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1. Introduction

The mathematical modeling of many nonlinear problems from computer science,
economics, mechanical engineering, control systems, biological neural networks and
others, leads to the consideration of nonlinear difference equations (see Kelley and
Peterson [16], Lakshmikantham and Trigiante [17]). In the last decades, many
authors have investigated such problems by using various methods, such as fixed
point theorems, the critical point theory, upper and lower solutions, the fixed point
index theory and the topological degree theory (see for example [1,3-9,15,18-22]).

In this paper, we consider the system of nonlinear second-order difference equa-
tions

A%up 1+ f(n,v,) =0, n=1,N —1,

(5) 2 .
A%v,_ 1+ g(nyu,) =0, n=1,N -1,

with the coupled multi-point boundary conditions

2 q
(BC) u =0, uy = Zaivgi, v9 =0, vy = Zbium,
i=1 i=1

where N € N, N > 2, p, ¢ € N, A is the forward difference operator with stepsize
1, Aty = Upy1 — Un, A%Up_1 = Upy1 — 2Up + Up_1, 7 = k,m means that n =
k,k+1,....mfork,meN g €R, & e€Nforali=1,p, b € R, 1 €N for all
i=1,¢1<&H < <E<N—-—land1<my<---<ny<N-1
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Under sufficient conditions on the functions f and g, we study the existence and
multiplicity of positive solutions of problem (S) — (BC') by using some theorems
from the fixed point index theory. By a positive solution of problem (S) — (BC') we
mean a pair of sequences (u,v) = ((un),—gx (Vn),—g) satisfying (S) and (BC),
with u, >0, v, > 0 for all n = 0, N and (u,v) # (0, 0).

The existence of positive solutions for the system of nonlinear second-order dif-
ference equations with two parameters A and p, namely the system

A, + A (nyup,v,) =0, n=1,N—1,

(51) _

A21)77,71 + ug(mun,vn) = 07 n= 17N - 17
with the coupled boundary conditions (BC) was investigated in Henderson and
Luca [13]. The system (.S7) with the uncoupled boundary conditions

p q r l
(BCl) Uug = E a;ug;,, UN = E bium, Vo = E Civ¢e,, UN = E dﬂ)pi,
i=1 i=1 =1 i=1

has been investigated in Henderson and Luca [11], and in Henderson and Luca
[12] by using the Guo-Krasnosel’skii fixed point theorem. We also mention the
paper Henderson etc [14], where the authors studied the existence and multiplicity
of positive solutions for the system (5) with the multi-point boundary conditions
(BCh).

In Section 2, we present some auxiliary results from Henderson and Luca [13]
which investigate a system of second-order difference equations subject to the cou-
pled boundary conditions (BC'). In Section 3, we prove the main theorems for the
existence and multiplicity of the positive solutions with respect to a cone for our
problem (S) — (BC') which are based on three theorems from the fixed point index
theory. An example is presented in Section 4 to illustrate our main results.

2. Auxiliary results

In this section, we present some auxiliary results from Henderson and Luca [13]
related to the following system of second-order difference equations

A%y +2,=0, n=1,N —1,

(2.1)
A2vnfl +yn=0, n= ]-7N_ 1,
with the coupled multi-point boundary conditions
P q
Ug = 07 unN = Zaﬂ}&, Vg = 0, UN = Zbium, (22)

i=1 i=1

where NN, N>2,p,geN,a; €R, & eNforalli =1,p, b; €R, n; €N for all
i=1,¢,1<&G < <§E<N-1,1<my < ---<n <N-=1, 2,y €R for all
i=T,N—1.

Lemma 2.1 (Henderson and Luca [13]). Ifa; € R, & €N for alli =1,p, b; € R,
meENforalli=1,¢q, 1< <. <EESN-1, 1<y << <N-1,
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Ay = N? —( 1ai&) (o7 bimi) # 0, and x4, y; € R for all i = 1, 1,N — 1, then
the unique solutwn of (2. 1) (2.2) is given by
N-1 N-1
Up = Z Gl(naj)xj + Z GQ(nvj)yj7 n= OaNa
N1 N (2.3)
Up = Z Gs(n, j)y; + Z Gy(n,j)z;, n=0,N,
j=1 j=1
where
q
G1(n,j) = go(n, j) Aﬁ (Z az§z> (Z biQO(UiJ)) )
i=1
GZ(naj) = Z aigo(gi,j)a
q » (2.4)
Gd(naj) gO n J (Z blﬁz) (Z aigo(§i7j)> 5
=1 1=
G4(n7j) = TO ; blgo(nlvj)a
and

go(n,j) = ~

forallm=0,N and j=1,N — 1.

Lemma 2.2 (Henderson and Luca [13]). Ifa; >0, & € N for alli =1,p, b; > 0,
nieNforalli—rq,1<§1 <G <SN-1,1<m<--<n <N-1,
and Ag = N? — ( Lai&) (O, mz) > 0, then the functions G“ i = 1,4, given
by (2.4), satisfy G; (n ]) >0 foralln=0,N,j=1N-1,i=1,4. Moreover,
if tp, >0, yp >0 for alln =1, N — 1, then the solution ((“n)n=o,7N» (Un)p—ow) of

problem (2.1)-(2.2) (given by (2.3)) satisfies u, > 0, vy, >0 for alln =0, N.
Lemma 2.3 (Henderson and Luca [13]). Assume thata; > 0, & € N for alli =1, p,
bi>0,meNforalli=1,¢,1<&§E < <ESN-1, 1<y < <ng <N-1,
and Ag > 0. Then the functions G;, i = 1,4 satisfy the inequalities

al) Gl(”mj) < Il(])7 Vn = 07N7 ]: 1aN_ 17 where

I (5) = g0(4,7) + Aﬂo <Z azfz‘) (Z biQO(Uiaj)) -

ag) For every ¢ € {1,...,[N/2]}, we have min Gi(n,j) > % 1(4), Vj =
n=c,N—c
N1
b1) Ga(n,j) < I(j), Vn=0,N, j=1,N — 1, where I5(j Zalgo (&,7)

by) For every ¢ € {1,...,[N/2]}, we have min Ga(n,j) > %Ig( ), Vj =

n=c,N—c

LN -1
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c1) Gs(n,j) < I3(j), YVn=0,N, j=1,N—1, where

I3(j) = g90(4,7) + Aﬂo <Z bﬂh’) (Z aiQO(fiJ)) -

ca2) For every ¢ € {1,...,[N/2]}, we have min Gs(n,j) > %I (), Vj =
n=c,N—c
LN 1
d1) Ga(n,j) < Iu(y), Vn=0,N, j=1,N —1, where I,(j szgo (1, 79)-

dy) For every ¢ € {1,...,[N/2]}, we have min G4(n,j) > NI4(j)7 Vij=

n=c,N—c

1,N — 1, where [N/2] is the largest integer not greater than N/2.

Lemma 2.4 (Henderson and Luca [13]). Assume thata; >0, & € N foralli =1,p,
b; >0, ENforalli=1,¢,1<& < <EE<SN-1,1<m <---<n, <N-1,
Ao >0,ce{l,...,[N/2]}, and ©p, yn >0 for alln =1, N — 1. Then the solution
of problem (2.1)-(2.2) satisfies the inequalities

. (& . C
min_ U, > — max Umy, min v, > — max Up,.
n=c,N—c N m=0,N n=c,N—c N m=0,N

3. Main results

In this section, we investigate the existence and multiplicity of positive solutions for
our problem (S) — (BC) under various assumptions on the functions f and g.
We present the basic assumptions that we shall use in the sequel.

(A1) ai20,5¢€Nf0ralli:ﬁ,bi20,mENforalli—Tq,1<§1< c< gy <
N-1,1<m<--<n,<N-land Ag=N*— (3P ai&) (0L, bims) > 0.
(A2) The functions f, g: {1,...,N — 1} x [O,oo)%[o,oo) are continuous.

By using the functions G;, i = 1,4 from Section 2 (Lemma 2.1), our problem
(S) — (BC) can be written equivalently as the following system

N— N1
Z fli,v;) + ZGg(n,i)g(i,ui), n=0,N,
= =
Z (n,4)g(i, u; +ZG4nzf(i,vi), n=0,N.
i=1 i=1
We consider the Banach space X = R¥*! = {u = (ug,uq,...,un), u; ER, i=
0, N} with the maximum norm || - ||, ||u] = max |uy,|, and the Banach space

n=0,

Y = X x X with the norm ||(u,v)|ly = |[u]| + ||v||. We define the cone P C Y by

P = {(U,U) €Y; u= (un)nzm’ v = (Un)nzm7 Uy >0, v, >0, Vn = O,N} .
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We introduce the operators @1, Q2 : Y — X and Q : Y — Y defined by
Q1(u,v) = (Q1(u,v)), g Q2(u,v) = (Q2(u,v)), 5

N-1
(Q1(u,v)), = Z G1(n,i)f(i,v;) Z Ga(n,i)g(i,u;), n=0,

N,
1=1
N—-1 N l
(QQ(U,’U))n = G3(nv z)g(z,uz) + Z G4(n7i)f(iavi)7 n= O, N,
1=1 =1

and Q(uvv) = (Q1(U,U), QQ(U7U))7 (uvv) = ((un)n 0,N> (U”l)n 0, N) ey.

Under the assumptions (A1) and (A2), it is easy to see that the operator Q : P —
P is completely continuous (see also Lemma 3.1 from Henderson and Luca [13]).
Thus the existence and multiplicity of positive solutions of problem (S) — (BC') are
equivalent to the existence and multiplicity of fixed points of operator Q.

Theorem 3.1. Assume that (Al) and (A2) hold. If the functions f and g also
satisfy the conditions
(A3) There exists ¢ € {1,...,[N/2]} such that

) n,u .. i . . n,u
1) fio= lim min fn.w) =o00. i) ¢go, = lim  min 9(n,w) = 00.
U—00 ¢ N—c U U= p=c,N—c U
(A4) There exist p1 > 1 and g1 > 1 such that
. f(n,u) g g9(n,u)
) = lim max —==0. @ = lim max =0,
) fO u—0t p=T,N—-1 uP? ) go u—0t p=T,N—1 u

then problem (S) — (BC) has at least one positive solution ((un)n:m7 (v")nzm>'

Proof. For ¢ given in (A3), we define the cone

Py = {(u,v) €P u= (un),—gw: v =(Un)p—tm

min__ wu, > —||uH min__ v, > c||v|}
n=c,N—c n=c,N—c N

From our assumptions and Lemma 2.4, for any (u,v) € P, we deduce that
Q(u,v) = (Q1(u,v),Q2(u,v)) € Py, that is Q(P) C F.

We consider the sequences u° = (up),,_g> v* = (v5),,—g - defined by

N— N-1

Z ni)—i—ZGg(n,i), n=0,N,

N1 N1

Z ni)+ZG4(n,i), n=0,N,

i=1 i=1
that is (u®, v ) is the solution of problem (2.1)-(2.2) with 2% = (2%), 75—, ¥° =
(yn)nzl,N—D Y=1,92 =1 for all n =1, N — 1. Hence (u°,%) = Q( ) € P.

We define the set

M = {(u,v) € P, there exists A > 0 such that (u,v) = Q(u,v) + A(u®,v°)}.
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We will show that M C Py and M is a bounded set of Y. If (u,v) € M, then
there exists A > 0 such that (u,v) = Q(u,v) + A(u’,v°) or equivalently

N— N-1

U = Z F,vi) + A + Y Galn,i)(gli,u) +A), n=0,N,
= =
Z (g(z,u;) + A) +ZG4nz(f(i,vi)—|—/\), n=0,N.
i=1 i=1

By Lemma 2.4, we obtain (u,v) = ((un),—gw: (vn),—5x) € Fo, hence M C Py,
and N N
[lu|l < - min _ u,, |v]|<— min wv,, V(u,v) € M. (3.1)

n=c,N—c n=c,N—c

>0 and g5 = 2

From (A3), we conclude that for ey = 2% o

C4, Cy > 0 such that o

> 0, there exist

f(n,u) > e1u—C1, gn,u) >eu—Cy Yn=c¢,N—c, u€|0,00), (3.2)

where m; = Z;V;CC 1;(5),i=2,4, and I;, i = 2,4 are defined in Lemma 2.3.
For (u,v) = ((un),—57> (vn),—gw) € M and n = ¢, N — ¢, by using Lemma 2.3
and relations (3.2), it follows that
N—1 N-1

Up = (Ql(u7v))n + )‘u% 2 (Ql(u7v))n = Z Gl(n’ Z)f(la vi) + Z GQ(nvi)g(iv uz)

i=1 i=1

>ZG2nz zuzz—z& (equ; — Co)

cagmg cm202 cmoCy
> min u; — =2 min u; —Csz, C3= ,
i=c,N—c i=c, N c N

v = (Q2(u,v))p + A8 > (Qa(u,v)), Zngz (4, u;) ZG4nz (7, v5)

Therefore, we deduce

min _w; <Cs;, min v; <0y, V(u,0) = ((Un),—gx> (Vn),—gw) € M. (3.3)
i=c,N—c i=c,N—c

From relations (3.1) and (3.3), we obtain |lu]| < NTC3, lv]] < NTC“, and then
[(w,0)ly = [[ull + |lv]| < X + N&s —: Oy, for all (u,v) € M, that is M is a
bounded set of Y.

Besides, there exists a sufficiently large Ry > 1 such that

(u,v) # Q(u,v) + AM(u®,0%), V(u,v) € dBr, NP, Y\ > 0.

From Amann [2], we deduce that the fixed point index of operator Q over Bg, NP
with respect to P is
i(Q,Bgr, NP, P)=0. (3.4)
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Next, from assumption (A4), we conclude that for e3 = min{ﬁ, ﬁ} and
€4 = min{ﬁ, ﬁh there exists r1 € (0, 1] such that
f(nvu) < 53up17 g(na u) < €4uqla Vn= laN - 13 u € [Oarl}v (35)
where M; = SN V1 (5), i = 1,4
7 j=1 *1 J)s 5 e ~
By using (3.5), we deduce that for all (u,v) € B,, " P and n =0, N
N-1 N-1
(Q1(u,0)n < > Ni(D)esv? + Y I(i)esud
i=1 i=1
< esM|[v]|P + eadflul® < vl + gllull = 1ll(u, )]y,
N-1 N-1
(Q2(u,0))n < > Ts(Deauf + Y Li(i)esvl
i=1 i=1
< eaMs|ull +esMaflo|r < Fllull + vl = 1w, v)lly-

These imply that [|Q1(u, v)|| < gl/(u, v)lly, [|Q2(u, v)]| < F[|(w,v)]ly, and so

19w, v)lly = [[Q1(u, v)[| + [[Q2(u, v)|| < %Il(u,v)lly» V(u,v) € 9B, N P.

From Amann [2], we conclude that the fixed point index of operator Q over
B,, N P with respect to P is

i(Q,B,, NP,P) =1. (3.6)
Combining (3.5) and (3.6), we obtain
i(Q,(Bg, \ B.,)NP,P)=i(Q,Bgr, N P,P)—i(Q,B,, NP,P)=—1.

We deduce that Q has at least one fixed point (u,v) € (Bg, \ B,,) N P, that is
r1 < ||(u,v)|ly < Ri. The proof of Theorem 3.1 is completed. O

Theorem 3.2. Assume that (A1) and (A2) hold. If the functions f and g also
satisfy the conditions

: . f(n,u) . : g(n,u)
A5)d) =1 —0. i) g5 = 1 —0.
(49)0) Joo = fi, o T =000 = i, e T
(A6) There exist c € {1,...,[N/2]}, p2 € (0,1] and g2 € (0,1] such that
N . flnu) N .og(n,u)
0 fo=lim, min Sl =eo i) g = lm mibn S =

then problem (S) — (BC) has at least one positive solution ((“n)nzﬁv (vn)nzm).

Proof. From the assumption (A5), we deduce that for e5 = min{ﬁ, 4]1\/[4} and

g = min{ﬁ, ﬁ} there exist Cg, C7 > 0 such that

f(n,u) <esu+Cs, gn,u) <egu+Cr, Vn=1,N—1, u € [0,00). (3.7)
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Hence for (u,v) € P, by using (3.7), we obtain

N-1 N—-1
(Q1(u,v))n < Z I () (esv + Cs) + Z L (i)(ggu; + C7)
=t N-—1 N—11=1 N-—1 N-—1
<esllvl D () +Cs > Ni(i) +eclul > () +Cr > Ix(i)
=1 =1 =1 i=1
= E5||’U||M1 + C6M1 + 56Hu||M2 + C7M2
< ol + Hllull + Ci
= 3Hl(u,0)|ly + Cs, Vn=0,N, Cs:=CsM; + CrMs,
N-—1 N-—1
(Q2(uv))n < Y I3(i)(e6ui + Cr) + Y La(i)(e5v; + Cs)
=t N—1 Nfllz1 N-—1 N—-1
esllull D Is(i) + Cr Y Is(i) +esllvll D> L) + Ce Y Lu(i)
i=1 i=1 i=1 i=1
= g¢l|u|| M3 + C7 Mz + e5||v|| My + Ce My
< ilull + 3 llvll + Co

iH(u,v)Hy +Cy, Yn=0,N, Cy:=C; M3+ CegMy,
and so
1
1Q(u, v)lly = [1Qu(u, v)l| + [1Q2(u, v)l| < 5[(w, v)lly + C10, Cro:=Cs + Co.
Then there exists a sufficiently large Re > max{4C1g, 1} such that
3
190w, v)lly < 7w, v)lly, ¥(w,v) € P, [l(u,0)]ly = Re.

Hence ||Q(u,v)|ly < |[(u,v)|ly for all (u,v) € dBgr, N P and from Amann [2],
we have

i(Q,Bp,NP,P) =1. (3.8)

On the other hand, from (A6) we conclude that for e; = WIYHM) and eg =
m there exists ro € (0,1) such that

f(n,u) > equP?, g(n,u) > egu®, VYn=c,N —c, u€[0,rs], (3.9)

where m; = Y0 I;(j), i = 1,4,
From (3.9) and Lemma 2.3, we deduce for any (u,v) € B,, N P

N—c N—c
(Q1(u,))n = Z G1(n, i) f(i,vi) + Z Ga(n,i)g(i, ui)
Z_?Vfc ZI:V67C
> €7 Z G1(n,i)vP? +eg Z Ga(n,i)u
= =

>e7 Y Gi(n,i)vi+es » Ga(n,i)u; = (L1(u,v))n, ¥n=0,N,

1=c 1=c
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(Q2(u,v))n >ZG3nz ZuZ+ZG4nz (i,v;)

>€SZG3nzul—|—€7ZG4nz =: (L2(u,v))n, Vn=0,N.
Hence
Q(u,v) > L(u,v), V(u,v) € 0By, NP, (3.10)

where the linear operator L : P — P is defined by L(u,v) = (L1(u,v), La(u,v)).

We consider now (u°,v%) € P\{(0,0)} with @’ = (@), _g and v° = (3)), 5w
defined by
N—c
ZGl n, i +ZGQ n,i), n=0,N,
i =
0 =Y Gs(n,i)+ > Ga(n,i), n=0,N
Then L(u°,7°) = (L1 (u°,0°), Lo (0°, 7)), and
N—c N—c N—c
(Ll(aoaao))n =E&7 Z Gl(nvz) G3(’Lv.7) + Z G4(Za.7)
1=c j=c j=c
N—c N-—c N—c
+es » Ga(n,i) Gi(i,§) + Y, Gali,j)
i=c Jj=c j=c
N—c N—c c N—c c
> —_ —_
€7 ; G1(n, i) 2 NI3(J) + 2 NI4(J)
N—c N—c c N—c c
+es ; Ga(n,i) 2 Nll(]) + 2 le(J)
coc N—c eac N—c
Z%(m3 +my) Z Gy (n,i) + %(m1 +my) z:: Ga(n, i)
N—c N—c
=Y Gi(n,i)+ Y _ Ga(n,i) =1, Yn=0,N,
N—c N—c N—c
(Lo(0,0°))n =258 Y Ga(n.i) [ > Gi(6,5) + > Gali, )
i=c j=c j=c

N—c N—c N—c
+er Y Ga(n,i) (Z Ga(i, )+ Y G4(i7j))

Jj=c j=c
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N—c —c N—
+872G4(7’L’L Zﬁlg z_:
c N—c N—c
Jif (mq + mo) 12; Gs(n,i) + W(m3 +my) 122; Gy4(n,i)
N—c N—c
:ZG:},(TI,Z)+ZG4(R,Z):’62, Vn:O,N
So
L@°,2°%) > (@°,27). (3.11)

We may suppose that Q has no fixed point on 9B, N P (otherwise the proof
is finished). From (3.10) and (3.11), and Lemma 2.3 from Zhou and Xu [23], we
conclude that

i(Q,B,, N P,P) =0. (3.12)

Therefore, from (3.8) and (3.12), we have
i(Q,(Bg, \ B.,) N P,P) =1i(Q,Br, N P,P) —i(Q,B,, N P,P) = 1.

Then Q has at least one fixed point in (Bg, \ B,,) N P, that is ro < ||(u,v)|ly <
Rs. Thus problem (S) — (BC) has at least one positive solution (u,v) € P. This
completes the proof of Theorem 3.2. O

Theorem 3.3. Assume that (A1) — (A3) and (A6) hold. If the functions f and g
also satisfy the condition

(A7) For eachn = 1,N — 1, f(n,u) and g(n,u) are nondecreasing with respect to
u, and there exists a constant Ry > 0 such that

Ro Ro -
N) < 9% N)< 2 vn=1TN_-1
f(n,N) < pr g(n,N) < g’ b ,

where mo = max{M;, i = 1,4}, (M; = Zj\;l I;(j), i = 1,4), then problem (S) —
(BC) has at least two positive solutions <(U}L)n:O,N7 (U}l)n:O,N> and (( W) =0

(,U'r%)n:O,N)'

Proof. By using (A7), for any (u,v) € dBg, N P, we obtain

N-— N-1
(Q1(u,v))n gz (n,1) zN—i—ZGan )g(i, N)
i=1 ’Ll
N-1

i M

f@i,N) +ZIQZ
’ N—

—zh Y n

_ RoM,; o Boly R0M2 Ro
T 4dmyg dmg — 2

/\

, Vn=0,N,



144 J. Henderson & R. Luca

N—-1
(Q2(u,v))p <ZG3nz zN+ZG4nz N)

Then we deduce
190, 0)ly = 1Q1 (s )| + 1Qa(w, )| < Ro = [[(w, )y ¥ (u,0) € DB, N P
By Amann [2], we conclude that

i(Q, B, N P,P) =1. (3.13)

On the other hand, from (A43), (A6) and the proofs of Theorems 3.1 and 3.2
we know that there exists a sufficiently large R; > Ry and a sufficiently small
ro € (0, Rp) such that

i(Q, Br, NP,P) =0, i(Q,B,, N P,P)=0. (3.14)
From the relations (3.13) and (3.14), we obtain
i(Qﬂ(BRl \BRO)QP7P) :i(QaBR1 ﬂP,P) 7i(QﬂBRO ﬂP,P) ==
i(Q,(Bg, \ Br,) N P,P) =i(Q,Br, N P,P) —i(Q,B,, N P,P)=1.

Then Q has at least one fixed point (u',v!) € (Bg, \ Bg,) N P and has at least
one fixed point (u?,v?) € (Bg, \BT2) N P. Therefore, problem (S) — (BC) has
two distinct positive solutions (u!,v!) and (u?,v2). The proof of Theorem 3.3 is
completed. O

4. An example
LetN:30,p=3,q:2,a1:3,a2:1,a3:1/2,£1:5,52:15,53:25,

bl = 1, b2 = 1/2, m = 10, N2 = 20.
We consider the system of second-order difference equations

A%up,_ 1+ f(n,v,) =0, n=1,2

)

A%, 1+ g(n,u,) =0, n=1,29,

(So)

with the multi-point boundary conditions
(BCo) up =0, uzg = 3vs +v15 +v25/2, vo =0, v30 = U1 + u20/2,

where the functions f and g are given by f(n,u) = ag(u® +u%), g(n,u) = bo(u° +
%) for n = 1,29 and u € [0, 00), Wltha0>1 0<Bo<1,vwm>10<4§ <1,
ag, by > 0. We have Ag = N? — (3°0_, a;&) (31, bimi) = 50 > 0.
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The functions I;, ¢ = 1,4 from Lemma 2.3 are given by

i 1<j<s,

(180 + 7), 6 < j <15,
(360 — 11j), 16 < j5 < 25,
(510 — 175), 26 < j < 29,

(15300 — 1955 — 252), 11 < j < 20, L(j)=
(15300 — 4805 — 52), 21 < j < 29,

=
—
<
SN~—
I
g~ gk~ 8-

( 155, 1< j < 10,
(5400 + 605 — j2), 6 < j < 15, _

Ii(j)=4180 — 35, 11 < j < 20,
(10800 — 3005 — 52), 16 < j < 25,
( 360 — 124, 21 < j < 29.

15300 — 4805 — j2), 26 < j < 29,

&
—
o
=
I
g 8- g gl

We also deduce My = Y277 I (j) ~ 3974.83333333, My = 372, I(j) = 5962.5,
My = 337 I5(j) ~ 4124.83333333 and M, = 377, I4(j) = 2700. Then mg =
max;_13 M; = M. The functions f(n,u) and g(n,u) are nondecreasing with re-

spect to u, for any n = 1,29, and for po = ¢ = 1 and ¢ € {1,...,15}, the

assumptions (A3) and (A6) are satisfied; indeed we obtain f!, = oo, gi, = oo,
f§ = oo and d gy = oo. We take Rg = 1 and then f(n,Ry) = 2ag, g(n, Ry) = 2by
for all n =1,29. If ap < = o and bo < g—, then the assumption (A7) is satisfied.

For example, if ag < 2.096 - 10~° and bo § 2.096 - 1072, then by Theorem 3.3, we
deduce that problem (Sy) — (BCp) has at least two positive solutions.
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