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A FEASIBLE MEMRISTIVE CHUA’S CIRCUIT
VIA BRIDGING A GENERALIZED
MEMRISTOR*

Quan Xu'!, Ning Wang', Bocheng Bao'", Mo Chen'
and Changdi Lit

Abstract By bridging a generalized memristor between a passive LC' oscil-
lator and an active RC filter, a simple and feasible memristive Chua’s circuit
is presented. The generalized memristor without grounded limitation is equiv-
alently achieved by a full-wave rectifier cascaded with a first-order parallel
RC filter. The dynamical characteristics of the proposed circuit are inves-
tigated both theoretically and numerically, from which it can be found that
the circuit has three unstable equilibrium points and demonstrates complex
nonlinear phenomena. The experimental circuit is easy to implement and the
measurement results validate the results of theoretical analyses.
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1. Introduction

Memristor, characterized by nonlinear constitutive relation of charge and flux [9],
was first hypothesized to be the fourth fundamental circuit element and was achieved
physically by TiOs nano-scale materials in 2008 [18]. Due to the unique memory
characteristics of memristors, the memristor-based circuits are expected to play an
important role in many applications [8,12,13,15,19,20], which immensely inspire re-
search interests in the designs of various memristive application circuits. Because of
natural nonlinearity of memristor, memristor-based circuit is a nonlinear dynamical
circuit and can easily generate chaotic signal with complex dynamical behaviors.
Thus, memristor-based chaotic circuit is one of the most important memristive ap-
plication circuits and receives much attention in recent years. Unfortunately, due
to technical handicaps in fabricating nano-scale devices, various kinds of memris-
tive equivalent circuits which can manifest the three fingerprints of memristors [1]
have attracted much attention [5]. Indeed, Kim et al. have presented a memristor
emulator which provides an alternative solution of Hp TiO2 memristor model [16].
On the other hand, several nonlinearities for emulating active flux-controlled mem-
ristors have been built, such as smooth piecewise-quadratic nonlinearity, smooth
cubic nonlinearity, and so on [4,5,17]. They are pedagogically useful and serial
expandable, but difficult in connecting with other circuit elements in series, which
reduces and limits the spread-ability of their work. Fortunately, Corinto et al. [10]
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have proposed a generalized memristor without grounded restrictions which is re-
alized by a full-wave rectifier cascaded with a second-order LCR filter. Based on
this, Bao et al. proposed a simplified generalized memristor by substituting the
second-order LCR filter with a first-order parallel RC filter, which leads to that
the mathematical model is simple and feasible for numerical simulations [6].

Recently, by introducing memristors characterized by different nonlinearities
into various kinds of Chua’s chaotic circuits, including Chua’s circuit [7], canonical
Chua’s circuit [14], and modified Chua’s circuit [2], a wide class of memristive
Chua’s chaotic circuits have been presented and investigated broadly. In this paper,
we propose a new memristive Chua’s circuit, which is realized by bridging the
simplified generalized memristor between a passive LC oscillator and an active RC
filter. Unlike the other memristive Chua’s chaotic circuits in Refs. [11,16,17], the
introduced generalized memristor works as a general nonlinear element and can be
linked into any application circuits in series.

The paper is organized as follows. The general architecture of the proposed mem-
ristive Chua’s circuit and its dynamical modeling are presented in section 2. The
dissipativity and stabilities at the equilibrium points for the circuit are described
in section 3. The complex dynamical behaviors are elaborated by bifurcation dia-
grams, Lyapunov exponent spectra and typical chaotic attractors in section 4. The
experimental measurements for specific choices of circuit parameters are shown in
section 5. The main conclusions of our work are summarized in section 6.

2. Feasible memristive Chua’s circuit

Based on the topology of Chua’s circuit, a simple and feasible memristive Chua’s
circuit is easily constructed, as shown in Figure 1(a), in which the generalized
memristor stands for the equivalent realization circuit shown in Figure 1(b) [6].
The mathematical descriptions for the applied voltage v, the generated current i,
and the state voltage v are formulated as

i = Gy = 2Ige” P sinh(pv), (2.1)

dvg _ 2Ig(e””cosh(pv) —1) v
dt Co RyCy’

where, p = 1/(2nVr), Is, n, and Vr represent the reverse saturation current, emis-
sion coefficient, and thermal voltage of the diode, respectively. When four 1N4148
diodes are utilized in Figure 1(b), the diode parameters are determined by Is = 6.89
nA, n = 1.83, and Vr = 26 mV. Thus, the proposed memristive Chua’s circuit is
equivalent to a fourth-order nonlinear circuit and has four dynamic elements of the
capacitor Cy, the capacitor Cs, the inductor L and the capacitor Cy, correspond-
ing to four state variables of v, vs, i, and vy. Applying Kirchhoff’s laws and the
constitutive relations of the circuit elements, a state equation set can be written as

(2.2)

dv;  2Ige PP sinh[p(vy — v1)] n Guy

dt Ch Cy’
dvy  —ip — 2Ige™ " sinh[p(vy — v1)]
at Cy ’
d’iL (%)

at L’
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(b)

Figure 1. Memristive Chua’s circuit via bridging a generalized memristor. (a) memristive Chua’s
circuit, (b) realization of generalized memristor.

dvg  2Ige™?" cosh[p(vy — v1)] — 215 W

dt Co RoCy’

(2.3)

where negative resistor G = 1/R is connected in parallel to the capacitor Cj.

The typical parameters of the circuit in Figure 1 are given in Table 1, and the
initial values of four state variables are fixed at (0.1 mV, 0V, 0 A, 0 V). In order to
investigate the dynamics of the memristive Chua’s circuit, we solve equation (2.3)
by Runge-Kutta algorithm. The proposed circuit is chaotic and can generate a
double-scroll chaotic attractor, as shown in Figure 2.

Table 1. Typical parameters of circuit elements

Parameters significations Values

R Resistance 1.4 kQ
L Inductance 45 mH
Ch Capacitance 40 nF
Cy Capacitance 150 nF
Ry Resistance 1 kQ

Co Capacitance 20 nF
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Figure 2. Projections of chaotic attractor and corresponding time-domain waveforms. (a) projection on
the v1 — vz plane, (b) projection on the vi —vg plane, (c) projection on the vi — iz plane, (d) projection
on the vo — ir plane, (e) waveforms of vy (¢) and va(t), (f) waveforms of vo(t) and i (¢).

3. Dissipativity and stability analysis

3.1. Dissipativity

The proposed memristive Chua’s circuit shown in Figure 1(a) is dissipative in some
parameter regions. The dissipativity can be derived from

ovy  Ovy iy W
iy vy diy v
Oovy  Ovy 0ip Ovg
= —2pIge™"" cosh[p(vs

VV =

3.1
1 1 1 G 1 (3:-1)

arata) o Rer

Considering that the hyperbolic cosine and the exponential function are positive,
equation (3.1) can be simplified as

G 1

For the typical parameters listed in Table 1, we find that equation (3.2) is negative,
implying that all trajectories of the system are ultimately confined to a specific
sub-set with zero volume, and the asymptotic motion will settle onto an attractor.
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3.2. Equilibrium points and its stabilities

The equilibrium points of equation (2.3) are obtained by solving the following e-
quations

2Ige™ P sinh[p(ve — v1)] + Gu; = 0, (3.3a)
ir, + 2Ise™ P sinh[p(vy — v1)] = 0, (3.3b)
vy =0, (3.3¢)
2RpIse™"? cosh[p(ve — v1)] — 2Rols — vg = 0. (3.3d)

Considering equations (3.3c) and (3.3d), obtain

Vo
1)ePvo]. 4
2R0[s+ )er’] (3.4)

1
v = :I:; arcosh|(

Hence, v, with opposite sign is a double-valued function of vy. For simplicity,
substituting (3.3c) into (3.3a) and let

1

vy = f1(vg) = :I:; arCOSh[(ng(?IS + 1)ef], (3.5a)
2[ce—Pv0

vy = fa(vg) = i% sinh {arcosh[( 2};(?13 + l)ep”"}} . (3.5b)

The intersection points of fi(vg) and fa(vg) curves give the solver of fi(vg) =
f2(vg). The values of vy represent the locations of the equilibrium points on the
vp-axis and can be obtained through graphic analytic method, as shown in Figure
3. Thus, three equilibrium points are calculated as

SO = (0> 07 07 0);
Sy = (£4.3267,0,£0.0031, 3.0905). (3.6)
6
o 00
--------- £:00)

20 ~(3.0905,4.3267) 1
o g
= 0F As 1
A e N (3.0905,-4.3267) |
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Figure 3. Two function curves and their intersection points.

The Jacobian matrix of Equation (2.3), evaluated at the equilibrium point S =
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(1_)17 Ua, iLa 1_)0)’ is given by

G—a a a
sm g 0 g
as as 1 ai
j_| @ & o [o5]
0 1+ 0 0
—a o4 g __1__ e
Co Co ROCO CO
where
ay = 2plge " sinh[p(vz — v7)], (3.7a)
az = 2pIge” " cosh[p(vy — v71)]. (3.7b)

And the corresponding characteristic equation is expressed as
det(1A—J) =0. (3.8)
Thus, the four roots at each equilibrium points are calculated as

So: Ay = 17853.52, \o.5 = —0.4837 + j12171.61, Ay = —50007.25,
St Apg = 657.59 & j8610.31, A3 = —7944.07, Ay = —2681630.72. (3.9)

Obviously, there are one positive real root, two complex conjugate roots with neg-
ative real part and one negative real root at Sy, indicating that Sy is an unstable
saddle point with index 1. It is clearly that the summation of the four roots is
negative. Respectively, there are two complex conjugate roots with positive real
part and two negative roots at Si, implying that the pair of non-zero equilibrium
points are two unstable saddle-foci with index 2 and the summation of the four
roots is negative. The negative summation indicates that the circuit is dissipative.
Therefore, a double-scroll chaotic attractor can be emerged at the neighborhoods
of two non-zero equilibrium points.

4. Dynamical behaviors

The memristive Chua’s circuit has three confirmable equilibrium points. The sta-
bility of the circuit is determined by the circuit parameters only. Reversely, for the
conventional memristor based chaotic circuits [5], the dynamical behaviors not only
depend on the circuit parameters, but also rely on the initial values of the state
variables aggressively.

4.1. Ry as a bifurcation parameter

Firstly, when the inner parameter R, of the generalized memristor acts as a varying
parameter, the bifurcation diagram of the state variable v; and the corresponding
Lyapunov exponent spectra of the memristive Chua’s circuit are depicted in Figure
4(a) and 4(b), respectively. The bifurcation diagram colored in red (located below)
denotes that the orbits starts from the initial values of (-0.1 mV, 0 V, 0 A, 0
V),whereas the other colored in blue (located up) represents that the orbit starts
from the initial values of (0.1 mV, 0 V, 0 A, 0 V). Dynamical behaviors with
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the coexisting bifurcation modes are observed when 1.062 k2 < Ry < 1.1 k2. For
clarity, only first three Lyapunov exponents are presented. In the specific parameter
range, the dynamics of the proposed circuit starts from the multi-periodic behaviors
and then enters into the chaotic behaviors via a forward period-doubling bifurcation
route. In the chaotic region, lots of periodic windows with different periodicities
exist, in which the maximum Lyapunov exponent equals to zero.

LE (x10%)

%8 o085 09 o095 1 105 11 B8 o0ss o9 09 1 105 L1
Ry, kQ Ry, kQ

Figure 4. Dynamics respect to Rg. (a) bifurcation diagram of vy, (b) Lyapunov exponent spectrum.

10 10
5 1 5 1
< <
g of 1 E o0 1
-5 . 5 ]
(©) d
950 0 5 10 15 193 15
v, V

Figure 5. Chaotic attractors and limit cycles in the v — ¢ plane. (a) chaotic attractor (Ro = 0.95 k),
(b) limit cycle with period-3 (Ro = 0.98 kQ), (c) coexisting spiral chaotic attractors (Ry = 1.09 k),
(d) coexisting limit cycles (Ro = 1.1 kQ).

By numerical simulations, some typical chaotic and periodic orbits of the mem-
ristive Chua’s circuit are given in Figure 5. Figure 5(a) displays a typical double-
scroll chaotic attractor in chaotic region at Ry = 0.95 k). Figure 5(b) illustrates
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a typical limit cycle in a periodic window at Ry = 0.98 k2. Figure 5(c) and 5(d)
demonstrate two coexisting spiral chaotic attractors at Ry = 1.09 k2 and two
coexisting limit cycles at Ry = 1.1 k€, respectively. Summarily, with the inner
parameter Ry of the generalized memristor acting as the varying control parame-
ter, complex dynamical behaviors with the coexisting bifurcation modes and the
coexisting attractors can be found in the memristive Chua’s circuit.

4.2. R as a bifurcation parameter

Also, for the circuit element parameters listed in Table 1, the resistance R = 1/G
is regarded as a bifurcation parameter and varies from 1.35 k) to 2.35 k2. The
bifurcation diagram of the state variable vy and the corresponding Lyapunov expo-
nent spectrum are depicted in Figure 6(a) and 6(b). The denotations and the initial
values are the same as those in Figure 4. The bifurcation diagram well coincides
with the Lyapunov exponents spectrum.

When R increases gradually, the dynamics of the circuit begins with the chaot-
ic behaviors and finally settles down the periodic behaviors via reverse a period-
doubling bifurcation route. Correspondingly, the maximum Lyapunov exponen-
t has a transition from the positive values to the zero values. There are sev-
eral periodic windows in which the maximum Lyapunov exponent equals to ze-
ro. Dynamical behaviors with the coexisting bifurcation modes are observed when
1.676 kQ2 < Ry < 2.35 k). Observed from Fig. 6, it can be seen that the memristive
chaotic circuit exhibits complex dynamical behaviors, including limit cycles, coex-
isting chaotic spiral attractors, double-scroll chaotic attractor, periodic windows,
period doubling bifurcation, chaos crisis and coexisting bifurcation modes.

[3%]

LE,
) s P —h—
| I
2 7 ' | i
LE, |
= \.j\‘h‘dt LEQ‘ 7
-6} -
(b)
-16.35 1.55 1.75 1.95 2.15 2.35 '18.35 1.55 1.75 1.95 215 235
R, kQ R, kQ

Figure 6. Dynamics respect to R. (a) bifurcation diagram of vy, (b) Lyapunov exponent spectrum.

Several typical chaotic and periodic orbits of the circuit are obtained, as shown
in Figure 7. Figure 7(a) displays a typical double-scroll chaotic attractor in chaotic
region at R = 1.5 kQ. Figure 7(b) illustrates two coexisting spiral attractors at
R = 1.95 k. Figure 7(c) and 7(d) demonstrate two coexisting limit cycles with
period-2 at R = 2.17 k{2 and two coexisting limit cycles with period-1 at R =
2.3 kQ,respectively. In Figure 7(b), 7(c) and 7(d), the left parts colored in red and
the right parts colored in blue stand for that the orbits start from the initial values of
(-0.1mV,0V,0A,0V)and (0.1 mV,0V,0 A, 0V), respectively. Similarly, with
the parameter R acting as the varying parameter, complex dynamical behaviors
with the coexisting bifurcation modes and the coexisting attractors can be found.
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Figure 7. Chaotic attractor and limit cycles in the v; — v2 plane. (a) chaotic attractor (R = 1.5 kQ2),
(b) coexisting spiral attractors (R = 1.95 k), (c) coexisting limit cycles with period-2 (R = 2.17 k),
(d) coexisting limit cycles with period-1 (R = 2.3 k).

It is noted that for the nonlinear dynamical circuits, their attractors are all
emerged from the corresponding unstable equilibria with index-2, i.e., an attractor
with a basin of attraction is associated with an unstable equilibrium. Consequently,
when the coexisting phenomena occur in the parameter regions of 1.062 k) <
Ry < 1.1k and 1.676 k2 < Ry < 2.35 kf2, two independent basins of attractions
are formed, resulting in the generations of coexisting attractors for different initial
values.

5. Experimental validations

The experimental observations are presented to validate the complex dynamics of
the proposed circuit. An analog electronic circuit can be achieved by commercial
available elements. In the experimental circuit, the element parameters are mea-
sured as L = 45.573 mH, C; = 40 nF,Cy = 150 nF, and Cy = 20 nF, and OP0O7CP
op-amp is used with a bipolar £15 V supply.

Experimental results of the phase portraits in the vy versus v, plane and the v
versus iy, plane are shown in Figs. 8(a) and 8(b), respectively, where a double-scroll
chaotic attractor can be observed. Both numerical and experimental results are
identical.

By keeping R = 1.4 k2, the chaotic and periodic orbits in the v — i plane
are captured in Figure 9 with the variations of the inner parameter Ry of the
generalized memristor. Figure 9(a) illustrates a typical limit cycle with period-3 at
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Figure 8. Experimental results of typical chaotic attractor at Rp = 1 kQ and Ry = 1.403 kQ2. (a) phase
portrait in the v1 — v2 plane, (b) phase portrait in the v1 — i, plane.
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Figure 9. Chaotic and periodic orbits in the v — 4 plane. (a) limit cycle with period-3 (Ro = 0.986 k),
(b) coexisting spiral chaotic attractors (Ro = 1.108 k2).

Ry = 0.986 k. Figure 9(b) demonstrates two coexisting spiral chaotic attractors
at Ry = 1.108 k2.

As further evidence of complex dynamical behaviors, Figure 10 shows several
phase portraits in the v; — vo plane for different values of R experimentally, from
which the chaotic attractor, the coexisting chaotic attractors, and the coexisting
limit cycles are observed. The reversed initial state is achieved by turning on the
circuit power supply again. The experimental observations in different phase planes
correspond with the numerical results, and the denotations and the initial values
are the same. It indicates that the dynamical behaviors of the experimental analog
electronic circuit coincide well versus theoretical analyses of the circuit model.

6. Conclusion

In this paper, a simple and feasible memristive Chua’s circuit is presented. The pro-
posed circuit is modeled mathematically by four first-order differential equations.
The research results indicate that the circuit has an unstable saddle point with
index 1 and a pair of unstable saddle-foci with index 2 in some parameter regions.
The dynamical characteristics with the variations of the parameters Ry and R are
investigated. Complex nonlinear phenomena of coexisting bifurcation modes and
coexisting attractors are demonstrated in particular. In order to ensure the oc-
currence of complex nonlinear phenomena, an analog electronic circuit is performed
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Figure 10. Chaotic and periodic orbits in the v; — va plane. (a) double-scroll chaotic attractor (R =
1.53 k), (b) coexisting chaotic spiral attractors (R = 2.05 k2), (c) coexisting limit cycles with period-2

(R =2.19 k), (d) coexisting limit cycles with period-1 (R = 2.3 k).

physically, upon which coexisting attractors are captured to validate the correctness
and the feasibility of the theoretical analyses.
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