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Abstract The present paper studies and investigates a class of Mittag-Leffler
type multivariable functions. We derive the necessary convergence conditions
and establish several properties associated with this class and those related
with the corresponding class of fractional integral operators. New extensions
of the introduced definitions and special cases of some of the results are also
pointed out.
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1. Introduction and preliminaries

Throughout our present investigation, we use the following notations:

N := {1, 2, · · · }, N0 := N ∪ {0}, Z− := {−1,−2, · · · } and Z−0 := Z− ∪ {0},

where Z denotes the set of integers. The symbols R, R+ and C denote the set of real,
positive real, and complex numbers, respectively. Boldface letters with subscript
m denote vectors of dimension m; for instances km := (k1, · · · , km) ∈ Nm0 and
zm := (z1, · · · , zm) ∈ Cm. The inner product of two m-dimensional vectors um and
vm is defined by 〈um,vm〉 := u1v1 + · · ·+umvm, and 〈km〉 := k1 + · · ·+km denotes
the length of the vector km. For convenience sake, we shall use the simplified
notation:

∞∑
km=0

for the multiple series

∞∑
k1=0

· · ·
∞∑

km=0

.

The one-parametric Mittag-Leffler function (named after the Swedish mathe-
matician Gösta Magnus Mittag-Leffler (1846–1927)) is an entire function defined
by ( [13])

Eα (z) =

∞∑
k=0

zk

Γ (αk + 1)
, (α ∈ C, < (α) > 0, z ∈ C) , (1.1)
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where Γ (x) denotes the familiar Gamma function. A great deal of attention has
been paid to the various generalizations of the Mittag-Leffler function by many
researchers. The two-parametric Mittag-Leffler function was defined by (see [25,26];
see also [1], [5, 6])

Eα,β (z) =

∞∑
k=0

zk

Γ (αk + β)
, (α, β ∈ C; < (α) > 0, < (β) > 0) , (1.2)

and the three-parametric Mittag-Leffler function introduced by Prabhaker [16, Eq.
(1.3)] (see also [10]) was defined by

Eγα,β (z) =

∞∑
k=0

(γ)k
Γ (αk + β)

zk

k!
, (α, β, γ ∈ C; < (α) > 0, < (β) > 0) , (1.3)

where (λ)k (λ ∈ C) is the Pochhammer symbol defined as

(λ)k =

{
1 (k = 0; λ ∈ C \ {0}) ,
λ (λ+ 1) · · · (λ+ k − 1) (k ∈ N; λ ∈ C) ,

(1.4)

and when k does not belong to N, we adopt the notation

[λ]ν =
Γ (λ+ ν)

Γ (ν)
, (λ, ν ∈ C; < (ν) > 0) ,

instead of the Pochhammer symbol defined by (1.4) (see [11]).
In fact, in Prabhakar’s paper, a convolution integral equation involving the

function Eγα,β (z) as its kernel was solved by considering a new fractional integral
operator. Kalla et al. [8] also introduced a generalized multiparameter function
of Mittag-Leffler type. For a comprehensive introduction to Mittag-Leffler type
functions of a single variable, one may refer to [4] and the newly published book [3].

Recently, Saxena et al. [19] introduced the following multivariable analogue of
the generalized Mittag-Leffler type function ( [19, p. 536, Eq. (1.14)]):

Eγmρm,λ (zm) :=
∞∑

km=0

(γ1)k1 · · · (γm)km
Γ (λ+ 〈ρm,km〉)

zk11

k1!
· · · z

km
m

km!
,

(λ, γj , ρj , zj ∈ C; < (ρj) > 0 (j = 1, · · · ,m)) , (1.5)

and studied the boundedness and composition properties of its related fractional
integral operator ( [19, p. 540, Eq. (4.1)]):(

Eγmρm,λ;(ωm);a+ϕ
)

(x)

=

∫ x

a

(x− t)λ−1
Eγmρm,λ (ω1 (x− t)ρ1 , · · · , ω1 (x− t)ρm)ϕ (t) dt,

(x > a; λ, ρj , γj , ωj ∈ C; < (λ) > 0, < (ρj) > 0 (j = 1, · · · ,m)) , (1.6)

on the space L (a, b) of Lebesgue measurable functions:

L (a, b) =

{
f : ‖f‖ :=

∫ b

a

|f(t)|dt <∞

}
. (1.7)
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Garg et al. [2] also introduced a Mittag-Leffler-type function of two variables which
is defined by ( [2, p. 936, Eq. (11)])

E1 (x, y) ≡ E1

 γ1, α1; γ2, β1

δ1, α2, β2; δ2, α3; δ3, β3

∣∣∣∣∣∣xy


=

∞∑
m=0

∞∑
n=0

[γ1]α1m
[γ2]β1n

Γ (δ1 + α2m+ β2n)

xm

Γ (δ2 + α3m)

yn

Γ (δ3 + β3n)

(γ1, γ2, δ1, δ2, δ3, x, y ∈ C; min {α1, α2, α3, β1, β2, β3} > 0) , (1.8)

and also studied its related fractional integral operator defined by ( [2, p. 942, Eq.
(38)]) (

I
ρ,(σ)
(α),(β),(γ),(δ),(w);a+ϕ

)
(x)

:=

∫ x

a

(x− t)ρ−1
E1 (w1 (x− t)σ1 , w2 (x− t)σ2)ϕ (t) dt, (1.9)

where ρ, γ1, γ2, δ2, δ3, σ1, σ2, w1, w2 ∈ C, min {α1, α2, α3, β1, β2, β3, δ1} > 0.
A very distinctive approach mentioned in Raina [17] to generalizing the Mittag-

Leffler type function suggests the following function:

Fσρ,λ (x) =

∞∑
k=0

σ (k)

Γ (ρk + λ)
zk, (ρ, λ ∈ C; < (ρ) > 0,< (λ) > 0; |z| < R) , (1.10)

where σ = σ (k) (k ∈ N0) is assumed to be an arbitrary bounded sequence. The
fractional integral operator containing (1.10) as its kernel is defined by(

J σρ,λ,a+;ωϕ
)

(x) =

∫ x

a

(x− t)λ−1 Fσρ,λ (ω (x− t)ρ)ϕ (t) dt,

(x > a; λ, ρ, ω ∈ C; < (λ) > 0, < (ρ) > 0) , (1.11)

and this fractional integral operator was very recently used in defining a certain
class of fractional kinetic equations by Luo and Raina [11].

In the present paper, we introduce and develop a theory of the multivariable
generalized Mittag-Leffler function defined by

F σ̂ρm,λ (zm) =

∞∑
km=0

σ (km)

Γ (λ+ 〈ρm,km〉)
zk11 · · · zkmm , (1.12)

where λ, ρj ∈ C (< (ρj) > 0), j = 1, · · · ,m. Here and throughout this paper,

σ̂ = σ (km) , (km ∈ Nm0 ) ,

is a suitably chosen (complex-valued) sequence such that the power series in several
complex variables converges absolutely in a polydisk determined by

UR := {zm ∈ Cm : |zj | < R ∈ R+ ∪ {∞} (j = 1, · · · ,m)} . (1.13)

Evidently, the function (1.5) introduced by Saxena et al. in [19] and the function
(1.8) due to Garg et al. in [2] are special cases of (1.12). Furthermore, it reduces to
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Raina’s function (1.10) when m = 1. We shall present in Section 2 the conditions
of convergence of the function (1.14), especially, those which make it an entire
function.

With the help of (1.12), we define the following fractional integral operator:(
J σ̂ρm,λ,a+;(ωm)ϕ

)
(x)

=

∫ x

a

(x− t)λ−1 F σ̂ρm,λ (ω1 (x− t)ρ1 , · · · , ωm (x− t)ρm)ϕ (t) dt

(x > a; λ, ρj , ωj ∈ C; < (λ) > 0, < (ρj) > 0 (j = 1, · · · ,m)) . (1.14)

If we set

σ (km) = σ∗ (km) :=

{
1, k1 = · · · = km = 0,

0, k1 ≥ 1, · · · , km ≥ 1,

then the operator (1.14) reduces to the following familiar Riemann-Liouville frac-
tional integral operator (see [9, p. 69] and [18, p. 33])(
J σ̂

∗

ρm,λ,a+;(ωm)ϕ
)

(x) =
(
Iλa+ϕ

)
(x) :=

1

Γ (λ)

∫ x

a

(x− t)λ−1
ϕ (t) dt (< (λ) > 0) ,

(1.15)
and also the operator (1.14) obviously contains as its special cases the operators
(1.6) and (1.9).

2. Convergence of the function F σ̂σσρρρm,λ (zm)
In this section, we first give a method to determine the radius of convergence of
the function Fσρ,λ (z) defined above by (1.10). We then extend this method to
the multidimensional case in order to examine the radius of convergence of the
multivariable function defined by (1.12).

Let f (z) =
∑∞
k=0 akz

k and g (z) =
∑∞
k=0 bkz

k be two power series whose radii of
convergence are denoted by Rf and Rg, respectively. Then their Hadamard product
is the power series defined by

(f ∗ g) (z) :=

∞∑
k=0

akbkz
k. (2.1)

The radius of convergence R of the Hadamard product series (f ∗ g) (z) satisfies
Rf ·Rg ≤ R, which can be proved by using the root test and the submultiplicativity
of the upper limit. If one of the power series defines an entire function, then the
Hadamard product series also defines an entire function (see [7, p. 230]).

The function Fσρ,λ (z) defined by (1.10) can be interpreted as the Hadamard
product of two power series given by

f (z) =

∞∑
k=0

zk

Γ (ρk + λ)
= Eρ,λ (z) (ρ, λ ∈ C; < (ρ) > 0,< (λ) > 0; z ∈ C) , (2.2)

and

g (z) =

∞∑
k=0

σ (k) zk, (|z| < r) , (2.3)
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that is,

Fσρ,λ (z) = (f ∗ g) (z) = (Eρ,λ ∗ g) (z) . (2.4)

From the expression (2.4), we know that if the radius of convergence of g (z) is
determined by

lim
k→∞

|σ (k)|
1
k = r−1,

then Fσρ,λ (z) also defines an entire function on the complex plane C. It may be
pointed out that when the function Fσρ,λ is an entire function, then we need not
require that the sequence σ (k) is a bounded sequence any more. If r = 0, then
Fσρ,λ (z) may not be an entire function and its radius of convergence R can then be
found by using the relation that

lim
k→∞

∣∣∣∣ σ (k)

Γ (ρk + λ)

∣∣∣∣ 1k = R−1.

To consider now the multidimensional case, we first recall the following result
in the theory of complex analysis of several variables.

Let

P (zm) =

∞∑
km=0

σ (km) (z1 − a1)
k1 · · · (zm − am)

km

be a power series centered at am in Cm. If P (zm) is convergent in the polydisk

∆ : |zj − aj | < rj , (j = 1, · · · ,m) ,

and is divergent in the product domain

|zj − aj | > rj , (j = 1, · · · ,m) ,

then rm is called an associated multiradius of convergence of P (zm).
An associated multiradius of convergence can be determined by the following

theorem.

Theorem 2.1. (see [14, p. 9] and [20, p. 32]) If rm is an associated multiradius of
convergence of P (zm), then

lim
〈km〉→∞

∣∣∣σ (km) rk11 · · · rkmm
∣∣∣ 1
〈km〉

= 1. (2.5)

We shall call this result the multidimensional analogue of the Cauchy-Hadamard
formula. If r1 = · · · = rm = R, then (2.5) becomes

lim
〈km〉→∞

|σ (km)|
1
〈km〉 = R−1, (2.6)

which is more convenient to evaluate the radius of convergence for a given power
series in several complex variables.

Let

f (zm) =

∞∑
km=0

a (km) zk11 · · · zkmm ,
(
zm ∈ URf

)
(2.7)
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and

g (zm) =

∞∑
km=0

b (km) zk11 · · · zkmm ,
(
zm ∈ URg

)
(2.8)

be two power series in m complex variables, where UR is a polydisk defined by
(1.13). The Hadamard product of f (zm) and g (zm) can be defined by

(f ∗ g) (zm) :=

∞∑
km=0

a (km) b (km) zk11 · · · zkmm , (zm ∈ UR) . (2.9)

We establish the following result which can be used to determine the radius of
convergence R for (f ∗ g) (zm).

Lemma 2.1. The power series generated by Hadamard product (2.9) converges
absolutely in the polydisk UR, where R satisfies

R ≥ Rf ·Rg,

where Rf and Rg denote the radii of convergence of the series (2.7) and (2.8),
respectively.

Proof. Applying the formula (2.6) and using the submultiplicativity of the upper
limit, we have

1

R
= lim
〈km〉→∞

|a (km) b (km)|
1
〈km〉

≤ lim
〈km〉→∞

|a (km)|
1
〈km〉 lim

〈km〉→∞
|b (km)|

1
〈km〉 =

1

RfRg
.

Hence, we get RfRg ≤ R.

Lemma 2.2. For < (ρj) > 0 (j = 1, · · · ,m), we have

lim
〈km〉→∞

|〈ρm,km〉|
1
〈km〉 = 1. (2.10)

Proof. It follows easily that(
min

1≤j≤m
< (ρj)

) 1
〈km〉 〈km〉

1
〈km〉 ≤ |〈< (ρm) ,km〉|

1
〈km〉 ≤ |〈ρm,km〉|

1
〈km〉

≤
( m∑
j=1

|ρj | kj
) 1
〈km〉 ≤

(
max

1≤j≤m
|ρj |

) 1
〈km〉 〈km〉

1
〈km〉 .

By letting 〈km〉 → ∞ and noting the elementary formula that limn→∞ n
1
n = 1, we

arrive at the desired result (2.10).
In what follows, we write

Υ := max
1≤j≤m

= (ρj) , Ψ1 := max
1≤j≤m

< (ρj) and Ψ2 := min
1≤j≤m

< (ρj) . (2.11)

Theorem 2.2. Let σ (km) be a complex-valued sequence such that

lim
〈km〉→∞

|σ (km)|
1
〈km〉 = R−1

h , (2.12)
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where Rh ∈ R+ ∪ {∞}. Then, F σ̂ρm,λ (zm) defines an entire function on Cm.

In general, the associated multiradius of convergence of F σ̂ρm,λ (zm) can be de-
termined by using the formula that

lim
〈km〉→∞

∣∣∣∣ σ (km)

Γ (λ+ 〈ρm, km〉)

∣∣∣∣ 1
〈km〉

= R−1. (2.13)

Proof. In view of the Hadamard product given by (2.9), the multivariable gener-
alized Mittag-Leffler type function defined by (1.12) can be expressed as

F σ̂ρm,λ (zm) = (Eρm,λ ∗ h) (zm) , (2.14)

where

Eρm,λ (zm) =

∞∑
km=0

zk11 · · · zkmm
Γ (λ+ 〈ρm,km〉)

, (zm ∈ Cm) , (2.15)

is a special case of (1.5) and

h (zm) :=

∞∑
km=0

σ (km) zk11 · · · zkmm , (zm ∈ URh) . (2.16)

The function Eρm,λ (zm) is an entire function and Saxena et al. used the con-
ditions stated by Srivastava and Daoust [22, p. 454] for the generalized Lauricella
series in several variables to guarantee the convergence of Eρm,λ (zm). To prove
our result, we shall apply the multidimensional analogue of the Cauchy-Hadamard
formula given above by Theorem 2.1.

In fact, by using the Stirling’s formula ( [15, p. 141, Eq. (5.11.7)])

Γ (az + b) ∼
√

2πe−az (az)
az+b− 1

2 (a > 0, b ∈ C; | arg z| < π) ,

we have

Γ (λ+ 〈ρm,km〉) ∼
√

2πe−〈ρm,km〉〈ρm,km〉〈ρm,km〉+λ−
1
2 ,(

ρj , λ ∈ C (< (ρj) > 0) , j = 1, · · · ,m; |arg〈ρm,km〉| <
π

2

)
,

which gives

lim
〈km〉→∞

1

|Γ (λ+ 〈ρm,km〉)|
1
〈km〉

= lim
〈km〉→∞

e
〈<(ρm),km〉
〈km〉∣∣∣〈ρm,km〉〈ρm,km〉+λ− 1

2

∣∣∣ 1
〈km〉

. (2.17)

Since the denominator in the right-hand side of (2.17) can be expressed as∣∣∣〈ρm,km〉〈ρm,km〉+λ− 1
2

∣∣∣ = |〈ρm,km〉|〈<(ρm),km〉+<(λ)− 1
2

· e−〈=(ρm),km〉 arg〈ρm,km〉−=(λ) arg〈ρm,km〉,

we have

e
〈<(ρm),km〉
〈km〉∣∣∣〈ρm,km〉〈ρm,km〉+λ− 1

2

∣∣∣ 1
〈km〉

= e
〈<(ρm),km〉
〈km〉

e
〈=(ρm),km〉
〈km〉

arg〈ρm,km〉+ =(λ)
〈km〉

arg〈ρm,km〉

|〈ρm,km〉|
〈<(ρm),km〉
〈km〉 |〈ρm,km〉|

2<(λ)−1
〈km〉 .

(2.18)
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Making use of the notations given in (2.11) and the condition |arg〈ρm,km〉| < π
2 ,

we can derive the following inequalities

e
〈<(ρm),km〉
〈km〉 ≤ eΨ1 , (2.19)

e
〈=(ρm),km〉
〈km〉

arg〈ρm,km〉+ =(λ)
〈km〉

arg〈ρm,km〉 ≤ eΥπ
2 +
=(λ)
〈km〉

π
2 , (2.20)

and

|〈ρm,km〉|
〈<(ρm),km〉
〈km〉 ≥ |〈ρm,km〉|Ψ2 . (2.21)

Then, with the help of the inequalities (2.19)-(2.21), the left-hand side of (2.18) can
be estimated in the following manner:

0 ≤ e
〈<(ρm),km〉
〈km〉∣∣∣〈ρm,km〉〈ρm,km〉+λ− 1

2

∣∣∣ 1
〈km〉

≤ eΨ1+π
2 Υ e

π
2
=(λ)
〈km〉

|〈ρm,km〉|Ψ2 |〈ρm,km〉|
1
〈km〉 (<(λ)− 1

2 )

→ 0 (as 〈km〉 → ∞) .

Letting 〈km〉 → ∞ and using Lemma 2.2, we get

lim
〈km〉→∞

1

|Γ (λ+ 〈ρm,km〉)|
1
〈km〉

= 0,

which, in view of the multidimensional analogue of the Cauchy-Hadamard formula,
implies that the radius of convergence of Eρm,λ (zm) is equal to ∞.

Thus, by using Lemma 2.1, we conclude that F σ̂ρm,λ (zm) is an entire function
and this proves the first assertion of Theorem 2.2. The second assertion of Theorem
2.2 follows immediately from Theorem 2.1.

Remark 2.1. If we put

σ (km) =
(γ1)k1
k1!

· · ·
(γm)km
km!

, (2.22)

then (2.16) becomes

h (zm) =

m∏
j=1

∞∑
kj=0

(γj)kj
zkj

kj !
.

Obviously, Rh = 1, which verifies that the function Eγmρm,λ (zm) defined by (1.5) is
an entire function in several complex variables.

3. Basic Properties of the function F σ̂σσρρρm,λ (zm)
In this section, we focus on a special case of (1.12), which could be obtained in the
following manner. Let

zj = ωjz
ρj ,

(
0 < z < min

1≤j≤m

(
|ωj |−1R

) 1
<(ρj) ; ωj ∈ C, < (ρj) > 0

)
,

in (1.12), where ωj and ρj (j = 1, · · · ,m) are parameters. The function F σ̂ρm,λ (·)
which was originally defined on Cm now reduces to the function which is defined on
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an open interval, and we have

F σ̂ρm,λ (ω1z
ρ1 , · · · , ωmzρm) =

∞∑
km=0

σ (km)ωk11 · · ·ωkmm
Γ (λ+ 〈ρm,km〉)

z〈ρm,km〉. (3.1)

The case when m = 1 reducing to the single series

Fσρ,λ (ωzρ) =

∞∑
k=0

σ (k)

Γ (λ+ ρk)
ωkzρk, (3.2)

is worthy of note. By setting ω = Λ−Λ (Λ =
∑r
i=1 λi;λi > 0), ρ = Λ and

σ (k) =
(−1)

k
Γ (λ+ ρk)∏r

i=1 Γ (1 + µi + λik)
,

in (3.2), and multiplying the resulting equation by
(
z
Λ

)M
(M =

∑r
i=1 µi;µi ∈ C),

we get( z
Λ

)M
Fσρ,λ (ωzρ) =

( z
Λ

)M ∞∑
k=0

(−1)
k∏r

i=1 Γ (1 + µi + λik)

( z
Λ

)Λk

= HEλ1,··· ,λr
µ1,··· ,µr (z) ,

which is the multiparameter function of Mittag-Leffler type defined by Kalla et al.
in [8, p. 901, Eq. (1)].

Theorem 3.1. Let λ, ρj , ωj ∈ C, < (ρj) > 0 (j = 1, · · · ,m) and n ∈ N. Then(
d

dz

)n [
zλ−1F σ̂ρm,λ (ω1z

ρ1 , · · · , ωmzρm)
]

= zλ−n−1F σ̂ρm,λ−n (ω1z
ρ1 , · · · , ωmzρm) ,

(3.3)
and ∫ z

0

· · ·
∫ z

0

tλ−1F σ̂ρm,λ (ω1t
ρ1 , · · · , ωmtρm) (dt)

n

=zλ+n−1F σ̂ρm,λ+n (ω1z
ρ1 , · · · , ωmzρm) . (3.4)

Proof. The results (3.3) and (3.4) can easily be obtained by standard methods
(see, for example [19, p. 538]), and therefore, the details can well be omitted here.

Theorem 3.2. Let min{< (λ) ,< (β)} > 0 and < (ρj) > 0 (j = 1, · · · ,m). Then

B
{
F σ̂ρm,λ (ω1z

ρ1 , · · · , ωmzρm) : λ, β
}

= Γ (β)F σ̂ρm,λ+β (ω1, · · · , ωm) , (3.5)

where B{ · ;λ, β} denotes the Euler-Beta transform defined by (see [21])

B{f (z) ;α, β} =

∫ 1

0

zα−1 (1− z)β−1
f (z) dz. (3.6)

Proof. Using (3.6), we find from (3.1) that

B
{
F σ̂ρm,λ (ω1z

ρ1 , · · · , ωmzρm) : λ, β
}
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=

∫ 1

0

zλ−1 (1− z)β−1

( ∞∑
km=0

σ (km)
(ω1z

ρ1)
k1 · · · (ωmzρm)

km

Γ (λ+ 〈ρm,km〉)

)
dz. (3.7)

Upon interchanging the order of integration and summation in (3.7) which is per-
missible in view of the constraints stated with (3.5), we get

B
{
F σ̂ρm,λ (ω1z

ρ1 , · · · , ωmzρm) : λ, β
}

=

∞∑
km=0

σ (km)ωk11 · · ·ωkmm
Γ (λ+ 〈ρm,km〉)

(∫ 1

0

zλ+〈ρm,km〉−1 (1− z)β−1
dz

)

=Γ (β)

∞∑
km=0

σ (km)

Γ (λ+ β + 〈ρm,km〉)
ωk11 · · ·ωkmm ,

which in view of (1.12) gives the desired result (3.5).

Theorem 3.3. Let min{< (λ) ,< (s)} > 0 and < (ρj) > 0 (j = 1, · · · ,m). Then

L
{
zλ−1F σ̂ρm,λ (ω1z

ρ1 , · · · , ωmzρm) : s
}

=
1

sλ
h
( ω1

sρ1
, · · · , ωm

sρm

)
, (3.8)

where h (zm) is given by (2.16) and L{ · ; s} denotes the Laplace transform defined
by

L{f (z) ; s} =

∫ ∞
0

e−szf (z) dz. (3.9)

Proof. We have

L
{
zλ−1F σ̂ρm,λ (ω1z

ρ1 , · · · , ωmzρm) : s
}

=

∫ ∞
0

zλ−1e−szF σ̂ρm,λ (ω1z
ρ1 , · · · , ωmzρm)

=

∞∑
km=0

σ (km)ωk11 · · ·ωkmm
Γ (λ+ 〈ρm,km〉)

∫ ∞
0

zλ+〈ρm,km〉−1e−szdz

=
1

sλ

∞∑
km=0

σ (km)
ωk11

sρ1k1
· · · ω

km
1

sρmkm

=
1

sλ
h
( ω1

sρ1
, · · · , ωm

sρm

)
.

Remark 3.1. If we specialize σ (km) as in (2.22), then (3.8) becomes

L
{
zλ−1Eγmρm,λ (ω1z

ρ1 , · · · , ωmzρm) : s
}

=
1

sλ

m∏
j=1

(
1− ωj

sρj

)−γj
,

which was established in [24].

We now consider the Riemann-Liouville fractional integrals and derivatives Ia+

and Da+ of the function F σ̂ρm,λ (zm) defined by (1.12).
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The Riemann-Liouville fractional integral Ia+ is given by (1.15), and the Riemann-
Liouville fractional derivative Da+ of order α ∈ C, < (α) > 0 is defined by (see [9, p.
70]; see also [18, Sections 2.3 and 2.4])

(
Dα
a+ϕ

)
(x) :=

(
d

dx

)n (
In−αa+ ϕ

)
(x) , (α ∈ C,< (α) > 0; n = [< (α)] + 1) . (3.10)

Theorem 3.4. Let a ∈ (0,∞), α, λ, ρj , γj , ωj ∈ C such that < (α) > 0, < (ρj) > 0,
< (λ) > 0 (j = 1, . . . ,m). Then for x > a, there holds the relations:(

Iαa+

[
(t− a)

λ−1 F σ̂ρm,λ (ω1 (t− a)
ρ1 , · · · , ωm (t− a)

ρm)
])

(x)

= (x− a)
λ+α−1 F σ̂ρm,λ+α (ω1 (x− a)

ρ1 , · · · , ωm (x− a)
ρm) (3.11)

and (
Dα
a+

[
(t− a)

λ−1 F σ̂ρm,λ (ω1 (t− a)
ρ1 , · · · , ωm (t− a)

ρm)
])

(x)

= (x− a)
λ−α−1 F σ̂ρm,λ−α (ω1 (x− a)

ρ1 , · · · , ωm (x− a)
ρm) . (3.12)

Proof. Using (1.12) and (1.15) and applying the formula [9, p. 71, Property 2.1]:(
Iαa+

[
(t− a)

β−1
])

(x) =
Γ (β)

Γ (α+ β)
(x− a)

α+β−1
, (α, β ∈ C, < (α) > 0, < (β) > 0) ,

we get (for x > a)(
Iαa+

[
(t− a)

λ−1 F σ̂ρm,λ (ω1 (t− a)
ρ1 , · · · , ωm (t− a)

ρm)
])

(x)

=

(
Iαa+

[ ∞∑
km=0

σ (km)ωk11 · · ·ωkmm
Γ (λ+ 〈ρm,km〉)

(t− a)
λ+〈ρm,km〉−1

])
(x)

= (x− a)
λ+α−1 F σ̂ρm,λ+α (ω1 (x− a)

ρ1 , · · · , ωm (x− a)
ρm) . (3.13)

Next, to establish (3.12), we have upon using (1.12) and (3.10):(
Dα
a+

[
(t− a)

λ−1 F σ̂ρm,λ (ω1 (t− a)
ρ1 , · · · , ωm (t− a)

ρm)
])

(x)

=

(
d

dx

)n (
In−αa+

[
(t− a)

λ−1 F σ̂ρm,λ (ω1 (t− a)
ρ1 , · · · , ωm (t− a)

ρm)
])

(x)

=

(
d

dx

)n [
(x− a)

λ+n−α−1 F σ̂ρm,λ+n−α (ω1 (x− a)
ρ1 , · · · , ωm (x− a)

ρm)
]
.

Applying now (3.3), we are easily led to the desired result (3.12).

4. Results involving a class of operators J σ̂σσ
ρρρm,λ,a+;(ωωωm)

In this section, we investigate the boundedness and composition properties of the
fractional integral operator defined by (1.14). New examples obtained by making
use of the summable hypergeometric functions are also mentioned.
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Theorem 4.1. Let λ, ρj , γj , ωj ∈ C (< (ρj) > 0,< (λ) > 0) (j = 1, . . . ,m) and
b > a. Suppose that σ (km) satisfies the condition (2.12). Then the integral operator
J σ̂ρm,λ,a+;(ωm) is bounded on the space L (a, b) and∥∥∥J σ̂ρm,λ,ωm;a+ϕ

∥∥∥
1
≤M (b− a)

<(λ) ‖ϕ‖1, (4.1)

where the constant M (0 <M <∞) is given by

M =

∞∑
km=0

|σ (km) ||ω1|k1 · · · |ωm|km
|Γ (λ+ 〈ρm,km〉) |

(b− a)
〈<(ρm),km〉

[< (λ) + 〈< (ρm) ,km〉]
. (4.2)

Proof. First, we note that the series given by (4.2) is convergent.
Now, by the definition of integral operator and ‖.‖ given by (1.14) and (1.7),

respectively, we have∥∥∥J σ̂ρm,λ,a+;(ωm)ϕ
∥∥∥

1

=

∫ b

a

∣∣∣∣∫ x

a

(x− t)λ−1F σ̂ρm,λ (ω1 (x− t)ρ1 , · · · , ωm (x− t)ρm)ϕ (t) dt

∣∣∣∣dx,
which upon changing the orders of integrations and using of the substitution x−t =
u yields∥∥∥J σ̂ρm,λ,a+;(ωm)ϕ

∥∥∥
1

≤
∫ b

a

|ϕ(t)|

[∫ b

t

(x− t)<(λ)−1
∣∣∣F σ̂ρm,λ(ω1(x− t)ρ1 , · · · , ωm(x− t)ρm)

∣∣∣dx] dt

≤
∫ b

a

|ϕ(t)|

[∫ b−t

0

u<(λ)−1
∣∣∣F σ̂ρm,λ(ω1u

ρ1 , · · · , ωmuρm)
∣∣∣ du] dt

≤
∫ b

a

|ϕ (t) |

[∫ b−a

0

u<(λ)−1
∣∣∣F σ̂ρm,λ (ω1u

ρ1 , · · · , ωmuρm)
∣∣∣ du] dt. (4.3)

Using the definition (1.12) and interchanging summation and integration, we find
that ∥∥∥J σ̂ρm,λ,a+;(ωm)ϕ

∥∥∥
1

≤
∞∑

km=0

|σ (km) ||ω1|k1 · · · |ωm|km
|Γ (λ+ 〈ρm,km〉) |

∫ b−a

0

u<(λ)+〈<(ρm),km〉−1du

∫ b

a

|ϕ (t) |dt.

Expressing now the t−integral as ‖ϕ‖1 and evaluating the u−integral, we are easily
lead to the result (4.1).

Remark 4.1. Applying Theorem 4.1 to the sequence (2.22), we get the following
result (see [19, Theorem 4.1])∥∥∥Eγmρm,λ,a+;(ωm)ϕ

∥∥∥
1
≤ (b− a)

<(λ)
L ‖ϕ‖1 ,

where

L :=

∞∑
km=0

| (γ1)k1 |
k1!

· · ·
| (γm)km |
km!

|ω1|k1 · · · |ωm|km
|Γ (λ+ 〈ρm,km〉) |

(b− a)
〈<(ρm),km〉

[< (λ) + 〈< (ρm) ,km〉]
.
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Theorem 4.2. If < (λ1) > 0, < (λ2) > 0, then

J σ̂1

ρm,λ1,a+;(ωm)

(
J σ̂2

ρm,λ2,a+;(ωm)ϕ
)

(x) =
(
JΩ
ρm,λ1+λ2,a+;(ωm)ϕ

)
(x) , (4.4)

where the sequences σ1 (lm) (lm ∈ Nm0 ) and σ2 (km) (km ∈ Nm0 ) satisfy the condition
(2.12) and the sequence Ω = Ω (lm) (lm ∈ Nm0 ) is given by

Ω =

lm∑
km=0

σ1 (lm − km)σ2 (km) . (4.5)

In addition, the operator JΩ
ρm,λ1+λ2,a+;(ωm) is also bounded on L (a, b).

Proof. Since ϕ ∈ L (a, b), we know from Theroem 4.1 that
(
J σ̂2

ρm,λ2,a+;(ωm)ϕ
)

(x)

∈ L (a, b), therefore, upon using Theorem 4.1 again, we have∥∥∥(JΩ
ρm,λ1+λ2,a+;(ωm)ϕ

)∥∥∥
1

=
∥∥∥J σ̂1

ρm,λ1,a+;(ωm)

(
J σ̂2

ρm,λ2,a+;(ωm)ϕ
)∥∥∥

1

≤M1 (b− a)
<(λ1)

∥∥∥J σ̂2

ρm,λ2,a+;(ωm)ϕ
∥∥∥

1

≤M1M2 (b− a)
<(λ1)+<(λ2) ‖ϕ‖1 , (4.6)

where

M1 =

∞∑
lm=0

|σ1 (lm) ||ω1|k1 · · · |ωm|km
|Γ (λ+ 〈ρm, lm〉) |

(b− a)
〈<(ρm),lm〉

[< (λ1) + 〈< (ρm) , lm〉]
,

and

M2 =

∞∑
km=0

|σ2 (km) ||ω1|k1 · · · |ωm|km
|Γ (λ+ 〈ρm,km〉) |

(b− a)
〈<(ρm),km〉

[< (λ2) + 〈< (ρm) ,km〉]
.

This proves the boundedness of the operator JΩ
ρm,λ1+λ2,a+;(ωm) on L (a, b).

We now prove the composition property (4.4). Using (1.14), we have

J σ̂1

ρm,λ1,a+;(ωm)

(
J σ̂2

ρm,λ2,a+;(ωm)ϕ
)

(x)

=

∫ x

a

(x− u)
λ1−1 F σ̂1

ρm,λ1
(ω1 (x− u)

ρ1 , · · · , ωm (x− u)
ρm)

·
[∫ u

a

(u− t)λ2−1 F σ̂2

ρm,λ2
(ω1 (u− t)ρ1 , · · · , ωm (u− t)ρm)ϕ (t) dt

]
du

=

∫ x

a

ϕ (t) dt

∫ x

t

(x− u)
λ1−1

(u− t)λ2−1

· F σ̂1

ρm,λ1
(ω1 (x− u)

ρ1 , · · · , ωm (x− u)
ρm)

· F σ̂2

ρm,λ2
(ω1 (u− t)ρ1 , · · · , ωm (u− t)ρm) du. (4.7)

By setting now v = x−u
x−t , the inner integral becomes

(x− t)λ1+λ2−1
∫ 1

0

vλ1−1 (1− v)
λ2−1

· F σ̂1

ρm,λ1
(ω1 (x− t)ρ1 vρ1 , · · · , ωm (x− t)ρm vρm)
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· F σ̂2

ρm,λ2
(ω1 (x− t)ρ1 (1− v)

ρ1 , · · · , ωm (x− t)ρm (1− v)
ρm) dv

= (x− t)λ1+λ2−1
∞∑

lm=0

∞∑
km=0

σ1 (lm)σ2 (km)ωl1+k1
1 · · ·ωlm+km

m

Γ (λ1 + 〈ρm, lm〉) Γ (λ2 + 〈ρm,km〉)

· (x− t)〈ρm,lm+km〉
∫ 1

0

vλ1+〈ρm,lm〉−1 (1− v)
λ2+〈ρm,km〉−1

dv

= (x− t)λ1+λ2−1
∞∑

lm=0

∞∑
km=0

σ1 (lm)σ2 (km)ωl1+k1
1 · · ·ωlm+km

m

Γ (λ1 + λ2 + 〈ρm, lm + km〉)
(x− t)〈ρm,lm+km〉

= (x− t)λ1+λ2−1
∞∑

lm=0

[
lm∑

km=0

σ1 (lm − km)σ2 (km)

]
ωl11 · · ·ωlmm (x− t)〈ρm,lm〉

Γ (λ1 + λ2 + 〈ρm, lm〉)

= (x− t)λ1+λ2−1
∞∑

lm=0

Ω (lm)ωl11 · · ·ωlmm
Γ (λ1 + λ2 + 〈ρm, lm〉)

(x− t)〈ρm,lm〉

= (x− t)λ1+λ2−1 FΩ
ρm,λ1+λ2

(ω1 (x− t)ρ1 , · · · , ωm (x− t)ρm) . (4.8)

The result (4.4) follows immediately on using (4.7) and (4.8).

Remark 4.2. If we choose

σ1 (lm − km) =
(γ1)l1−k1
(l1 − k1)!

· · ·
(γm)lm−km
(lm − km)!

, and σ2 (km) =
(µ1)k1
k1!

· · ·
(µm)km
km!

,

in Theorem 4.2, then, by using ( [23, p. 17])

(a)l−k =
(−1)

k
(a)l

(1− a− l)k
, and

1

(l − k)!
= (−1)

k (−l)k
l!

,

we have

Ω (lm) =

lm∑
km=0

(γ1)l1−k1
(l1 − k1)!

· · ·
(γm)lm−km
(lm − km)!

(µ1)k1
k1!

· · ·
(µm)km
km!

=
(γ1)l1
l1!

· · ·
(γm)lm
lm!

m∏
j=1

lj∑
kj=0

(−lj)kj (µj)kj
(1− γj − lj)kj

1

kj !

=
(γ1)l1
l1!

· · ·
(γm)lm
lm!

m∏
j=1

2F1

 −lj , µj

1− γj − lj
; 1

 , (4.9)

where 2F1 denotes the well-known Gauss hypergeometric function (see [23, p. 18,
Eq. (17)]). By appealing to the Chu-Vandermonde identity [23, p. 19, Eq. (21)],
we obtain

Ω (lm) =
(γ1 + µ1)l1

l1!
· · ·

(γm + µm)lm
lm!

. (4.10)

Thus, the relation given by (4.4) can be expressed as

Eγmρm,λ1,a+;(ωm)

(
Eµmρm,λ2,a+;(ωm)ϕ

)
(x) =

(
Eγm+µm
ρm,λ1+λ2,a+;(ωm)ϕ

)
(x) , (4.11)

which is equivalent to the result given in [19, Theorem 6.1].
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Theorem 4.3. Let < (λ1) > 0, < (λ2) > 0, and let the sequences σ̂1 = σ1 (km)
(lm ∈ Nm0 ) and σ̂2 = σ2 (km) (lm ∈ Nm0 ) satisfy the condition (2.12). In addition,
if the sequence Ω = Ω (lm) (lm ∈ Nm0 ) is given by

Ω :=

lm∑
km=0

σ1 (lm − km)σ1 (km) =

{
1, l1 = · · · = lm = 0,

0, l1 ≥ 1, · · · , lm ≥ 1,
(4.12)

then we get

J σ̂1

ρm,λ1,a+;(ωm)

(
J σ̂2

ρm,λ2,a+;(ωm)ϕ
)

(x) =
(
Iλ1+λ2
a+ ϕ

)
(x) , (4.13)

where Iλa+ denotes the Riemann-Liouville fractional integral operator defined by
(1.15).

Proof. The theorem follows immediately from the composition property (4.4) and
the reduction formula (1.15).

Next, we specialize Theorem 4.2 by putting

σ1 (lm − km) =
(γ1)l1−k1
(l1 − k1)!

· · ·
(γm)lm−km
(lm − km)!

,

and

σ2 (km) =
(µ1)k1
k1!

((f
(1)
r1 +N

(1)
r1 ))k1

((f
(1)
r1 ))k1

· · ·
(µm)km
km!

((f
(m)
rm +N

(m)
rm ))km

((f
(m)
rm ))km

=: Φ,(
N

(j)
1 , · · · , N (j)

rj ∈ N, µj 6= f
(j)
i (1 ≤ i ≤ rj) , j = 1, · · · ,m

)
. (4.14)

Here, we define the product of p Pochhammer symbols by ((ap))k ≡ (a1)k · · · (ap)k,
which is suggested by Miller (see [12]).

From Remark 4.2, we have

Ω (lm) =

lm∑
km=0

(γ1)l1−k1
(l1 − k1)!

· · ·
(γm)lm−km
(lm − km)!

·
(µ1)k1
k1!

((f
(1)
r1 +N

(1)
r1 ))k1

((f
(1)
r1 ))k1

· · ·
(µm)km
km!

((f
(m)
rm +N

(m)
rm ))km

((f
(m)
rm ))km

=
(γ1)l1
l1!

· · ·
(γm)lm
lm!

m∏
j=1

lj∑
kj=0

(−lj)kj (µj)kj
(1− γj − lj)kj

((f
(j)
rj +N

(j)
rj ))kj

((f
(j)
rj ))kj

1

kj !

=
(γ1)l1
l1!

· · ·
(γm)lm
lm!

m∏
j=1

rj+2Frj+1

 −lj , µj , (f
(j)
rj +N

(j)
rj )

1− γj − lj , (f
(j)
rj )

; 1

 , (4.15)

where pFq denotes the generalized hypergeometric function defined by (see, for
instance [23, p. 19, Eq. (23)]).

In general, to sum a generalized hypergeometric function at unit argument is a
very difficult task. However, major progress was achieved on this topic by Miller [12]
who gave the following interesting summation formula.
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Theorem 4.4. ( [12, p. 968]) For nonnegative integer n and positive integers (mr):

r+2Fr+1

−n, a, (fr +mr)

b, (fr)
; 1

 =
(λ)n
(b)n

(1 + ξ1)n
(ξ1)n

· · ·
(1 + ξm)n

(ξm)n
,

where m = m1 + · · ·+mr, λ = b− a−m, (λ)m 6= 0, a 6= fi (1 ≤ i ≤ r).
The ξ1, · · · , ξm are nonvanishing zeros of the associated parametric polynomial

of degree m given by

Qm (t) =

mr∑
jr=0

s
(1)
m1−j1 · · · s

(r)
mr−jr

j∑
l=0

{
j

l

}
(a)l (t)l (λ− t)m−l ,

where j = j1 + · · · + jr and s
(i)
mi−ji (1 ≤ i ≤ r) are determined by the generating

functions

(f1 + x)m1
=

m1∑
j1=0

s
(1)
m1−j1x

j1 , · · · , (fr + x)mr =

mr∑
jr=0

s
(r)
mr−jrx

jr .

By applying Theorem 4.4, we have

rj+2Frj+1

 −lj , µj , (f
(j)
rj +N

(j)
rj )

1− γj − lj , (f
(j)
rj )

; 1


=

(
γj + µj +N (j)

)
lj

(γj)lj

(1 + ξ
(j)
1 )lj

(ξ
(j)
1 )lj

· · ·
(1 + ξ

(j)

N(j))lj

(ξ
(j)

N(j))lj

(
N (j) = N

(j)
1 + · · ·+N (j)

rj

)
,

where ξ
(j)
1 , · · · , ξ(j)

N(j) are nonvanishing zeros of the associated parametric polynomial

of degree N (j) given by

Q(j)
m (t) =

N
(j)
1∑

i1=0

· · ·
N(j)
rj∑

irj=0

s
(1)

N
(j)
1 −i1

· · · s(rj)

N
(j)
rj
−irj

·
i1+···+irj∑

l=0

{
i1 + · · ·+ irj

l

}
(µj)l (t)l (1− γj − µj −N

(j) − lj − t)N(j)−l,

and s
(i)
mi−ji (1 ≤ i ≤ r) are determined by the generating functions

(
f

(j)
1 + x

)
N

(j)
1

=

N
(j)
1∑

i1=0

s
(1)

N
(j)
1 −i1

xi1 , · · · ,
(
f (j)
rj + x

)
N

(j)
rj

=

N(j)
rj∑

irj=0

s
(rj)

N
(j)
rj
−irj

xirj .

The sequence Ω (lm) becomes

Ω (lm) =

m∏
j=1

(γj + µj +N (j))lj
lj !

(1 + ξ
(j)
1 )lj

(ξ
(j)
1 )lj

· · ·
(1 + ξ

(j)

N(j))lj

(ξ
(j)

N(j))lj
=: Θ. (4.16)
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Upon using (4.14) and (4.16), the above evaluation suggests the following new
functions of Mittag-Leffler type:

EΦ
ρm,λ (zm) =

∞∑
km=0

m∏
j=1

(µj)kj
kj !

((f
(j)
rj +N

(j)
rj ))kj

((f
(j)
rj ))kj

zk11 · · · zkmm
Γ (λ+ 〈ρm,km〉)

, (4.17)

and

EΘ
ρm,λ (zm)

=

∞∑
lm=0

m∏
j=1

(γj + µj +N (j))lj
lj !

(1 + ξ
(j)
1 )lj

(ξ
(j)
1 )lj

· · ·
(1 + ξ

(j)

N(j))lj

(ξ
(j)

N(j))lj

zk11 · · · zkmm
Γ (λ+ 〈ρm,km〉)

.

(4.18)

The corresponding fractional integral operators of (4.17) and (4.18) are, respective-
ly, given by (

EJΦ
ρm,λ,a+;(ωm)ϕ

)
(x)

=

∫ x

a

(x− t)λ−1 EΦ
ρm,λ (ω1 (x− t)ρ1 , · · · , ωm (x− t)ρm)ϕ (t) dt

and (
EJΘ

ρm,λ,a+;(ωm)ϕ
)

(x)

=

∫ x

a

(x− t)λ−1 EΘ
ρm,λ (ω1 (x− t)ρ1 , · · · , ωm (x− t)ρm)ϕ (t) dt.

With these new notations, we have the following corollary.

Corollary 4.1. If < (λ1) > 0, < (λ2) > 0, then

Eγmρm,λ1,a+;(ωm)

(
EJΦ

ρm,λ2,a+;(ωm)ϕ
)

(x) =
(
EJΘ

ρm,λ1+λ2,a+;(ωm)ϕ
)

(x) ,

where the sequence Φ = σ2 (km) (km ∈ Nm0 ) is given by (4.14) and the sequence
Θ = Ω (lm) (km ∈ Nm0 ) is given by (4.16).

In addition, the operator EJΘ
ρm,λ1+λ2,a+;(ωm) is also bounded on L (a, b).
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