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GLOBAL ANALYSIS OF A MULTI-GROUP
ANIMAL EPIDEMIC MODEL WITH
INDIRECT INFECTION AND TIME DELAY™*

Qiang Hou

Abstract The transmission mechanism of some animal diseases is complex
because of the multiple transmission pathways and multiple-group interaction-
s, which lead to the limited understanding of the dynamics of these diseases
transmission. In this paper, a delay multi-group dynamic model is proposed in
which time delay is caused by the latency of infection. Under the biologically
motivated assumptions, the basic reproduction number Ry is derived and then
the global stability of the disease-free equilibrium and the endemic equilibri-
um is analyzed by Lyapunov functionals and a graph-theoretic approach as for
time delay. The results show the global properties of equilibria only depend
on the basic reproductive number Ry: the disease-free equilibrium is globally
asymptotically stable if Ry < 1; if Ry > 1, the endemic equilibrium exists
and is globally asymptotically stable, which implies time delay span has no
effect on the stability of equilibria. Finally, some specific examples are tak-
en to illustrate the utilization of the results and then numerical simulations
are used for further discussion. The numerical results show time delay mod-
el may experience periodic oscillation behaviors, implying that the spread of
animal diseases depends largely on the prevention and control strategies of all
sub-populations.

Keywords Multi-group model, delay, indirect infection, global stability, Lya-
punov functional.
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1. Introduction

Many animal diseases such as brucellosis and tuberculosis, not only cause huge
economic losses, but also affect human public health in the world. Particularly
in developing countries, many animal diseases represent a significant public health
burden and continue receiving worldwide attention. For example, there are more
than 500,000 new cases of brucellosis that are reported annually around the world
and the disease remains endemic in many areas of the world, including Latin Amer-
ica, the Middle East, parts of Africa, and Asia including China [20]. Therefore, the
prevention and control of animal diseases is one of the issues to which the health
authorities pay close attention.
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There is an incubation period when some animal diseases have no clinical fea-
tures and infectious force and the infected animals can not be detected by a serolog-
ical test for the majority of animal disease, such as bovine brucellosis. Therefore,
the impact of latency is one of the key research contents. In the study of infectious
diseases with the dynamic model, the latent period is expressed by an extra class
which is defined as F if time delay is exponentially distributed. However, the reality
appears that an assumption of a constant delay is more reasonable, which will result
in a delay differential equation (see [5,10,15,22]). For the prevention and control of
animal diseases, no matter how the incubation period is presented, it is important
to investigate the global dynamics of mathematical models to describe infectious
animal diseases.

For farms in many regions of the world, there exists the mixed feeding in the
cattle, sheep and other species. In many areas of China, even for the same species,
different populations may be raised in a pasture [16]. In other words, there is the
exist mixed cross infection between species or populations as well as the infection
in internal species or population. It is an important risk factor for the prevention
and control of animal diseases. Therefore, the main objective is to develop a multi-
group dynamic model and investigate how preferential mixing may influence the
effectiveness of animal disease control measures.

Many mathematical models are used to characterize the transmission mechanism
of some animal diseases (see [1,6,12,18,26]), and some theoretical results have been
used to guide the prevention and control of specific animal disease (see [13,24,27]).
However, there is few researches by now studying the influence of cross infection
and latency and no particular dynamical model investigating the role of culling
measures. Thus the present work aims to understand the transmission dynamics
of some animal diseases in a general mathematical model which has a potential to
incorporate the above-mentioned risk factors. The study tends to be crucial for the
effective prevention and intervention against animal diseases outbreak.

A multi-group dynamic model with indirect transmission for the spread of some
animal diseases is proposed to study the influence of these risk factors on the dy-
namics of disease transmission. In fact, based on the common characteristic of the
spread of some animal diseases, animal population is classified into three compart-
ments: the susceptible compartment S(t), the exposed compartment E(t) (that is,
the latent period is represented by an extra class E) and the infectious compart-
ment [(t). In addition, infectious animal can shed pathogen into the environment
through the abortion or animal secretions, and pathogen can be harvested by sus-
ceptible individuals that become infected individuals. Let B(t) denote pathogens in
the environment. The indirect transmission occurs mainly through the ingestion of
fecal pathogens in the habitat, ignoring pathogen infection to other sub-population.
The following model with cross-infection among populations is proposed:

D = mg(Sk) — nk(Sk) > Brjfi (1) — ne(Sk)gn(Br),

j=1

P = ni(Sk)Y_Bry f(1;) + nie(Sk)gr(Br) — (on + px) Ex, (1.1)

Jj=1

% = o1 Er — or(I1),

9B — hy(Ik) — Ok (By).
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The intrinsic growth rate of the susceptible class is given by my(S;) with all the
newly produced animals assumed to be susceptible. n4(Sk) is a contact function.
The elimination rate of the infectious animals, including the disease induced death
rate, is denoted by ¢ (I). hi(I)) is defined as the pathogen shedding rate of the
infectious animals. 05(By) represents the disinfection rate and decaying rate of
pathogen in the environment. If a constant delay is used to express the latency of
animal diseases, the following delay differential equation can be obtained:

dd—% = m(Sk) — nk(Sk)Z,Bkjfj(Ij(t — 7)) — nx(Sk)gx(Br),

% = nk(Sk)Zﬁkjfj(Ij(t — 7)) + 1 (Sk)gr(Br) — or(Ix), (1.2)
j=1

dd% = hp(Ip(t — 7)) — 0x(Bg).

The initial condition of system (1.2) is given as

Sk(m) - (bkl(x)vlk(w) - ¢k2(x)a Bk(x) = ¢k3(x)7 k=12, ,n, (1 3)

¢ri(x) >0,z € [-7,0], $r:(0) > 0,i =1,2,3, ’
where (¢g1, Pr2, Pr3) € Cr([—T,0], Rio) be the Banach space of continuous functions
from [—7,0] to R, equipped with the sup-norm, where R%, = {(21, 22, 23) : 2; >
0,i=1,2,3}.

In this paper, the dynamic properties of system (1.2) with the initial condition
(1.3) are investigated. On very general and biologically plausible assumptions, the
global stability of equilibria is analyzed by means of a graph-theoretical approach
to the method of global Lyapunov functionals, which are determined by the basic
reproduction number Ry: the disease-free equilibrium of system (1.2) is globally
asymptotically stable if Ry < 1; if Ry > 1, there exists a unique endemic equilib-
rium which is globally asymptotically stable. In addition, if the assumptions are
not satisfied, other dynamic properties of system (1.2) are analyzed by numerical
simulation.

The paper is organized as follows. Some assumptions are given in Section 2.
In Section 3, the global stability of equilibria of system (1.2) is established. Some
examples and numerical simulations are shown in Section 4. A brief summary is
given in Section 5.

2. The assumptions and basic reproduction number

Throughout the paper, we assume that the transmission matrix B = (8;) is irre-
ducible, which is equivalent to assuming that individuals in I; can infect those in
S directly for any two distinct groups k and j. The functions my, ng, fx, 9k, ¥k, bk
and 6 are assumed to be sufficiently smooth such that solutions of system (1.2)
with nonnegative initial conditions exist and are unique. Based on the biological
significance, the following assumptions are made:
(Hp) There exists Sp > 0 such that the equation m(SY) = 0 and m/,(S) < 0 for

S >0.
(H2) ni(0) =0, and ng(S) > 0,n}(S) > 0 for S > 0.
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(H3) fe(0) = gx(0) =0, and fi(I),gx(B) >0, fi.(I) >0, g.(B)>0forI,B>0.

(H4) hi(0) =0, hy(I) > 0,h) (1) > 0 for I > 0.

(Hs) ¢1(0) =0, and ¢}, (I) > 0 for I > 0; there exists constant p; > 0 such that
k(1) > prd

(Hg) 01(0) =0, and 6, (B) > 0 for B > 0.

The assumption (H;) implies that the possible form of my (Sy) is Ax — xSk and
system (1.2) always has a disease-free equilibrium Ey = (5Y,0,0,59,0,0,---,5%,0,0),
and the host population has carried capacity Sy > 0,k = 1,2,--- ,n when there is
no disease. With biological considerations, we are interested in solutions that are
nonnegative and bounded. From the first equation of system (1.2), it concludes
that S}, < my(Sk), which means that limsup,_, ., Sk(t) < SP. Adding the first two
equations of (1.2) yields that

(Sk + Ix) = mp(Sk) — or(Ix) < mi(Sk) — prly.

Choose I1j, sufficiently large such that I, > p1xS9+max{ms(Sk)}. If t is sufficiently
large,

(Sk + I) < my(Sk) — pdp < — pg(Sk + Ii),

and it follows that

. ITx . — 1T
1 ) <=2 1 Bi < 07 (hp(=E)).
t;gn@sup(S%-i— k) < o (A sup By < ( k(ﬂk))

Therefore, the set
X :{(Sk,fk,Bk) S Ck :
0 11, 1 11,
HS]C” < Sk7 ||Sk + Ik” < E7 ||Bk?|| < 0 (hk(ﬁ)%k = 172a T 7n}

is the positively invariant set for system (1.2).
The next generation matrix for system (1.2) is

Ay = () ( nx (5B 5, (0) ) 1k (S)9k 5, (0)h%, (0)
0 = \M4j)nxn = ——— e —
3 )nx i, (0) e %Ik (0)9;% (0)

According to the next generation matrix formulated in Diekmann et al and van
den Driessche and Watmough [4,21], the basic reproduction number of system (1.2)
is defined as

Ro = p(Mo).

3. The properties of equilibria of system (1.2)

In this section, the global stability of the disease-free equilibrium and the endemic
equilibrium of system (1.2) is studied. It is important for us to understand the
extinction and persistence of infectious animal diseases.
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3.1. The stability of the disease-free equilibrium and the per-
manence of system (1.2)

This subsection shows that the disease will be eliminated if the basic reproduc-
tion number Ry < 1, otherwise, the disease persists. In order to prove the global
asymptotic stability of the equilibria, the following assumption is made:

Jelle)
or(le)

(H7) L&, 92 and % are non-increasing on (0, +-00). Furthermore, limj, o+

YK’ Ok
f1(0) hi(Iy) _ hy(0) gr(Br) _ ¢3,(0)

21 (0) >0, limjk_>0+ ox(Ir) — 9.(0) > 0 and limBk_>0+ 0,(Br) — 0.(0) > 0.

Theorem 3.1. Assume that B = (Bx;) is irreducible and conditions (Hy)-(H7)
are satisfied. If Ry < 1, the disease-free equilibrium Eqy of system (1.2) is globally
asymptotically stable.

Proof. Since the function %, g—:, and % are nonincreasing, we obtain
(k) fe(le) o () fi(r) _ ma(Se) £ (0)
ee(lr)  ~ noot or(Iy) ¢ (0) 7
n(Sk)9e(Br) k(SR)gk(Br) _ nk(‘s/l(c))g;c(o)’ (3.1)
0 Bk) By —0+ 9k(Bk) ek(o)

IN

Define

_ w) <nk<s°>a’ <0>)
]:0 - (( @;(O) : nxn W nxn ’

()., o

Vo = , ,
() (v),.

and it follows that

-FOVO_: (MQ Ml)a (32)
where
n1(59)g5(0)
SEET 0
n2(89)g5(0)
My = (mispmo) 0 70) 0
92(0) nxn .
n7L(S’2.)- :L(O)
0 0 A 9’"(5])

Because B = (f;) is irreducible, My is also irreducible. There exist wy, > 0,k =
1,2,--- ,n such that

('l,Ul,U}Q,' te 7wn)p(M0) = (w17w27' o )wn)MO'
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The Lyapunov functional is defined as

LE}ZWWHHWM%Z/ B 131 () i)
k=1 =1
4 1, (50

gm)<m+[jmmmm»

the derivative of L along positive solutions of system (1.2)

—Z{szmzk n (Sk) Zﬁk;fy

) + 1x(Sk)gr(Br) —
k=1 i=1

N wk(jf())()( 0(Bi) + hi (1))}

= "k Brj f n
_(w17w27 awn)MO (( k(pkj )an ( gfk )an)‘Ij
(), 0
—(Uily’wQa"'yfwn)(MO Ml) ( oxn

v, (3.3)
) ()

= (@1;9027"' 7‘;071;917927"

ek (k)

where (U),, is a unit matrix, ¥

’ 79n)T7 and
MO 0
(nkgk-> — 02 0
Ox nxn . : ' . ’
0 0 g
b9 ...
Y1
_hy |
()= . 70
Pk /nxn : Lo .
0o 0 --- %
If (3.1) and (3.2

) is used, it follows from (3.3) that

L <(wrwn, - w )M(J((”kwbﬁm;(m

7(S3) 95 (0) )
4/7;- (0) )nxn ( af(o)k nxn )qj

U 0
_(w1,w2,"',wn)(M0 M1> ((Zég));njn (U) U
k nxn nxXn

=(wy,wa, -+ ,wy) (Mo — 1) Fo¥

< w)(p(My) — 1) FoW

(’U}l,’wg,

\ /\

With a similar argument as the proof of Theorem 3.1 of [23], L’ = 0 if and only
if S, = S and either Ry = 1 or Iy = By = 0. Hence the only compact invariant
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subset of the set {(Sk,Ir,Bx) € X | L' = 0} is the singleton Ey. By LaSalle’s
Invariance Principle, Ejy is globally asymptotically stable in X if Ry < 1. O

Next, let ®,(x) = @(t,z(t)) be the continuous flow on X generated by the
solution z(t) of system (1.2) with initial condition (1.3). The positive orbit v (x)
through z is defined as y*(2) = J,5¢{®(t)z}. The w-limit set w(x) of  consists of
y € X if and only if there is a sequence t,, — oo as n — oo such that ®(¢t,)z — y
as n — oo. As for any bounded subset U of X, the semigroup ®(¢) is said to be
asymptotically smooth if there exists a compact set .# such that d(®(¢)U, #) — 0
as t = oo in which ®(U) C U,t > 0. The following result is established from [9,
Theorem 4.2]:

Lemma 3.1. Suppose that the following conditions are satisfied:
(i) X° is open and dense in X with X°|JXo =X and X° (N X, = 0;
(ii) the solution operators ®(t) satisfy:

d(t): X° = X% Xo — Xo;

(iii) ®(t) is point dissipative in X ;
(iv) v (U) is bounded in X if U is bounded in X;
(v) ®(t) is asymptotically smooth;
(vi) o =U,ca,w(w) is isolated and has an acyclic covering N, where Ay is the
global attractor of ®(t) restricted to Xo and N = Ule N;;
(vii) for each N; € N,
We(N;) (X0 =0,
where W* refers to the stable set.
Then ®(t) is a uniform repeller with respect to X°, i.e. there is an n > 0 such that
for any x € XY, liminf,_, ., d(®(t)z, Xo) > 1.
Theorem 3.2. If Ry > 1, the system (1.2) is uniformly persistent. More precisely,
there exists an n > 0 such that
liminf I(t) > 7.

t—o0

Proof. Let

X0 = {(Sk, dr2(s), B) : ¢ga(s) >0,k =1,2,--- ,n for somes € [1,0)},
Xo = {(Sk, dr2(s), Br) : dr2(s) =0,k =1,2,--- ,nforalls € [r,0]}.

We verify all the conditions of the above Lemma. It is straightforward to see that
(i), (ii) and (iii) are satisfied. According to the method of Theorem 6.1 in [19], (iv)
and (v) is verified.

As for (vi), & = {Ep} is isolated. Hence the covering is simply N = {Ep},
which is acyclic (there is no orbit which connects Ey to itself in Xj).

Next, W*(Ey) (X = (. Suppose this is not true, and then there exists a
solution (S, I, Bx) € X° such that

lim Si(t) = Sy, Jim I(t) =0, lim By(t) = 0.

t—o00 t—o00
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For any sufficiently small constant € > 0, there exists a tg = to(¢) > 0; for all t > g,

g (Sk(t)) > ni(SY) — €

) " ) -
m(I(0) k0 aI0) _ (0) |
Al®) " A0 7 ade) " g0

From (3.4), it can be obtained

L ZZ{Zwimik(nk(Sk)Zﬂkjfj(Ij) + 11 (Sk)gr (Br) — 0x(Ix))

k=1 i=1

+ wkw(—%(&) +hu (1)) }

=(w1, wa, - -~ 7wn)M0<(ijfj) (m-%) )
#i nxn O nxn

- (w17w27"' ,U)n) (Mo Ml)
(-#),.. ()
k/nxn nxn
>(w17UJ2,"' 7wn)M0

X ( ((nk(S,g) - E)ﬁkj(ié((g)) —e) )nxn ((nk(S,S) - 5)(322583 —e) )nxn)qj

0
(U>n><n

_ hi(0)

( ‘PZ(O) +€)>n><n <U)n><n
:(wl,wg, tee 7U)n>(J\40 — 1).7:0\11 + H(€)

>0, Ry > 1,

— (wy,wa, - ,wn)(Mo Ml) (

where
H(e)
:(w17 wa, - 7wn)MO
(B~ B ) (@ s+ g0), e

et )

nxn

0
nxn
This implies that L(¢) tends to infinity or approaches a positive constant as t —
0o. On the other hand, according to the definition of L, limy_o, I(f) = 0 im-
plies lim; ,o, B(t) = 0 and lim;_, o L(t) = 0, which is a contradiction. Thus
W*(Eo) (N X% =0 and it can conclude that liminf, ,o, I(t) > 7. O

Remark 3.1. Theorem 2 implies that the extinction of infectious diseases is in-
dependent of initial sizes of the populations and the disease will be eliminated if
Ry < 1. If Ry > 1, the disease persists and it has at least one positive equilibrium
through a well known result in persistence theory [11,25].
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3.2. The global stability of the endemic equilibrium

In this subsection, it is shown that the endemic equilibrium is globally asymptoti-
cally stable in the interior of the feasible region X. Biologically, it implies that the
disease always becomes endemic and persists at a unique endemic equilibrium, no
matter how small the size of the initial outbreak is. By Theorem 1 and Remark, an
endemic equilibrium E* exists and satisfies the equilibrium equations:

mi(S5) = k(S0 Y _Bui fi(I;) + mu(SP)gu(B),
j=1

or(Ti) = ni(Si)Y_Brsfi(I}) + ni(Sp)gr(B),

j=1

hi (1) = Ox(By).-

Theorem 3.3. Assume that B = (B;) is irreducible and conditions (H,) — (Hz)
are satisfied. If Ry > 1, the endemic equilibrium E* = (S§, I, Br),k=1,2,--- ,n
of system (1.2) is globally asymptotically stable and thus is the unique one.

Proof. Let

Brj = Brink(Sp)fi (1) k. j =1,2,-- m, (3.6)

and

ZBU —Ba1  —Bu
1#1

B2 ZBQZ =B
1#2

o
[

73111 73271 Zﬁnl
l#n

Note that B is the Laplacian form of the matrix (8y;). Since (8;) is irreducible,
matrices (8;) and B are also irreducible.
By Lemma 2.1 in [7], the linear system

Bv =0,
has a positive solution

v = (’U17/027 e 7vn) = (01176227 T 7cnn)7 (37)

where ¢y, denotes the cofactor of the kth diagonal entry of B and vi, = ci > 0 for
k=1,2,-- ,n.
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Define the functional Lj as

_ [ (S o o) = en(I)
L= /S,; nk () ot Ir or(z) e
ne(SH)gr(BE) [P+ 0y(x) — 0,(B*)
ha(17) /B o)

AN~a e [ fj(Ij(x))_nfj(Ij(x)) -
+nk(5k);6kjfj(lj>/t—r( f](I;) 1 f_](I;) )d

+

k

e || G

t—1

From Eq. (3.5), the time derivative of Li(t) along solutions of system (1.2) becomes

== P (51 — () ]Zlﬁkyf] )+ u(B)
(-2 )(m(&)(é@ﬁﬂ@(t )+ g(B) ~ (1)
e ne(p)au(Bp) (ST - U O OI0) )
e jzlﬁ’”fj - e e T
(S (B) G - hk(fl’j&‘)”) 1 2T
(51— ) oy (s7) ZMJ (=) + mu(SD)aw(B)

1 (Sk)

*nk(Sk)gk(Bk)so EIIB — r(lk) + i (Ix)

Zﬂk]f]

— Sk
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SOk(Ik)
Pk Ik)
)

(
nk(S;
nk(Sk)
) nk(S*

S

fnk<sz>25kjfj<1;> k(S7) Zﬂkgfj ()

SOk(IZ) . .
nk(sk)gpk(lk);ﬁkjf](fj(t )
) 3 9k (Bi)pr (I
) ee(dy)  ne(S)gR(Bg)en (1
( fj(fj(t—T)))

fi(L5)

— nk(Sh) Zﬁk]fj (1)
j=1

)

)

By)
BZ) ’Ilk(
i) il
(

)LL)y,
Ij) fj(Ij

)

(S0 )au(Bp) 2 + L1 o e

+ ng Sk Zﬂk]fj ;
Jj=1 J

+ 1k (Sp)gr (B (

(5B
(S (B) 5

We consider the function M(z) =1 — z + Inz, which is nonpositive for > 0 and
M(z) =0 if and only if x = 1. Eq. (3.8) is equivalent to

L
dt

n(S*)

n(s)
B
B
Iy

9k (B3 )0k (Br)

—(ma(Sk) — my(SE))(1 — 9x(Br)0x(B)

) + 1k (Sg) gr (Bj) M (

(
9k(Bk) 9 (B)0k (Br)
) D= i ( k)ak(BZ))
(Ik)tﬂk(fk)>

hi(Ix)

ex(1})

(Sk)gr(Br)yr (1)

i (S5) gk (By) ek (1)

hk(fk(t*T)Wk(BZ)
P (13) 0k (Br)

+ 2ny, Sk Zﬁk]f] +nk Sk Zﬁk]f] t_T))

j=1 Jj=1

e o Pr (k) RS xy Uk
—nk(Sk)jZ::Bkjfj(Ij)(pk(Ig) _”’“(Sk);ﬂ’“jfj(Ij)nk(Sk)

23

)+ M( )

). (3.9)

It follows from (3.6) and (3.7) that

> okni(Si)Y Bk 151 szﬂ% ) Bjkfre(Ik)
k=1 j=1

k=15=1
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1 (g
-
)

=SS s ga)
o(00)

k=1j=1

TTM: HM:

Z 15 (S7) Bk fr( Ik
2 0P

By assumption (H7), it can be obtained that

A
N
and
D

Define a Lyapunov functional L as

L= ivkLk-
k=1

By calculating the derivative of L along positive solutions of system (1.2), it follows
from (3.9), (3.10) and (3.11) that

dL <~ -,
—_ :kaLk
dt Pt

SZkank(SZ)Zﬁkjfj kank (S5) Zﬂk;fg 2i (L ’:;
- n1,(S7) AU P
kank Sk Zﬁk]fj Sk) Z'Uk'nk: Sk: ( ) ﬂk]fj(‘[j(t T))
j=1
DD 4y 0=
+kzn o ]Zf’”fj o R T

_kaz%ﬂﬁc k) _ ne(Si ; sok(lk)_nk(sk)j:k(fkypk(z;))

k=1 j=1 1) nk(Sk or(ly) e (SE) fr()er(Ik)
en(ly) felle)  fiL(t— 7))
+;Ukalﬁkj nk ( )(fk( ) - f](I]*) )
+ZU/€Z/BI€] )T))
k=1 j=1 I;

5, _ A)eh)

)
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+ ZWZ@W 2; + ka25k]
j=

= n (Sk)pr (1) £5(15( Ik ) fiI5)

+ ;w;ﬂk]‘M( (S o In) £ (1) )+ ka;ﬁm ln 57, (Ij)

J
" RO
g ETRIIIAG )
OB AT

~—

Let
Jek) f5(I7)
H=A gvkgﬂkjln 5,

According to the idea developed in [8], it can be shown that H = 0 for all
fi(I;) >0,7=1,2,---n. And it can be concluded that

kaLk < kaZBk] ln L I]i f]( /) =0.
k(L) fi (1)

Furthermore, if §;; # 0 = 0 implies that

’ dt
m(Sx) = m(Sg) or n(Sk) =n(Sy), flx) = fu(ly), gr(Bk) = gr(By).
So 9L = 0 holds if and only if
Se=S;, I, =1}, B.=DB;, ,k=1,2---,n

Therefore, the maximum invariant set in {(Sk, Iy, Bx) € X : 4 = 0} is the singleton

E*. By a similar argument in [23], it concludes that E* is globally asymptotically
stable in X if Ry > 1. O

4. Numerical examples

4.1. Some examples

In this subsection, some examples are given to illustrate the results and the following
nonlinear system is considered:

dd% = A1 = n1(S) (B fr(I(t = 7)) + Brzfo(L2(t — 7)) — n1(S1)g1(B1) — p1 St
% =1 (S)(Bufi(Li(t = 7)) + Brzfa(T2(t = 7)) + n1(S1)g1(B1) = (1 + pa) 1,
B (nt ) - B,
dd%z = Ay = n(82)(Bar fr(L1(t = 7)) + Bazfo(La(t — 7)) — n2(52)g2(Bz2) — p2 S,
% = n9(S2) (B fr(T1(t — 7)) + Baafo(I2(t — 7)) + 12(S2)g2(Ba) — (n2 + ¢2) I,
B ho(la(t - 7)) - o,

(4.1)
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where Ag, pu, g, d > 0, mp(Sk) = Ar — pSk, 0(Br) = diBy, o = cili and
5 c* el

1+MZSZ’“ 1+]\;k1,€k and AgIn(1 + Xikk)

with constants gy, Ak, Ay > 0,0 < pg <1and My >0 [2,14,17]. The possible forms

k

7, and e (1—e~Br) with constants A\, np, o > 0,0 < Ty < 1 and
k

k = 1,2. The possible forms of ng, fi are

Ak By
1+MypB
M, > 0 [1,3]. The possible form of hy is KI* with constants K > 0,0 < v;, < 1.
It is easy to see that assumptions (H;)-(Hy) are satisfied for possible forms of
T Gy Pk

Since the functions ng, fi, gk, hi is strictly monotonously increasing on (0, +00),
the feasible region is given by

of gy, are

Ay,

A A 1
Q= {(Sk. I, Bi) € Ci ISkl < =5, 118k + Lell < =5, 1IBe]l < —ha(50))
ke o di " e

A direct calculation shows that

_ Ri1 + Raa +v/(R11 — Ro2)? + 4R12 Ry

Ry >
where
R - Buini(S7) £1(0) N n1(57)g1(0)21(0)
11 — o Cldl )
Rug — Bunl(i?)fé(())’ Rop — lenz(ig)f{(0)7
R — Baana(59) f3(0) N 15(.59)g5(0)5(0)
2= C2 62d2 '

In these cases, on the assumption that 12, 821 > 0, the disease-free equilibrium
is globally asymptotically stable if Ry < 1, and system (4.1) has a unique endemic
equilibrium which is also globally asymptotically stable if Ry > 1. In other words,
time delay has no impact on the global stability of equilibria of system (4.1).

4.2. Numerical simulation

In this subsection, all the other functions are fixed except the elimination rate .
The influence of time delay and the elimination rate on the dynamics properties of
system (1.2) is analyzed by numerical simulation. The following two systems are
considered:

ds

ditl =A1 - Si1(Buli(t —7) + Prala(t — 7))e T — X\ S1B1 — pSi,
dl

7; = S51(Biidi(t — 1) + Brala(t — 7))e " + M S1B1 — i (L),
dBy

7 = k.[l(t — T)e_HT — dlBh
; (4.2)

dS.

d7t2 = Ay — So(Bor L1 (t — 7) + Pazla(t — 7))e ™ H" — X252 By — pSa,
dl.

7: = So(Bo1l1(t — 7) + Baola(t — 7))e 7 + X252 By — w2 (1),
dBs

W = kIQ(t — 7')6_H‘r — d2327
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with the parameter values and initial values:

A1 :310,142 :41(),#:01,)\1 = )\2 =k :dl = d2 :O,
P11 = P2z = 0.001, B12 = f21 = 0.0012,

and
S1(0) = 2000, I (0) = 30, .52(0) = 3000, I(0) = 40, B1(0) = B2(0) = 0.

When ¢;(I;) = (u+ ¢;)1;,4 = 1,2, it is easy to see that the endemic equilibrium
of system (4.2) is globally asymptotically stable and the persistent level of the
disease is not affected by time delay 7 from Fig.1. For ¢i(I;) = plp + ijrflll,
pa(Iz) = (co + p)Ia, that is, the assumption (Hy) is not satisfied, it is easy to find
that system (4.2) presents periodic oscillation behavior from Fig.2, implying that
the endemic equilibrium of system (4.2) is not globally asymptotically stable and
system (4.2) experiences the bifurcation.

1=0.01
=02
=1

1=0.01
1=02
=1

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
time t time t

Figure 1. The simulation of the number of infected individuals on variable 7 (0.01, 0.2 and
1) with ¢1 = ¢z = 2, with all other parameters fixed except time delay
a b

1;

1=0.01

1=0.01
1=0.05
1=0.1

1=0.05
=01

1400

1000

1200

800
1000H

—N 600

600
400
400

200
200

0O 10 20 30 4 5 60 70 80 90 100 0 10 20 3 40 50 60 70 80 90 100
time t time t

Figure 2. The simulation of the number of infected individuals on variable 7 (0.01, 0.05

and 0.1) with ¢; = 370, c2 = 2 and a = 100, with all other parameters fixed except time
delay 7
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5. Conclusions and discussions

In this paper, a delayed SIB dynamic model with group mixing and discrete delay is
proposed. On very general and biologically plausible assumptions of the incidence,
the birth rate of individuals, shedding rate of pathogen, and removal rate function-
s, the basic reproduction number Ry is derived and then the global dynamics of
system (1.2) is shown, it finds that time delay has no impact on the stability of
equilibria of system (1.2). In particular, if Ry < 1, the disease-free equilibrium is
globally asymptotically stable; whereas if Ry > 1, Ey is unstable and system (1.2)
is uniformly persistent. Furthermore, for Ry > 1, the endemic equilibrium E* is
also globally asymptotically stable.

On the other hand, the stability of equilibria depends on the properties of the
function %, g—’; and %. If these functions are non-increasing, the dynamical prop-
erties of system (1.2) are completely determined by Ry. The removal rate ¢ (1) is
influenced by the resource which is used to monitor and cull infected animals, and

the incidence g (By) and the disinfection 0 (By,) are determined by animal breeding

environment. That is, in some animal breeding environment, %, z—’; and % may be
monotonically increasing function, such as fi(Ix) = B and @i (1) = pl + ac_ﬁk

with constants (3, u, c,a > 0, among which ¢ represents the maximal supply of re-
sources for monitoring and culling per unit time, and « is half-saturation constant,
measuring the efficiency of the resource supply in the sense. Therefore, assumption
(H7) may not be satisfied and other complex dynamics properties of system (1.2)
may occur, such as oscillations. In other words, the spread of animal diseases de-
pends largely on the development of the prevention and control strategies. As is
shown in Fig.2, animal diseases transmission in a sub-population can be affected by
other sub-population control measures, which implies that the disease may not be
eliminated if control measures are carried out in a region. In addition, as is shown
in the numerical simulation, the impact of time delay on the bifurcation of system
(1.2) is still unclear. We leave these for further research.
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