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EQUATIONS WITH INFINITE DELAY AND

FRACTIONAL DAMPING*
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Abstract In this paper we prove the existence, uniqueness, regularity and
continuous dependence of mild solutions for second order impulsive function-
al differential equations with infinite delay and fractional damping in Banach
spaces. We generalize the existence theorem of integer order differential e-
quations to the fractional order case. The results obtained here improve and
generalize some known results.
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1. Introduction

Consider the following second order impulsive functional differential equations Cauchy
problem with infinite delay and fractional damping:

2"(t) — BD{x(t) = Ax(t) + f(t, 2z, D]ay), t €[0,0],t # ¢, (1.1)

Ax(t;) = Ii(xy,, x},), Az’ (t;) = Ji(wy,, 24,), 1 =1,2,...,n, (1.2)
o=@ € B, xy =1 € B, .

where D¢, D} are the Caputo’s fractional derivative operator of order o,y € (0,1),
A is the infinitesimal generator of a strongly continuous cosine function of bounded
linear operators (C(t)):er on a Banach space X, B : X — X is a bounded linear
operator. The history z, x} : (—00,0] = X, x4(0) = z(t + 0) and z,(0) = 2/(t + 0)
belong to some abstract phase space B defined axiomatically; 0 =ty < t; < --- <
tn < tpt1 = b are fixed numbers and the symbol Az(t;) represent the jump of the
function @ at ¢;, which is defined by Az(t;) = x(t]) — z(t;) for i = 1,2,...,n.
Az’ (t;) has the same meaning.

Impulsive differential equations with delay and fractional derivatives have played
an important role in describing dynamics of populations subject to abrupt changes
as well as other phenomena such as harvesting, diseases, and so forth, which has
been used for constructing many mathematical models in science and engineer-
ing. The theory of fractional differential equations has been extensively studied by
many authors [3-5,7,15-17,20-24,27,29,30]. To obtain existence of mild solutions
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in these papers, usually,the compactness condition on associated family of operators
and pulse items, restrictive conditions on a priori estimation are used. For exam-
ple, authors in [10] studied the existence of mild solutions for a damped impulsive
system:

2 (t) = Ax(t) + Ba'(t) + f(t, x(¢), z(a(t)), 2/ (t),2'(b(¢))), t € ]0,b],
ti) = Il' Z‘(ti),l‘/(ti)), Ax’(ti) = Ji(x(ti),x’(ti)), = 1,2, N (13)

the compactness conditions on associated family of operators and and pulse items,
the restrictive conditions on a priori estimation

n

p=> [(N1+M)c] +(M+N)l] <1, (1.4)

i=1

(M + N)[|Bp + lim inf Wdr) /b m(s)ds] + S 4 ML+ (M 4 N)K] <1,
r—00 r 0 P

(1.5)

are used. Recently, authors [1] used the measure of noncompactness without the
compactness assumption on associated family of operators, to obtain the existence
of mild solutions for the following fractional order integro-differential system:

DIa(t) :Aac(t)+/0 a(t, ) f (s, 29, 2(s))ds, t € [0,1],
z(t) = ¢(t), t € (—00,0],

the restrictive conditions on a priori estimation and measure of noncompactness
estimation

b1aCymllp2llLr(r,rey < 4,
16an* < 1, (1.6)

are used in [1]. However, to the best of the author’s knowledge, fractional derivatives
are introduced here for such problems for the first time.

In this paper, using the Kuratowski measure of noncompactness and progressive
estimation method, we prove the existence, uniqueness, regularity and continu-
ous dependence of mild solutions for the problem (1.1)—(1.2). The compactness
condition of pulse items, some restrictive conditions on a priori estimation and non-
compactness measure estimation have been removed to obtain the existence and
uniqueness of mild solutions. Our results improve and generalize the corresponding
results in [2,10]. Finally, an example of non-compact semigroups is given.

The paper is organized as follows. In section 2 we give some basic concepts and
Lemmas. In section 3 we discuss the existence, uniqueness and regularity of mild
solutions, in section 4 we discuss the continuous dependence of mild solutions. Our
results are based on the properties of equicontinuous semigroups and the ideas and
techniques in Xie [28].
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2. Preliminaries

In this paper, X will be a Banach space with norm ||| and A: D(A) C X — X
is the infinitesimal generator of a strongly continuous cosine family (C(t))icr of
bounded linear operators on X and (S(t)):cr is the sine function associated with
(C(t))ter, which is defined by S(t)x = fg C(s)xds,x € X,t € R. We designate
by N, N certain constants such that [|C(¢)|| < N and [|S(¢)|| < N for every t €
J = [0,b]. We refer the reader to [6] for the necessary concepts about cosine
functions. As usual we denote by [D(A)] the domain of A endowed with the graph
norm ||z||a = ||z|| + ||Az|,z € D(A). Moreover, the notation E stands for the
space formed by the vector x € X for which the function C(-)x is of class C.
It was proved by Kisynski [18] that the space E endowed with the norm ||z||g =
|z]| + supg<i<p [|AS(¢)x|, = € E, is a Banach space. The operator valued function

G(t) = {Acs(z) g((?)} is a strongly continuous group of linear operators on the space

E x X generated by the operator A = [§ ] defined on D(A) x E. It follows from
this that AS(¢t) : E — X is a bounded linear operator and that AS(¢t)z — 0 (t — 0)
for each x € E. Furthermore, if z : [0,00) — X is a locally integrable function,
then z(t) = fot S(t — s)x(s)ds defines an E-valued continuous function. This is a
consequence of the fact that

T

/0 G(t — s)[0,z(s)]"ds = [/0 S(t — s)x(s)ds, /0 C(t—s)xz(s)ds|

defines an (E x X)-valued continuous function. Next Ny =: sup,¢ s [|AS(1)|| (£, x)
in which L(E, X) stands for the Banach space of bounded linear operators from E
into X and we abbreviate this notation to L(X) when E = X.

We say that a function w : [0,b] — X is a normalized piecewise continuous
function on [o,b] if u is piecewise continuous and left continuous on (o,b]. We
denote by PC([o,b], X) the space formed by the normalized piecewise continuous
functions from [o,b] into X. In particular, we introduce the space PC' formed by
all functions w : [0,b] — X such that u is continuous at ¢t # ¢;,u(t;) = u(t;)
and u(t]) exists for all i = 1,2,---,n. It is clear that PC endowed with the
norm ||z||pe = supyc; [|z(t)| is a Banach space. Similarly, We say that z € PC is

piecewise smooth if = is continuously differentiable at ¢ = ¢;,i = 1,2, -+ ,n, and for
x(t; +s) — x(t;
t=t;,i=1,2,---,n, there are the right derivative 2/(t]) = h%l+ M
s— S

and the left derivative z'(t; ) = Jim M
space by PC! = {x € PC : 2/(t) is continuous at t # t;,2'(t; ) and 2/ (t;") exist,i =
1,2,---n}. Then PC' endowed with the norm |lu; = ||ul/pe + ||o[|pe is a Banach
space. Next, for u € PC' we represent by /() the left derivative at t > 0 and by
u/(0) the right derivative at zero.

LetiJo = [O,tﬂ,Jl = (tl,tg],JQ = (tg,tg],"‘ ,Jn = (tn,b}, J() = J(),Jl =
[t1,t2], J2 = [ta,t3], -+, Jn = [tn,b]. For z € PC, we denote by Z;,i = 0,1,...,n,
the function 7; € C(J;, X) given by Z;(t) = x(t),t € (t;,t;41] and 7;(t;) = x(t]).
Moreover, for V. C PC and i = 0,1,...,n, we use the notation V; for V; = {Z; :
x € V}. By Lemma 1.1 in [10], we know that a set V C PC is relatively compact
if and only if each set V; = {Z; : € V} is relatively compact in C(J;, X) for every
1=0,1,...,n.

. Furthermore, we denote the
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In this work we will employ an axiomatic definition of the phase space 8 in-
troduced by Hale and Kato [13] which appropriated to treat retarded impulsive
differential equations.

Definition 2.1 ( [13]). The phase space B is a linear space of functions mapping
(—00,0] into X endowed with a seminorm || ||z and B satisfies the following axioms:

(A) If z: (00,0 +b] = X (b>0) is such that z, € B and 2,544 € PC([o,0 +
b, X), then for every t € [0, + b) the following conditions hold:
(1) = isin B,
(i) =@ < Hllzt[|s,
(751) ||zells < K(t — o)sup{||z(s)]| : ¢ < s <t} + M(t — 0)|zs| B, Where
H > 0 is a constant; K, M : [0,00) — [1,00), K(+) is continuous, M(-) is
locally bounded and H, K, M are independent of z(-).
(B) The space B is complete.

Remark 2.1. If the function z(-) of (A) is continuous on [0, o +b), z; is a B-valued
continuous function on [o, o + b). see [13].

Example 2.1. The phase space PC,.(X) x L?(h, X). Let h : (—oo, —r] — (0, 00)
be a positive function verifying the conditions (g¢) and (g7) of [14]. This means
that h(-) is Lebesgue integrable on (—oo, —r) and that there exists a non-negative
and locally bounded function v : (—o0, 0] — [0,00) such that h(€ 4+ 0) < v(&)R(0),
for all £ < 0,0 € (—oo,—r) \ Ng, where Ne C (—o0,—7) is a set with Lebesgue
measure zero. Let the space B = PC,. x L*(h,X), (r > 0) be formed of all classes
of functions ¢ : (—00,0] — X such that [_,. o € PC([-r,0], X),9(-) is Lebesgue
measurable on (—oo, —r] and h(-)||¥(-)||P is Lebesgue integrable on (—oo, —r]. The
seminorm || - ||z is defined by

ols = s W@+ ([ oeIs)"

S

It follows from the proof of [14] (Th.1.3.8) that B is a phase space which verifies
the axioms (A) and (B) of our work. Moreover, when r = 0 this space coincides
with Cy x L%(h, X) and the parameters H = 1,C(t) = y(—t)2 and K(t) = 1 +
(J2, h(0)do)? ¢ > 0.

In this paper, we denote by a(-) and ay.(-) the Kuratowski measure of noncom-
pactness of X and PC(J, X). K, := sup,c; K(t), My := sup,c ; M(t).

Lemma 2.1 ([9]). (1) If W C PC(J,X) is bounded, then a(W (t)) < ap(W),
a(W(t)) € L*(J,RT) and a(fot W(s)ds) < 2f(;5 a(W(s))ds, t € J.

(2) If W C PC(J,X) is piecewise equicontinuous bounded set, then a(W(t))
is piecewise continuous on J, op(W) = sup,c;a(W(t)) and a(fot W(s)ds) <
[5 a(W(s))ds,t € J.

(3) If W C PC(J, X) is bounded and the elements of W' are equicontinuous on
each J; (i =0,1,---,n), then ape (W) = max { sup,c ; a(W (1)), supye; (W' (1))},
where e (+) denotes the Kuratowski measure of noncompactness in space PC*(J, X).

Lemma 2.2 ( [25,26]). Suppose that A is the infinitesimal generator of a strongly
continuous cosine family (C(t))ier, g : R — X is a continuously differentiable
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fwzlctzon and p(t fo (t —s)g(s)ds. Then p(t) € D(A fo (t—s)g(s)ds
an

/C’t—s (s)ds + C(t)g(0) = Ap(t) + g(1).

Lemma 2.3 (Mdénch, [19]). Let 2 be a bounded open subset in a Banach space X
and 0 € Q. Assume that the operator F : Q — X is continuous and satisfies the
following conditions:

(1) z # XFx, ¥ A€ (0,1),z € 09;

(2) V is relatively compact if V. C eo({0} U F(V)) for any countable set V C Q.
Then F has a fized point in Q.

3. Existence and uniqueness of mild solutions

Definition 3.1. A function z : (—oo,b] — X is called a mild solution of the system
(1.1)~(1.2) if z(-)|; € PC*, the condition (1.2) is satisfied and

p(t), t <0,
2(t) = C(t)p(0) + S(t)¥(0) +/ S(t—s)[BIy~ %2/ (s) + f(s, s, Iéfﬁ’wls)}ds

+ Y Clt—t) (@, 2p,) + > S(t—t:)i(xy,,27,), t € J,
ti<t t; <t

(3.1)

=/ M (r)dr is the Riemann-Liouville fractional integra-

11—« /
IO I'(l—w)

where
tion.

When ¢(0), I;(z¢,,7;,) € E, 2(t) is continuously differentiable on J; and
P(t), t <0,

(1) = 1 ASHe(0) + C1)w(0) + / Ot — )[BIa(5) + (s 00, 11 7a1ds

0

—|—ZASt—t i(@,, @y, +ZC’t—t) i(@y,,xy,), ted
ti<t ti<t
(3.2)
We make the following hypotheses.

(Hy) f:Jx Bx X — X satisfies the following conditions:

(1) Forevery (u,v) € Bx X, the function f(¢,u,v) : J — X is strongly measurable
and f(¢,-,-) : Bx X — X is continuous for a.e. t € J;

(2) There is an integrable function ¢(-) : J — R such that
1 (¢, )] < a®)(luls + o], t € Jue Byve X
(3) For any bounded set U,V C PC, there is a constant { > 0 such that
oV U®)) < lla(Ve) +a(UD)], t € J;

where V; ={z; :z € V} C B (t € J).
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(H{) The function f(-) is continuous, f(¢,0,0) = 0 (¢ € J) and there is a positive
constant Ly such that

Hf(t7u17vl) - f(t7u27/02)||
< Ly(Jlur — ue|lg + lJva —v2ll), t € J, (ug,vr) € Bx X (k=1,2).

(Hg) I; € C(Bx B,E),J; € C(B x B,X), there are constants ¢; > 0 and d; > 0
such that, for each i =1,2,--- ,n,

Hi(w, 0)lle < cilllulls + [vlls), I/i(u, 0)|| < di([[ulls + [|v]s)-

(Hj) I;(0,0) = J;(0,0) =0 ( --+,n), there are constants ¢; > 0 and d; > 0
such that, for each 1 =1,2, - (ul,vl) (ug,v2) € B x B,

[1i(u1,v1) = Li(uz,vo) | B < ci(|lur — w2l + [lvr — val[B),

[ Ji(u1,v1) = Ji(uz, vo)|| < di((lur — uz||s + [[vr — val|B)-

Let S(b) = {z: (—00,b] = X : 29 = 0,2(:)|; € PC}. Then S(b) is a Banach space
endowed with the norm ||z||s = ||zo||8 + sup.cy ||2(t)|| = sup,c; [|z(t)]]. The space
St(b) =: {z: (—00,b] = X : 29 = 0,2 = 0,z(:)]; € PC'} endowed with the norm
2]l poa -

Theorem 3.1. Assume that ©(0), I;(z¢,,x},) € E and conditions (Hy),(Hz) are
satisfied. Then the system (1.1)—(1.2) has at least one mild solution.

Proof. If z(-) satisfies the equations (3.1) and (3.2), we can decompose z(-) as
z(t) = y(t) +u(t),2’'(t) = y'(t) + v(t), where

I Rt t<0, o [, <0,
y(t) = C)p(0) + S()w(0), ted, 7 (1) = AS(1)(0) + C(1)(0), te .,
3 0, t<0, B 0, t<0,
ult) = {u(t), ted, olt) = {v(t), teJ

(3.3)
which implies that yo = »,yp = ¢ and @y = y; + ug, vy = y; +vi, t € J. Clearly,
Iyl < Nlle(O)lle + Nl O) =: Ly, [y’ ()l < Nille(0)llz + Nlw(0)] =
lyells < Kpllylls + Myllolls = M, |lyills < Kolly'llo + M|[¢[ls = M’ for ¢ € J,
where [ly[ls = sup,c; [ly()[l, [¥/'[lo = supye s [y (D)]]-

Let the map T = (T1,T32) : S(b) x S(b) — S(b) be defined by

/ S(t = 5)[BIE(0(5) + 5/(9)) + F (5, s + o, T (05 + 91))]ds
T4 (u, ) (t) = +tZ<tC (s, + rsvr, + 37,
+ ) S = t) i(us, + yr e, + 3, tE
t; <t

(3.4)
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/ Ot = $)[BI;~*(v(s) +4'(5)) + f (s, us + ys Ly (vs +y2))] ds

Ty (u,v)(t) = +ZASt—t i(ue, + e, v, +1,)

t;<t

—|—ZCt—t (e, + e, v, + 1), €
ti<t

(3.5)
The product space S(b) x S(b) endows the norm ||(u,v)|[s = |Jullp + ||v]p. Then
Ty,T are well defined with values in S(b). In addition, from the axioms of phase
space, the Lebesgue dominated convergence theorem,the condition (H;) and (Hs),
it is easy to show that T' = (71, T5) is continuous. It is easy to see that if (u,v) is a
fixed point of T, then u + y is a mild solution of the system (1.1)—(1.2). First, we
show that the set

Qo = {(u,v) € S(b) x S(b) : (u,v) = AT (u,v) for some A € (0,1)}

is bounded. If (u,v) € Qo, there exists a A € (0,1) such that (u,v) = AT} (u,v), Tz (u,v)).
When ¢ € Jy = [0, 1], it follows from (3.4), (3.5) and (H1)(2) that

[u@)| < [[T1(u, 0)(®)]| < NIIBH/O Iy~ llv(s) +y'(s)llds

+N/ (s + yslls + 1o~ lvs + ¥l
(llws + gslls + 127 os + v 15)ds 50
< N[L'T||B|| + (My + M'T)qb]
t
+ N[HT|B| + KT + q)] / (s + [[ol)ds
lo(@)]| < N[LT||B|| + (M, + M'T)qd]
(3.7)

- N[HT||B| + Ky(T + q)] / (alls + [[o]l2)ds

where I' = max{ FZE;_Q), Fb; W,y)} I'(2— ) is the Gamma function, ¢ = sup,¢; |[¢(?)]|,

[ulls = supg<, < [[u(r)]l; |\U||s supy<,<, [0(r)ll; s € Jo. Since [Jufls and [|v]|; are
continuous nondecreasing on Jo, (3.6) and (3.7) imply that

lulle + [[olle < (N + N)[L'T| Bl + (M; + M'T)qb]

+ (N + N)[HT||B|| +Kb(F+Q)]/O (lulls +[vlls)ds

By the Gronwall Lemma and (3.8), there is a constant Gy > 0 independent of u, v
and A € (0,1), such that |lull; + ||v|l: < Go,t € Jo. Hence |Jut]|g < KpGo, ||vi]lp <
KpGo,t € Jy. Tt follows from this and the condition (Hs) that

|1y (e, + ey s v, +yp,)le < 260 (KGo + My + M') =: 61,
|1 (e, + g5 v, +y5,) || < 2d1 (KGo + My + M) =: 1y,
lut)]| = lut) + I (ue, + e, v 4yt < Go + 61,
loD)I = llo(t) + J1(ue, + yey, v + 91, < Go +m
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When t € Jy, u1,01 € C([J1,,X). It is similar to (3.6) and (3.7), we get
t
[ ()] < Noy + N + N||BH/ Iy~ llv(s) +y(s)|lds
0

t
g / (lte + yalls + I lve + 5 15)ds
0

(3.9)
< Noy+ N+ Go + Qq
t
+NHTB] + aKo(T+ 1) [ ([l + 3]s,
t1
P2 (®)] < N6y + Ny + Go + Q4
(3.10)

t
+ NHTB] + aKo(T+ 1) [ ([l + 7). )ds
t1

where [ty [s = supy, < <, [[ua (r)[l; [[01]ls = sup,, <, < [[02(r)]}, Q1 > 0 and @} >0
are fixed constants. We have by (3.9) and (3.10),

t
I+ 15l < O+ WHTIBI + o+ 1) [ Gl s o
1 .

+ (N+N1)51 +(N+N)771 +2G0+Q1 +QI1, t €j1.

Using the Gronwall Lemma once again and (3.11), there exists a constant G; > 0
such that [|u1]ls + [|[01]]¢ < G1,t € [t1,t2], so |lulls + |v]y < G1 and |ut|lg <
Ky (Go + G1), [|vells < Ko(Go + Gr),t € Ji.

Similarly, there is a constant G; > 0 such that sup |[w;(s)||+ sup |[vi(s)] <
t;<s<t t; <s<t

Gi,t € J; (i=2,3,---,n). Let G >Go+ Gy + -+ Gy, then ||(u,v)||, < G and
Qo is bounded.

Second, we verify that the conditions of Lemma 2.3 are satisfied. Let R > G
and

Qg = {(u,v) € S(b) x S(b) : ||(u,v)|s < R}

Then Qg is a bounded open set and (0,0) € Qg. Since R > G, we know that
(u,v) # AT (u,v) for any (u,v) € 9Qgr and A € (0,1).

Suppose that V' C Qg is a countable set and V' C 2o({(0,0)} UT(V)). Let

Vi={xeSh):32€80b),(x,z) eV}, Vo={z€850b):Txe€S0),(x,2) €V}
Then we have

VvV xVaceo({0}UTi(V)) xeo({0} UTa(V))

3.12
Cceo({0} UTy (V7 x Vo)) x eo({0} UTa(Vy x V3)). (312)
Since C(t) and S(t) are strongly continuous, it follows from (3.4) and (3.5) that
Tk((vl)z X (‘72)1) is equicontinuous on every J; = [t;,t;11], which together with
(3.12) implies that (V}); is equicontinuous on every J; (k=1,2,i=0,1,--- ,n).
In the following, we verify that the sets Vi,V are relatively compact in PC.
Without loss of generality, we do not distinguish Vj|;, and (V%);, where V4|, is the
restriction of Vi on J; = (¢;,t;41] (k=1,2,i=1,2,--- ,n).
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When ¢ € Jy, by properties of noncompactness measure, Lemma 2.1 and (H1)(3),
a(Vi(t)) < a(Ty(Vi x V2)(1))
< 2N [T Blla(Va(s))ds + 2IN [3 [a(Vis + Ta(Vas)]ds
t
<2V [HT)B + 11+ 1)] [ ( sup a(a(r) + sup a(Va(r))ds,
0 0<7<s 0<7r<s
(3.13)
a(Va(t)) < a(T2(Vi x V2)(1))

gzNKb[Hr||B||+z(1+r)]/ ( sup a(Vi(7)) + sup oz(Vg(T)))ds.
0 0<7<s 0<7<s
(3.14)

Since a(Vi(t)) (k = 1,2) is continuous nondecreasing on Jy, (3.13) and (3.14) imply
that

sup a(Vi(s))+ sup a(Va(s))
0<s<t 0<s<t

g2(N+N)[HF|\B||+l(1+F)]/ ((swp a(Vi(r)+ sup a(Va(r)))ds,
0 0<7r<s 0<7r<s
(3.15)

From (3.15) we know that a(V;(¢)) = 0 (k = 1,2),t € Jy. Thence V; and V, are
relatively compact in C'(Jp, X). Since

a(‘/lh + yt1) < a(‘/ltl) < K, SUPge j, OZ(V&(S)) =
a(Vay, +y3,) < a(Var,) < Kpsup,e 5, a(Va(s))

)

0
0,

I1(-,-) and Jy(-,-) are continuous,
a(Li(Vigy +yuys Voo, +91,)) = a((Viey + Yays Vor, +91,)) = 0. (3.16)
When ¢ € Jy, we have by (3.4), (3.5) and (3.16),
a(Vi(t))
t
< 2NK,[HT|B|| +1(1+T)] / ( sup a(Vi(7)) + sup a(v2(7)))ds,
t; “t1<T<s t1<7<s (317)
a(Va(t))
t
< 2NKW[HT|B|| +1(1+T)] / ( sup a(Vi(7)) + sup a(VQ(T)))d&

ty “t1<7<s t1<7<s

(3.17) implies that

sup a(Vi(s))+ sup «a(Va(s))
t1<s<t t1<s<t

¢
< 2(N + N)K,[HT||B|| + (1 +F)]/ ( sup a(Vi(7))+ sup a(Vg(T)))ds.
t; “t1<T<s t1<7<s

Consequently, a(Vi(t)) = 0,t € J; (k = 1,2) and V; is relatively compact in
C(J1,X).

Similarly, we can show that V;, is relatively compact in C(J;, X) (k = 1,2,i =

2,3,-+-,n). So Vj is relatively compact in S(b). Lemma 2.3 concludes that T has

a fixed point (u,v) in Q. Then the system (1.1)—(1.2) has a mild solution. O
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Theorem 3.2. Assume that ©(0),I;(z,,x;,) € E and conditions (HY), (Hz) are
satisfied. Then the system (1.1)—(1.2) has a unique mild solution.

Proof. We have by (H}),

1f (8w 0)|| < Ly(fJulls +[[0l)), t € Jue B,ve X,
a(f(t,V,U(t)) < Lfja(Vi) + a(U(t))], t € J, bounded U,V C PC(J, X).

Then the conditions (H;) and (Hz) of Theorem 3.1 are satisfied. According to
Theorem 3.1, the system (1.1)—(1.2) has at least one mild solution.

We now prove the uniqueness. Let (u,v), (w, z) € Qg be two fixed points of the
operator T defined by (3.3) and (3.4). When ¢ € Jy, we have

[u(t) = w(®)l] = [Ty (u, v)(t) — Ti(w, 2) D)

t t
< NUBIT [ lo(e) = 2(9)ds+ Ny [ (e = wills + Tl = lsdds 1

< NKy(1+T)(H|B| + Ly) / (Il — wlls + [Jo — 2)ds,
lo(t) — 2(8)]| = |Ta(u, v)(t) — Ta(w, 2)(2)]
t (3.19)
< NKy(1+ D) (H| B + Ly) / (Il — wlls + [[o - 2ll.)ds.
(3.18) and (3.19) imply that
= wlle + flo — zlle < (N + F)Ey(1+ T)(H| B] + Ly) / (Il — wlls + v — 2ll.)ds.

Consequently, u(t) = w(t),v(t) = z(t),t € Jo, and 80 uy, = wy,, ve, = 2, -
When t € Jy = [t1,t2], it is easy to get

[a1(t) = wr ()| = [T (1, 01)(8) = Ta(wr, 22) (@)
< NHjl(utl t Yty Uty T+ yilil)) - Il(wtl t Yty 2t +y1ltl))||E
+N[‘|J1(ut1 + Yty vty +y£1)) - Jl(wtl + Y1 2ty +y£1))‘|

t
L NEy(1+ T)(H||B|| + Ly) / (e = wlls + v — 2Ils)ds

= NKy(1+)(H|B|| + Ly) /tt(llﬂl — w1 ls + o1 = Zls)ds,

[01(8) = 21| = [|T2 (w1, 1) (t) = To(wy, 21) (1)
< NEKy(1+D)(H|B| + Ly) /:(Hﬂl —wils + [[v1 = Z1l|s)ds,

1

[ar — wille + [[o1 — Z1 e

< (N + N)K,(1+T)(H|B| + Ly) /tt(”ﬂl —w1ls + [[or — Z1[[s)ds.
1
Consequently, u(t) = w(t),v(t) = z(t),t € J1 and uy, = we,, Vg, = 2¢,.
Similarly, we can prove that u(t) = w(t),v(t) = 2(¢),t € J; (i = 2,3,---,m).

Hence u(t) = w(t),v(t) = z(t),t € J. O
It is similar to the proof of Theorem 3.2, we can obtain the following theorem.
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Theorem 3.3. Assume that ©(0),I;(z,,x;,) € E and conditions (H7), (Hy) are
satisfied. Then the system (1.1)—(1.2) has a unique mild solution.

In the next result, for € X, X, : (—o0,0] — X represents the function defined
by X,(0) =0 for § < 0 and &, (0) =

Theorem 3.4. Assume that the conditions of Theorem 3.2 are satisfied and u(-) is
a mild solution of the system (1.1)—(1.2). Then, for i =1,2,--- ,n, u;(:) is a mild
solution of the following abstract Cauchy problem
2"(t) = Aa(t) + BDRG (L) + £ (& (@), DY ()), ¢ € T,
Ty, = Ut —|—./Y1(uf u, ) € B, Ty = up, +Xj(ut ) €B.

(3.20)

Proof. Fori=1,2,---  n, the mild solution of the problem (5’20) can be expressed
as

() = C(t — ta)[ults) + Li(ue,, up,)] + S(E = t)[ug, + Ji(ue,, u,)]

— 3.21
/St—s [BI; (@) (s) + f(s,2s, Iy 7 (@3),)]ds, t € T (3.21)
From (3.2) and (3.21) it is easily to verify that u;(-) € C1(J;, X) is the mild solution
of the problem (3.20) fori=1,2,--- ,n. (refer Corollary 2.2 [10]). O

In the following, we study the regularity of mild solutions for the system (1.1)—
(1.2).

Definition 3.2. A function w : (—00,b] — X is called a classical solution of the
system (1.1)—(1.2) if w € PC*,u(-) is a function of class C% on J \ {t1,t2, " ,t,}
and that verifies the equation (1.1) on J \ {¢1,t2,- -+ ,t,} and the condition (1.2).

Definition 3.3. A function u : (—oo0,b] — X is called a strong solution of the
system (1.1)—(1.2) if u € PC*,u; € W([t;, tir1], X) for every i = 0,1,--- ,n, the
equation (1.1) is satisfied a.e. on J and the condition (1.2) is satisfied.

A Banach space X has the Radon-Nikodym property if for each A-continuous
vector measure p : ¥ — X of bounded variation there exists h € L (u, X) such that
p(B) = [ hdX for all B € X.

Theorem 3.5. Assume that the conditions of Theorem 3.2 are satisfied, the space
X has Radon-Nikodym property and Bx € L'(J,E). If u(-) is a mild solution of
the system (1.1)—(1.2) and the following conditions are satisfied:

(a) (0),us, + Li{usul,) € D(A) and ¥(0),u, + Ji(ur,,u) € E for every
i=1,2,- ,n;

(b) The function f:J x Q — X (2 is a open set in B x X) is continuous and
satisfies the Carathédodory conditions on E:

(i) f(-,u,v) is measurable on J for each (u,v) € Q,

(i1) f(t,-,-) is continuous on Q fort € J a.e.,

(iii) For each R > 0, there is a integrable function Bgr : J — R such that
Ilf(t,u,v)||lg < Br(t) a.e. fort € J and for all (u,v) € Q such that ||ul|g+]|v|| < R.
Then u(+) is a classical solution of the system (1.1)—(1.2).

Proof. Theorem 3.4 implies that u;(-) is the mild solution of the system (3.20)
for each i = 1,2,--- ,n. Then u;,u; € C(J;, X), and so (u;)¢, (u;); are continuous
on J;.
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Since u;(+) is the mild solution of the following Cauchy problem

o' (t) = Ax(t) + BD{uy(t) + f (¢, (@), DY (W)e), t € Ji,
x(ts) = wg, + Li(ug,,uy,), ' () = up, + Ji(ug,,uy,), 0 =1,2,...,n,

the function h;(t) =t BDu;(t) + f(t, (W), D} (w;):) € C(J;, X) N L*(J;, E). Sim-
ilarly, we have hq(t) =: BD®u(t) + f(t, u, D uy) € C([0,¢1], X) N LY([0,¢1], E) for
the following Cauchy problem

2’ (t) = Az(t) + BDfu(t) + f(t w, Djw,), t € Jo,
2(0) = ¢(0),2'(0) = ¢(0).

It follows from Theorem 3.1 [11] that u(-) is a classical solution of the system (1.1)—
(1.2). 0O

Theorem 3.6. Assume that the conditions of Theorem 3.2 are satisfied and u(-)
is a mild solution of the system (1.1)—(1.2). If the space X has Radon-Nikodym
property and the following conditions hold:

(a) (0), ult:) + g, 1) € D(A) and $(0), 4 (t) + Ji(ur, 1) € B for every
i = 1,2,--- ,n. (b) For every bounded set D1 C B,Ds C X, C()f(t,z,y),t €
J, (z,y) € Dy x Da, is uniformly Lipschitz continuous.

Then u(t) is a strong solution of the system (1.1)—(1.2).

(3.22)

Proof. For any ¢ € (t;,t;11) and € > 0 such that t + & € (t;,t;+1), we get from
(3.21) that
[’ (t + &) — @/ ()]
<[JA[S(t + & —ti) = S(t — ta)][u(ts) + Li(us,, up,)]]|
H[C(E+e —t;) = Ct — ta)][u'(t:) + Tiu,, uy,)]|

+ /t IO = )II1BIo =" [@ (s + ) — ai'(s)] | ds

e+t; ,
+ [ ICt e = BRw (5
[ OG +e— ) — Ot — )] (s, a(s). I (@), ds
tieth
+ / IC(t + < — 8) (s, @(s), 127 (@), ds
t
<Cye+ N||B|T / 1@ (s + £) — @(s)||ds,
tq

where C7 > 0 is a constant independent of ¢ and e, and the fact that AS(¢t —
t)[u(t:) + Li(ug,, up)], C(t = t3)[u/ (t;) + J;(us,, uy. )] are Lipschitz continuous on J;
has been used (see [12]). Therefore, from the Gronwall Lemma we know that a; (t)
is Lipschitz continuous on J; for each i = 1,2,--- ,n. Since X has Radon-Nikodym
property, it follows from Proposition 3.3 [11] that u;(t) is a strong solution of the
system (1.1)—(1.2) for each ¢ = 1,2,--- ,n. A similar argument permit us to prove
that ug(t) is a strong solution of the system (1.1)—(1.2). The proof is completed.

O
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4. Continuous dependence of mild solutions

Theorem 4.1. Let the conditions (HY), (Hj) be satisfied and I;(xy,,x; ) € E. Then

for each (p, ), (™, ¢") € BXB,0(0),0%(0) € E, (t) = y(t) +u(t), 2" (t) = y* () +
w(t) are the corresponding mild solution of the system (1.1)—(1.2), the following
inequalities hold:

7 < (i + 1) e NN (|l — % (|5 + [ — ¥*||), (4.1)

1w, v) = (w, 2)

fori=20,1,--- ,n, where o = Kb[(l —|—H|\B||)F—|—Lf] >0, 9,0 1=0,1,---,n)
stand different positive constants.

Proof. Let 2/(t) = y/'(t) + v(t), (z*)'(t) = (y*)'(t) + 2(t),t € J. When t € Jy, by
(3.3), Definition 2.1 and simple calculation, there are constants pg > 0 and 79 > 0
such that

[u(t) — w(@®)]] SNIIBH/0 Iy~ (o) = 2(s)ll + lly'(s) = (") ()]} ds

t
+ WLy [ s =l + e o5 s
0

I (e — el + 1l — Y, lls)]ds (4.2)
< pollle = &"lls + o — 0*]1s)
. t
+N¢AWu wlls + [l — 2lla)ds,
lot) - 2(0)] < molle — @*lls + b — 0 [1s)
(4.3)

t
+No [ (=l + o - 2].)ds.
0

(4.2) and (4.3) imply that
lu = wlle + [[o = 2lle < (po +m0)(lp = ¢l + [[¥ — ¥ [|)

t
FO W) [ (u= wll+ o 2].)ds
0
Consequently,

(u, v) = (w, 2) 15 < (po+10)e N TP ([l — 0¥ [l + ¥ — ¥" || 8)-
When t € J; = (t1,t2], we have by (H}),

11 (g + Yt s 06y + (Wey)) — Di(wey + 975 20+ (97,) ) e
<ea[Kp(llu—wlle, + o= 2lle,) + lye, — v 115 + 11(ye) = (47,)'|15]
<ei(lle —¢*lls + v —¥*|8),

1 (ue, + Yy s v, + (Ye)') — Ji(wey +u5 20 + (1))l
<nlle —¢*lls + ¥ —¥*s),

where e1,7; are positive constants. It is similar to (4.2) and (4.3), there are con-
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stants p; > 0 and n; > 0 such that

luy —wille + |[o1 — 21l
<(pr+m)lle ="l + 11 —¥"|ls)

. (4.4)
F O+ W) [ (= Bl + 7 - F)ds.
t1
Consequently,

(u,0) = (w, 2) s, < (o1 +m)e™N (|l — " (|5 + [l — ¢*[|s)-
Similarly, we can prove that there are constants py > 0,7, > 0 (k = 2,3,--- ,n)
such that

(w,0) = (w, 2) ][5, < (o +me)eN Tl = %15 + 19 — 7 [|8)-

O

Remark 4.1. Some restrictive conditions are not used in Theorem 3.2 and Theorem
3.3, which is different from the corresponding results in [4, 8].

5. An example
Let X = L?([0,7]) and A be the operator given by Af = f with domain
D(A) ={f € X : f, f'are absolutely continuous, f” € X, f(0) = f(7) = 0}.

It is well known that A is the infinitesimal generator of a strongly continuous cosine
family C(t)),t € R on X. Moreover, A has discrete spectrum, the eigenvalues are
—n?,n € N, with corresponding normalized eigenvectors z,(£) := \/g sin(n¢) and
the following properties hold:

(i) {2zn : n € N} is an orthonormal basis of X.

(ii) For f € X,C(t)f = >.° cos(nt)(f; zn)zn. Moreover, it follow from this
expression that S(¢)f = > 00, W(f, Zn)Zn, that S(t) is compact for ¢ > 0 and
that ||C(¢)|| =1 and ||S(¢)|| =1 for every t € R.

(iii) If ® denotes the group of translations on X defined by ®(¢t)z(§) = z(£ + 1),

where B is the infinitesimal generator of the group ® and F = {z € H'(0,7) :
2(0) = z(w) = 0}, see [6] for details.

(iv) The functions ¢, ¥ defined by ¢(6,&) = v(6)(£),¥(0,€) = ¥(0)(£) belong to
B.

In the next application, B should be the phase space B = PCy x L?(h, X) in
2.1, where h : (—o00,0] — R is a positive Lebesgue integrable function. We can take

H=1,M(t) = y(—t)% and K(t) =1+ ( [°, h(6)d8)* for ¢ > 0.

Example 5.1. Consider second order impulsive differential system with fractional
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derivative damping;:
P 8 = L, + Dt &) + [ a(s)DFult,s)
—u(t, & t,€) + cDfu(t, & —|—/ a(s)Dgu(t, s)ds
ot2 0€2 0 t

t

+ / (s —tyu(s, £)ds + Dy us(€), t €10,1],€ € [0, 7],

— 00

(’) U(,)ZO tE[O,l],

Q

u(8,8) = ¢(0,€), 0 € (—o0,0],& € [0, 7],
9 (5.1)
5 ( 5) 1/1(9,5) ( M,O],€€[O,W],
0
Au(t;, &) = / qi(G)%u(ti +60,6)db,i=1,2,---,n
N u(s,)
Ad/(t;,€) = / 51(9))md97i =12, ,n,

— 00

where D¢, D} are the Caputo’s fractional derivative operator of order «,v € (0,1],

c€R,a € L*([0,7]), ¢, € Co x L*(h, X),0 < t; < --- < t, < 1. Assume that the
following conditions are satisfied:

e

(a) The function g : R — R™ is continuous and d = (f_ooo h=H(O)p?(0)dh) <

00;
(b) ¢; € C(R,R) and ¢; = (f_ 1(0)d9)% < oo foreach i = 1,2, ,n;

(c) 4, € C(R,R) and d; = ([°_ 72 (e)h—l(e)de)% < oo foreachi=1,2,--- ,n.
Then the system (5.1) has a unique PC'—mild solution.

Proof. The system (5.1) can be modeled as the abstract Cauchy problem (1.1)
by defining

0
ftp)(© = [ u0)o(6.€)d0 +y(©)
W
— [ oo
_OZ (6,6)
(o, = [ 7.00)—22> _ap,
T 9)(©) 4 WO
where f(¢,-,-), I( ) (z =1,2,---,n) and B are bounded linear operators, ||I;|| <
ci, | il < di (i=1,2,---, ) aﬂd 1Bl < lef + [la| L2-
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Moreover, for (¢, ¢,u), (t,1,v) € [0,1] x B x X — X, we have
||f(t7 ¢7u(t)) - f(ta d}a 'U(t))”Lz
™ 0 9
S(/O (/ u(t, 0)[p(0,2) — (0, 2)]db + [u(t, x) — v(t,z)]) dx)

N|=

— 00

<[ ([ eoriso.0) vt )’ + ([

oo 0

s

[u(t, z) — v(t, z)|2dz) ?

0 2 0 1
<([ 1o [ 1011000, ~ 60, 1ea)* + ulo) — o)

<d(®)|¢ = plls + [lu(t) — v(t)ll>
<L (6 = vlls + llult) — v(t)llz2),
where Ly = max{supg<,<; d(t),1}. Hence the condition (H7) is satisfied and all

conditions of Theorem 3.2 are satisfied, therefore the system (5.1) has a unique
PC'mild solution. However,

(N +N)Ky(1+T)(H|B| + Ly) 2 2(1+T)(| Bl + d) > 1,

the restrictive conditions(1.4), (1.5) and (1.6) are not hold. O

Remark 5.1. If « = v =1 is in the system (1.1)—(1.2), all of our conclusions still
holds, it improves and generalize the results in [10].
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