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Abstract In this paper, we investigate a class of fourth-order singular non-
linear differential equation with superlinearity or sublinearity assumptions at
infinity for an appropriately chosen parameter. By applications of Green’s
function and the Krasnoselskii fixed point theorem, sufficient conditions for
the existence of positive periodic solutions are established.
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1. Introduction

The family of the so-called Lazer-Solimini equations

1
7 _
r + p =p(1), (1.1)
and )
" _
r — = —P(t)a (12)

where v > 0 and p(t) is a periodic function with period w. They are perhaps the
simplest examples combining singular nonlinearity and a periodic dependence of the
coefficients. In a renowned paper from 1987, Lazer and Solimini [14] investigated
the problem of existence of positive w-periodic solutions for these model equations.

Lazer and Solimini’s work has attracted the attention of many scholars in differ-
ential equations. More recently, the method of lower and upper solutions [1,12,16],
the Poincaré-Birkhoff twist theorem [4,11,23], topological degree theory [2,25] the
Schauder’s fixed point theorem [17,20, 24], the Leray-Schauder alternative princi-
ple [5, 6], the Krasnoselskii fixed point theorem in a cone [8,21], the fixed point
index theory [19] have been employed to investigate the existence of positive peri-
odic solutions of singular second order and third-order differential equations.
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At the beginning, most of work concentrated on second-order and third-order
singular differential equations, as in the references we mentioned above. Recently
there have been published some results on fourth-order differential equation (see
[3,7,9,10,15,26]). In 2003, Conti, Terracini and Verzini [9] study the fourth-order
equation

WD () — e (t) = F(t,u(t), teo,T],

with periodic boundary conditions, where ¢ > —(7/T)?, f: R? — R is continuous,
T-periodic in ¢t and has a superlinear behavior at 0 and at infinity. Under these
assumptions, they shown that for each positive integer n > 1 the problem admits
a T-periodic solution having precisely 2n simple zeroes in [0, T]. The proof was in-
spired by Nehari’s argument of combining variational methods and nodal properties
of solutions. However, here a new and subtle min-max procedure is built, allow-
ing one to interpret nodal properties of solutions of the problem as a topological
property and to get these solutions by means of a variational principle with two
constraints. Afterwards, by constructing a special cone and using cone compres-
sion and expansion fixed point theorem, Cui and Zou [10] considered the existence
and uniqueness of solutions are established for the following singular fourth-order
boundary value problems:

where f(t,z,y) may be singular at t =0, 1; =0 and y = 0.

In the above papers, the authors investigated fourth-order equations. However,
the study on the fourth-order singular equation is relatively infrequent. Motivated
by [9,10,26], in this paper, we further consider a fourth-order singular differential
equation with a parameter as follows,

2 (8) + az” (£) + ba'' () + e’ (t) + da(t) = pg() f(@(t) + pe(®),  (13)

with © > 0 is a positive parameter, and e(t) may takes positive value or negative
value. a, b, ¢, d € R, g(t) and e(t) are w-periodic continuous scalar functions in
t € R. The nonlinear term f of (1.3) can be with a singularity at origin, i.e.,

lim f(x) = 400, (or lim f(z) = —00), uniformly in ¢.

z—0T1 z—0t
It is said that (1.3) is of repulsive type (resp. attractive type) if f(z) — +oo (resp.
f(z) - —o0) as x — 0T

As far as we know, studies on fourth-order nonlinear differential equations are

rather infrequent, especially those focused on the research of singular fourth-order
nonlinear differential equations with a parameter. The main difficulty lies in the
calculation of the Green’s function of the fourth-order differential equation, being
more complicated than in the second-order and third-order cases. Therefore, in
Section 2, the Green’s function for the fourth-order linear differential equation

W () + az’' (t) + ba" (t) + ca’ (t) + dx(t) = h(t) (1.4)

will be given. Here h € C(R, (0,+00)) is an w-periodic function. Some useful
properties for the Green’s function are obtained. In Section 3, we define a cone and
discuss several properties of the equivalent operator on the cone. In order to simplify
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the proof in section 3, we establish a series of lemmas and corollaries to estimate the
operator. All the corollaries are the corresponding results for e(t) taking negative
values. In Section 4, by employing Green’s function and the Krasnoselskii fixed point
theorem, we state and prove the existence of positive periodic solutions for singular
fourth-order differential equation with superlinearity or sublinearity assumptions at
infinity for an appropriately chosen parameter.

2. Green’s function of fourth-order differential e-
quation

Firstly, we consider

. , 2.1
@ (0) = 2 (w), i=0,1,2,3, (2.1)

{x(4) (t) + az”(t) + ba" (t) + ez’ (t) + dz(t) = h(t),
where h € C(R,R") is an w-periodic function. Obviously, the calculation of the
Green’s function of (2.1) is very complicated, so, by analysis of the fourth-order
differential equation (2.1), we consider the following six cases.

Case (I): There exist real constants a, 3, v and p > 0 such that a = a + p,
b=+ ap, c=~v+ Bp, d=~yp. Then, (2.1) is transformed into

y'(t) + py(t) = h(t), )
y(0) = y(w), :
and
2" (t) + ax”(t) + B2/ (t) + vx(t) = h(t),
{ z@(0) =2 (w), =0, 1 9 (2.3)

Solution of (2.2) is written as

y(t) = /0‘*’ G1(t,s)h(s)ds, (2.4)

where
e—P(t—s)
Gt ) T=e=wr> 0<s<t<w,
1(t,s) = e—plwtt—s)
e 0<t<s<w.

Solution of (2.3) is written as

x(t) = /Ow Gai(t, s)y(s)ds, i=1,2,3,4. (2.5)

Next, we will consider Ga;(t,s), which can be found in [17]. The associated
homogeneous equation of (2.3) is

2" +az” + B’ +~yx =0. (2.6)
Its characteristic equation is
N+ ad?+ A+ =0. (2.7)

Obviously the roots A1, Aa, A3 of (2.7) satisfy one of the four cases:
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1 A % Ao # As, A, e, A3 € R.
2. A1 = A2 # A3, A1, Ao, A3 € R.
3. M =X=)\=\ER.

4.\

a+if, a=a—1if, As=\, a, 5, A€ R.

If v = 0, then at least one of the roots of (2.6) is 0. In this case we call equation
(2.3) degenerate. This case will be discussed elsewhere. In this paper, we always
assume 7y # 0.

Lemma 2.1. If Ay # Ao # A3, A1, A2, A3 € R, then the equation (2.3) has a
unique w-periodic solution

t+w
x(t) = /t Ga1(t, s)y(s)ds, (2.8)

where
exp(A1(t +w —9)) n exp(A2(t +w — 9))

(A = A2) (A1 = A3)(1 —exp(Aiw)) (A2 = Az)(A2 — A1)(1 — exp(Aow))
exp(As(t +w — s))

(A3 — A2) (A3 — Ap)(1 — exp(Asw))

G21 (t, S) =

+

for s €[t t+wl.
(2.9)

Lemma 2.2. If \y = A2 # A3, A1, A2, A3 € R, then the equation of (2.3) has a
unique w-periodic solution

t+w
x(t) = /t Gaa(t, s)y(s)ds, (2.10)

where
exp(A1(t +w — $))[(1 —exp(A1w))((s = t)( A3 — A1) — 1) — (A3 — \1)w]
O — A )2(1 — exp(\w))?
exp(As(t +w — s))
(A1 = A3)2(1 — exp(Asw))

GQQ (t, S) =

for s € [t,t+w).
(2.11)

Lemma 2.3. If A\ = Ay = A3 = XA € R, then the equation of (2.3) has a unique
w-periodic solution

t+w
2(t) = /t s (1, 5)y(s) ds, (2.12)
where

[(s —t)exp(A\w) + w — s + t]? + w? exp(\w)
2(1 — exp(Aw))3

Gos(t,s) = exp(A(t+w—s)) (2.13)

for s € [t,t+ w].
Now take the abbreviations
li(t,s) =cos B(t +w — s) — exp(aw) cos B(t — s),

la(t,s) =sinB(t + w — s) — exp(aw) sin B(t — s),

we have
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Lemma 2.4. If \y = a+if, Ao =a—if, A3 =\, o, 8, A € R, then the equation
of (2.3) has a unique w-periodic solution

t+w

x(t) = Gaa(t, s)y(s)ds, (2.14)

where

exp(a(t + w — 8))[(a — N)la(t, s) — Bli(t, s)]
Blla = X)2 + 2](1 4 exp(2aw) — 2 exp(aw) cos fw)
exp(A(t +w — s))
(1 = exp(Aw))[(e = A)* + 57|

G24(t, S) =

(2.15)

fors e[t t+w.

We give properties of Green’s function in the following:
Case (I*): A1 75 Ao 75 A3, A1, A2, A3 € R.
For sake of convenience, we use the following abbreviations

_ exp(A1w) 1
Al _(/\17}\2)(}\17}\3)1(176)([)()\1&))) + (}\27}\3)()\27}\1)(176){{)(/\2&7))
n exp(Asw)
(A3 = A2)(Az = A1) (1 — exp(Asw))’
_ 1 exp(Aaw)
By T (A1=A2)(A1—A3)(1—exp(Aiw)) + (>\2—)\3)()\2—)\1)2(1—exp()\2w))
. 1
(As = A2)(As — Ar)(1 — exp(Asw))’

p2 =(A1 + A2 — 2A3) exp(Mw) + (2A1 — Ag — A3) exp(A3w)
+ (A1 — Az) exp((A1 4+ A2 + A3)w),

g2 =(A1 — A3) + (A1 — A2) exp(( A2 + A3)w) + (A2 — A3) exp((A1 + A2)w)
+2(A — A3) exp((A1 + Az)w).

Lemma 2.5. If ps > g2 and one of the following conditions
(i))\3<)\2<)\1<0,' (ii))\1>)\2>0and)\3<0,
is satisfied, then 0 < A1 < Ga1(t,s) < Bj.

Case (I**): Al = Ao 75 )\3, )\1, )\2, A3 € R.
For convenience, define the abbreviations

4 :exp()\lw) -1+ (M — 3w exp(Asw)
2T (= Ae)2(1—exp(Mw))? T (A1 — A3)2(1 — exp(Asw))”
5, _(ED200) — exp0)) + (A = A exp(Are)

()\1 — )\3)2(1 — exp()\lw))Q
1
A1 = A3)%(1 — exp(Asw))’
ps =exp(Aiw) + (A1 — Az)w + (exp(Aiw) — 3) exp((A1 + As)w)
+ (24 (A3 — A\)w) exp(Asw).

i

Lemma 2.6. If Ay > 0,A3 <0, then 0 < Ay < Gaa(t,s) < Bs.
Lemma 2.7. If \; < A3 <0 and p3 > 1, then 0 < Ay < Gaa(t, s) < Bs.
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Case (I***): \; = Ao =XA3=A€R.
For convenience, define

~ w?exp(22w)(1 + exp(Aw))

2
Al — ~ w?(1+exp(Aw)

d By=———"""2.
2(1 — exp(Aw))3 an ° 7 2(1 — exp(hw))?
Lemma 2.8. If A <0, then 0 < As < Gas(t,s) < Bs.
Case (I****): \; =a+if, a=a—if, A=\ «, 5, A€ R.
For the sake of convenience, define

Ag = —exp(aw)
B/ 1(a — A2 + B2(1 + exp(2aw) — 2 cos(Bw) exp(aw))
L exp(Aw)
[(a = A)2 + B2](1 — exp(Aw))’
B = exp(aw)
B/[( = A)2 + B2](1 + exp(20w) — 2 cos(Bw) exp(aw))
1
T lo AT I - e (w))’
-1
A =
" By/Ilo = N7+ B+ exp(2aw) — 2cos(fw) explaw)
. exp(Aw)
[(a = A)2 + B2](1 — exp(Aw))’
1
7 BT = VT T P T exp2aw) = 2oos() exp(aw))
1
+

[(a = A)2 + B2](1 — exp(Aw))
Lemma 2.9. Ifa >0, >0, A<0, and

1+ exp(2aw) — 2exp(aw) cos(Bw) _ [(a — A)? + B%](1 — exp(\w))?
exp(2aw) ~ B2 exp(2Xw) ’ (2.16)

then 0 < Ag < G24(t, S) < Bg.
Lemma 2.10. Ifa <0, A<0, 8> 0 and

a— )2 21(1 — exp(Aw))?
(1 + exp(20) — 2 cos(Bw) explaw)) > I );i}])(mw) PAW (9 17)

then 0 < A7 < G24(t, S) < Bs.

Therefore, we know that the solution of (2.1) is written as
x(t) = /Ow Go;(t,T) /Ow G1(T, s)h(s)dsdr
- /0 ’ /0 " Goilt, )G (7, ) (s)dsdr
= /Ow [/Ow Ggi(ts)Gl(sm)ds} h(T)dr
= /Ow [/Ow Goi(t, 7)G1 (T, s)dT] h(s)ds, i=1,2,3,4.
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Therefore, by writing
Gli(t,s)z/ Goi(t, 7)G1(1,8)dr, i=1,2,34, (2.18)
0

we can get
:zz(t):/ G (t,s)h(s)ds. (2.19)
0
Theorem 2.1. Assume that A3 < Ao < A1 < 0 (or Ay > A2 >0, A3 <0), and
p2 > g2 hold. Then G'(t,s) > 0 for all (t,s) € [0,w] x [0,w].

Proof. From Lemma 2.5, we know Ga1(t,s) > 0. Since G1(t,s) > 0, from (2.18)
we see that G'1(¢,s) > 0 for all (,s) € [0,w] x [0,w]. O

Theorem 2.2. Assume that Ay > 0, A3 <0 (or \y < A3 <0, p3>1) hold. Then
G'2(t,s) > 0 for all (t,s) € [0,w] x [0,w].

Theorem 2.3. Assume that X < 0 holds. Then G'3(t,s) > 0 for all (t,s) €
[0,w] x [0, w].

Theorem 2.4. Assume thata >0, >0, A<0,(2.16) (ora<0, >0, A<
0, (2.17)) hold. Then G'(t,s) > 0 for all (t,s) € [0,w] x [0, w].

Case (II): There exist positive real constants m and p such that a = p, b =0,

c=—-m3 d= —pm3. Then, (2.1) is transformed into
'(t t) =h(t
y'(t) + py(t) = h(t), (2.20)
y(0) = y(w),
and
" t) — 3 t) = t
T(8) —mPa(t) = y(t), (2.21)
2@ (0) = 2 (w), i=0,1,2.
Then, solution of (2.20) is written as
y(t) = / G (t, 5)h(s)ds. (2.22)
0
Solution of (2.21) is written as
z(t) = / Gs(t, s)y(s)ds, (2.23)
0
where
2exp(%m(s—t))[sin(?m(t—s)-{-%)—exp(—%mw) sin(%m(t—s—w){-%)]
3m?2 (1+exp(7mw)72exp(f ";‘*’)cos(§mw))
+ sy 0<s<t<w,
G3(t, 8) =

Qexp(%m(s—t—w))[sin(?*m(t—s-{-w)-‘r%) xp(—%nbw) sin(@m(t—s)-‘r%)]
3m? (1+exp(fmw)72 exp(f 2“’)00s(§mw))
_i_w 0<t<s<uw.

m?(exp(mw)—1)"

—€
m
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By the following lemma, which can be found in [18], we will consider the sign of
Gs(t,s). Let
1 I 34 2exp (f%)

= 3m2(exp(mw) — 1)’ 32 (1—exp (7%))2

Lemma 2.11. Assume that \/3mw < 47 holds. Then 0 <1 < Gs(t,s) < L for all
te[0,w] and s € [0,w].

Similarly to (2.19), we know that the solution of (2.1) can be written as
x(t) = / G*(t,s)h(s)ds, (2.24)
0

where G%(t,s) = [,” G3(t,7)G1(7, s)dr. And we get the following Theorem.

Theorem 2.5. Assume that \/3mw < 37 holds. Then G*(t,s) >0 for all (t,s) €
[0, w] x [0,w].

Case (III): There exist positive real constants m and p such that a = p, b = 0,
c=m?,d = pm3. Then, (2.1) is transformed into

y'(t) + py(t) = h(t), (2.25)
y(0) = y(w),
and
2 (8) + () = y(t), 226)
z@(0) = 2 (w), i=0,1,2. '
Then, solution of (2.25) is written as
w
y(t) = / G (t, 5)h(s)ds. (2.27)
0
Solution of (2.26) is written as
x(t) = / Ga(t, s)y(s)ds, (2.28)
0
where
2exp(%m(t—s))[sin(gm(t—s)—%)—exp(%mw) Sin(@m(t—s—w)—%)]
3m?2 (1+exp(mw)—2 exp(%mw) cos(?mw))
G4(ta 3) =

2cxp(%m(t+w—s)) {sin(?m(t+w—s)—%) —cxp(%mw) sin(%m(t—s)—%)]
3m?2 <1+exp(mw)—2 exp(%mw) cos (gmw))

+%, 0<t<s<w.

By the following lemma, which can be found in [18], we will consider the sign of
G4(t, S)
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Lemma 2.12. Assume that \/3mw < 37 holds. Then 0 <1 < Gu(t,s) < L for all
t€[0,w] and s € [0,w].

Similarly to (2.19), we know that the solution of (2.1) can be written as
x(t) = / G3(t, s)h(s)ds, (2.29)
0

where G3(t,s) = [,” Ga(t,7)G1(7, s)dr. And we get the following Theorem.

Theorem 2.6. Assume that \/3mw < 37 holds. Then G3(t,s) >0 for all (t,s) €
[0, w] x [0,w].

Case (IV): There exists a positive real constant p such that a = —2p, b = 3p?,
c=—2p% d = p* Then, (2.1) is transformed into

"(t) — py'(t) + pPy(t) = h(2),
{z(i)(o) :m;(i)(w)’p 2;: 1,2, (2.30)
and
a”(t) — px' (t) + p*2(t) = y(t),
{x(i)(O) :pm(i)(w)’p i=0, 12./ (2.31)

Then, solution of (2.30) is written as

y(t) = /Ow G5(t, s)h(s)ds.

Solution of (2.31) is written as

z(t) = /Ow Gs(t,s)y(s)ds.

Lemma 2.13 (see [19]). The boundary problem (2.30) is equivalent to integral e-
quation

y(t) = /OW G5(t, s)h(s)ds,

where
2¢5 (=% [sin @p(w—t-{-s)-{-e_% sin gp(t—s)}
7w yas 0<s<t<w
— \/§ ? — )
G (t ) \/gp(e 2 +e 3 —2cos pr)
S) = . w
5% 265 (wHt—2) [sin ?p(sft)Jre*pT sin @p(wfert)] <4 <
<s<w

\/gp(epTw+67'D‘Tw—QCos épw) ’

. 271' .
Moreover, for Gs(t,s), if p < oo We have the estimates

2sin (%2
0< 1= %’omg < Gs(ts) € —————
V3p(es +1) V3sin(52 pw)

Similarly to (2.19), we know that the solution of (2.1) can be written as

=1L, Vs,te0w].

z(t) = /Ow G*(t,s)h(s)ds, (2.32)

where G4(t,s) = fow Gs(t,7)G5(7, s)dr. And we get the following Theorem.
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Theorem 2.7. Assume that p < % holds. Then G*(t,s) > 0 for all (t,s) €
[0,w] x [0,w].

Case (V): There exists a positive real constant p such that a = p, b = 0, ¢ = p?,
d = p*. Then, (2.1) is transformed into

W (8) + pult) = h(t)
{u(O) v (2.33)
and
y'(t) + py(t) = u(t),
{y<o> — ) (234)
and
2 (t) — pa' (t) + pPa(t) = y(t),
{xm(m 2O (), i=01. (2.35)

Similarly to (2.19), we know that the solution of (2.1) can be written as
2(t) = / GO (L, 5)h(s)ds, (2.36)
0
where G5(t, s) = f: fow Gs5(t,72)G1(m2,71)G1(71, 8)dT1dT2. And we get the following

Theorem.

Theorem 2.8. Assume that p < % holds. Then G°(t,s) > 0 for all (t,s) €
[0,w] [0, w].

Case (VI): There exists a positive real constant p such that a = 4p, b = 6p?,
c=4p3 d = p*. Then, (2.1) is transformed into

W (8) + pult) = h(t)
{u(O) = u(w), (237)
and
V(1) + polt) = u(t),
{U(O) e (2.38)
and
y'(t) + py(t) = v(t),
{y<o> = y(w), (239
and
z'(t) + px(t) = y(t),
{y<o> = y(w). (240

Similarly to (2.19), we know that the solution of (2.1) can be written as
2(t) = / GO (t, 5)h(s)ds, (2.41)
0

where GS(t,s) = fow f: fow G1(t,73)G1(73,72)G1(T2, T1)G1 (71, 8)dT1dT2dT3. And We
get the following Theorem.

Theorem 2.9. G%(t,s) > 0 for all (t,s) € [0,w] x [0,w].
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3. Preliminary Lemmas

Firstly, we establish the existence of positive periodic solutions for fourth-order
differential equation (1.4) by using fixed point theorem, which can be found in [13].

Lemma 3.1 ( [13]). Let X be a Banach space and K a cone in X. Assume that
Q1, Qo are bounded open subsets of X with 0 € 0y, Q1 C Qo, and let

T:KN(Q\ Q) = K

be completely continuous operator such that either

(i) |Tu|l > |lull, v € KNoQ and ||Tul|| < ||ull,u € K NOQs; or

(i) | Tu| < Jull, v € KNOQ and ||Tu|| > ||ull,u € K NINys.
Then T has a fized point in K N (g \ Q7).

For the sake of convenience, we list the following assumptions which will be used
repeatedly in the sequel:
(H1) f(z) is a scalar continuous function defined for |z| > 0, and f(z) > 0 for
|z| > 0.

(Hy) g(t) >0, t €[0,w], f: g(t)dt > 0.
(Hs) g(t) > 0 for t € [0,w].
Case (I): There exist real constants «, 3, v and p > 0 such that a = a + p,
b= pB+ap, c=~v+pPp,d=yp. The following are the main existence results in this

section.
Under Theorems 2.1-2.4, we always denote

: 14 14
mi; = Imin t Mi; = max t o1 =myi /My, 1=1,2,3,4.
17 0<s,lt< G ( 75)7 1z 0<s.t< G ( 75) 1z 1z/ 15 5 Ly 9y

ObViOHS].y, Mi; >my; >0and 0 <oy < 1.
Case (i): A1 # Ay # A3, and A1, A9, A3 € R.
Define the cone K in X by

K={xeX:z(t)>0 for all ¢ €[0,w] and ItniII{l{E(t) > o1z}
€
We take X = C,, with ||z|| = mtax|ac(t)|. Also, for r > 0, let

Q. ={zeK:|z|| <r}.
Define the operator T': K \ {0} — X

(Thx)(t) = M/ G (t,5)(g(s) f(x(s)) + e(s))ds. (3.1)
0

When e is nonnegative, g(s)f(z(s))+e(s) is nonnegative. If e takes negative values,
we will choose z(s) so that g(s) f(z(s))+e(s) is nonnegative. This is possible because
li = li = 0.
lim f() = oo or lim_f(2) = oc

Now if x is a fixed point of T}, in K \ {0}, then x is a positive solution of (1.4).
Also note that each component x(¢) of any nonnegative periodic solution « is strictly
positive for all ¢t because of the positiveness of the Green functions and assumptions
(Hy) and (Hz). We now look at several properties of the operator.
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Lemma 3.2. Assume that A3 < Ao < A1 < 0 (or Ay > X2 > 0, A3 < 0),
p2 > G2, (Hi), (H2) hold and e(t) > 0, t € [0,w]. Then T,(K \ {0}) C K and
T, : K\ {0} = K is completely continuous.

Proof. If z € K\ {0}, then n[lgn] |z(t)| > o11l|z|| > 0, and then T}, is defined.
te|0,w

Now we have that,

i Ta(t) > ming [ (0(5) (@) +e(5)ds

— pon My / (9(5)F(2(s)) + e(s))ds
0
>oy1 sup T,x(t)
te[0,w]

=on||T,zl|

Thus, 7,,(K \ {0}) C K. It is easy to verify that T}, is completely continuous.  [J

If e(t) takes negative values, we need to choose appropriate domains so that
g(s) f(x(s)) + e(s) become nonnegative. The proof of T, (K \ {0}) C K and T,(K \
Qr) C K in Lemma 3.3 is the same as in Lemma 3.2.

Lemma 3.3. Assume that A3 < Aa < A\ <0 (or Ay > X2 >0, A3 <0), ps > go,
(Hl), (Hg) hold.

(a) If lir% f(x) = oo, there is a § > 0 such that if 0 < r < 9, then T}, is defined on
T—
Q- \{0}, T,(2-\{0}) C K, and T, : Q. \ {0} = K is completely continuous.

(b) If ILm f(x) = oo, there is a A > 0 such that if R > A, then T), is defined on
Tr—r0o0
K\Qg, T,(K\Qr) C K and T, : K\ Qr — K is completely continuous.

Proof. We split g(t) f(z(t))+e(t) into the two terms $g(t) f(z(t) and 3g(t) f(z(t))+
e(t). The first term is always nonnegative and used to carry out the estimates of the
operator in the lemma and corollaries in this section. We will make the second term
% g(t) f(x(t)) + e(t) nonnegative by choosing appropriate domains of f. The choice
of the even split of g(t) f(z(t)) here is not necessarily optimal in terms of obtaining
maximal p-intervals for the existence of periodic solutions of the equation.

Noting that g(¢) is positive on [0,w], limO f(z) = oo, implies that there exists a
rT—
constant ¢ > 0 such that
max]{|e(t)| +1}

te0,w

flx) =2

. t b
tg[lég]g( )

for 0 < |z| < 6. Now for z € Q,.\ {0} and 0 < r < §, noting that

0 >r>|x(t)) > n[lgn]|x(t)|201||z|\>0, t € 0,w],
te|0,w
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and therefore, we have, for ¢ € [0, w],

9(0)F(0) + (1) > S9()F(a(0)) + et
tgg{g}{le(t)l +1}

in g(t
t?ﬁ}ﬁ]g()

+e(t)

> 0.

Thus, it is clear that T,z(t) in (3.1) is well defined and positive, and now it is
easy to see that 7,,(Q, \ {0} C K and T, : Q. \ {0} — K is completely continuous.
On that other hand, if lim f(z) = oo, there is an R” > 0 such that
T—r00

B +1

tren[gﬁ]{le()lJr }
in g(t
tg&g}g()

flz) =2

b

for |z| > R”. Now let A = £~ Then for z € K\ Qr, R > A, we have that

g
min xz(t) > o11||z|| > R”, and therefore,
t€[0,w]

GOF(@(0) +et) 2 Sg()f@(t) +et) >0, ¢ € [0,

-2
Now T,z(t) in (3.1) is well defined and positive. It is clear that 7, (K \ Qr) C K
and T, : K\ Qr — K is completely continuous. O

Now let ) w
= min{§m11011/ g(s)ds} > 0.
0

Lemma 3.4. Assume that A3 < Ao < A\ <0 (or Ay > X2 >0, A3 <0), p2 > go,
(H1), (H2) hold and e(t) > 0, ¢t € [0,w]. Let r > 0 and if there exists n > 0 such
that

f(z(t)) = nz(t)  for t€0,w],

for z(t) € 0, then the following inequality holds,
[ Tyxll = pLn||2|].
Proof. From the definition of T),x it follows that
T,x|| > max T,z(t
[Ty > max. T,r(t)

> o [ a1 (alo)ds
> %Mmu/o g(s)na(s)ds

1 w

> §Mm11011/ g(s)dsn||x|]
0

= pl'n||z[].

O
If e(t) takes negative values, we need to adjust 6 and A in Lemma 3.3 to guar-
antee that g(t)f(x(t)) + e(t) is nonnegative.
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Corollary 3.1. Assume that A3 < Ao < A1 <0 (or A1 > A2 >0, A3 <0), p2 > qo,
(Hl), (Hs) hold.

(a) If ili% f(x) = oo, then Lemma 3.4 is true if, in addition, 0 < r < &, where ¢
is defined in Lemma 3.5.

(b) If zlingo f(x) = oo, then Lemma 3.4 is true if, in addition, N > 0, where A is
defined in Lemma 3.3.

Proof. We split g(t) f(z(t))+e(t) into the two terms 1g(t) f(z(t)) and Lg(t) f(z(t))+

e(t). By choosing 6 and A in Lemma 3.3, g(t)f(z(t)) + e(t) become nonnegative.

The estimate in Corollary 3.1 can be carried out by the first terms as in Lemma

3.4. O
Let f(6) : [1,00) — Ry be the function given by

f(0) =max{f(u) :u e Ry and 1< |u| <6}

It is easy to see that f(6) is a nondecreasing function on [1,00). The following
lemma is essentially the same as Lemma 2.8 in [22].

L Tl

Lemma 3.5 (see [22]). Assume (Hy) holds. If | llim 1&)  erists (which can be
z|—

infinity), then lim @ exists and lim @ = lim @
6—00 0—oc0 |z| =00

Lemma 3.6. Assume that A3 < Ao < A\ <0 (or Ay > X2 >0, A3 <0), ps > go,
(Hy), (Hz) hold and e(t) > 0, t € [0,w]. Let r > max{a%lﬂ,uMn Iy le(s)|ds} and
if there exists an € > 0 such that

flr) <er,
then )
Tall < nCellal + gllall  for o € o0,

where the constant C = My, Iy g(s)ds.

Proof. From the definition of 7}, we have for x € 02,

Tyl = mae Toa()

< bt [ g eo)ds + bt [ le(o)lds

< puMyy /Owg(s)f(r)ds + g

< MMU/ g(s)dsre + g
0

~ 1
= nCellz]] + 5|l
O

If e(t) takes negative values, we need to restrict the domain of 7}, to guarantee
that g(¢) f(x(t)) + e(t) is nonnegative.
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Corollary 3.2. Assume that A3 < Ao < A1 <0 (or A1 > A2 >0, A3 <0), p2 > qo,
(H1), (Hs) hold. If lim f(z) = oo, Lemma 3.6 is true if, in addition, r > A\, where
T—r00

A is defined in Lemma 3.3.

Proof. If we choose A defined in Lemma 3.3, then T}, is well defined and g(¢) f(x(t))
+e(t) is nonnegative, and Corollary 3.2 can be shown in the same way as Lemma
3.6. O

The conclusions of Lemma 3.4 and 3.6 are based on the inequality assumptions
between f(z) and z. If these assumption are not necessarily true, we will have the
following results.

Lemma 3.7. Assume that A3 < Ao < A\ <0 (or Ay > X2 >0, A3 <0), p2 > go,
(Hy), (H2) hold and e(t) > 0, t € [0,w]. Let r > 0. Then

mym [
Tall = ™5 [ gs)ds,
0

for all x € 9., where 11 = min{f(z) : x € Ry and o117 < |z| <r} > 0.
Proof. If z(t) € 9Q,., then o117 < |z(t)| < r, for ¢ € [0,w]. Therefore f(z(t)) >
My for t € [0,w]. By the definition of T),, we have

Tyl = maxx Tyr(t)

Y

g [ o)1 (als)s
> um”Tmm /Ow g(s)ds.

O

Now we consider the cases that e(t) may take negative values. We need to restrict

the domain of 7}, to guarantee that g(t)f(z(t)) + e(t) is nonnegative. 2g(t)f(z(t))
is used to carry out the estimates is Lemma 3.7.

Corollary 3.3. Assume that A3 < A2 < A1 <0 (orA; > X3 >0, A3<0), p2 > qo,
(H1), (H3) hold.
(a) If }:13% f(x) = oo, then Lemma 3.7 is true if, in addition, 0 < r < §, where
0 > 0 is defined in Lemma 3.3.
(b) If xlggo f(z) = oo, then Lemma 8.7 is true if, in addition, r > A\, where A is
defined in Lemma 3.5.

Proof. By selecting 6 and A defined in Lemma 3.3, T}, is well defined and g(t) f (x(t))
+e(t) is nonnegative, and then Corollary 3.3 can be shown as Lemma 3.7. O

Lemma 3.8. Assume that A3 < Ao < A\ <0 (or Ay > X2 >0, A3 <0), p2 > qo,
(Hy), (H2) hold and e(t) > 0, t € [0,w]. Let r > 0. Then
Tl < (Mir [ aitnds + 3y [ lelolas).
0 0

for all x € 9Q,., where My, = max{f(z): x € Ry and o117 < |z| < r} > 0.
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Proof. If z € 8Q,, then oyr < |z(t)] < r, t € [0,w]. Therefore f(z(t)) < My,
for ¢t € [0, w]. Thus we have that

Tl = tg%&ﬁ] Ty (t)

< bty [ g(6)als))ds + s [ el
< bty [ g eo)ds + bt [ le(olds
< bty [ gtds + uts [ le(slds
=p <M11 /Ow g(s)M11ds + My, /Ow |6(5)|d5) .

O
Again, if e(t) takes negative values, we need to restrict » and R to guarantee
g(t) f(x(t)) + e(t) is nonnegative.
Corollary 3.4. Assume that A3 < A2 < A1 <0 (orA; > X3 >0, A3<0), p2 > qo,
(Hl), (Hg) hOld

(a) If qlcli% f(z) = oo, then Lemma 3.8 is true if, in addition, 0 < r < 0, where
0 > 0 is defined in Lemma 3.3.

(b) If Tlgrolo f(z) = oo, then Lemma 3.8 is true if, in addition, r > /\, where A is
defined in Lemma 3.3.

Proof. By selecting 6 and A defined in Lemma 3.3, T}, is well defined and g(t) f (z(t))
+e(t) is nonnegative, and then Corollary 3.4 can be shown as Lemma 3.8. O

4. Main Results

In this section, we present out main results for the existence and multiplicity of
positive periodic solutions of singular fourth-order equation of repulsive type (1.4).
We state our theorems as follows.

Theorem 4.1. Let A3 < Ag < A1 <0 (07’ AL > A > 0, Az < 0), P2 > Qq2, (Hl),
(Hz) hold and e(t) > 0, t € [0,w]. Assume that liHb f(z) = 0.
z—

(a) If lim % =0, then, for all u > 0, (1.4) has a positive periodic solution.

(b) If‘ 1|im He) — 00, then, for all sufficiently small > 0, (1.4) has two positive
T|—0o0

|]
periodic solutions.

(c) There exists a p11 such that (1.4) has a positive periodic solution for 0 < p <

H1-
Proof. (a) Since e(t) > 0, T}, is defined on K \ {0} and g(¢)f(z(t)) + e(t) is
nonnegative. Noting lim % =0, it follows from Lemma 3.5 that lim ! (99) =0.

|z]|— 00 60— 00
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Therefore, we can choose r; > max{%ﬂ,QuMll Iy le(s)|ds} so that flr) < ery,
where the constant ¢ > 0 satisfies

L1
Ce < =,
nCe < 5

and C is the positive constant defined in Lemma 3.6. We have by Lemma 3.6 that
~ 1
| T,x|| < HO5+§ [lz]| < ||z]| for z € OQ,,.

On the other hand, by the condition lir% f(x) = oo, there is a positive number
r—r

ro < r1 such that

f(@) = nlal,
for x € Ry \ {0} and |z| < 7, where n > 0 is chosen so that

ul'n > 1.

It is easy to see that, for z € 0Q,,, t € [0,w],

f(@) = nx(t).
Lemma 3.4 implies that

Tyl = plnl|z]] > [lz||  for z € OQy,.

By Lemma 3.1, T}, has a fixed point € ., \ ,,. The fixed point z € Q,, \ Q,., is
the desired positive periodic solution of (1.4).

(b) Again since e(t) > 0, T}, is defined on K \ {0} and g¢(¢)f(x(t)) + e(t) is
nonnegative. Fix two numbers 0 < r3 < ry4, there exists a pg > 0 such that

T3
po < w ~ ) )
My, fo g(8)M,.,, ds + My, fo le(s)|ds
and
< T"‘
Mo w ~ w )
My [ g(s)M,, ds + My [ |e(s)|ds
where MTM and Mml are defined in Lemma 3.8 implies that, for 0 < p < g,
| Tyx|| < |[|z||  for z € 0Q,, (j=3,4).
On the other hand, in view of the assumptions lim % = oo and limO f(x) = o0,
xr—r o0 r—r

there are positive numbers 0 < ro < r3 < r4 < r} such that
f(@) = nl]
for x € Ry and 0 < |x| < rq or |x| > r} where n > 0 is chosen so that
ul'n > 1.

Thus if x € 09, then
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Let r1 = max{2ry, 0%17"’1} If x € 0Q),,, then

min z(t) > o11||z|| = o111 > 71,
te(0,w]

which implies that
f(z(t)) > nx(t) fort e [0,w].

Thus Lemma 3.4 implies that
| Tzl = plnlla|] > [[z]]  for z € 0%,

and
[Tzl = pDylle]| > flall  for = € 02,

It follows from Lemma 3.1, that T}, has two fixed points z1(¢) and za(t) such that
z1(t) € Qpy \ Qp, and z2(t) € Q. \ Qp,, which are the desired distinct positive
periodic solutions of (1.4) for u < pg satisfying

ro < ||z1]| < r3 <71y < ||a2]| <71

(c) First we note that 7T}, is defined on K\ {0} and g(t) f (z(t))+e(t) is nonnegative
since e(t) > 0. Fix a number r3 > 0. Lemma 3.8 implies that there exists a 3 > 0
such that we have, for 0 < pu < pq,

| Tzl < ||lz]|  for x € 0Qy,.

On the other hand, in view of the assumption Hn%) f(z) = oo, there is a positive
r—r

number 0 < r9 < r3 such that
f(@) = mla],
for v € Ry and 0 < |z| < ry where n > 0 is chosen so that
ul'n > 1.
Thus if € 09,,, then
fx(t)) = na(t), tel0,w].
Thus Lemma 3.4 implies that
Tl = ulyllz]] > llall - for o € 0.

Lemma 3.1 implies that T}, has a fixed point € Qr, \ Qp,. The fixed point x €
Q5 \ ., is the desired positive periodic solution of (1.4). O
When e(t) takes negative values, we give the following theorem.

Theorem 4.2. Let A3 < Ay < A1 <0 (or Ay > X2 >0, A3 <0), p2 > qo, (H1),
(H3) hold. Assume that lir% f(z) = o0.
z—

(a) If | llim f(z) = o0 and lim 1@ — 0, then there exists o > 0 such that
T |—r0o0

(1.4) has a positive periodic solution for p > pg.
(b) If‘ llim fl(;‘) = 00, then, for all sufficiently small p > 0, (1.4) has two positive
T|—0o0
periodic solutions.
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(¢) There exists a pu1 > 0 such that (1.4) has a positive periodic solution for
0<p< .

Proof. (a) Since ‘ llim f(z) = oo, By Lemma 3.3, there is a A > 0 such that if
xT|—00
R > A, then g(t) f(x(t)) + e(t) is nonnegative and T, : K \ Qp — K is defined.

Now for a fixed number r; > A, Corollary 3.3 implies that there exists a pg > 0
such that, for g > po.

[|[Tpxl| > ||z]|  for x € 09,,.

On the other hand, since lim ACI 0, it follows Lemma 3.5 that lim G- 0.

|z|—oc 17! 900 ©
Therefore, we can choose

1 w
ro > max{?rl, —,QuMn/ |6(s)|ds} > A,
011 0
so that f (rq) < erg, where the constant £ > 0 satisfies

A 1
Ce < =.
ple < 3

We have, by Corollary 3.2, that
A 1
||[Tpx|| < | pCe+ 3 [lz]| < ||z]| for z € OQ,,.

By Lemma 3.1, T}, has a fixed point z € Q, \ ©2,,,. The fixed point z € Q,, \ ,, is
the desired positive periodic solution of (1.4).
(b) First, since limO f(z) = oo, by Lemma 3.3, there is 6 > 0 such that if 0 <
T—

r <8, T, is defined on Q\ {0} and g(t)f(x(t)) + e(t) is nonnegative. Furthermore,
T,(92-\ {0}) C K. Now for a fixed number r; < ¢, Corollary 3.4 implies that there
exists a g1 > 0 such that we have, for u < pq,

|T,z|| < ||lz|| for x € 0.

In view of the assumption limO f(z) = oo, there is a positive number 0 < r3 < rq
T—
such that
f(x) > nlz|

for x € Ry and 0 < |z| < r3 where 1 > 0 is chosen so that
ul'n > 1.

Thus if x € 0€),,, then

Thus Corollary 3.1 implies that

| Tpl| = ulnf[z][ > [l|| - for = € Oy,



474 Y. Xin, X. Han & Z. Cheng

It follows from Lemma 3.1, T}, has a fixed point x1(t) € Q,., \ Q,, which is a positive
periodic solutions of (1.4) for u < p; satisfying

ry < H$1|| <7rp.

On the other hand, since lim f@) — 00, by Lemma 3.3, there is A > 0 such

that if R > A, T, is defined on K \ Qg and g¢(t)f(x(t)) + e(t) is nonnegative.
Furthermore, T, (K \ Qr) C K. For a fixed number r, > max{A,r}, and Corollary
3.4 implies that there exists a 0 < pg < w1 such that we have, for u < uy,

| Tzl < ||z|]| for x € 0Q,,.

I()

Since lim |E1;\ = 00, there is a positive number r’ such that

|| —o0
f(x) = nlz|
for € Ry and |z| > v’ where n > 0 is chosen so that
ul'n > 1.
Let 74 = max{2ry, J%lr/} > A If x € 092, then

min z(t) > o11||z|| = 01174 > 7,
te(0,w]

which implies that
f(z(t)) > nx(t) fort e [0,w].
Again Corollary 3.1 implies that

| Tyzl| = pTnlla]] > |lz||  for z € 0.

It follows from Lemma 3.1, T}, has a fixed point z2(t) € Q,, \Q,,, which is a positive
periodic solutions of (1.4) for u < pg satisfying

ro < ||z2]| < 74.

Noting that
r3 < ||z1]| <71 < 1o < ||x2]| < T4,

we can conclude that z1 and zo are the desired distinct positive solutions of (1.4)
for p < po.

(c) Since lirr%) f(z) = oo, by Lemma 3.3, there is a 6 > 0 such that if 0 < r < 4,

z—
then T}, is defined and ¢(t)f(x(t)) + e(t) is nonnegative. Now for a fixed number
r1 < §, Corollary 3.4 implies that there exists a p; > 0 such that we have, for
pw<p,
| Tzl < |lz||  for xz € 0Q,,.
On the other hand, in view of the assumption lin%) f(z) = oo, there is a positive
r—

number 0 < ry < 71 < § such that

f(@) = nlx]
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for v € Ry and 0 < |z] < ry, where 1 > 0 is chosen so that
ul'n > 1.
Thus if z € 0Q,,, then
fx(t) = na(t),  tel0,w].
Thus Corollary 3.1 implies that
| Tyzl| = pTnlle]] > ||| for z € 0Q,,.

Lemma 3.1 implies that 7, has a fixed point z; € Q. \ Q,. The fixed point
71 € Qp, \ Q. is the desired positive periodic solution of (1.4). O

Case (I**): Al = )\2 7é )\3, )\1, )\2, )\3 € R.

In this case, replacing above assumptions A3 < Aa < A; < 0 (or Ay > Ay >
0, A3 <0), and py > g2 by assumption A; > 0,A3 <0 (or A\ < A3 <0, p3 > 1),
we can get similar existence results which we omit here.

Case (I***): \y = Ao =X3=X€R.

In this case, replacing above assumptions A3 < Aa < A; < 0 (or Ay > Ay >
0, A3 <0), and py > g2 by assumption A < 0, we can get similar existence results
which we omit here.

Case (I****): \; =a+if, a=a—if, \s=\ «, 5, A€R.

In this case, replacing above assumptions A3 < Ay < A; < 0 (or Ay > Ao >
0, X3 < 0), and p; > g2 by assumption « > 0, § > 0, A < 0, (2.16) (or
a<0, >0, A<0,(2.17)), we can get similar existence results which we omit
here.

Case (II): There exist positive real constants m and p such that a = p, b = 0,
c=-m3,d=—pm?.

In this case, replacing above assumptions A3 < Ao < A; < 0 (or Ay > Ay >
0, A3 <0), and py > g2 by assumption v/3mw < %71’, we can get similar existence
results which we omit here.

Case (III): There exist positive real constants m and p such that a = p, b =0,
c=m3, d=pm3.

In this case, replacing above assumptions A3 < Ao < A; < 0 (or Ay > Ay >
0, A3 <0), and py > ¢o by assumption v/3mw < %7‘(’, we can get similar existence
results which we omit here.

Case (IV): There exists a positive real constant p such that a = —2p, b = 3p?,
c=—-2p% d=p*

In this case, replacing above assumptions A3 < Ay < A; < 0 (or Ay > Ao >
0, X3 < 0), and ps > g2 by assumption p < %, we can get similar existence
results which we omit here.

Case (V): There exists a positive real constant p such that a = p, b = 0, ¢ = p?,
d=p*.

In this case, replacing above assumptions A3 < Aa < A1 < 0 (or Ay > Ay >
0, X3 < 0), and ps > g2 by assumption p < %, we can get similar existence
results which we omit here.

Case (VI): There exists a positive real constant p such that a = 4p, b = 6p?,
c=4p3, d=p.

In this case, delete to assumptions A3 < Aa < A1 <0 (or Ay > Ay >0, A3 <0),
and ps > ¢2, we can get similar existence results which we omit here.
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