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EXISTENCE OF SOLUTIONS FOR
FRACTIONAL DIFFERENTIAL EQUATION
THREE-POINT BOUNDARY VALUE
PROBLEMS*

Yan Sun® and Kai Yan

Abstract In this paper, by using some fixed point theorems, the existence
of unique solution and the existence of at least one solution for a fractional
differential equation three-point boundary value problems are established. Fi-
nally, some illustrative examples are presented to demonstrate the validity of
the main results.
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1. Introduction

In this paper, we consider the existence of unique solution and the existence of at
least one solution for a nonlinear fractional differential equation with three-point
boundary value conditions

DYu(t) = f(t,u(t)), 0<t<1,
(1) «(0) = au(n) + bu(1), (1.1)
(ii) «'(0) = ma/(n) + nu'(1),

where 1 < @ < 2 is a real number, 0 <n < 1,a+b# 1, m+n # 1, D is the
Caputo’s fractional derivative and f : [0,1] x R — R is continuous.

We remark that the problem (1.1) are models for a thermostat. Solutions of
these fractional ordinary differential equations are stationary solutions for one-
dimensional heat equations. These models correspond to a heated bar of unit length,
with a controller at t = 1 removing or adding heat in term of the temperature de-
tected by a sensor at 7. The boundary condition (i) is consistent with the end
which is stayed the same environment temperature. The boundary condition (ii)
relates to the end at ¢t = 0 being protected from heat.

We let 1 be an arbitrary point of [0, 1], thus we would have nonlocal boundary
conditions if n < 1.

Fractional differential equations have emerged as a new branch in the fields of
differential equations for their deep backgrounds. They have been paid more atten-
tions by many researchers with the analytic and numerical methods for finding the
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existence of solution, and for the details the reader is referred to [1-14] and the refer-
ences cited therein. Nonlinear fractional differential equations three-point boundary
value problems arise in electromagnetic waves in neutrons transport theory, nucle-
ar reactors, aerodynamics, blood flow phenomena, control theory, electrodynamics,
and so on (see [5—-16], [18-24]). In all above problems, a necessary mathematical
model description contributes naturally to the three-point boundary value problems
of fractional differential equations. When one end of a beam is fixed and the other
end is attached with a load, the mathematical model describing the vibrations of
the beam contains a nonlinearity with the dynamical boundary conditions. All dif-
ferent kinds of problems mentioned above always remain (see, e.g. [19-22]) a very
popular application in engineering.

It is also worth pointing out that the nonlinear fractional differential equations
provide an excellent instrument for the description of properties of various ma-
terials and processes. For example, hyperbolic partial differential equations with
finite delay problems [1]; fractional differential equations and inclusions [2]; integro-
differential equations appear in engineering problems [3,5,8,9]; fractional stochastic
differential equations problems [20]; and integral boundary conditions arise in ther-
mal conduction problems [13,14].

In [7], Bai and Lii discussed the following fractional differential equations bound-
ary value problem

Du(t) + f(t,u(t)) =0, 0<t<1,
u(0) =u(l) =0,

where 1 < a < 2 is a real number, D? is the standard Riemann-Liouville fractional
derivative and f : [0,1] x [0,00) — [0,00) is a continuous function. By means
of some fixed-point theorems on cone, some existence and multiplicity results of
positive solutions are obtained.

In [23], Zhang investigated the existence and the multiplicity of positive solutions
of the following problem

Dou(t) = F(tu(t), 0<t<l,
w(0) +u'(0) =0, wu(l)+u'(1)=0,

where 1 < o < 2 is a real number, f : [0, 1] x [0,00) — [0, 00) is continuous.
In [3], Ahmad and Sivasundaram considered the following nonlinear fractional
integro-differential equation with four-point nonlocal boundary conditions

“Do(t) = f(ta(t), (b2)(1), (a)(D)), 0<t<1, 1<a<2,
2'(0) +ax(m) =0, ba'(1) +2'(n2) =0, 0<n <mp <1,

where ¢D® is the Caputo’s fractional derivative, X is a Banach space and f : [0, 1] X
X x X x X — X is continuous. Applying some standard fixed point theorems, they
proved the existence and uniqueness of solution.

Due to the profound background of the above phenomena, the article mainly
focus on dealing with the three-point problems (1.1). There are the following two
new features of BVP (1.1). First, it contains a—th order for the unknown function.
Second, the three-point is involved in boundary value conditions. By using analytic
technique and some fixed point theorems, some sufficient conditions for the existence
of unique solution and the existence of at least one solution are obtained.
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The paper is organized as follows. In Section 2, we state some lemmas and
several preliminary results. The main results are formulated and proved in Section
3. Examples are given in Section 4.

2. Preliminaries and Lemmas

The following definitions and useful lemmas from the fractional calculus theory can
be found in the literature [19].

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 of a
function y : (0,00) — R is given by

iy L1 y(s)
0= gy

where I'(a) is Gamma function, and y(t) is pointwise defined on (0, o).

Definition 2.2. The Riemann-Liouville fractional derivative of order o« > 0 of a
function y : (0,00) — R is given by

0u =5 () [, sy

where n = [a] + 1, [a] denotes the integral part of real number «, and y(t) is
pointwise defined on (0, 00).

Definition 2.3. The Caputo’s fractional derivative of order a > 0 of a function is
defined as

e L[
D y(t) - F(Tl o Oé) /0 (t _ S)afnqtld ’

where n — 1 < a < n, n = [a] + 1, [@] denotes the integral part of real number a,
and y(t) is pointwise defined on (0, 00).

Lemma 2.1 ( [24]). For o > 0, then

I“(°D*)x(t) = x(t) + co + 1t + cot? + -+ cp1t" !
for somec; € R, i=1,--- ,n—1,(n=[a] +1).

Lemma 2.2 ( [17]). Let E be a Banach space. Suppose that T : E — E is a
completely continuous operator, and the set {x € Elxr = §Txz, 0 < § < 1} is
bounded. Then T has a fixed point.

Lemma 2.3 ( [3]). Let E be a bounded nonempty closed convexr subset of Banach
space X. Ty : E — E and Ty : E — E are two operators and satisfy:

(i) Tvx + Toy € E, for any x,y € E;
(i) Ty is a completely continuous operator;

(iii) Ty is a contraction operator.

Then there exists at least one fixed point z € E such that z =Tz + Thz.
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3. Main Results

In the following, we shall give the main results of this paper.

Lemma 3.1. Let p € C[0,1]. Then the following fractional ordinary differential
equation boundary value problem

{CD“u(t) =p(t), 0<t<1, 51)
u(0) = au(n) + bu(1), u'(0) =mu'(n) +nu'(1), '
has unique solution u(t), which is given by
) =iy [ €= 9 pte)s — e [N s
1 a n
+ n/o (1- S)O‘fzp(s)ds] + (a—i—b—l)F(a)/O (n—s)*"'p(s)ds
b ! a—1
+ CETESIND) 1)F(a)/0 (1—=15)"""p(s)ds
m(an +b) ! -
C(m+n—-1)(a+b—1)(a— 1)/0 (n = 5)**p(s)ds
"(6”7 + b) ! a—2
T (m+n— 1)(a+b71)1“(04—1)/0 (1= )" p(s)ds, (3:2)

where 0 <n<l,a+b#1, m+n#1.

Proof. From Lemma 2.1, we obtain u(t)+eit+eq = I®p(t). Then u(t) = I*p(t)—
e1t — eg. By the definition of 1%, we have

u(t) = F(la)/o (t—8)* " 'p(s)ds — ert — e, (3.3)
u'(t) = ﬁ/{) (t—s)*"?p(s)ds — e;.
From the boundary conditions of (3.1), we get
1 K a—2 ' a—2
e :(m T PN [m/o (n—98)""*p(s)ds + n/o (1—-23s) p(s)ds}, (3.4)
1 K a—1 ! a—1
€o :m [a/o (n—9)*""p(s)ds + b/o (1—-13s) p(s)ds}

_y\=1. /7 1
e oo -]
(3.5)

From (3.4) and (3.5), substituting the value of ey and e; in (3.3), we know that
(3.2) holds. This completes the proof. O
Denote
1 la] + [b] (Im| + [n[)(la + b — 1] + [an + b])

A TatD) latb-1(at D) lat+b—1jlm+n— 1|l (a)

1
A = Ay = 1 1. .
: 2= b AL mtn (3.6)
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Throughout the paper we make the following assumptions:

(H) f(t,u) € C([0,1] x (0,00)).
(H;) There exists a constant k& > 0, such that kA < 1 and || f(¢,u1) — f(t,u2)| <
klluy — usg|, for t € [0,1] and uq, ug € R.
(Hz) There exists a positive constant M > 0 such that || f(¢, u(t))]| < M, Vvt € [0,1],
u € R.

(H3) There exists lo > 0 such that oA < 1 and || f (¢, u(t))|| < lo|lu(?)|, for t € [0, 1],
u € R.

Theorem 3.1. Suppose that conditions (H) and (Hy) hold. Then the three-point
boundary value problem (1.1) has unique solution.

Proof. Let A = CJ[0,1] with the norm |u| = Jnax |u(t)|, then A is a Banach
space. Define an integral operator T': A — A by o

(Tu)(2) :ﬁ / (t— )7 £ (s, u(s))ds

t ! a—2 ! a—2
—m[m/o (n—s) f(s7u(s))ds+n/0 (1-s) f(s,u(s))ds]
! ’ —5)* L f(s,u(s))ds 1 —5)* L f(s,u(s))ds
o = s+ (0= 9 s u(e))as)

- DA, 0 s
n(an + b)

1
- mA T, 0

From (3.6), for uj,us € A and ¢t € [0, 1], we have

[(Tu1)(t) = (Tu2) (@)

< [ (0= 9 o))~ Tl s
|| [ 6~ s atolas
| [ a9 o) - 65wt
+ ﬁm) On(n—s)a_l|f(57u1(8))—f(s,ug(s))|ds
|| [ = o)~ s watslas
| e 0 [ = )2 (5) ~ S5 ua(o) s
- AQA?ZL ’/ 1= )72 f(s,u1(s)) — f(s,ua(s))|ds

k ¢ km
<7 _ a—l _ -
*r<a>/o (o o el ’Azma -1

n
/ (n— )% 2|luy — ua|ds
0
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1

kn
P 1—g)*2 —
+ AT (a—l) ( $) 7% uy — usl|ds
1
_ a—1 _ 1— a—1 _ d
+ x| | / (=9 s~ ualds 414 [ (1= 9 s
k(an—l—b o2
+ AAT(a H |/ lur — uso|ds

+|n|/ (1—8)*"?||ug — u2|ds]
0

1 |a| + [b] (Im| + In))(JA1] + [an + b])
<k + +
- |:F(Oé+1) |A1‘F(O{+ 1) |A1A2|F(O&)
<kA||lup — usz]|.

lur — uzl|

From (H;), we know kA < 1. Therefore, T is a contraction map. Thus in view
of Lemma 2.2., the three-point boundary value problem (1.1) has unique solution.
This completes the proof. O

Theorem 3.2. Suppose that conditions (H) and (Hz) hold. Then the three-point
boundary value problem (1.1) has at least one solution.

Proof. Define an integral operator T': A — A by

Tu(t) = ﬁ/g (t — ) f(s,u(s))ds — cit — co,
where
! ! a—2 1 a2
e ) AUSRA LI MU sl
Co :m [a/o (n—38)*""f(s,u(s))ds + b/0 (1-s)*" f(S,u(s))ds]
- %/@ (n=5)* " f(s u(s))ds
_ AlnA(;ml—‘?(zb_)l)/o (1—8)22f(s,u(s))ds. (3.8)

From (H,), we know that |f(¢,u(t))] < M, it is easy to see that |cy| and |c1]| are all
finite. Furthermore continuity of f implies that the operator T is continuous. For
Ro =2 w00 +1) + |e1| + |col, then Br, = {u € C([0,1],R) | |u| < Ry} is a bounded
closed convex subset of C([0, 1], R). Let u € Bg,, for any ¢ € [0, 1], we have

+ |e1| + |eo] < Rp.

M ¢ a—1 M
1(Tw)(t)|| < m/0 (t—s)* Mds + |er] + |eo| < Tat1)

Thus, TBr, € Bpg, and T is uniformly bounded on Bgr,. Moreover, for any t,
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to €[0,1] and u € Bpg,, we have
[(Tu)(t1) = (Tu)(t2)]|

< Hr(la)/otl(tl —5) 7 f(s,u(s))ds — ity

‘%BA (t2 = )7 (s, uls))ds + rta
< Hr(la)/otl(“ ) (s, u(s))ds — r(la)/otl(b —5)* 71 f(s, u(s))ds
r(la/: (t2 = )L (5, u(s))ds | + [exts — et
gnbéhwrwf (t2 — )" (s, u(s) s
+Féwlfdz—$“lLﬂSU(DM8+kﬂ@r—b)
< %Htg — 19 — (b2 — 1) + (t2 — t1)°] + |ea|[t1 — t2].

Therefore, |(Tu)(t1) — (Tu)(t2)| — 0, (t1 — t2). Thus, T is equicontinuous. From
the Arzela-Ascoli theorem, we know that the operator T' is compact.
Let

M*={ueC([0,1], R)|u = Tu,0 < 6 < 1}.
Then for u(t) € M*, we have
llul| = é||Tu|]| < dRo < Ro.

Therefore, by the assumption (Hs), we easily obtain |Tu|| < Ry. Thus we know
that M* is bounded. Using Lemma 2.2, we see that the operator T" has a fixed point
u* in C([0, 1], R). Then, u*(¢) is a solution of three-point boundary value problem
(1.1). O

Theorem 3.3. Suppose that conditions (H) and (Hs) hold. Then the three-point
boundary value problem (1.1) has at least one solution.

Proof. Define integral operators T} : A — A and T : A — A by
1 /f o
Tiu)(t) = — t— )" f(s,u(s))ds,
(Tru)(t) F(&)0( )47 f (s, u(s))
and

t

n 1
———m —$)%2f(s,u(s))ds +n —8)%72f(s,u(s))ds
v ey ) MU A (XTI Ry ISR (GO

a ! a-l b —5)* " f(s,u(s))ds
+ i) =9 s+ g [0 =9 s

mlan+b) [ .,
Au»na—nﬂ(”@ F(s,u(s))ds

n(an + b) 1 -
- m/o (1= )" f(s,u(s))ds. (3.9)

(Tou)(t) = -
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Let By, = {u € C([0,1],R)| || u ||< ro}, for ro > 0. Then B, is a bounded closed
convex subset of C([0, 1], R). The proof will be conducted in several steps.

Step 1 We prove that Ty B,, + To B, C B,,. From (3.6), for any uy,us € By,
we have

[(Trun)(t) + (Touz) (1)l

= Hr(la)/ot(t —8)* 7 f(s,u1(s))ds
t

7m [m /On(n - 5)0672]0(5’“2(5))(15 + n/ol(l - 5)a72f(5,u2(5))d5:|
+A1%m) {a /On(n —8)* L f(s,uz(s))ds + b/ol(l - S)Q_lf(S,UQ(S))dS}

Ry fy (9 oo
n(an + b) 1 oo
et [ s s |
<lor [ lal + 19] (Im| + [n[)(|A1] +[an + b))
=T+ 1) T AT (e + 1) 1AL Ao T(a)
< lgroA < ro.

Therefore, Th B,, + 15B,, C B,,.
Step 2 We show that T is completely continuous. For v € By, and t € [0, 1],
we have

1 ¢ 1 rol
IO < gy [ =9 o u) s < 720

Therefore, 77 is uniformly bounded. For t1,t2 € [0,1] and u € B,,, we obtain

[(Tyu)(t1) = (Tyu) ()|

S " (11— 9 (s, u(s))ds - ) " (t2 = 57 (s, ulo) s

rol
_ﬁ[\ts — 19— (t2 — t1)*| + (t2 — t1)*] + |ea|[ts — ta- (3.10)
Consequently, ||(Thu)(t1) — (Thu)(t2)|| — 0, (1 — t2). By making use of the
Arzela — Ascoli theorem, we know that the operator T; is compact.

Applying the continuity of f, we see that the operator T3 is continuous. There-
fore, T3 is completely continuous.

Step 3 We show that T3 is a contraction mapping. For any u;,us € B,,, we
have

1
T; t) — (T O <lplA— ———— — .
[(Trw)(t) — (T2u2) (@) < lo Ta+ D) [ur — ual|
From 0 < [p[A — ﬁ] < lpA < 1, we know that T, is a contraction mapping.

Thanks to Lemma 2.4., we know that the three-point boundary value problem
(1.1) has at least one solution. O
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4. Examples and Discussions

Example 4.1. Consider the following three-point boundary value problem

T|u(t)| sin 3¢

CDzu(t 0<t<l,

)= 99(1 + )2(1 + |ub(t)])et’ (4.1)
1 1 3 1 '
u(0) = July) + Su(), /(0)=w'() + (1),
Wherea:%,nz%,az%,bz%,m:nzl, with
£t u(t)) = 7|u(t)| sin 3¢

99(1 + ¢)2(1 + |ub(¢)|)et
For any u1, us € C([0,1], R), we have
Tl (£) — up(t)]
99 '
Let k = 5. By simple computation, we obtain I'(2) = §7 I3 = S\F Then
4 8 4 15
A=—+4+—+ —+ —— ~ 8.745.
N W W

Obviously kXA < 1. Thus, by making use of Theorem 3.1., we know that the three-
point boundary value problem (4.1) has unique solution.

|f(t; ua(t)) — f(E, ua(t))] <

Example 4.2. Consider the following three-point boundary value problem

2 3 —t2)+1
Diu(t) = cos(6t” — 1) + L 0<t<l,
5[(1+e8) V1411 + (14 u?(1))?] (4.2)

u(2) +2u(1), W(0) = —u(2) + (1),

1 1
23 23’71

,bz?,m:—%,n:%with

B 2cos(6t3 — t2) + 1
5[(1 4 e8) /T + t4 + (1 + (1)

Then | f(t, u(t))| < 3. Let M = 3, thus (Hz) holds. Applying Theorem 3.2., we
know that the three- pomt boundary value problem (4.2) has at least one solutlon

Example 4.3. Consider the following boundary value problem

u(t)(3 sin 2t* + 6)
~ 25+ 2 () + 2+ [ ()])3 beist (4.3)
1. 1,
=¥ () +zu' (D),

%777:%»a:%7b:%7m:éan:% € C([0,1], (0,00)), and

u(t)
(25 + el2t|ud

sin 2t2
£t u(t)) = ((3 2 +6)

) + 2+ @)

We easily get |f(t,u(t))] < |u(t)|. Let Iy = . By simple computation, we have
A= 1.7639. So Alp < 1. From Theorem 3.3, we know that the three-point boundary
value problem (4.3) has at least one solution.
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Remark 4.1. Since the proofs of the main theorems (Theorem 3.1 and Theorem
3.2 with Theorem 3.3) in this paper are independent of the expression form of
nonlinear term and only dependent on its continuity and Lipschitz condition, there
are similar conclusions by analogous methods for the following nonlinear fractional
differential equation with infinite-point boundary value conditions

Dy, y(t)+ f(t,yt) =0, 0<t<1,
y(0) =y (0) =---=y""?(0) = 0,

o (4.4)
y(1) = Zoéjy(ﬁj),
j=1

where @ > 2, n—1<a <n,t€[l,n—2]is a fixed integer, a; > 0,0 <& < -+ <

(1 <&G<-<1(i=1,2-)A=Y a;& " >0, A= (a—1)---(a—1i), D§,
j=1

is Riemann-Liouville’s fractional derivative and f : [0,1] x R — R is continuous.
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