S ga

for all j € J, where d,; is the Dirac mass at x; € Q.

Now, we claim that J = (). Arguing by contradiction, assume that J # () and
fix j € J. For € > 0, consider ¢; . € C*°(RY) such that ¢; =1 in Bc(z;), ¢j =0
on Q\Byc(z;) and [V c|oo < 2€, and |Ag; | < 27(;’ where z; € Q belongs to the

support of v. Since {¢; cu,} is bounded in the space WO2 P(Q), it then follows from
(2.1) that I}, , (un)(¢j,eun) — 0 as n — oo, that is,

M, (|[un]?) /Q At P2 At (Vi V. )
+ M, (Jlun|l?) /Q Un | Aty P72 Ay A d
== Ma () [ [V, da
+ A/{)f(x,un)¢j7su,L dx + /Q [P pjc da + 0, (1). (2.14)
Using the Holder inequality and the boundedness of the sequence {u, }, we have

‘/Q|Aun|p2Aun(VunV¢jye) dz

/ \Aun|p_2Aun(VunV¢j,e) dx
Bse (xj)nQ

< / Aty [P~ Va1 [V |
Bae (JC]')OQ

1
< / |Vu,|? de / [Vun|P|Voj P da
BQE(Ij)ﬂQ Bze(wj)ﬁﬂ (215)
<Cy ( / |Vun|P|wj,s|de>
Bge(l’j)ﬁﬂ

P
%
<Cj (/ IVunIP**> (/ |V¢j,el2N>
Bac(2;)NQ Bac(2;)NQ

1

<C3 / |Vun|p** —0asn — oo and € — 0.
ng(:cj)ﬁﬂ

Since {u,} is bounded, we may assume that |lu,|| — t1 > 0 as n — co. Observing
that M (t) is continuous, we then have M(||u,||?) — M(t]) > mg > 0 as n — oo.

2



666 N.T. Chung & P.H. Minh

Hence,
Mo (||unl?) /Q |Aun P2 Ay (Vu, Vo, )dr — 0asn — oo and € — 0. (2.16)
Similarly, we have
Jim M, ([lun ) /Q U | Aty P72 Au, A e dz = 0. (2.17)

On the other hand, by (F3) and the boundedness the sequence {uy,} in W™ () we
also have

lim [ f(z,un)@jeundz =0. (2.18)

n—00 Q

From (2.14)-(2.18), letting n — oo, we deduce that

[ vz M) [ 0y 0.02),
Q Q

Letting € — 0 and using the standard theory of Radon measures, we conclude that
vj > M, (t))p; > mopu;. Using (2.13) we have

v > %, (2.19)

where S is given by (2.5).
Now, we shall prove that (2.19) cannot occur, and therefore the set J = 0.

Indeed, arguing by contradiction, let us suppose that v; > S7% for some j e J.
Since {u,} is a (PS)., , sequence for the functional I, , from the conditions (F)

and (Mp), and mg < a < %mo we have

1
cax = Lo (un) — 9 ;A(un)(“n) + 0n(1)

1~ 1 1
2 EMa(Huan) = o Ma([[un ") l[unl[” + < -

1 o
P d (1
0 0 p**>/9|u| @+ on(l)
mg a 1 1 o
> — — = p - p
_(p 9>||un||—|—<9 p**>/9|un| dx + 0,(1)

1 1 o

> |- - up|?  dr + o,(1
1 1 o

= e [unl? @je dz + on(1). (2.20)
0 p Q

Letting n — oo in (2.20), we get

1
*%

; /
Car> | 57— @j.edv
A (9 p ) Q !

1 1 N
N i3 2.21
2 (§-5:)8 (221)

which contradicts (2.11). Thus, J = @) and it follows that

lim / un P dm:/ lulP™ d. (2.22)

and then
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We also have uy,(z) = u(z) a.e. © € Q as n — oo, so by the condition (F}) and the
Dominated Convergence Theorem, we deduce that

lim | (f(z,un)un — f(z,u)u) de = 0. (2.23)

n—oo Q

From (2.22)-(2.23) we deduce since I} ) (u,)(un) — 0 as n — oo that

lim M, ([[un]P) llun]P = A / f(, uyudz + / " de. (2.24)

On the other hand, by (2.12), and the boundedness of ||u,, —ul| we have I}, \ (uy)(u,—
u) — 0 as n — oo, that is,

M, (lun|l?) / At [P At (A, — Au) dir — A / F (st — ) d
Q Q

(2.25)
- / [P 2t (4, — u) dzz — 0 as n — oco.
Q
Using Holder’s inequality we have
flzyun)(un —u)dz| < / |f (2, un)||un — ul dx
Q Q
< C’/Q(l + [tn] T U — u| dz (2.26)
a1 _
S C (|Q‘ a 4 |Un|%q(19)) |un — U|Lq(Q)
—+0asn— oo
and
/ [un | 2t (g, — u) dz| < / un P "y — u| da
. . 2.27
< funl 7 iyt = tloe ) 227
— 0 asn — oo.
From (2.25)-(2.27) we get
M, (||un|\p)/ At P2 Aty (At — Au) dz — 0 as 1 — 0o, (2.28)
Q
Using the condition (M), it follows that
/ | Ay, P72 Ay (A, — Au) dz — 0 as n — oo. (2.29)
Q

By standard arguments, we can show that {u,} converges stronlgy to u in WO2 P(Q).
This completes the proof of Theorem 2.1. O
Now, we are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. Let A9 be as in Theorem 2.1 and, for A > Ag, let
uy € WeP(Q) be the nontrival solution of problem (2.3) found in Theorem 2.1. We
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claim that there exists A* > Ao such that ||uy||? < to for all A > A*. If this is the
case, it follows from the definition of M, (t) that M, (||ux|[?) = M(|lux]|?). Thus,
uy is a nontrivial weak solution of problem (1.1).

We argue by contradiction that, there is a sequence {\,} C R such that A, —
+00 as n — oo and |luy, ||P > to. Then we have

1~ 1 mo a
Cone = ST, 17) = g aClan, Pl P = (22 = 5 ) o, 1P

which is a contradiction since lim,,_,o ¢4,x, = 0 and a € (my, %mo).

Finally, we shall prove that limy_, o ||ua|| = 0. Indeed, by (Mp) and the fact
that [Jux||? < tg, it follows that M (||ux||?) < M(to) = a. Hence, using (My) and
(Fy) we have

1~ 1 mo a
” > py _ p P> > p_ _ p
Cax 2 pM(HUAII ) = MUl lluall” = ) luall” = Zllual

(2.31)
= (=5 ) Il
p6)"
Using Lemma 2.4 again we have that limy_, ;. c,,n = 0. Therefore, it follows
since a € (my, %mo) that limy_ 4o ||ur|| = 0. The proof of Theorem 1.1 is now
completed. O
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