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GLOBAL ANALYSIS OF A MULTI-GROUP
ANIMAL EPIDEMIC MODEL WITH

INDIRECT INFECTION AND TIME DELAY∗

Qiang Hou

Abstract The transmission mechanism of some animal diseases is complex
because of the multiple transmission pathways and multiple-group interaction-
s, which lead to the limited understanding of the dynamics of these diseases
transmission. In this paper, a delay multi-group dynamic model is proposed in
which time delay is caused by the latency of infection. Under the biologically
motivated assumptions, the basic reproduction number R0 is derived and then
the global stability of the disease-free equilibrium and the endemic equilibri-
um is analyzed by Lyapunov functionals and a graph-theoretic approach as for
time delay. The results show the global properties of equilibria only depend
on the basic reproductive number R0: the disease-free equilibrium is globally
asymptotically stable if R0 ≤ 1; if R0 > 1, the endemic equilibrium exists
and is globally asymptotically stable, which implies time delay span has no
effect on the stability of equilibria. Finally, some specific examples are tak-
en to illustrate the utilization of the results and then numerical simulations
are used for further discussion. The numerical results show time delay mod-
el may experience periodic oscillation behaviors, implying that the spread of
animal diseases depends largely on the prevention and control strategies of all
sub-populations.

Keywords Multi-group model, delay, indirect infection, global stability, Lya-
punov functional.
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1. Introduction

Many animal diseases such as brucellosis and tuberculosis, not only cause huge
economic losses, but also affect human public health in the world. Particularly
in developing countries, many animal diseases represent a significant public health
burden and continue receiving worldwide attention. For example, there are more
than 500,000 new cases of brucellosis that are reported annually around the world
and the disease remains endemic in many areas of the world, including Latin Amer-
ica, the Middle East, parts of Africa, and Asia including China [20]. Therefore, the
prevention and control of animal diseases is one of the issues to which the health
authorities pay close attention.
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There is an incubation period when some animal diseases have no clinical fea-
tures and infectious force and the infected animals can not be detected by a serolog-
ical test for the majority of animal disease, such as bovine brucellosis. Therefore,
the impact of latency is one of the key research contents. In the study of infectious
diseases with the dynamic model, the latent period is expressed by an extra class
which is defined as E if time delay is exponentially distributed. However, the reality
appears that an assumption of a constant delay is more reasonable, which will result
in a delay differential equation (see [5,10,15,22]). For the prevention and control of
animal diseases, no matter how the incubation period is presented, it is important
to investigate the global dynamics of mathematical models to describe infectious
animal diseases.

For farms in many regions of the world, there exists the mixed feeding in the
cattle, sheep and other species. In many areas of China, even for the same species,
different populations may be raised in a pasture [16]. In other words, there is the
exist mixed cross infection between species or populations as well as the infection
in internal species or population. It is an important risk factor for the prevention
and control of animal diseases. Therefore, the main objective is to develop a multi-
group dynamic model and investigate how preferential mixing may influence the
effectiveness of animal disease control measures.

Many mathematical models are used to characterize the transmission mechanism
of some animal diseases (see [1,6,12,18,26]), and some theoretical results have been
used to guide the prevention and control of specific animal disease (see [13,24,27]).
However, there is few researches by now studying the influence of cross infection
and latency and no particular dynamical model investigating the role of culling
measures. Thus the present work aims to understand the transmission dynamics
of some animal diseases in a general mathematical model which has a potential to
incorporate the above-mentioned risk factors. The study tends to be crucial for the
effective prevention and intervention against animal diseases outbreak.

A multi-group dynamic model with indirect transmission for the spread of some
animal diseases is proposed to study the influence of these risk factors on the dy-
namics of disease transmission. In fact, based on the common characteristic of the
spread of some animal diseases, animal population is classified into three compart-
ments: the susceptible compartment S(t), the exposed compartment E(t) (that is,
the latent period is represented by an extra class E) and the infectious compart-
ment I(t). In addition, infectious animal can shed pathogen into the environment
through the abortion or animal secretions, and pathogen can be harvested by sus-
ceptible individuals that become infected individuals. Let B(t) denote pathogens in
the environment. The indirect transmission occurs mainly through the ingestion of
fecal pathogens in the habitat, ignoring pathogen infection to other sub-population.
The following model with cross-infection among populations is proposed:

dSk

dt = mk(Sk)− nk(Sk)

n∑
j=1

βkjfj(Ij)− nk(Sk)gk(Bk),

dEk

dt = nk(Sk)

n∑
j=1

βkjfj(Ij) + nk(Sk)gk(Bk)− (σk + µk)Ek,

dIk
dt = σkEk − ϕk(Ik),

dBk

dt = hk(Ik)− θk(Bk).

(1.1)
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The intrinsic growth rate of the susceptible class is given by mk(Sk) with all the
newly produced animals assumed to be susceptible. nk(Sk) is a contact function.
The elimination rate of the infectious animals, including the disease induced death
rate, is denoted by ϕk(Ik). hk(Ik) is defined as the pathogen shedding rate of the
infectious animals. θk(Bk) represents the disinfection rate and decaying rate of
pathogen in the environment. If a constant delay is used to express the latency of
animal diseases, the following delay differential equation can be obtained:

dSk
dt

= mk(Sk)− nk(Sk)

n∑
j=1

βkjfj(Ij(t− τ))− nk(Sk)gk(Bk),

dIk
dt

= nk(Sk)

n∑
j=1

βkjfj(Ij(t− τ)) + nk(Sk)gk(Bk)− ϕk(Ik),

dBk
dt

= hk(Ik(t− τ))− θk(Bk).

(1.2)

The initial condition of system (1.2) is given as

Sk(x) = φk1(x), Ik(x) = φk2(x), Bk(x) = φk3(x), k = 1, 2, · · · , n,
φki(x) ≥ 0, x ∈ [−τ, 0], φki(0) > 0, i = 1, 2, 3,

(1.3)

where (φk1, φk2, φk3) ∈ Ck([−τ, 0],R3
+0) be the Banach space of continuous functions

from [−τ, 0] to R3
+0 equipped with the sup-norm, where R3

+0 = {(x1, x2, x3) : xi ≥
0, i = 1, 2, 3}.

In this paper, the dynamic properties of system (1.2) with the initial condition
(1.3) are investigated. On very general and biologically plausible assumptions, the
global stability of equilibria is analyzed by means of a graph-theoretical approach
to the method of global Lyapunov functionals, which are determined by the basic
reproduction number R0: the disease-free equilibrium of system (1.2) is globally
asymptotically stable if R0 ≤ 1; if R0 > 1, there exists a unique endemic equilib-
rium which is globally asymptotically stable. In addition, if the assumptions are
not satisfied, other dynamic properties of system (1.2) are analyzed by numerical
simulation.

The paper is organized as follows. Some assumptions are given in Section 2.
In Section 3, the global stability of equilibria of system (1.2) is established. Some
examples and numerical simulations are shown in Section 4. A brief summary is
given in Section 5.

2. The assumptions and basic reproduction number

Throughout the paper, we assume that the transmission matrix B = (βkj) is irre-
ducible, which is equivalent to assuming that individuals in Ij can infect those in
Sk directly for any two distinct groups k and j. The functions mk, nk, fk, gk, ϕk, hk
and θk are assumed to be sufficiently smooth such that solutions of system (1.2)
with nonnegative initial conditions exist and are unique. Based on the biological
significance, the following assumptions are made:

(H1) There exists S0
k > 0 such that the equation m(S0

k) = 0 and m′k(S) < 0 for
S ≥ 0.

(H2) nk(0) = 0, and nk(S) > 0, n′k(S) > 0 for S > 0.
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(H3) fk(0) = gk(0) = 0, and fk(I), gk(B) > 0, f ′k(I) ≥ 0, g′k(B) ≥ 0 for I,B > 0.

(H4) hk(0) = 0, hk(I) > 0, h′k(I) > 0 for I > 0.

(H5) ϕk(0) = 0, and ϕ′k(I) > 0 for I ≥ 0; there exists constant µk > 0 such that

ϕk(I) ≥ µkI.

(H6) θk(0) = 0, and θ′k(B) > 0 for B ≥ 0.

The assumption (H1) implies that the possible form of mk(Sk) is Ak−µkSk and
system (1.2) always has a disease-free equilibrium E0 = (S0

1 , 0, 0, S
0
2 , 0, 0, · · · , S0

n, 0, 0),
and the host population has carried capacity S0

k > 0, k = 1, 2, · · · , n when there is
no disease. With biological considerations, we are interested in solutions that are
nonnegative and bounded. From the first equation of system (1.2), it concludes
that S′k ≤ mk(Sk), which means that lim supt→∞ Sk(t) ≤ S0

k. Adding the first two
equations of (1.2) yields that

(Sk + Ik)′ = mk(Sk)− ϕk(Ik) ≤ mk(Sk)− µkIk.

Choose Πk sufficiently large such that Πk ≥ µkS0
k+max{mk(Sk)}. If t is sufficiently

large,

(Sk + Ik)′ ≤ mk(Sk)− µkIk ≤ Πk − µk(Sk + Ik),

and it follows that

lim
t→+∞

sup(Sk + Ik) ≤ Πk

µk
, lim

t→+∞
supBk ≤ θ−1(hk(

Πk

µk
)).

Therefore, the set

X ={(Sk, Ik, Bk) ∈ Ck :

‖Sk‖ ≤ S0
k, ‖Sk + Ik‖ ≤

Πk

µk
, ‖Bk‖ ≤ θ−1(hk(

Πk

µk
)), k = 1, 2, · · · , n}

is the positively invariant set for system (1.2).

The next generation matrix for system (1.2) is

M0 = (mij)n×n =

(
nk(S0

k)βkjf
′
jIj

(0)

ϕ′jIj
(0)

)
n×n

+
nk(S0

k)g′kBk
(0)h′kIk

(0)

ϕ′kIk
(0)θ′kIk

(0)
.

According to the next generation matrix formulated in Diekmann et al and van
den Driessche and Watmough [4,21], the basic reproduction number of system (1.2)
is defined as

R0 = ρ(M0).

3. The properties of equilibria of system (1.2)

In this section, the global stability of the disease-free equilibrium and the endemic
equilibrium of system (1.2) is studied. It is important for us to understand the
extinction and persistence of infectious animal diseases.
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3.1. The stability of the disease-free equilibrium and the per-
manence of system (1.2)

This subsection shows that the disease will be eliminated if the basic reproduc-
tion number R0 ≤ 1, otherwise, the disease persists. In order to prove the global
asymptotic stability of the equilibria, the following assumption is made:

(H7) fk
ϕk
, gkθk and hk

ϕk
are non-increasing on (0,+∞). Furthermore, limIk→0+

fk(Ik)
ϕk(Ik) =

f ′k(0)
ϕ′k(0) > 0, limIk→0+

hk(Ik)
ϕk(Ik) =

h′k(0)
ϕ′k(0) > 0 and limBk→0+

gk(Bk)
θk(Bk) =

g′k(0)
θ′k(0) > 0.

Theorem 3.1. Assume that B = (βkj) is irreducible and conditions (H1)-(H7)
are satisfied. If R0 ≤ 1, the disease-free equilibrium E0 of system (1.2) is globally
asymptotically stable.

Proof. Since the function fk
ϕk

, gk
θk

, and hk

ϕk
are nonincreasing, we obtain

nk(Sk)fk(Ik)

ϕk(Ik)
≤ lim
Ik→0+

nk(S0
k)fk(Ik)

ϕk(Ik)
=
nk(S0

k)f ′k(0)

ϕ′k(0)
,

nk(Sk)gk(Bk)

θk(Bk)
≤ lim
Bk→0+

nk(S0
k)gk(Bk)

θk(Bk)
=
nk(S0

k)g′k(0)

θ′k(0)
,

hk(Ik)

ϕk(Ik)
≤ lim
Ik→0+

hk(Ik)

ϕk(Ik)
=
h′k(0)

ϕ′k(0)
.

(3.1)

Define

F0 =

((
nk(S0

k)βkjf
′
j(0)

ϕ′j(0)

)
n×n

(
nk(S0

k)g′k(0)
θ′k(0)

)
n×n

)
,

V0 =


(
U
)
n×n

0(
− h′k(0)
ϕ′k(0)

)
n×n

(
U
)
n×n

 ,

and it follows that

F0V−0 =
(
M0 M1

)
, (3.2)

where

M1 =
(
nk(S0

k)g′k(0)
θ′k(0)

)
n×n

=



n1(S0
1)g′1(0)
θ′1(0) 0 · · · 0

0
n2(S0

2)g′2(0)
θ′2(0) · · · 0

...
...

. . .
...

0 0 · · · nn(S0
n)g′n(0)
θ′n(0)

 .

Because B = (βkj) is irreducible, M0 is also irreducible. There exist wk > 0, k =
1, 2, · · · , n such that

(w1, w2, · · · , wn)ρ(M0) = (w1, w2, · · · , wn)M0.
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The Lyapunov functional is defined as

L =

n∑
k=1

{
n∑
i=1

wimik(Ik + nk(Sk)

n∑
j=1

∫ t

t−τ
βkjfj(Ij(x))dx)

+ wk
nk(S0

k)g′k(0)

θ′k(0)
(Bk +

∫ t

t−τ
hk(Ik(x))dx)},

the derivative of L along positive solutions of system (1.2) is

L′ =

n∑
k=1

{
n∑
i=1

wimik(nk(Sk)

n∑
j=1

βkjfj(Ij) + nk(Sk)gk(Bk)− ϕk(Ik))

+ wk
nk(S0

k)g′k(0)

θ′k(0)
(−θk(Bk) + hk(Ik))}

=(w1, w2, · · · , wn)M0

((
nkβkjfj
ϕj

)
n×n

(
nkgk
θk

)
n×n

)
Ψ

− (w1, w2, · · · , wn)
(
M0 M1

)
(
U
)
n×n

0(
− hk

ϕk

)
n×n

(
U
)
n×n

Ψ, (3.3)

where (U)n is a unit matrix, Ψ = (ϕ1, ϕ2, · · · , ϕn, θ1, θ2, · · · , θn)T , and

(
nkgk
θk

)
n×n

=



n1g1
θ1

0 · · · 0

0 n2g2
θ2
· · · 0

...
...

. . .
...

0 0 · · · nngn
θn

 ,

(
−hk

ϕk

)
n×n

=


− h1

ϕ1
0 · · · 0

0 − h2

ϕ2
· · · 0

...
...

. . .
...

0 0 · · · − hn

ϕn

 .

If (3.1) and (3.2) is used, it follows from (3.3) that

L′ ≤(w1, w2, · · · , wn)M0

((
nk(S0

k)βkjf
′
j(0)

ϕ′j(0)

)
n×n

(
nk(S0

k)g′k(0)
θ′k(0)

)
n×n

)
Ψ

− (w1, w2, · · · , wn)
(
M0 M1

) 
(
U
)
n×n

0(
− h′k(0)
ϕ′k(0)

)
n×n

(
U
)
n×n

Ψ

=(w1, w2, · · · , wn)(M0 − 1)F0Ψ

=(w1, w2, · · · , wn)(ρ(M0)− 1)F0Ψ

≤0.

With a similar argument as the proof of Theorem 3.1 of [23], L′ = 0 if and only
if Sk = S0

k and either R0 = 1 or Ik = Bk = 0. Hence the only compact invariant
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subset of the set {(Sk, Ik, Bk) ∈ X | L′ = 0} is the singleton E0. By LaSalle’s
Invariance Principle, E0 is globally asymptotically stable in X if R0 ≤ 1.

Next, let Φt(x) = Φ(t, x(t)) be the continuous flow on X generated by the
solution x(t) of system (1.2) with initial condition (1.3). The positive orbit γ+(x)
through x is defined as γ+(x) =

⋃
t≥0{Φ(t)x}. The ω-limit set ω(x) of x consists of

y ∈ X if and only if there is a sequence tn → ∞ as n → ∞ such that Φ(tn)x → y
as n → ∞. As for any bounded subset U of X, the semigroup Φ(t) is said to be
asymptotically smooth if there exists a compact set M such that d(Φ(t)U,M )→ 0
as t → ∞ in which Φ(U) ⊂ U, t ≥ 0. The following result is established from [9,
Theorem 4.2]:

Lemma 3.1. Suppose that the following conditions are satisfied:

(i) X0 is open and dense in X with X0
⋃
X0 = X and X0

⋂
X0 = ∅;

(ii) the solution operators Φ(t) satisfy:

Φ(t) : X0 → X0, X0 → X0;

(iii) Φ(t) is point dissipative in X;

(iv) γ+(U) is bounded in X if U is bounded in X;

(v) Φ(t) is asymptotically smooth;

(vi) A =
⋃
x∈A∂

ω(x) is isolated and has an acyclic covering N , where A∂ is the

global attractor of Φ(t) restricted to X0 and N =
⋃k
i=1Ni;

(vii) for each Ni ∈ N ,

W s(Ni)
⋂
X0 = ∅,

where W s refers to the stable set.

Then Φ(t) is a uniform repeller with respect to X0, i.e. there is an η > 0 such that
for any x ∈ X0, lim inft→∞ d(Φ(t)x,X0) ≥ η.

Theorem 3.2. If R0 > 1, the system (1.2) is uniformly persistent. More precisely,
there exists an η > 0 such that

lim inf
t→∞

I(t) ≥ η.

Proof. Let

X0 = {(Sk, φk2(s), Bk) : φk2(s) > 0, k = 1, 2, · · · , n for some s ∈ [τ, 0)},
X0 = {(Sk, φk2(s), Bk) : φk2(s) = 0, k = 1, 2, · · · , n for all s ∈ [τ, 0]}.

We verify all the conditions of the above Lemma. It is straightforward to see that
(i), (ii) and (iii) are satisfied. According to the method of Theorem 6.1 in [19], (iv)
and (v) is verified.

As for (vi), A = {E0} is isolated. Hence the covering is simply N = {E0},
which is acyclic (there is no orbit which connects E0 to itself in X0).

Next, W s(E0)
⋂
X0 = ∅. Suppose this is not true, and then there exists a

solution (Sk, Ik, Bk) ∈ X0 such that

lim
t→∞

Sk(t) = S0
k, lim

t→∞
Ik(t) = 0, lim

t→∞
Bk(t) = 0.
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For any sufficiently small constant ε > 0, there exists a t0 = t0(ε) > 0; for all t > t0,

nk(Sk(t)) > nk(S0
k)− ε, fk(I(t))

ϕk(I(t))
>
f ′k(0)

ϕ′k(0)
− ε,

hk(I(t))

ϕk(I(t))
>
h′k(0)

ϕ′k(0)
− ε, gk(I(t))

θk(I(t))
>
g′k(0)

θ′k(0)
− ε.

(3.4)

From (3.4), it can be obtained

L′ =

n∑
k=1

{
n∑
i=1

wimik(nk(Sk)

n∑
j=1

βkjfj(Ij) + nk(Sk)gk(Bk)− ϕk(Ik))

+ wk
nk(S0

k)g′k(0)

θ′k(0)
(−θk(Bk) + hk(Ik))}

=(w1, w2, · · · , wn)M0

((
nkβkjfj
ϕj

)
n×n

(
nkgk
θk

)
n×n

)

− (w1, w2, · · · , wn)
(
M0 M1

)
(
U
)
n×n

0(
− hk

ϕk

)
n×n

(
U
)
n×n

Ψ

>(w1, w2, · · · , wn)M0

×
((

(nk(S0
k)− ε)βkj(

f ′j(0)

ϕ′j(0) − ε)
)
n×n

(
(nk(S0

k)− ε)( g
′
k(0)
θ′k(0) − ε)

)
n×n

)
Ψ

− (w1, w2, · · · , wn)
(
M0 M1

)
(
U
)
n×n

0(
(− h′k(0)

ϕ′k(0) + ε)
)
n×n

(
U
)
n×n

Ψ

=(w1, w2, · · · , wn)(M0 − 1)F0Ψ +H(ε)

>0, R0 > 1,

where

H(ε)

=(w1, w2, · · · , wn)M0

×
((

βkj(ε
2 − (

f ′j(0)

ϕ′j(0) + nk(S0
k))ε)

)
n×n

(
(ε2 − (nk(S0

k) +
g′k(0)
θ′k(0) )ε)

)
n×n

)
Ψ

− (w1, w2, · · · , wn)
(
M0 M1

) 0 0(
ε
)
n×n

0

Ψ.

This implies that L(t) tends to infinity or approaches a positive constant as t →
∞. On the other hand, according to the definition of L, limt→∞ I(t) = 0 im-
plies limt→∞B(t) = 0 and limt→∞ L(t) = 0, which is a contradiction. Thus
W s(E0)

⋂
X0 = ∅ and it can conclude that lim inft→∞ I(t) ≥ η.

Remark 3.1. Theorem 2 implies that the extinction of infectious diseases is in-
dependent of initial sizes of the populations and the disease will be eliminated if
R0 ≤ 1. If R0 > 1, the disease persists and it has at least one positive equilibrium
through a well known result in persistence theory [11,25].
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3.2. The global stability of the endemic equilibrium

In this subsection, it is shown that the endemic equilibrium is globally asymptoti-
cally stable in the interior of the feasible region X. Biologically, it implies that the
disease always becomes endemic and persists at a unique endemic equilibrium, no
matter how small the size of the initial outbreak is. By Theorem 1 and Remark, an
endemic equilibrium E∗ exists and satisfies the equilibrium equations:

mk(S∗k) = nk(S∗k)

n∑
j=1

βkjfj(I
∗
j ) + nk(S∗k)gk(B∗k),

ϕk(I∗k) = nk(S∗k)

n∑
j=1

βkjfj(I
∗
j ) + nk(S∗k)gk(B∗k),

hk(I∗k) = θk(B∗k).

(3.5)

Theorem 3.3. Assume that B = (βkj) is irreducible and conditions (H1) − (H7)
are satisfied. If R0 > 1, the endemic equilibrium E∗ = (S∗k , I

∗
k , B

∗
k), k = 1, 2, · · · , n

of system (1.2) is globally asymptotically stable and thus is the unique one.

Proof. Let

βkj = βkjnk(S∗k)fj(I
∗
j ), k, j = 1, 2, · · · , n, (3.6)

and

B =



∑
l 6=1

β1l −β21 · · · −βn1

−β12

∑
l 6=2

β2l · · · −βn2

...
...

. . .
...

−β1n −β2n · · ·
∑
l 6=n

βnl


.

Note that B is the Laplacian form of the matrix (βkj). Since (βkj) is irreducible,

matrices (βkj) and B are also irreducible.

By Lemma 2.1 in [7], the linear system

Bv = 0,

has a positive solution

v = (v1, v2, · · · , vn) = (c11, c22, · · · , cnn), (3.7)

where ckk denotes the cofactor of the kth diagonal entry of B and vk = ckk > 0 for
k = 1, 2, · · · , n.
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Define the functional Lk as

Lk =

∫ Sk

S∗k

nk(x)− nk(S∗)

nk(x)
dx+

∫ Ik

I∗k

ϕk(x)− ϕk(I∗)

ϕk(x)
dx

+
nk(S∗k)gk(B∗k)

hk(I∗k)

∫ Bk

B∗k

θk(x)− θk(B∗)

θk(x)
dx

+ nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )

∫ t

t−τ
(
fj(Ij(x))

fj(I∗j )
− ln

fj(Ij(x))

fj(I∗j )
)dx

+ nk(S∗k)gk(B∗k)

∫ t

t−τ
(
hk(Ik(x))

hk(I∗k)
− ln

hk(Ik(x))

hk(I∗k)
)dx.

From Eq. (3.5), the time derivative of Lk(t) along solutions of system (1.2) becomes

dLk
dt

=(1− nk(S∗k)

nk(Sk)
)(mk(Sk)− nk(Sk)(

n∑
j=1

βkjfj(Ij(t− τ)) + gk(Bk)))

+ (1− ϕk(I∗k)

ϕk(Ik)
)(nk(Sk)(

n∑
j=1

βkjfj(Ij(t− τ)) + gk(Bk))− ϕk(Ik))

+ nk(S∗k)gk(B∗k)(
hk(Ik(t− τ))

hk(I∗k)
− θk(Bk)

θk(B∗k)
− hk(Ik(t− τ))θk(B∗k)

hk(I∗k)θk(Bk)
+ 1)

+ nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )(

fj(Ij)

fj(I∗j )
− fj(Ij(t− τ))

fj(I∗j )
+ ln

fj(Ij(t− τ))

fj(Ij)
)

+ nk(S∗k)gk(B∗k)(
hk(Ik)

hk(I∗k)
− hk(Ik(t− τ))

hk(I∗k)
+ ln

hk(Ik(t− τ))

hk(Ik)
)

=mk(Sk)(1− nk(S∗k)

nk(Sk)
) + nk(S∗k)

n∑
j=1

βkjfj(Ij(t− τ)) + nk(S∗k)gk(Bk)

− nk(Sk)gk(Bk)
ϕk(I∗k)

ϕk(Ik)
− ϕk(Ik) + ϕk(I∗k)

− nk(Sk)
ϕk(I∗k)

ϕk(Ik)

n∑
j=1

βkjfj(Ij(t− τ))

+ nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )(

fj(Ij)

fj(I∗j )
− fj(Ij(t− τ))

fj(I∗j )
+ ln

fj(Ij(t− τ))

fj(Ij)
)

+ nk(S∗k)gk(B∗k)(
hk(Ik)

hk(I∗k)
− θk(Bk)

θk(B∗k)
− hk(Ik)θk(B∗k)

hk(I∗k)θk(Bk)
+ 1)

− nk(S∗k)gk(B∗k)(
hk(Ik(t− τ))θk(B∗k)

hk(I∗k)θk(Bk)
− 1− ln

hk(Ik(t− τ))θk(B∗k)

hk(I∗k)θk(Bk)
)

+ nk(S∗k)gk(B∗k)(
hk(Ik)θk(B∗k)

hk(I∗k)θk(Bk)
− 1− ln

hk(Ik)θk(B∗k)

hk(I∗k)θk(Bk)
)

=(mk(Sk)−mk(S∗k))(1− nk(S∗k)

nk(Sk)
) + nk(S∗k)

n∑
j=1

βkjfj(Ij(t− τ))
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− nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )
ϕk(Ik)

ϕk(I∗k)
+ 2nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )

− nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )
nk(S∗k)

nk(Sk)
− nk(Sk)

ϕk(I∗k)

ϕk(Ik)

n∑
j=1

βkjfj(Ij(t− τ))

+ nk(S∗k)gk(B∗k)(2 +
gk(Bk)

gk(B∗k)
− nk(S∗k)

nk(Sk)
− ϕk(Ik)

ϕk(I∗k)
− nk(Sk)gk(Bk)ϕk(I∗k)

nk(S∗k)gk(B∗k)ϕk(Ik)
)

+ nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )(

fj(Ij)

fj(I∗j )
− fj(Ij(t− τ))

fj(I∗j )
+ ln

fj(Ij(t− τ))

fj(Ij)
)

+ nk(S∗k)gk(B∗k)(
hk(Ik)

hk(I∗k)
− θk(Bk)

θk(B∗k)
− hk(Ik)θk(B∗k)

hk(I∗k)θk(Bk)
+ 1)

− nk(S∗k)gk(B∗k)(
hk(Ik(t− τ))θk(B∗k)

hk(I∗k)θk(Bk)
− 1− ln

hk(Ik(t− τ))θk(B∗k)

hk(I∗k)θk(Bk)
)

+ nk(S∗k)gk(B∗k)(
hk(Ik)θk(B∗k)

hk(I∗k)θk(Bk)
− 1− ln

hk(Ik)θk(B∗k)

hk(I∗k)θk(Bk)
). (3.8)

We consider the function M(x) = 1 − x + lnx, which is nonpositive for x > 0 and
M(x) = 0 if and only if x = 1. Eq. (3.8) is equivalent to

dLk
dt

=(mk(Sk)−mk(S∗k))(1− n(S∗)

n(S)
) + nk(S∗k)gk(B∗k)M(

gk(B∗k)θk(Bk)

gk(Bk)θk(B∗k)
)

+ nk(S∗k)gk(B∗k)(
gk(Bk)

gk(B∗k)
− 1)(1− gk(B∗k)θk(Bk)

gk(Bk)θk(B∗k)
)

+ nk(S∗k)gk(B∗k)(
hk(Ik)

hk(I∗k)
− 1)(1− hk(I∗k)ϕk(Ik)

hk(Ik)ϕk(I∗k)
)

+ nk(S∗k)gk(B∗k)(M(
nk(S∗k)

nk(Sk)
) +M(

nk(Sk)gk(Bk)ϕk(I∗k)

nk(S∗k)gk(B∗k)ϕk(Ik)
))

+ nk(S∗k)gk(B∗k)(M(
hk(I∗k)ϕk(Ik)

hk(Ik)ϕk(I∗k)
) +M(

hk(Ik(t− τ))θk(B∗k)

hk(I∗k)θk(Bk)
))

+ 2nk(S∗k)

n∑
j=1

βkjfj(I
∗
j ) + nk(S∗k)

n∑
j=1

βkjfj(Ij(t− τ))

− nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )
ϕk(Ik)

ϕk(I∗k)
− nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )
nk(S∗k)

nk(Sk)

− nk(Sk)
ϕk(I∗k)

ϕk(Ik)

n∑
j=1

βkjfj(Ij(t− τ))

+ nk(S∗k)

n∑
j=1

βkjfj(I
∗
j )(

fj(Ij)

fj(I∗j )
− fj(Ij(t− τ))

fj(I∗j )
+ ln

fj(Ij(t− τ))

fj(Ij)
). (3.9)

It follows from (3.6) and (3.7) that

n∑
k=1

vknk(S∗k)

n∑
j=1

βkjfj(Ij) =

n∑
k=1

n∑
j=1

vjnj(S
∗
j )βjkfk(Ik)
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=

n∑
k=1

n∑
j=1

vjnj(S
∗
j )βjkfk(I∗k)

fk(Ik)

fk(I∗k)
=

n∑
k=1

n∑
j=1

vjβjk
fk(Ik)

fk(I∗k)

=

n∑
k=1

n∑
j=1

vkβkj
fk(Ik)

fk(I∗k)
=

n∑
k=1

n∑
j=1

vkβkjnk(S∗k)fj(I
∗
j )
fk(Ik)

fk(I∗k)
. (3.10)

By assumption (H7), it can be obtained that

(
fk(Ik)

fk(I∗k)
− 1)(1− fk(I∗k)ϕk(Ik)

fk(Ik)ϕk(I∗k)
)

=
ϕk(Ik)

fk(Ik)fk(I∗k)
(fk(Ik)− fk(I∗k))(

fk(Ik)

ϕk(Ik)
− fk(I∗k)

ϕk(I∗k)
) ≤ 0,

(
gk(Bk)

gk(B∗k)
− 1)(1− gk(B∗k)θk(Bk)

gk(Bk)θk(B∗k)
) ≤ 0

and

(
hk(Ik)

hk(I∗k)
− 1)(1− hk(I∗k)ϕk(Ik)

hk(Ik)ϕk(I∗k)
) ≤ 0. (3.11)

Define a Lyapunov functional L as

L =

n∑
k=1

vkLk.

By calculating the derivative of L along positive solutions of system (1.2), it follows
from (3.9), (3.10) and (3.11) that

dL

dt
=

n∑
k=1

vkL
′
k

≤2

n∑
k=1

vknk(S∗k)

n∑
j=1

βkjfj(I
∗
j )−

n∑
k=1

vknk(S∗k)

n∑
j=1

βkjfj(I
∗
j )
ϕk(Ik)

ϕk(I∗k)

−
n∑
k=1

vknk(S∗k)

n∑
j=1

βkjfj(I
∗
j )
nk(S∗k)

nk(Sk)
−

n∑
k=1

vknk(Sk)
ϕk(I∗k)

ϕk(Ik)

n∑
j=1

βkjfj(Ij(t− τ))

+

n∑
k=1

vknk(S∗k)

n∑
j=1

βkjfj(I
∗
j )(

fj(Ij)

fj(I∗j )
+ ln

fj(Ij(t− τ))

fj(Ij)
)

=

n∑
k=1

vk

n∑
j=1

βkj(2 +
fk(Ik)

fk(I∗k)
− nk(S∗k)

nk(Sk)
− ϕk(Ik)

ϕk(I∗k)
− nk(Sk)fk(Ik)ϕk(I∗k)

nk(S∗k)fk(I∗k)ϕk(Ik)
)

+

n∑
k=1

vk

n∑
j=1

βkj(
nk(Sk)ϕk(I∗k)

nk(S∗k)ϕk(Ik)
(
fk(Ik)

fk(I∗k)
− fj(Ij(t− τ))

fj(I∗j )
)

+

n∑
k=1

vk

n∑
j=1

βkj ln
fj(Ij(t− τ))

fj(Ij)

=

n∑
k=1

vk

n∑
j=1

βkj(
fk(Ik)

fk(I∗k)
− 1)(1− fk(I∗k)ϕk(Ik)

fk(Ik)ϕk(I∗k)
)
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+

n∑
k=1

vk

n∑
j=1

βkjM(
fk(I∗k)ϕk(Ik)

fk(Ik)ϕk(I∗k)
) +

n∑
j=1

vk

n∑
j=1

βkjM(
n(S∗)

n(S)
)

+

n∑
k=1

vk

n∑
j=1

βkjM(
nk(Sk)ϕk(I∗k)fj(Ij(t− τ))

nk(S∗k)ϕk(Ik)fj(I∗j )
) +

n∑
k=1

vk

n∑
j=1

βkj ln
fk(Ik)fj(I

∗
j )

fk(I∗k)fj(Ij)

≤
n∑
k=1

vk

n∑
j=1

βkj ln
fk(Ik)fj(I

∗
j )

fk(I∗k)fj(Ij)
.

Let

H ,
n∑
k=1

vk

n∑
j=1

βkj ln
fk(Ik)fj(I

∗
j )

fk(I∗k)fj(Ij)
.

According to the idea developed in [8], it can be shown that H = 0 for all
fj(Ij) > 0, j = 1, 2, · · ·n. And it can be concluded that

dL

dt
=

n∑
j=1

vkL
′
k ≤

n∑
j=1

vk

n∑
j=1

βkj ln
fk(Ik)fj(I

∗
j )

fk(I∗k)fj(Ij)
= 0.

Furthermore, if βkj 6= 0, dLdt = 0 implies that

m(Sk) = m(S∗k) or n(Sk) = n(S∗k), fk(Ik) = fk(I∗k), gk(Bk) = gk(B∗k).

So dL
dt = 0 holds if and only if

Sk = S∗k , Ik = I∗k , Bk = B∗k , , k = 1, 2, · · · , n.

Therefore, the maximum invariant set in {(Sk, Ik, Bk) ∈ X : dLdt = 0} is the singleton
E∗. By a similar argument in [23], it concludes that E∗ is globally asymptotically
stable in X if R0 > 1.

4. Numerical examples

4.1. Some examples

In this subsection, some examples are given to illustrate the results and the following
nonlinear system is considered:

dS1

dt
= A1 − n1(S1)(β11f1(I1(t− τ)) + β12f2(I2(t− τ)))− n1(S1)g1(B1)− µ1S1,

dI1
dt

= n1(S1)(β11f1(I1(t− τ)) + β12f2(I2(t− τ))) + n1(S1)g1(B1)− (c1 + µ1)I1,

dB1

dt
= h1(I1(t− τ))− d1B1,

dS2

dt
= A2 − n2(S2)(β21f1(I1(t− τ)) + β22f2(I2(t− τ)))− n2(S2)g2(B2)− µ2S2,

dI2
dt

= n2(S2)(β21f1(I1(t− τ)) + β22f2(I2(t− τ))) + n2(S2)g2(B2)− (µ2 + c2)I2,

dB2

dt
= h2(I2(t− τ))− d2B2,

(4.1)
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where Ak, µk, ck, dk > 0, mk(Sk) = Ak − µkSk, θ(Bk) = dkBk, ϕk = ckIk and

k = 1, 2. The possible forms of nk, fk are
S

qk
k

1+MkS
qk
k

,
I
pk
k

1+MkI
pk
k

and Λk ln(1 + λkIk
Λk

)

with constants qk, λk,Λk > 0, 0 ≤ pk ≤ 1 and Mk ≥ 0 [2,14,17]. The possible forms

of gk are
λkB

Tk
k

1+MkB
Tk
k

, and ηk(1−e−αkBk) with constants λk, ηk, αk > 0, 0 < Tk ≤ 1 and

Mk ≥ 0 [1, 3]. The possible form of hk is KIvkk with constants K > 0, 0 < vk ≤ 1.
It is easy to see that assumptions (H1)-(H7) are satisfied for possible forms of
fk, gk, hk.

Since the functions nk, fk, gk, hk is strictly monotonously increasing on (0,+∞),
the feasible region is given by

Ω = {(Sk, Ik, Bk) ∈ Ck : ‖Sk‖ ≤
Ak
µk
, ‖Sk + Ik‖ ≤

Ak
µk
, ‖Bk‖ ≤

1

dk
hk(

Ak
µk

)}.

A direct calculation shows that

R0 =
R11 +R22 +

√
(R11 −R22)2 + 4R12R21

2
,

where

R11 =
β11n1(S0

1)f ′1(0)

c1
+
n1(S0

1)g′1(0)h′1(0)

c1d1
,

R12 =
β12n1(S0

1)f ′2(0)

c2
, R21 =

β21n2(S0
2)f ′1(0)

c1
,

R22 =
β22n2(S0

2)f ′2(0)

c2
+
n2(S0

2)g′2(0)h′2(0)

c2d2
.

In these cases, on the assumption that β12, β21 > 0, the disease-free equilibrium
is globally asymptotically stable if R0 ≤ 1, and system (4.1) has a unique endemic
equilibrium which is also globally asymptotically stable if R0 > 1. In other words,
time delay has no impact on the global stability of equilibria of system (4.1).

4.2. Numerical simulation

In this subsection, all the other functions are fixed except the elimination rate ϕk.
The influence of time delay and the elimination rate on the dynamics properties of
system (1.2) is analyzed by numerical simulation. The following two systems are
considered:

dS1

dt
= A1 − S1(β11I1(t− τ) + β12I2(t− τ))e−µτ − λ1S1B1 − µS1,

dI1
dt

= S1(β11I1(t− τ) + β12I2(t− τ))e−µτ + λ1S1B1 − ϕ1(I1),

dB1

dt
= kI1(t− τ)e−µτ − d1B1,

dS2

dt
= A2 − S2(β21I1(t− τ) + β22I2(t− τ))e−µτ − λ2S2B2 − µS2,

dI2
dt

= S2(β21I1(t− τ) + β22I2(t− τ))e−µτ + λ2S2B2 − ϕ2(I2),

dB2

dt
= kI2(t− τ)e−µτ − d2B2,

(4.2)
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with the parameter values and initial values:

A1 = 310, A2 = 410, µ = 0.1, λ1 = λ2 = k = d1 = d2 = 0,

β11 = β22 = 0.001, β12 = β21 = 0.0012,

and

S1(0) = 2000, I1(0) = 30, S2(0) = 3000, I2(0) = 40, B1(0) = B2(0) = 0.

When ϕi(Ii) = (µ + ci)Ii, i = 1, 2, it is easy to see that the endemic equilibrium
of system (4.2) is globally asymptotically stable and the persistent level of the
disease is not affected by time delay τ from Fig.1. For ϕ1(I1) = µI1 + c1I1

a+I1
,

ϕ2(I2) = (c2 + µ)I2, that is, the assumption (H7) is not satisfied, it is easy to find
that system (4.2) presents periodic oscillation behavior from Fig.2, implying that
the endemic equilibrium of system (4.2) is not globally asymptotically stable and
system (4.2) experiences the bifurcation.
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Figure 1. The simulation of the number of infected individuals on variable τ (0.01, 0.2 and
1) with c1 = c2 = 2, with all other parameters fixed except time delay τ
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Figure 2. The simulation of the number of infected individuals on variable τ (0.01, 0.05
and 0.1) with c1 = 370, c2 = 2 and a = 100, with all other parameters fixed except time
delay τ
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5. Conclusions and discussions

In this paper, a delayed SIB dynamic model with group mixing and discrete delay is
proposed. On very general and biologically plausible assumptions of the incidence,
the birth rate of individuals, shedding rate of pathogen, and removal rate function-
s, the basic reproduction number R0 is derived and then the global dynamics of
system (1.2) is shown, it finds that time delay has no impact on the stability of
equilibria of system (1.2). In particular, if R0 ≤ 1, the disease-free equilibrium is
globally asymptotically stable; whereas if R0 > 1, E0 is unstable and system (1.2)
is uniformly persistent. Furthermore, for R0 > 1, the endemic equilibrium E∗ is
also globally asymptotically stable.

On the other hand, the stability of equilibria depends on the properties of the
function fk

ϕk
, gkθk and hk

ϕk
. If these functions are non-increasing, the dynamical prop-

erties of system (1.2) are completely determined by R0. The removal rate ϕk(Ik) is
influenced by the resource which is used to monitor and cull infected animals, and
the incidence gk(Bk) and the disinfection θk(Bk) are determined by animal breeding
environment. That is, in some animal breeding environment, fk

ϕk
, gkθk and hk

ϕk
may be

monotonically increasing function, such as fk(Ik) = βIk and ϕk(Ik) = µIk + cIk
a+Ik

with constants β, µ, c, a > 0, among which c represents the maximal supply of re-
sources for monitoring and culling per unit time, and a is half-saturation constant,
measuring the efficiency of the resource supply in the sense. Therefore, assumption
(H7) may not be satisfied and other complex dynamics properties of system (1.2)
may occur, such as oscillations. In other words, the spread of animal diseases de-
pends largely on the development of the prevention and control strategies. As is
shown in Fig.2, animal diseases transmission in a sub-population can be affected by
other sub-population control measures, which implies that the disease may not be
eliminated if control measures are carried out in a region. In addition, as is shown
in the numerical simulation, the impact of time delay on the bifurcation of system
(1.2) is still unclear. We leave these for further research.
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