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Abstract Asymptotic pullback dynamics of a typical stochastic reaction-
diffusion system, the reversible Schnackenberg equations, with multiplicative
white noise is investigated. The robustness of random attractor with respect
to the reverse reaction rate as it tends to zero is proved through the uni-
form pullback absorbing property and the uniform convergence of reversible
to non-reversible cocycles. This result means that, even if the reverse reac-
tions would be neglected, the dynamics of this class of stochastic reversible
reaction-diffusion systems can still be captured by the random attractor of the
non-reversible stochastic raction-diffusion system in a long run.
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1. Introduction

As a typical autocatalytic reaction-diffusion system, Schnackenberg equations were
originally introduced in Schnackenberg [14] and have been extensively used as a
simplified mathematical model for morphogenesis and enzymatic reactions [9,16,20].
The applications of this model have shown Turing and exotic pattern formation as
well as bifurcations by numerical simulations and mathematical analysis [9, 10].

In this work we shall study the robustness of random attractors as the reverse
reaction rate converges to zero for the stochastic reversible Schnackenberg equations
driven by multiplicative white noise:

%:dlAu+a+U207GU3+auo%v (1.1)
81; :dzAv+ﬂ*u2v+Gu3+avO%, (1.2)

fort > 7 € Rjx € Q@ C R” (n < 3) which has a locally Lipschitz continuous
boundary, with the homogeneous Dirichlet boundary conditions

u(t,z) =0, v(t,z) =0, t>7, € Q, (1.3)
and an initial condition

u(r, ) = up(x), v(0,2) =vo(x), x€Q. (1.4)
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All the parameters di, ds, «, 3, a and the nondimensionalized reverse reaction rate
constant G are arbitrarily given positive constants, W (t) is a one-dimensional, two-
sided, standard Wiener process (Brownian motion) on a canonical probability space
to be specified. The terms u o % and v o dd—vf indicate that the stochastic PDEs
(1.1)-(1.2) are in the Stratonovich sense interpreted by the Stratonovich integrals
in the integral version of the stochastic differential equations.

We do not assume the solutions u(t, z,w),v(t,z,w) nor the initial data wug, v
to be nonnegative functions and we do not impose any conditions on any of the
positive parameters in the results of this paper.

The scheme of reactions for the reversible Schnackenberg model is shown by

Alsx By axay B oax, X L2, p.
k_1
The variables v and v stand for the nondimensionalized concentrations of X and
Y, respectively. The parameter G > 0 is proportional to the ratio k_1/k; of the
reverse versus forward reaction rate constants for the key autocatalytic reaction.
The concentrations of chemical reactants A and B are assumed to be constant. The
parameter a measures the strength of the stochastic perturbation.

Similar autocatalytic reaction-diffusion systems are Brusselator equations [8,11]
and Gray-Scott equations [10,12]. The existence of global attractors and random
attractors has been proved [19-21] for these types of deterministic and stochastic
reaction-diffusion systems.

The concepts and theory of random attractors and random dynamical systems
were first introduced in [5,13] and the basic results with various applications are
summarized in [1,2,4,5,7,17,18,20,21] and many references therein.

In Section 2, we present preliminary definitions and that formulation for this
problem. In Section 3, we briefly recall the result on the existence of a random
attractor for the Schnackenberg random dynamical system proved in You [21]. In
Section 4, we show the uniform pullback absorbing property of the cocycles. In
Section 5, we finally prove the main result on the robustness of the random attractors
when the reverse reaction rate G converges to zero.

We emphasize that the robustness result contributed in this work is potentailly
important and will have extensive applications in physical chemistry, biochemistry
and mathematical biology. This result means that, even if the reverse reactions are
oftentimes neglected, the long-term dynamics of such stochastic reversible reaction-
diffusion systems can still be captured by the random attractor of the corresponding
non-reversible system provided that the ratio of the reverse reaction rate is small.

2. Preliminaries and Random Attractor

We first recall few concepts and results related to random dynamical systems and
the topics of this work. The Borel o-algebra defined on any metric space 7 will be
denoted by #(.7). Let X be a real Banach space.

2.1. Preliminaries

Definition 2.1. (Q, F, P,{60; }cr) is called a metric dynamical system (briefly MD-
S), if (9, F, P) is a probability space with a mapping 6 : R x Q — Q which is
(#A(R) ® F, F)-measurable such that
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(i) 6o is the identity on €2,
(ii) Opq4s =0 00, for all ¢, s € R, and
(iii) 6 is probability invariant, meaning ;P = P for all t € R.

Definition 2.2. A random dynamical system (briefly RDS) on X over an MDS
(Q, F, P,{6:}+cr) is a mapping

o(t,w,z) : [0,00) X X x X = X,

which is (Z(RT) @ F @ #(X), B(X))-measurable and satisfies the following condi-
tions for every w € {2
(i) ¢(0,w, ) is the identity on X.
(ii) The cocycle property ¢(t + s,w, ) = (¢, 0sw, p(s,w,-)), for all ¢,s > 0.
(iii) The mapping ¢(-,w, ") : [0,00) x X — X is strongly continuous.
Definition 2.3. A nonempty mapping D(w) : Q@ — 2% is called a random set in
X, if the mapping w — distx(z, D(w)) is measurable with respect to F for any
given z € X.
1) A bounded random set B(w) C X means that there is a random variable
7(w) > 0 such that [|B(w)| = sup,ep(w) 7] < r(w), w € Q.
2) A random set S(w) C X is called compact (reps. precompact) if for all w € Q
the set S(w) is a compact (reps. precompact) set in X.
3) A bounded random set B(w) is called tempered if for any constant x > 0,

: —rKt _
tlg(r)loe IB(O_tw)|| =0, weQ.
We shall denote by Zx or Z the family of all tempered random subsets of X,

which is inclusion-closed and will be called a universe.

Definition 2.4. A random set K € Z is a pullback absorbing set with respect to
an RDS ¢ on X over an MDS (Q, F, P, {0; }+cr), if for any B € 2 there exists a
finite ¢g(w) > 0 such that

p(t,0_w, B(0_w)) C K(w), forall t >tp(w), we Q.

A random dynamical system (@, 8) is called pullback asymptotically compact with
respect to a universe 2 if for all w € Q,

{o(tm, 0—¢, w, Tm)}oo_; has a convergent subsequence in X,

whenever t,,, — oo and z,,, € B(6_;,,w) for any given B € 2.

Definition 2.5. A random set A € Z is called a random attractor for a random
dynamical system (i, 8) with the attraction basin 2, if the following conditions are
satisfied:

(i) A is a compact random set.

(ii) A is invariant in the sense that

o(t,w, Aw)) = A(fiw), forallt>0andw € Q.
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(iii) A attracts every set B € Z in the sense
tli}m distx (o(t,0_w, B(_w)), A(w)) =0, w € Q,

where distx (-, -) is the Hausdorff' semi-distance in X.

An established result on the existence of random attractors for continuous ran-
dom dynamical systems is stated in the next proposition [2,5,7].

Proposition 2.1. Let (p,0) be a continuous random dynamical system on X and
2 be a universe of random sets in X . If the following two conditions are satisfied:

(i) there exists a closed pullback absorbing set K = {K(w)}ueq € 2 of (¢,0),
(i) (p,0) is pullback asymptotically compact with respect to 9,

then there exists a unique random attractor A = { A(w)},eq in X with the attraction
basin 9, which is given by

Aw) = U et, -, K(O-_w)).

>0 t>71

2.2. Formulation

We now formulate the initial-boundary value problem (1.1)-(1.4) in the framework
of the product Hilbert spaces H = L?(Q,R?) and E = H}(Q,R?). The norm and
inner-product of H or L(Q) will be denoted by || - || and (-, -), respectively. Due to
Poincaré inequality we adopt ||V (11,%2)]| to be ||(¥1,%2)| g, the norm of E. The
norm of LP(Q) or LP(Q,R?) will be denoted by || - ||z» for p # 2. We use | - | to
denote a vector norm in any Euclidean space.

The linear differential operator

diA 0
A= . D(A) = HAQE)NHYQ.R) — H, (2.1
0 dyA

generates an analytic semigroup {eAt, t> O}. By the Sobolev embedding H'(Q) <
L5(Q) for n < 3 and Hélder inequality, the mapping

a+u?v — Gu?
flu,v) = :E— H, (2.2)
B —u?v + Gu®

is locally Lipschitz continuous. Then the initial-boundary value problem (1.1)—(1.4)
is formulated into an initial value problem of the stochastic evolutionary equation

d dw
dfizAg+f(g)+agoE7 t>T,g(T):goz(uo7vo)eH. (23)

Solutions of the problem (2.3) will be specified later and denoted by
g(ta W, T, gO) = (u(ta W, T, gO)a U(t, LW, T, gO))a

where dot stands for the hidden spatial variable, ¢ > 7 and w € €. Here and after
a vector always means a column vector even without the col symbol.
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Let {W(t) }+er be a one-dimensional, two-sided Wiener process in the canonical
probability space (2, F, P), where

Q={we CRR):w(0) =0}, (2.4)

the o-algebra F is generated by the compact-open topology on €2, and P is the
corresponding Wiener measure [1,4] on F. Define the P-preserving and ergodic
transformations {6;}:cr by

Orw() =w(-+t) —w(t), forteR, we. (2.5)

This (Q, F, P, {0: }+er) and {W(t,w) = w(t) : t € R,w € Q} are called the canonical
metric dynamical system and the canonical Wiener process, respectively. Accord-
ingly dW/dt in (2.3) stands for the white noise.
It is known that the Wiener process W (t) is locally Holder continuous of any
order o € (0,1/2) and has the sublinear growth property,
im VO 0, forall weQ, (2.6)

t—+oco |t|

where Q C Q is invariant with respect to {6;};er has the full measure P(Q) = 1.
In the sequel we shall consider the f-invariant and full-measured set € instead of 2
and simply rename Q) as . Thus in most cases and in this sense we shall omit a.s.

Since the stochastic process X (t) = e *W(®) with A being a constant is a solution
of the following stochastic differential equation in the Stratonovich sense,

dXt = —)\Xt o th7

we convert the original problem (1.1)-(1.4) and the formulated stochastic evolution-
ary equation (2.3) to a deterministic non-autonomous PDE with random coefficients
and random initial data, which can be called random differential equations, by the
exponential transformation

U(t7w) = Q(tvw)u(taw), V(taw) = Q(t,w)v(tvw)a (27)
where ¢(t) = e *W® . Accordingly q(t,w) = e *“®, for w € Q. The system of
random differential equations after this transformation is

o 1

_ 20 _ 73
e diAU + aq(t,w) + POIE (U*V - GU?), (2.8)
oV
— =d2A - - _(U*V - 3 9
57 = LAV + Baltw) - o (UV - GUY), (2.9)

for t > 0, x € Q and w € 2, with the Dirichlet boundary condition
U(t,z,w,7) =0 and V(t,z,w,7) =0, t>7€R, x€0Q, (2.10)
and the initial condition,
U(r,z,w,7),V(r,2,w,7)) = q(T,w)(up(x),vo(x)), =€ Q. (2.11)
The converted system (2.8)-(2.9) is a pathwise non-autonomous PDE and can be
written as 50

Sp = AV F(0,0,0). (2.12)
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For any t > 7,90 = (up,v0) € H, and w € ), the pathwise weak solution of the
initial-value problem (2.8)-(2.11) specified in You [19, Definition 1.1] will be denoted
by
\I/(taw) = \Il(tvw; T, gO) = (U7 V)(tv W, T, Q(T7 W)go). (213)
By Galerkin approximation and the compactness argument Chepyzhov and
Vishik [3, Chapters IT and XV], one can assert the local existence and unique-
ness of the weak solution W(¢,w), which depends continuously on the initial data.
Similar to Lemma 1.2 in You [19], the weak solutions have the property

U € O([1, Tmax); H) N CH((7, Tonax); H) N L2([7, Tinax ); B),  w € Q. (2.14)
We shall use Poincaré inequality and Sobolev imbedding inequality

IVl > vllel?* and  [[ll7e < nl[Ve|? (2.15)

for any ¢ € H}(Q,R?) or E, where v and 7 are constants.

2.3. The Existence of Random Attractor

In You [21] this author proved the global existence of the pathwise weak solutions for
any w € §) as well as the existence of a pullback random attractor for the generated
random dynamical system. The relevant results and some key estimates in that
paper are presented for references later.

Proposition 2.2 (You [21]). There exists a tempered random variable Ro(w) > 0
depending only on the parameters such that for any random variable p(w) > 0 there
is T(p,w) € (—o0, —1] with the property that for any to < 7(p,w) and any initial
data go = (ug,vo) € H with ||go|| < p(w), the weak solution V(t,w;ty, go) in (2.13)
of the problem (2.8)-(2.11) uniquely exists on [tg,00) and satisfies

0
190,05 t0, g0)|I? + / IVU(s,wito,g0)[?ds < R2(w), weQ  (216)
—1

There exists a pullback absorbing set for the Schnackenberg random dynamical sys-
tem @ defined below with respect to the universe Py,

Bo(w) = Bu (0, Ro(w)) = {¢ € H : [[§]| < Ro(w)}- (2.17)
The following are two inequalities in this proof and will be used later:

a?G 2
— +

d 2 2 2 2
- d < R
GG NIV + o @ITUI 9V < (S + 2o

) gt )PIQl, (2.18)

where dg = min{d;,d2}. And (2.18) leads to

d

d o’G +p?
dt

(G + [VI*) + vdo(GIUI* + [V]*) < ~dn

lat,w)PPlQl. (2.19)

Definition 2.6. Let (Q, F, P,{0;}+cr) be a metric dynamical system. A family of
mappings S(t,7,w) : X = X fort > 7 € Rand w € Q is called a stochastic semiflow
on a Banach space X, if it satisfies the properties:

(i) S(t,s,w)S(s,7,w) =S8t T,w), forall 7 < s <t and w € Q.
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(ii) S(t,7,w) =St —7,0,0,w), for all 7 <t and w € Q.
(iii) The mapping S(t, 7,w)x is measurable in (¢, 7,w) and continuous in z € X.
Here we define S(¢,7,w): H — H for t > 7 € R and w € Q by
1
~q(t,w)

and then define a mapping ¢ : RT™ x Q x H — H by

S(tv T, UJ) 9o

\I/(t» Wi T, gO) = (ua 'U)(t, W, T, 90)7 (220)

<P(t -7, 07w7 gO) = S(ta T, LU) g0, (221)
which is equivalent to

1
t = —U(t, w; 0 . 2.22
SD( y W, 90) q(t,W) ( , Wi U, gO) ( )

This mapping ¢ is shown to be a random dynamical system (or called cocycle) on
the space H over the canonical MDS 6. Therefore,

@(t70—tw790> = q(O w)\p(ov w3 7ta gO) = \IJ(O7 ws 7ta go)v > Ov w e Q. (223>

This random dynamical system ¢ is called the Schnackenberg random dynamical
system.

Theorem 2.1 (You [21]). For any given positive parameters dy,ds, o, 8, G and a,
there ezists a random attractor A = {A(w)}weq in the phase space H with the
attraction basin Py for the Schnackenberg random dynamical system . Besides
A ={A(w)}oeq is a bounded random set in E N L>®(Q,R?).

The pullback absorbing property of this Schnackenberg RDS ¢ in L?P(Q,R?)
for any 1 < p < oo will be used in the study of robustness of the random attractor.

Lemma 2.1. For any given 1 < p < oo, there exists a positive random variable
R, (w) such that the ball Br2(0, Ry(w)) is a pullback absorbing set of the Schnack-
enberg random dynamical system ¢ in L?P(Q,R?), provided that the initial state is
in the space E N L?P(Q,R?). The random attractor A = {A(w)}wea satisfies

A(w) C Br2 (0, Rp(w)), forany 1 <p < oco. (2.24)

Proof. The proof was given in You [21] and we only list the key steps for the
future use. By rescaling V(t,z,w) = V(¢,2,w)/G, the equations(2.8)—(2.9) become
ou G

N ¢ _
or ~ WAUFadltw)+ lq(t,w)|?

v 3
a = dgAV + 6 q(t,w) —

(U?v - U?), (2.25)

m (U?v -U?). (2.26)

Take the inner-products ((2.25), U?P~1(¢,-)) and ((2.26), GV?P~1(¢,-)) to get

1d _ _
o7 (IVI25, + GIVIEE, ) + 20 = 1) (d U7~ VU + doGV ' V)

2
= / [q(t,w)(aUQp_l + Yy — GL2 (U — Uty — gyt + V) | da.
Q lq(t,w)|



Robustness of random attractors 1007

Note that ||V (U?,VP)|| > ~|(UP,VP)||? by (2.15) and

— Glq(t,w)| 2 /Q U? (U — U=y —uy*~ 4 V) dz < 0,

i PP 2a?P|q(t, w)|?P
2p>2

2(’Yd0)2p_1 ‘Q|7

P27 q(t, w)|*P
2(ydoG)?P—1

/q(t,w)aUQp*l(t,w)d:ng 17d0/ U?P(t,w) dx +
Q Q

P
2p2

/Q alt,w) BV () do < 2L yaoG /Q V(1 0) da + Q1

Since GV =V, we obtain

ydo(2p — 1)
2p?

(a®? G214 B7P) |q(t,w) *P|Q).

d _
= (U, + VI, +

2p—2

(U1, + VI,

p
<2
= 2(vydo)*r !

By Gronwall inequality, we get

1% (0,w; —t, g(—t,w)g0) |72,
max{1, G*~1}|q(—t, w)[*"
<
min{1, G2P—1}
2p 2p 2p 2p—1 0 s
p?(a?? + £2P) max{1, G**~1}|Q| ~dg
(7do)?P~ T min{1, GZ—1} e |q(s,w)|Pds, t>0. (2.27)

— 00

_adgt o
e 2% |lgoll s

Let

PP + B) max{1, G2 1HQ| [0 e e

, 2
(vdo)2P~1 min{1, G2r—1} e 2% |q(s,w)|*P ds

Ry(w) = |1+

— 00

Then Byr2(0, Ry(w)) is a pullback absorbing set of the random dynamical system
. Finally, (2.24) holds because the random attractor A is in EN L*®(Q,R?). O

Corollary 2.1. For any given 1 < p < 0o, the v-projection of the random attractor

A = {A(w)}ueq satisfies
Py A(w) C Bap(0, Ry(w)), forany 1 <p < oo, (2.28)

where P, is the orthogonal projection of L*(Q,R?) to its v-component space and
Rp(w) is given by

0 ags 1/(2p)
RY(w) = |14 5™ + 5) max{1, G} |Q| / &5 g, )PP ds

(2.29)

Proof. Drop the U-component from the quasi-trajectoty ¥ (0,w; —t, ¢(—t,w)go)
on the left-hand side but not on the right-hand side of the Gronwall inequality
(2.27). Then we get the adapted random variable R} (w) from R, (w). O

Unlike R,(w) in (2.24),R)(w) in (2.28) has no singularity as G — 0. This is
important in the sophisticated proof of the robustness of random attractors later.
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3. Uniform Pullback Dissipativity

We shall denote the Schnackenberg random dynamical system and its random at-
tractor corresponding to the reverse reaction rate G > 0 by ¢¢ and Ag(w), respec-
tively. For study of the robustness of random attractors {Ag(w)} as G — 0, we can
assume G € [0, 1] without loss of generality.

Definition 3.1. A family of RDS {¢)}rca on a Banach space X is called uniformly
pullback dissipative with respect to a neighborhood A of )\ in A, if there exists a
common pullback absorbing set Z(w) C X for every RDS ¢, with A € N.

Theorem 3.1. The family of the Schnackenberg RDS {pc : G > 0} on H over the
MDS (Q,F, P,{0:}+cr) is uniformly pullback dissipative with respect to G € [0, 1].
There exists a common pullback absorbing ball By (0, K (w)) in H for each of the
Schnackenberg RDS o with G € [0, 1].

Proof. We need to overcome the singularity hurdles due to factors like 1/ min{1, G7}
appearing in the estimates shown in You [21] and partly seen in Section 2.3.

Let p(w) > 0 be any given random variable and let initial data go = (ug,vo) € H
satisfy ||go|| < p(w). From (2.19) and by (2.6), there is 7 (p,w) < —1 such that for
all 7 < 71(p,w) one has €797 |q(7,w)|?p?(w) < 1. Therefore,

IV (0,w; 7, (7, w)go)|I* < max{1, G}II(U V)(0,w; 7, (7. w)g0)1?

2
<7 |g(,w) ]2 p? (w) + w e’YdOS\q (s,w)|*ds
2 2 0
<1+ W’_yf)@'/ Y%lg(s,w)[Pds, T < Ti(pw). (3.1)
0 —00

Note that we dropped the term G||U(t,w)]||? after the integration of (2.19) to avoid
the singularity otherwise caused by 1/ min{l, G}.

We estimate the U-component through I'(¢, w) = U (¢, w)+V (¢, w), which satisfies
or
Fr di AT + (de — d1)AV + (a+ B)q(t,w), z€Q, t>T, weQ. (3.2)

Taking the inner-product ((3.2),I'(t)), we get
ST+ VTR = [ (6 = 4)AV + (0-+ Aot o

7d1| (a + 5)

dy |dy — da|?
<D v+ BBl oy

1—\2
B P+

la(t,w)?|Q,

so that

2|dy — df? 2,

——||VV
— 2L jove +

Apply the Gronwall inequality to (3.3) and use (3.1) to obtain
IT(0, w; 7, a(7,w)g0) |* = U (0,w) + V(0,)]*

SQF%%wwWﬁwwfa+ﬁwm/ 0 g(s,10)|? ds

d
DI +4d e < 2L wrial 33

dy —dof? [°
+%/ e’Yd18||vV(S)2dS—|—(aF:;Z1B|Q|/ €7d18|q($,w)|2d$ ) (3.4>
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There exists 72(p,w) < —1 such that for all 7 < 79(p,w) one has

2797 |g(1,w)[*p?(w) < 1.

Now we treat the term fTO e8|V V (s)||? ds in (3.4). Multiply (2.18) by e¥¥1! and
integrate the resulting inequality over [r,0] to get

0 0
[ et LGOI+ V) ds +da [TV (s)|Pas

2 2
gi(a i |Q|/ 1912 g5, 0)[?ds.
Yao T

Integration by parts leads to
0
dz/ 5TV (5)|2ds

0 2 2 0
<ttady [ R GIUEIE + VPds + I tejggs, ) as,
T 0 —00
for 7 < 1o (p,w). (3.5)

From (2.19) we can deduce

0
[ e GIu e + Vs

0
< / 115709 g(7, 00)[2 R () ds
2
+ (04 +B |Q|/ / ydis —fydo(s ”)\q(a w)|2dads
ydo

; o’ + %) -
<Jrlero |q<7,w>|2p2<w>+(7@' / o177 g (o, ) 2dor

There is 73(p,w) < —1 such that for 7 < 73(p,w) one has

ydi|7|e%7 (7, w)[?p? (W) < 1.

Hence, for 7 < 13(p,w), we have
O s di(a® + 82)|Q| [*
s [ @I+ VIR ds < 14 DO T g0, o,
- 0 —00
(3.6)
Substituting (3.5) and (3.6) into (3.4), we obtain

T (0, w; 7, (7, w)g0) I

2 2 0
<14 6(06 +/B )|Q| / e'ydgslq(s,w)|2 ds
’}/do —00

2ldy — dsy|? 1 d
|d1 — da| {2+ +yd,

0
2 2 Ydoo 2
dyds ~do (a®+ )IQI/W(H\GD@ lg(o,w) | do| (3.7)
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provided that 7 < min{m (p,w), 72(p,w), T3(p,w)}. From (3.1) and (3.7) as well as
1U(0, w37, g(7, w)go) |* = [T(0,w) = V(0,w)|* < 2T (0, @) + [V (0,w)][*),

we can conclude that for all t > —7*(p,w) = — min {7 (p,w), 72(p,w), T3(p,w)} and
for any go € H with ||go]| < p(w), it holds that

le(t, 01w, go)ll = [1W(0,w; =, 90)|| < Kn(w), we, (3-8)

where Ky (w) is a random variable given by
1 2 2 0
K% (w) =5+ w/ €Y% |g(s,w)|? ds
Yao —o0

0
(o + )| / (1 -+ o])e™ |g(o,w)|? dor |

4 _ 2
ULy s )
dy1ds ~ydo

which is independent of p(w) and G € [0,1]. The closed ball By (0, Ky (w)) is a
common pullback absorbing set in Py for all the cocycles ¢¢ with G € [0,1]. O

Corollary 3.1. The union of the random attractors {Ag(w), G € [0,1]} satisfies

Aw) = |J Ac(w) C Bu(0, Ky (w)). (3.9)

0<G<1

The pullback trajectory bundle through A(w) under the actions of g for any 0 <
G <1 is uniformly utmost bounded in H in the sense that for 7*(Kg,w) < —1,

sup sup gt 0w, A(w)) C By(0, Kg(w)), w € Q. (3.10)
0<G<L1 t>7*(Kpg,w)

Thus there exists a random variable T (w) < —2 such that for any T < T(w),

sup sup sup ||[¥(tw;T,90)| < Ku(w), we . (3.11)
0<G<1 te[-2,0] go€A

Proof. By the invariance property of the random attractors Ag(w), we have
wa(t, 0w, Ag(w)) = Ag(0:(0_w)) = Ag(w), for t >0, we .

Hence Theorem 3.1 implies that Ag(w) C B (0, Kg(w)) and (3.9) is valid. For
any go € A(w) C By(0,Kg(w)), from (3.8) we can assert that (3.10) holds with
7*(Kp,w) given in the proof of Theorem 3.1 with p(w) = Kg(w). The proof of
(3.11) is parallel to the proof of Theorem 3.1 with p(w) replaced by Kp(w). O

The existence of a random attractor Ag(w) for the non-reversible Schnackenberg
random dynamical system g can be proved similarly and even easier. By (3.9) the
following corollary holds obviously.

Corollary 3.2. The random attractor Ag(w) for the non-reversible Schnackenberg
random dynamical system g attracts the union set A(w) = Uy<g<; Ac(w) in H,

tli}m disty (po(t,0_tw,A(0_1w)), Ag(w)) = 0. (3.12)

We show that the attractor union is bounded in the regular space E = H}(Q,R?).
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Theorem 3.2. There is a random variable Kg(w) > 0 such that the union A(w)
of random attractors { Ag(w),G € [0,1]} is in the space E and

Aw)= |J Ac CBr(0,Kp(w)), weQ. (3.13)
0<G<1

Proof. Let gy = (ug,vp) € A(w). By the invariance, it suffices to show
¢ (t, 0_1w, Ac(w)) C Be(0, Kg)

for some large ¢ and for all G € [0, 1].
STEP 1. From (2.19) and Corollary 3.1 we can get

o VV(s)|]?ds < ! K? L2 2 ’ 2d 3.14
/t IVV(s)l s_do[ hw)+ (e +ﬂ>\@|[2|q(s,w>| ] (3.14)

for t > =2 > T'(w) > 7. Using (3.3), (3.11) and (3.14) we obtain

t+1
[ V)R as
t

t+1
<2 it man)l? + 2D s wpas
1
2ld; — do|?2 [t
+ '1722'/ WV (s)||? ds.
dl t
Since U (t,w) = I'(t,w) — V(t,w), it follows that
t+1 t+1
/ IVU(s)]2 ds < 2 / (VT2 + [VV(s)[2) ds < Cr(w),  (3.15)
t t

for t > =2 > T(w) > 7, and G € [0, 1], where

_ 2 2
C(w) = d% <5—|— W) [K,z{(w) ?Z Q] / (s,w)] ds] .

Sum up (3.14) and (3.15) to obtain

t+1
/ VD (s, w7, g0) |2 ds < Co(w), (3.16)
t

for any [t,t + 1] C [-2,0], 7 < T'(w) < =2, G € [0,1] and g € A(w), where

0
o) = Cr(w) + + [K%{(w) s+l [ q(s,w>|2ds] |

!

n (3.16) let [t,t + 1] = [-2, —1] and 7 = T'(w). By the Mean Value Theorem there
is a time to(go,w) € [—2, —1] such that ||V (t(go,w),w; T, g0)||* < Ca(w), for any
go € A(w). It means that

sup [|¥(to(go,w),w; 7, go) |5 < Ca(w). (3.17)
go€R
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STEP 2. By taking the L?({2) inner-product ((2.8), —AU), we have

1 1
SIvul? 7 [V St e)Plal

Sdlat o)l
1 1

S Iatt oY v 2|q(t,w)*|Ql, t € [to(go,w), 0]

< T Vil + gra’la.)PIQl ¢ € fto(go,w). 0

(3.18)

On the other hand, from (2.27) with p = 3 and using (2.15) and (3.17), we can get

sup sup sup [|V(t w; T, q(, w)QO)HLﬁ(Q) < C3(w), (3.19)
t€[to(go,w),0] 0SG<1 goel

where

Colw) = 1 Ci(w) + “jdfﬁ <l / lg(s.)|° ds.

Substitute (3.19) into (3.18). It holds that for ¢ € [to(go,w), 0], g0 € Aand G € [0, 1],

70y )

IIVUII2 S TS
d lg(t,w)|*

IVUI* + —a2|q(t w)*1Ql. (3.20)
This inequality (3.20) can be written as

B Lty p(t) + D), ¢ € [tolgo,w), 0],
in which

2'Cy (w)
k(t)y= sup —————
0 te[—2,0] dilq(t,w)|*

1
Wt = J-ala(t.w)PIQ)

p(t), p(t) = |VU(twi T, q(r,w)g0)1%,

By (3.15) and the Holder continuity of the Wiener process W(t), we find that

t+1 t+1 27]401/3((&}
s)ds < Cq(w), / k(s)ds < C su ,
/t P(s) 1) ¢ (=) e )te[ EO] diq(t,w)|*

t+1 1 0
/ h(s)ds < d—a2|Q|/ lq(t, )2 dt, ¢ € [to(go, ), 0] C [—2,0].
t 1 -2
Apply the Uniform Gronwall Inequality with ¢o(go,w) + 1 < 0 to get
VU (0,w; 7, (7, w)go)|* < Ku(w), (3.21)

where

B i 9 0 2 > . m
Koy (w) = (Ol(w)+ o1l [ el dt Jexp (Cﬂw)tg“so] difa(t.w)[* )
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By taking the L?(Q) inner-product ((2.9), —AV), similarly we have
d 2
Lovi
1 1
-+ 12y 6 2 821a(t w)I2
<o LUV @+ Ul ) + 3Pl

1 1
<— (28 6 % —Bq(t,w)|?|Q|, t et .
< Gt ZPIVUI +1VIGsq)) + - la(t.@)PIQ, ¢ € fio(go, ), 0

Consequently, by (3.17), (3.19) and (3.21) we obtain
0 /d
19V i ralrdanll? < V(0. + [ (GITVIP)de< Koo, (322
—2

where

0 0
Ko(w) = o)+ DL [Py s+ 2D [ g

do
Finally, (3.21) and (3.22) give rise to the estimate

lea(t, 0w, go)lle = [¥(0,w; T(w),90)lle < Kp(w), (3.23)

for t = —T'(w) = —7 and for any gy € A(w), where Kg(w) = /K, (w) + K, (w) is
a random variable independent of G € [0,1], ¢t > 0, and gy € A(w). The invariance
of random attractor shows that ¢g(t,0_1w, Ag(w)) = Ag(0:(0_w)) = Ag(w).
Therefore, (3.23) implies Ag C Bg(0, Kg) for all G € [0,1] and (3.13) is proved.

O

Corollary 3.3. For any integer p > 1, there is a positive random variable Kop(w)
such that
P,2(w) C Br2s (0, Kop(w)), (3.24)

where P, () stands for the v-component projection on the space L*(Q,R?).

Proof. This is a direct consequence of Corollary 2.1 and (2.29). O

4. Robustness of Randoml Attractors

The robustness for the random attractors Ag means the upper-semicontinuity with
respect to the reverse reaction rate G as it converges to zero.

Definition 4.1. For a family of random dynamical systems {ox,A € A} on X
over a given metric dynamical system (£, F, P, {0:}+cr), where the parameter set
A C R? is connected, suppose there exists a random attractor Ay (w) € Dy for each
o, A €A If Ag € A and

distx (Ax(w), Ax,(w)) = 0, as A — A in A.

then the family of random attractors {Ax(w)}rea is upper-semicontinuous or called
robust in X at Ag.

The following theorem is the main result of this paper. Its proof will be given
at the end of this section.
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Theorem 4.1. For any given positive parameters di,ds,a, 8 and a, the family
of random attractors {Ag(w) : G > 0} for the Schnackenberg random dynamical
systems {@g : G > 0} is robust (upper-semicontinuous) with respect to the reverse
reaction rate G as it converges to zero,

lim distg(Ag(w), Ao(w)) =0, weQ, (4.1)
G—0t
where Ag(w) is the random attractor for the non-reversible Schnackenberg RDS .

4.1. Trajectory Bundle from the Attractor Union

We need to show the uniform boundedness of the bundle of pullback trajectories
o (t,0_tw,A(A_;w)) in H and E. For G = 0, the system (2.8)-(2.9) becomes

ou L op

E = dlAU + qu(t,b.)) + WU s (42)
ov - 1

The weak solution of (4.2)-(4.3) with the initial data ¢(7,w)go at 7 will be denoted
by Wo(t,w; T, q(T,w)go) = (U, V)(t, w; 7, q(7,w)go) or simply Wo(t,w).

Lemma 4.1. There exists a random variable Ay (7,w) with the parameter 7 < 0
such that the solutions of the problem (2.8)-(2.9) with go = (ug,vo) € A(w) at time
T satisfy the following property,

sup sup sup |[|[Pg(t,w;T,90)| < Ap(r,w), a.s. (4.4)
0<G<1 goeA 7<t<0

Proof. In Section 3, we have shown that

Ql(w) C BH(O,KH(OJ)) N BE(O,KE(M)),

4.5
P,2(w) C Br2s (0, Kop(w)), for 1 <p < cc. (4.5)

For simplicity and clearness of mathematical expressions, we prove (4.4) only for
the case G = 0. Based on (4.5), the general case with 0 < G < 1 can also be
proved through exactly the same steps except with more terms. For any given
go € Aw) C E, Vo(t,w;T,90) = (U, V)(Lw; T,q(T,w)g0), t > T, is a strong solution
of the equations (4.2)-(4.3). By taking the inner-product ((4.3), V(t,w)) we obtain

d - 2 (7112 d = 2 (7112 1 2 2
— < — < — > T. 4.
GIVIE +7dall V12 < ZIVIE+ VI < —A2la(t )il t2 7. (40)

Consequently by Corollary 3.1 and (3.11) we have
V(t7w7 7, q(T7 w)go)HZ
2 t
<la(r )P K w) + 21 [ty ) as
a2 T

2 0
s|q<r,w>2K%1<w>+ﬂ,ylfzeW | e aras r<i<o. @
2

— 00



Robustness of random attractors 1015

Multiply of (4.6) by e¥%? and integrate it by parts. Using (4.7) we get

t
/ 05|V (s, w)|2 ds

1 1 0
<O Tgrw) PRE W)+ 1Al [ o lalsw)P s
da ryd2 —o0

di [* -
o [V (s )P ds

T

<Cy(7,w), (4.8)

where

2 1 0
Cufr) = 2 [Iq(ﬂw)IQK?q(w)JrWﬂlee‘”d” | elas.was].

— o0
Next we treat U(t,w) via ['(t,w) = U(t,w)+V (t,w), which satisfies the equation

r . s
% =d1AT + (de — d1))AV + (a+ f)q(t,w), 2€Q, 7T<t<0, weN. (4.9)

Taking the inner-product ((4.9),I'(¢,w)) and using (4.7), we get
d - ~ d, = ~ 2 -
TP e [T)? < = [T|P 4y | VT < dT(|d1—d2IQIIVV\|2+(Oé+ﬁ)2|fJ(t7W)IQIQD-

Applying the Gronwall inequality to the above and using (4.8), we get

IT(t, w; T, g(7,0)90) I

— —T 2 t - —Ss
<D g(r )Pl + oo+ A1 [ 0 lg(s,w)Pds

2|dy — do|? [* -
+ |1d1 2‘ /e—'ydl(tfs)”v‘/”st

0

2 — T s
<la(r, @)K} @) + (0 + B?1Qle ™™ / g5, ) °ds
20di —do|® _41r
+ — ¢ 19Ty (T, w), for T <t <0, go € Aw),G €10,1], we Q.
1

(4.10)

Since [|U(t,w)||? < 2(|T(t,w)||? + [V (t,w)||?), (4.7) and (4.10) show that (4.4) is
valid with Ay (7,w) given by

A% (1,w)
2 0
—tla(r) PR ) + - 01Qle 5 [ e g(s, ) ds
2

4 0
T Oy (1w) + (ot B)2[Qle T / 1| (s,w) 2 ds.

dy
(4.11)

4|dy — dol?
dids

— 00

Note that Ay (7,w) will be enlarged in the general case with 0 < G < 1. O
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Lemma 4.2. For any given p > 1, there exists a positve random variable Mo, (T, w)
with 7 <0 such that the V-component of the solutions of (2.8)-(2.9) satisfies

sup sup sup ||V (¢, w;T,q(T, w)gO)Hsz(Q) < Map(T,w), a.s. (4.12)
0<G<1 go€ 7<t<0

Proof. From Theorem 3.2 and Corollary 3.3, we see that
P,2A(w) C P, (Bg(0,Kg)N BL2p(Q)(O, Kgp)), for p>1.

For clearness and simplicity, here we prove (4.12) only for G = 0. Based on (4.5),
the general case with 0 < G <1 can be proved through the same steps. For G = 0,
(2.8)-(2.9) are simply (4.2)-(4.3). Take the inner-product ((4.3),V?*~1) for p > 1
to get

(2p — 1)vds
2 dt” ||L2p 7”‘/”[/2}7
( p - 1)d2 g 2
1% A vhl N A vaVes
—2p dt” ||L2P p2 ||V ||
=% LIRS, + (20— DAV < Bglt, ) / 721 dy
Q
< @p—1)ds 822|q(t, w)[2Pp2P—2
< T”VHLM 21 Ql, 7<t<0,g0€Aw). (4.13)

Applying the Gronwall inequality to (4.13) and due to Corollary 3.3 we have

IV (t,w; 7, 4(7,w)g0) [ 750
2p,2p—1 t
2 B=p —yda(t—s 2
<lg(,@)*ll90 |75, + ()T |Q|/T e~ 14279 |¢(s5,w) [P ds,

T<t<0,go € AWw),weN.

Therefore, (4.12) is valid with
M _ sz 2p 6 p - e vdaT ’ Ydas 2rq
211(7—’0‘)) - Qp(CU)|Q||q(T,CU)| (’Yd )21) 1|Q| e |Q(3aw)| S,

where Ko,(w) is the random variable in (3.24). O

Lemma 4.3. There exists a random variable Ap(T,w) with the parameter 7 < 0
such that the solutions of the problem (2.8)-(2.9) with go = (uo,vo) € A(w) satisfy

sup sup sup ||Pq(t,w;T, 90l < Ap(r,w), w e . (4.14)
0<G<1 goeA 7<t<0

Proof. Here we prove (4.14) only for G = 0 for simplicity, as the general case can
be shown through exactly the same steps without essential difficulties. Take the
inner-product ((4.2), —AU) to obtain
VOI? + di| AT + v
S LIVOI? + di AT + D90
1 ~ o d -~
=— 72/ UQVAUd:n— i/ UAU dx
lg(t, w)[* Jq 2 Jg

diyarniz o 9 1 / 4772
<=|AU|*+ =0 + ——F——7 [ UVZdx, 7<t<0, go € Aw), wed
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By (4.4), using Young’s inequality and (4.12), we have

d - . _
@HVUII2 +d||AU|? + & || VU |?

2 ~ o~
+7/ U2z
dl‘q(tvw)|4 Q

SdlA%{(T,w)ﬁ-#/ (44[]44 04V )dm

SdlA%(T, w)

daq(t,w)|* 44
2
<d;\? —_— i . 4.1
<Ay (r) + 1T + Mo ()] (4.15)

According to Gagliardo-Nirenberg interpolation inequality in Sell and You [15,
Theorem B.3],

ollwes < ClNGyma ", for v € W™9(Q),

provided that p,q,r > 1,0 < p < 1, and

k—n§u<m—n> —(1—/1)2, where n = dim Q.
p q r

Let W (Q) = L¥4(Q), W™1(Q) = HX(Q)NHA(Q), L"(Q) = L*(Q) and i = 9/22.
The space dimension n < 3. Thus there is a universal constant C' > 0 such that

[les < CIBISE Ly WIS and 4 < CH8 IS 0135 (416)
By the operator interpolation property and (2.15) we can take the equivalent norm
112y = 1A% + V9|2, fory € H*(Q) N Hy (Q). (4.17)
Substitute (4.4), (4.12), (4.16) and (4.17) into (4.15). Then we deduce that
d o2 7112 7112
G IVUIF + du(JAUE + VU
2
dilq(t,w)|*

2 4.4 A 2.6 ~
s ap2 e
+ dylq(t,w)|* [O i (m,w)||U(t )||H g+ e w)}

<diAf(rw) + (T 7s + Moo (7, )]

SdlA%I (T7 w)

dy - - 29 TOH4AZ5(1,0) " | Mao(r,w)
<di A2 Z(a0)? Ny | oD RRD
<dibg(rw) + S (IAVIE+ IVUIR) + G { diJq(t, )3 ] dilq(t, w)[*

It follows that

d 7112 4 2 2 CHARS (1, w) H Mas(7, w)
d < diA - (41
ZIVUI* + IIVUII 1A (T, w)+ & [ dilg(t, ) dy|q(t,w)|* (4.18)

Apply Gronwall inequality to (4.18) and use Theorem 3.2 to obtain

||VU(t7w; T, q(T7 W)go)||2 < 05(7-7 w)a T<t< 07 Jo € Ql(w)a we Qa (419)
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where
C’5 (Ta w) :|Q(7v w)‘zK%(w) =+ 2A§{ (T7 w)

10
4o hiT/? /O ois/2 29 <C4'4A%6(T,w)> Moo (T, w) .
—o00 d? d1|q(t7w)‘4 d1|q(t,OJ)|4

Next take the inner-product ((4.3), —AV) and use Young’s inequality to get

1d ~ 9 ~ o d ~
§£||VV|| + da||AV]] +§||VV||
e o
[ DIST L g,
o la(t,w)] 2 Jg

S| AV +

1 - ) b
gt )t 21016 + 1V1%] + SIVIZ, 7 <t<0, go € Aw).

In view of (2.15), (4.12), (4.19) and Lemma 4.1 it yields
LIV + 97
dt

<ty PIVOI+ IV + dafy ()
2

<7
~g(t,w)|*

By Gronwall inequality and gy € %(w) C Bg(0, Kg(w)), from (4.20) we get

[n°C3(T,w) + Mg(1,w)] + doAF; (T,w), T <t <0, go € Aw). (4.20)

HVV(t,w;T,q(T, <,u)go)||2 < C(1,w), forT <t<0, go € Aw), weQ, (4.21)
where

CG(T7 LU) :|Q(T7 w)|2K?3(w) + A%I(Ta (.d)
0
+2 [77605?(7'7(4)) + MG(T,LU)} e_d’”/ e‘iQs\q(t,w)r4 ds.

Finally, from (4.19) and (4.21) it follows that, for 7 <t <0, gg € A(w),

1Wo(t,w; 7, 90) & = IV¥0(t,w; T, go) | < Ap(T,w),

where Ap(7,w) with G = 0 is given by Ap(7,w) = 1/Cs5(7,w) + Cs(7,w), which will
be enlarged in the general case with 0 < G < 1. Thus (4.14) is proved. O

4.2. Uniform Convergence from Reversible to Non-Reversible
Cocycles

Lemma 4.4 (Henry-Gronwall Inequality). Let ¢(-) € Ly ([7,T),R) and ((-) €
Ll

1e([T, 1), R) be nonnegative functions satisfying the inequality

V() < () + 6 / (t— ) l(s)ds, te[rT), (4.22)
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where 1 < T < 00,6 >0 and r > 0. Then

t

P(t) < () + /{/ Z(k(t—9))C(s)ds, te][r,T). (4.23)

Here k = (6T(r))Y/", T'(-) is the Gamma function and Z(t) = Y o0 ""~1/T(nr).

This tool lemma can be seen in Sell and You [15, Lemma D.4]. We now prove
the key uniform convergence theorem.

Theorem 4.2. For any givent >0 and 0 < G < 1,

lim sup lpa(t,0_iw, go) — wo(t,0_1w,g0)||E =0, we Q. (4.24)
G=0% goeAc (6-1w)

Proof. For any given gy = (ug,v9) € A(w) C B (0, Kg(w)) N B(0, Kg(w)), let
(PG(t7 eftwag()) = ‘IIG<Oa w; _t?go) = (Ua V)(07 ws _t7 Q(_t7w)gO)a
') (ta H—twa gO) = \IIO(Oa w; _tv gO) = (ﬁa ‘N/) (Oa ws3 _t7 Q(_tv w)gO)a

be two pullback quasi-trajectories of the RDS ¢ and ¢, respectively, starting from
the same initial state go € 2A(0_;w) at time —¢. Define their difference

N(ta OJ) = @G(tv Q,tw,go) - (Po(t, G,tw, 90)7 t 2 0. (425)

Let
(ﬁ(taw;’ra 0) = \Ilg(t,w;’l', gO) - \IJO(taw; T, gO) - (%7 qj/)(tvw; T, 0)

be the weak solution of the following equations with the initial state ®(r,w) =

(%,7)(T,w) =0,

o 1 - G
—— =AU + ——(U*V - U*V) - ——_ U3, 4.26
o~ M e TOmE 420
oYV o~ G
— =do AV — ——(U?V - U*V)+ —U?, 4.27
ot =P L oR! ) o 420

where (U, V) is the weak solution of (2.8)-(2.9) and (U, V) is the weak solution of
(4.2)-(4.3) with the same starting state ¢(7,w)go at time 7. Then

N(t,w) = ®(0,w; —t,0).
The system of random PDEs (4.26)-(4.27) can be written as

0d 1
5 — AP+ Lo [(F(Ye) = F(¥0)) + fa(¥a)], (4.28)

where A is the linear operator in (2.1) and

U2v U2v —GU3
F(¥g) = , F(Wo)=| _ |, fe(¥g)= (
—U%V —U2v GU3

Here the mappings F and fg(+) : E — H is locally Lipschitz continuous and locally
bounded. There is a Lipschitz constant

Lp(r,w) = Lp(Ag(T,w)),
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where Ag(7,w) is given in (4.14), such that

|1F(g1) — F(g92)|l < Lr(r,w))|lg1 — 92||g, for any g1,92 € Bg(0, Ap(T,w)).

A(w) C F implies that ®(¢,w; 7, 0) is a strong solution of the equation (4.28). Recall
that the analytic semigroup {e#*};>0 on H with the property

e || 2,y < Ce M2 ¢712 0 1 >0,

where C' is a constant and A; > 0 is the smallest eigenvalue of the operator A. By
Lemma 4.3 we have

||(I)(t7w57—’ O)HE

t
S/ e o myla(s,w)| 72| fe (Y (s, w; T, g0))|| ds
t
+/ e 2om ) la(s,w)| 2L (7,w)||®(s,w; 7,0)||  ds. (4.29)

Moreover, (2.15) and (4.14) imply that
”fG(\IIG(va;Tv gO))H < QGHU(S)"U;T’ gO)H%ﬁ < 2Gn3A3E(T’w)’ T<s<0.
From (4.29) and the above inequality it follows that
||q)(t7 W3 T, O)HE
te—(M/2)(t—s)
343 €

<2CGn AE‘(va)/T NUEOLEE

t e=(A1/2)(t—s)
(t _ 5)1/2 |Q(

la(s, )|~ ds

+ CLp(r,w) / 5,0) |25, w5 7, 0) | 1 ds

T

<2CGH3 A% (T, w)b(T,w) / eMs/2571/2 4g
0

t
1
—|—CLF(T,UJ)b(T,w)/ oyl wn0leds T<t<o @0
, (t—s

where, by the local Holder continuity of the Brownian motion,
b(r,w) = max {|q(s,w)| 72 : 5 € [1,0]} = max {¢***() : 5 € [r,0]}.

Then the integral inequality (4.30) is in the exact form of (4.22) with

1
Y(t,w) = [|®(t,w;T,0)||lg, O(r,w)=CLp(r,w))b(T,w), 1= 2

¢(r,w) ZZCGn?’A%(T,w)b(T’w)/ Ms/26-1/2 g
0

Use the Henry-Gronwall inequality in Lemma 4.4 to (4.30). We obtain

1Pa(t,w;T, g0) — Wolt,w: T, g0)llE = [ 2(t,w; T, 0)||

t (4.31)

<G ((ﬂw)—i—m(T,w)/ Z(R(T,w)(t—s))C(T,w)ds], T<t<0,

T



Robustness of random attractors 1021

where k(r,w) = [6(r,w))[(1/2)]* = C2L2 (7, w)b?(r,w) 7 and
Z(t)
=1

>

In (4.31), (7, w)¢(T,w) f: Z(k(r,w)(t — s)) ds is a nonnegative continuous function
of t € [1,00). Therefore, for all w € 2, each given t > 0 and 0 < G < 1,

.
1 1 > 2

tn/2—1 — 7t_1/2 1 7tn/2 =di ]

T(n/2) WA +;nF(n/2) » n=dim@

sup W (0,w; —t,g0) — Wo(0,w; —t, 90) |l E
go€EAG(0_+w)
0 (4.32)

<G{(r,w) {1+/€(—t,w)/ Z (—sk(—t,w))ds| — 0, as G — 0T,

—t

Consequently the uniform convergence (4.24) is valid. O

4.3. Proof of Main Result

Below is the proof of the main result Theorem 4.1.
Proof. Given any small € > 0, by Corollary 3.2 there is t.(w) > 0 such that

©o(te, 0t w,A(0_;.w)) C Sp(Ap(w),e/2), weQ, (4.33)

where Sp(Ap(w),e/2) is the (e/2)-neighborhood of Ag(w) in the space H. Then
by the convergence (4.24) in Theorem 4.2 as well as (2.15), there exists G. € (0, 1]
such that for any G € (0, G.) we have

sup loc(te, 0—i.w, 90) — polte, 0—t.w, 90)llu
go€AG (0t w)
(4.34)

_ €
S sup Y 1/2||Q0G(t679—t5w790) - QOO(tsao—tawagO)”E < 5 , wWeE Q.
go€AG (0. w)

Since every random attractor Ag(w) is invariant with respect to the corresponding
cocycle ¢g, from (4.33) and (4.34) it follows that for any G € (0, G¢) we have

Ac(w) = og(te, 0t .w, Ag(0-t.w)) C Su(wo(te, 0t .w, Ac(0_t.w)),€/2)

(4.35)
C Sulpo(te, 0—r.w,A(0—1,w)),/2) C Sp(Ao(w), ), wE Q.

Thus the main result (4.1) is proved. O
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