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LONG TIME BEHAVIOR OF STOCHASTIC
MHD EQUATIONS PERTURBED BY

MULTIPLICATIVE NOISES*
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Abstract In this paper, 2-dimensional (2D) magnetohydrodynamics (MHD)
equations perturbed by multiplicative noises in both the velocity and the mag-
netic field is studied. We first considered the stability, or the upper semi-
continuity, for equivalent random dynamical systems (RDS), and then applying
the abstract result we established the existence and the upper semi-continuity
of tempered random attractors for the stochastic MHD equations. This re-
sult shows that the asymptotic behavior of MHD equations is stable under
stochastic perturbations.
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1. Introduction

This paper deals with the long time behavior of the following stochastic Magneto-
hydrodynamics (MHD) equations defined on a bounded domain O C R?:

1 S|BJ?
du+ [ (u- V)u - = Ou—S(B- V)B+V(p+ T)]dt
(SMHD) = f(x)dt + eu o dW4 (1),

1 —
dB+ [(u-V)B— (B-V)u+ R—mcurl (curl B)|dt = eB o dWs(t),

divu=0, divB=0,

in which ¢ is considered in [0,1] C R and when ¢ = 0, the equations reduce to
deterministic ones, see Temam [34] and Sermange & Temam [32]. This system
models a viscous incompressible and resistive fluid, whose density is supposed to be
always 1 for simplicity, filling a region O of the space R?. The model is interpreted
as follows, see for instance Sermange & Temam [32] and Cowling [14]:

o u = (up(z,t),us(z,t)), the velocity of the particulate of fluid which is at point
T at time ¢
e B = (Bj(z,t), Ba(z,t)), the magnetic field at point = at time ¢

e p = p(x,t), the pressure of the fluid
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o f(z) = (f1(z), f2(z)), a volume density force

e Re, the Reynolds number
Rm, the magnetic Reynolds number
S = M?/ReRm, where M is the Hartman number

e Wi(t) and Wh(t) are mutually independent two-sided real-valued Winner pro-
cesses on a probability space.

The boundary condition in this paper is taken as

u(z,t) =0 onT (non slip condition),
B-n=0and curl B=0 onI (perfectly conducting wall),

where I' is the boundary of O and n is the unit outward normal on I'. In this 2D
case, operators are classically defined by

832 8B1 . aBl aBZ
| B=—2_-—"% B=—14+22
cur 8:01 8%2 ’ div 8x1 + 81’2 ’

for every vector function B = (B, B), and

8$2 ’ 63:1

g = (2 20y gy (2 D0y ng=29. %

for every scalar function g.

Because of their important physical applications and the mathematical prop-
erties that they have both the character of Navier-Stokes equations (see, e.g.,
[7,8,12,33]) and that of Maxwell equations (see, e.g., [1,20]), MHD equations have
drawn much attention and some remarkable works can be seen in the literature. For
long time behavior of MHD equations, Sermange & Temam [32] and Temam [34]
investigated both 2D and 3D deterministic MHD equations (with ¢ = 0) and con-
structed the global attractor for the equations, Zhao & Li [41] studied the stochastic
MHD equations perturbed by additive noises and obtained the existence of the ran-
dom attractor. Also, Barbu & Da Prato [4] proved the existence of solutions, as
well as the unique existence of an invariant measure, to a kind of stochastic MHD
equations.

In this paper, we focus on the upper semi-continuity as well as the existence
of random attractors for MHD equations (SMHD). The concept of random attrac-
tors for RDS is a generalization of global attractors for deterministic autonomous
systems and pullback attractors for deterministic non-autonomous systems, see for
instance [9,27, 28, 36,37, 39]. The upper semi-continuity of random attractors is
known as a relation between global attractors and random attractors and it pro-
vides a view that the deterministic system is stable under perturbations after a long
time, see Cui et al. [15,16,26], Robinson [31], Wang [35], and see also [6,10,11,24,25]
for instance.

To investigate the equations (SMHD), we employ the idea of equivalent RDS
(Definition 2.1) to transform the stochastic differential equation (SDE) (SMHD)
to a random differential equation (RDE). Actually, for the existence of random
attractors for stochastic differential equations (SDE), the equivalence of RDS, or
say the conjugation of flows, has been studied and the idea has been used quite
often, see for instance [18,21,30,38]. Since it is known that equivalent RDS have
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the same intrinsic asymptotic notions, such as Lyapunov exponents and random
attractors, as pointed out by Qiao & Duan [30] and Imkeller & Lederer [21], see
also Imkeller & Schmalfuss [22], one may expect that the random attractors for
equivalent RDS should have the same upper semi-continuity. Indeed, it is proved in
this paper under some conditions, such as the family of cohomology (Definition 2.1)
is almost surely a component of continuous semigroup of bounded linear operators
on a Banach space, see Proposition 2.1. This result allows us to investigate the
upper semi-continuity of random attractors for a RDS by studying other equivalent
ones instead of itself.

To simplify the representation of analysis and calculations of nonlinear terms we
employ two trilinear operators b and b, which will be specified in Section 3.1. This
is motivated by Temam [34] and Sermange & Temam [32] where deterministic cases
were investigated. It is remarkable that the two operators also play an important
role in the study of Navier-Stokes equations, see for instance Flandoli & Schmalfuss
[19], Temam [33], Brzezniak et al. [7,8], Caraballo et al. [12] and references therein.

Main Result. Assume that f(z) € L?(0). Then for each ¢ € (0,1], the RDS
generated by equations (SMHD) possesses a unique tempered random attractor
e = {Ac(w)}, in H. Moreover, it holds true almost surely that

lim distg (Ae(w), o) =0,

e—0t

where ¢ is the global attractor for system (SMHD) with € = 0.

This paper is arranged as follows. In Section 2, we introduce some basic and
important concepts related to RDS, among which is an idea of equivalence of RDS.
In Section 3, we make some settings for equations (SMHD) in a mathematical view
and we introduce a RDS (6, ¢) which is equivalent to the original system generated
by (SMHD). In Section 4 we make some crucial uniform estimates and in Section 5
we conclude the main result by studying the long time behavior of (6, ).

2. Preliminaries

Notations. We denote by || - || x the norm of a Banach space X. LP(O), p € N, is
the space of all p times integrable functions from O to R endowed with the norm
|- |ps i.e. [|gllro) = |glp for all g € LP(O), where

o= [ lotal dx)l/p.

Denote by HP(O) the Sobolev space of functions which are in L?(0) together with
their weak derivatives of order < p; H{ is the Hilbert subspace of H?(O) made of
functions vanishing on T'. For convenience, we let LP(Q) = (LP(0))? and H’(’O) (0) =

(H?O)(O))Q. The norm of L?(0O) induced by LP(O) is written by || -||,, for short. We
always use letter ¢ to denote a constant independent of € and other sensitive terms.
More particular spaces see Section 3.1.

Suppose we are given a Banach space (X, || - || x) with Borel o-algebra B(X), a
probability space (2, F, P). Let Z be an (unnecessarily bounded or open) interval

in real line.
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2.1. Preliminary results on RDS

In this part we recall some basic concepts and well-known results related to random
attractors for RDS, more details see Refs. [2,5,35,42].

Definition 2.1. (Q, F, P, (0;)cr) is called a parametric dynamical system (PDS)
ifg:Rx Q— Qis (B(R) x F, F)-measurable, 6 is the identity on €2, 054, = 0,00
for all s,t € R and 6;P = P for all t € R.

Definition 2.2. A continuous RDS on X over a metric dynamical system (Q, F,
P, (0¢)ter) is a mapping

p:RTxQOx X =X, (twx)r d(t,w),
which is (B(RT) x F x B(X), B(X))-measurable and satisfies, for P-a.e. w € Q,
(i) ¢(0,w) is the identity operator on X;
(ii) ot +s,w) = ¢(t,0sw) o p(s,w) for all t,s € RT;
(iii) ¢(t,w): X — X is continuous for all ¢t € RT.

Definition 2.3. A random (compact, resp. bounded) set {B(w)},eq in X is a
family of (compact resp. bounded) sets indexed by w such that for every z € X the
mapping w — d(z, B(w)) is measurable with respect to F.

Definition 2.4. A family of random sets {BE = {Be(w)}weg} . in X is called
€c

upper semi-continuous at €qg if

lim distx (Be(w), Bey(w)) =0 for P-a.s. w € €,

E—€Q

where and throughout this paper distx (-, ) is the Hausdorff semi-metric in X, i.e.

distx (Y, Z) = sup inf ||y — z||x
yey 2€4

for any Y, Z C X.

Definition 2.5 (See [2,13]). (1) A random variable R(w) : @ — (0,00) is called
tempered with respect to (6;)ecr if

lim e” " R(6_4w) =0 P-a.s. for all v > 0,
t—o00

(2) A random bounded subset {B(w)},eq of X is called tempered with respect to

(01)ter if
tli)m e " B(O_w)||lx =0 P-as. for all y > 0,

where || B||x = sup,ep || x-

Hereafter in this section, we let D = {D = {D(w)},eq} be the universe of all
random subsets D of X satisfying some conditions, and ¢ a continuous RDS on X
over (Q,F, P, (0)ter)-

Definition 2.6. Let {K(w)}yeq € D. Then {K(w)}weq is called a D-random
absorbing set for ¢ if for every B € D and P-a.e. w € Q, there exists a T(B,w) > 0
such that

o(t,0_w)B(0_1w) C K(w) for allt > T(B,w).
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Definition 2.7. ¢ is said to be D-pullback asymptotically compact in X if for
P-ae. we Q, {¢p(tn,0_1,w)x,}52; has a convergent subsequence in X whenever
t, — 00, and x,, € B(0_, w) with {B(w)}uecq € D.

Definition 2.8 (See [19]). A random set & = {A(w)}wea € D of X is called a
D-random attractor (or D-pullback attractor) for ¢ if the following conditions are
satisfied, for P-a.e. w € €,

(i) < is a random compact set in X;

(ii) 7 is invariant, that is,
o(t,w)A(w) = A(brw), Vt>0;
(iii) 7 attracts every member of D, that is, for every B = {B(w)}yeq € D,

tllglo dist x ((zﬁ(tﬁ,tw)B(ﬁ,tw),A(w)) =0,

where dist x (-, -) is the Hausdorff semi-metric in X.

Lemma 2.1 (See [5,13]). If there is a closed random tempered absorbing set { B(w)}.,
of ¢ in D and ¢ is D-asymptotically compact in X, then o = {A(w)}ueq is the
unique random attractor of ¢, where

Aw) = o(r,0_;w)B(0_,w).

t>0712>t

Note that a D-random attractor if exists, then it is unique.

Lemma 2.2 (See [35]). Let ®¢ be an autonomous dynamical system with the global
attractor oy in X. Given e > 0, suppose that ®. is the perturbed random dynamical
system with a random attractor . = {Ac(w)}weq € D and a random absorbing set
E. € D. Then

distx (Ac(w), %) =0  P-a.s. ase — 0T,
if the following three conditions are satisfied:

(i) for P-a.e. we Q, t >0, €, 10, and z,,, © € X with x, — x, it holds

lim @, (t,w)z, = Po(t)x,

n— oo

(ii) there exists some deterministic constant K such that, for P-a.e. w € €,

limsup ||E: (w)||x < K,
el0

where || Ec(w)||x = sup,ep, (@) [#llx;

(iii) there exists a €9 > 0 such that for P-a.e. w €,

U Ac(w) is precompact in X.
0<e<eo
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2.2. Upper semi-continuity of random attractors for equiva-
lent RDS

Definition 2.9 (Equivalence of RDS, see [13]). Let ¢ and ¢ be two RDS over the
same PDS (Q, F, P, (6;)tcr) with phase space X; and X, respectively. Then RDS
(6,7) and (0, ¢) are said to be (topologically) equivalent (or conjugate) if there
exists a mapping T : 0 x X; — X5, which is called a cohomology of ¢ and ¢, with
the properties:

(i) the mapping = — T(w,z) is a homeomorphism from X; onto X, for every
w € Q;

(ii) the mapping w + T(w,z1) and w +— T~ !(w,z3) are measurable for every
z1 € X1 and x5 € Xo;

iii) the cocycles ¥ and ¢ are cohomologous, i.e.
(iii) y gous,
oty w, T(w,z)) = T(bw, ¥(t,w,z)) for any x € X;.

Two families of RDS {%¢}. and {¢.}. indexed by € € T are called equivalent if for
any fixed € € 7 1. and ¢, are equivalent.

For the existence of random attractors of equivalent RDS, we have the following
lemma. The reader is referred to H. Keller & B. Schmalfuss [23].

Lemma 2.3. Assume that v and ¢ be two equivalent families of RDS over

(Q,F, P, (0:)icr) on X1 and Xo with corresponding cohomology T in the sense of
Definition 2.9. Let D; = {D; = {D;(w)}wea} be some collection of random subsets
of X;, i =1,2, satisfying

{Dg(w)}Dz = {T(w,Dl(w))}Dl for P-a.s. w € .

Then ¢ has a Da-random attractor oty = {Az(w)}weq € Do iff Ve has a D;-random
attractor @y = {A1(w)}wea € D1. Moreover, it holds the relation

As(w) = T(w, 41 (w)), weQ.

Proof. (Outline.) Tt is trivial to verify the conditions (i), (ii) and (iii) of Definition
2.8 by the properties of T. The measurability required by Definition 2.3 follows from
I. Chueshov [13, Proposition 1.3.1] or J.P. Aubin & H. Frankowska [3, Theorem 8.2.8]
directly. O

For the upper semi-continuity of random attractors admitted by equivalent RDS,
we have the following result.

Proposition 2.1. Assume that {tc}cez and {¢c}eez be two equivalent families of
RDS over (0, F, P, (6;)icr) on X1 and Xo with corresponding cohomology {T}ecz
in the sense of Definition 2.9. Let D; = {D; = {D;(w)}wea} be some collection of
random subsets of X;, i = 1,2, satisfying

{Dg(w)}D2 = {T. (w,Dl(w))}D1 for alle € T and P-a.s. w € .

Then if for some ey € T there exists a small neighborhood U(ep,d) := {e € T :
le — €o| < 0} of eg such that for each € € U(eg,d):

(Ha) te and ¢c have a D1- and Dy-random attractor o = {Af(w)}weq and s =
{A5(w) }weq, respectively,
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(Hg) Te(w,-) is P-a.s. a bounded linear operator from X1 onto Xo,
(Hy) T.(w,z1) is continuous at €y for P-a.e. w € Q and every z1 € Xy,
then

ILm distx, (45(w), AP (w)) =0 for P-a.s. w €

€ €0

iff ime_, ¢, distx, (AS(w), AP (w)) =0 P-a.s.
Proof. Note that by Lemma 2.3 we have the relation for each € € U(eg,d) that

Aj(w) = Te(w, Af(w)), w e
Therefore, the sufficiency follows from the inequality

distx, (A5(w), AL (w)) = distx, (TE (w, AS (@), Tep (w, A (w)))

- inf Te ) ‘ 7Te 5
e T =T,

< inf Te(w,y®) — Te(w,
s 2w Ty =T 2y,

it Tews) =T w2y,

2€A° (w
S Tell sz (x, x distix, (Af(w), AT (w))
+ HTE(w,z) - TEO(w7;z)||X2

and the necessity is analogously derived by applying T . O

Remark 2.1. Note that the sufficiency of Proposition 2.1 actually holds true when-
ever T, € € U(ep, ), has a decomposition T, = T, 1+ T¢ 2 with T ; satisfying (H,)
and (Hy), j = 1,2, since for Housdorff semi-distance we have

distx (A + B,C + D) < distx(A,C) + distx (B, D),

where A+ B={a+0b:a € A,be B}, for all subsets A, B,C, D of X.

3. Mathematical setting for MHD equations and
the RDS

In this part, we give some settings in mathematical view of equation (SMHD).

Given a bounded, open and simply connected subset O of R?, whose boundary
00 =T is sufficiently regular. Then we have the following mathematical version of
(SMHD) on O x R*:

du+ [(u-V)u—S(B-V)B —vAu+ VP|dt = f(z)dt + euo dWy(t),  (3.1)

dB+ [(u-V)B = (B-V)u — 1,AB]dt = eB o dWs(t), .
divu =0, divB =0, (3.3)

where we have used the relation curl (curl B) = V(divB) — AB. The unknowns
u = (ui,uz) and B = (Bj, B) are vector-valued mappings from O x R to R?;
S and v; are positive constants and vy A v =: v; P(x,t) = p+ 271S|B|? is a
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scalar mapping from O x R to R™; f(z) = (f1 (z), fz(x)) is a real and vector-valued
function; coefficient € € [0,1] and when € = 0 it reduces to a deterministic and
autonomous system; W;(t) are mutually independent two-sided real-valued Winner
processes on probability space (2, %, P), where

Q={weCRR):w(0)=0}

and % is Borel g-algebra induced by the compact open topology of €2, P the cor-
responding Wiener measure on (€),.%); o denotes the Stratonovich sense in the
stochastic term.

We supplement equations (3.1)-(3.3) with the initial-boundary condition

u(z,0) =wup(x), B(z,0)= By(z) on O, (3.4)
w(x,t) =0, B-n=0, carl B=0 onT x [0,0), '
where n is the unit outward normal on I' and curl B = %ff — ‘Zf;.

3.1. Functional spaces and operators

To formulate our problem let us introduce the following functional spaces which are
a combination of spaces used for Navier-Stokes equations (NSE) and spaces used in
the theory of Maxwell equations (ME). Set H = Hy x Hs and V = V; x V4, where

Hy = {p € L*(0) : divp =0, ¢-n|p =0},
(NSE){ Vi = {p € Hj(O) : dive = 0}, (3.5)
V] = {p e HY0) : divp = 0},

and
H2 - Hlv

3.6
%:{@GHl(O)IdiV(p:()’(p.nIFZO}_ (3.6)

(ME) {
For more details on the characterization of these spaces we refer to M. Sermange &
R. Temam [32] and R. Temam [33,34].
Equip H; with the usual scalar product (-,-) and norm || - || induced by L?(0O),
ie.

2
(u,v) = Z/Oul(a:)vl(a?) dz and |ju| = (u,uw)Y?, wu,v e L2(0O).

We endow H = H; x Hy with the scalar product (-,-)y and norm || - ||z by

(v1,02)ir = (u1,us) + S(Bi, Bz) and [[v]|lg = (v,0) 1%, vi = (us, B;) € Hy.

Note that since O is a smooth bounded domain, the norms induced by V; and V;
defined above is actually equivalent as pointed out by R. Temam [33,34]. We denote
by ||V -] and ((+,-)) the former norm and the associated inner product, respectively,
where, thanks to Poincaré’s inequality,

2
ou; Ov;

u,v)) = ' =" dz and |Vu| = (v, u 1/2, u,v € V.

(=3 [ 5o 19l = ((u,w) 1
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We equip V' = V; x V, with the scalar product ((-,-))y and the norm || - ||y given
by

((v1,02))v = ((wn,u2)) + S((Br, By)) and vy = ((v,0))y/%,
v; = (us, B;) € V, i = 1,2. Note that the relation holds true for X = H or V that

lvl% = lulk, +SIBI%,, v=(uB)eX.
Consider the trilinear form b(u,v,w) on L}(O) x H}(0) x L(0O) defined by
2
b(u,v,w) = Hz_l/ongwj dz,

whenever the integrals make sense. It is clear that b is continuous on (H!(0))? and
that b(u, v, w) = ((u~V)v, w) whenever the sum and the integration could exchange
order. Moreover, we have the following useful relations since the dimension is two,
see R. Temam [33, p.163] and [34, p.119], and also [7,8,32],

b(u,v,v) =0, b(u,v,w) = —blu,w,v) forue€ Va, vyweVy, (3.7)
[b(u, v, w)| <
[ull 2 Vul 2 Vo2 Aol V2 fw]|, u e T

(
[ AN R A u € H*(0), v e H'(0), w € L*(0),
[ [IWoll ]2 ] ]2, u€L*(0), v e H'(0), w e H*(0),
[l 21l 2ol [[w] 2 Vw2, w0, w € HY(O),

0), v € H*(0), w € L*(0),
C ’

(3.8)

for some deterministic constant C; > 0. Define a bilinear operator 8 : (H!(0))? —
H~1(O) by
<%(u,v),w> = b(u,v,w), u,v,w < H(O), (3.9)

and a continuous and trilinear operator b on V x V x V by

b (v, v2,v3) = b(u1, uz,uz) — Sb(B1, Ba, uz) + Sb(u1, Bz, B3) — Sb(B1, u2, Bs),
(3.10)
for v; = (u;, B;) € V, ¢ = 1,2,3. Thanks to the last inequality of (3.8) and the
discrete Holder’s inequality we have
[b(o1,v2,v3)] < Callorlli Vol Vvl lfosll 37 Vsl 7%, v € Ve (3:11)

where Cs is a deterministic and positive constant as long as S is given and fixed.

3.2. The RDS associated with stochastic MHD equations

Now we associate a RDS (6,¢) with the MHD equations (3.1)-(3.3). First consider
the 1-dimensional Ornstein-Uhlenbeck equation, see for instance [5,17,38],

dz + zdt = AW (¢). (3.12)
By identifying W (t) with

W(t,w)=w(t), teR, wen
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and defining the time shift 8; by
() =w(-+1t) —w(t), weQ, teR,
we find that a solution of (3.12) is provided by

0
2(t) = z(Oww) := 7/ e’(bw)(s) ds, teR.

— 00

Moreover, z(6;w) is pathwise continuous in ¢ and |z(6;w)| is a tempered random
variable, see also [2,38,40], satisfying

t
lim |2(6:)] =0, lim 1/ z(0sw) ds =0, we Q. (3.13)
0

t—+oo |t‘ t—+oo t

Let
§(0) = e Du(t), () = e OEIB(), 120,

Then by (3.1)-(3.3) and (3.12), £(¢) and n(t) should satisfy the equations in a weak
form*:

d
£ _ I/1A§ — efez(etw)< _ %(eez(atw)§7 652(0tw)€) + S%(eez(Gtw)n, eez(atw)n))

+ 709 £ () + ef2(Ow), (3.14)
d
dizl _ I/QA?’] — e—ez(wa)( _ %(eez(mw)f7 eez(etw)n) + %(652(9gw)777 eez(ﬁtw)g))

+ enz(w), (3.15)
dive=0, divy=0, (3.16)

with the initial-boundary condition

{g(m) = &(z), 1(x,0) =mno(x) on O,

3.17
&z, t)=0,n-n=0, curl p=0 on I x [0,00), ( )

where we have used a common notation w for w; and wy for simplicity; 9B is the
operator given by (3.9).

By employing Galerkin method as [32,34] we have the following well-possessedness
of problem (3.14)-(3.17):

Lemma 3.1. Let f(x) € L%(O). Then for each (&y,m0) € H and every w € €,
€ € [0,1], there exists a unique weak solution

(&n) € LE,.(0,00; V) N Croe ([0, 00); H)

satisfying (3.14)-(3.17) in distribution sense with (&,1)|i=0 = (§o0,m0). Moreover,
the mapping (€o,m0) — (&,m) is continuous in H.

We denote by S the solution vector (€, 1) of the problem (3.14)-(3.17) throughout
the paper for convenience. Then Lemma 3.1 allows us to define a continuous RDS
(0,) corresponding to system (3.14)-(3.17) in H by

Ow(’) =w(-+1t) —w(t), teR, we,
1/)(15’”)30 = S(ta{"-)7 %0)7 t > Oa w € .

*This is because the term involving p would disappear when multiplied by a test function v in
Vi1 and integrated over O.
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Let

u(taw7u0) = eezwtw)g(tvwag())v B(tao')? BO) = eez(etW)n(t7wvn0)
with ug = e*@¢&;, By = ey for every t > 0, w € Q. Then it is easy to
check that (u, B) is the weak solution to equations (3.1)-(3.3) with (3.4) and it is

continuous in H with respect to initial data. Thus the cocycle ¢ corresponding to
system (3.1)-(3.3) can be defined as

o(t,w)(uo, Bo) = (u(t,w,up), B(t,w, By)) = e“ OISt w, o). (3.18)

Also, the two RDS (60, ¢) and (0,v) are actually equivalent. Indeed, let T(w,x) =
e*Wg foreach z € H, w € Qand € € [0,00), then it is readily verified that the three
properties of T, required by Definition 2.9 hold true and moreover, {Tc}ccjo,1] 18
a component of the uniformly continuous semigroup {Tc}ec[o,00) Of bounded linear
operators on H (see A. Pazy [29]). Therefore, it makes sense to investigate the RDS
(0,) instead of (0, ¢) in the sequel by Lemma 2.3 and Proposition 2.1.

Hereafter through the paper, we denote by D = {D = {D(w)},} the universe
of all tempered (vector-valued) functions in H.

4. Uniform estimates for solutions

In the following we derive some uniform estimates which is necessary for us to study
the random attractors for MHD equations.

Lemma 4.1. Assume f(z) € L?(O) and € € [0,1]. Then for each D € D there
exists a random variable Tp(w) > 0 such that the solution 3(t,w, o) with Sy € D
of problem (3.14)-(3.16) satisfies

IS5 (t, 0, o) 77 < Re(w) +1, = Tp(w), (4.1)

with Re(w) a tempered random variable given by

rot2e [7 200 w)do—2ex(0:w) g (4.2)

0
—oo

Re(w) = 27 £, /

where X is a positive and deterministic constant given by (4.11).

Proof. Multiply (3.14) by £ and (3.15) by S7, repectively, and then integrate the
outcomes over O to find that

1d

2 dt

— e—ez(Qtw) ( o ;B(eez(etw)§7 eez(Otw)g) + S%(eez(etw)n’ 6€z(0tw)77), 5)

I€11* + v V)

+ efez(etw) /O f é’ dz + 6||£||2Z(0t0-))a (43)

S d
=l + Swa |V

_ efez(etw) ( . ;B(esz(atw)g’ eez(etw)n) + %(eez(etw)n, eez(etw)§)7 Sn)
+ eS||n|I2z(Osw). (4.4)
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Notice from (3.9) and (3.7) that

(B(e=0e)e, =) €) = e22(0lp (¢, €, €) = 0,
(S%( 62(910-1)77 eez(etw)n) 5) = Se Ez(atw)b(n m, 5)
( ) 77) 07

ez(9,w)€ eez(O,w )
(B, e=0)6), 5y) = —Se>=0p(1, ),
and thereby, it follows from (4.3)-(4.5) that

I+ I TER = e 0.6+ =) [ £ ¢ dat elelPa(0)

2 dt
(4.6)
Sd 2 2 ez(frw) 2
5 g 1Ml + Srel|Val|” = —Se b(n,n,€) + €S|nlI2(01w). (4.7)
Thus equality (4.6) added to (4.7) yields that
(Nl + SllP) + 2 V] + 208V
dt 1 ! 22V
=270 [ fog dat 2es(60) (€] + Sll?). (4)
o
Since
—ez(Oiw) X —1_—2ez(0iw) 2 2
2 /O Jo€dn<wite 1£12, + Ve, (4.9)
then from (4.8) we see that
d - —4€
IS5 + VIS < 2e2(0r)ISF + 207 £l177e 2%, (4.10)

where we have used the notations & = (§,7n) and v = 11 Av,. Note that by Poincaré
inequality there exists a positive deterministic constant A such that

v
Alel® < §||V€H2 Allnll* < IVl Ve € Wi, e Va, (4.11)
Thus, inequality (4.10) implies that

d v
$||%(s,w, %0)”3{ + (>‘ - 262(05(’0)) ||%(5vw7 %0)“%{ + 7”3(57(‘}5 %O)H%/

2
< 2| I3y e 20, (4.12)

For ¢ > 0, we multiply (4.12) by ezp{As — 2¢ [ 2(6,w)do} and integrate the result
over (0, t) to obtain

t
90, S0y + 5 [ MR 5,0, 30) [} ds
0

t
<e_)‘t+2€f0tZ(Gaw)do'”%OHiI+2V;1||f|‘%/{A A=) +2¢ [ 2(ow)do—2e2(:w) ¢

0
— o AMtt2e s z(Gow)da”%OH%’ + 21/1_1||f|‘%/// As+25] 2(054tw)do—2ez(0s41w) ds.
1

(4.13)
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Replacing w with 6_,w in (4.13) we conclude that
19t 00, So) [ <o 222007
0
2 A1 [
—t

e)\s+2€ fsoz(ggw)do—Qez(Osw) dS, t>0.

(4.14)
Since z(w) is a tempered random variable and we have let Sy € D, by (3.13) we
find that there exists a time Tp(w) for every D € D and w € €2 such that

—AM+2e [° 2(0,w)do+2¢ [°, |2(0,w)|do v
e MH2e 2, 2(6,w)do+2¢e |2, |2(0,w)] ||go||§[§71/+2, t>Tp(w), (4.15)

which completes the proof together with (4.14).

Lemma 4.2. Suppose f(z) € L?(O) and € € [0,1]. Then the solution I(t,w, o)
with So € D of problem (3.14)-(3.17) satisfies

t+1 A
2
/ I1S(s, 0110, So) I3 ds < %e%ffl'z(f’““)'d"&(w) +1, t>Tp(w),
t

(4.16)
where Re(w) is the tempered random variable given by (4.2) and Tp(w) is the one
found out by (4.15).

Proof. Let T € (0,t). By (4.12) we have

d v
&HS(&Q—M» So)ll7r 4+ (A — 2€2(05—ew)) IS (s, 0—sw, So) |7 + §||3(8,9—M, So) Iy

<O fIf o2, (4.17)

Multiply (4.17) by exp{A(s —t) — 2¢ [;’ 2(65—sw)do} and integrate the result over
(T,t) with respect to s to find that

ISt 01w, So) [ — T =072 2007 (T, 0y, o) |y

t
g [ AR50, o) ds
T

t
< 2V;1||f||%/{ /T e)\(s—t)—2e JE (05 —rw)do—2ez(05—w) ds. (418)

On the other hand, by (4.13) we see that

[T, 010, o) I3y e T+ =0

T
+ 21/1_1||f||%/1/ /0 e)\(sz)+2e fST 2(05—tw)do—2ez(05—tw) ds,

(4.19)
and then that

AT 07| (T 00, o) [y

<6A(T—t)—2e ftT 2(06—tw)do (e—)\T+2e fOT 2(05—1w)do ||g0 H%—I
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T
+ 2Vf1||f“%/{ /0 eA(s—T)+2e ng 2(05—tw)do—2ez(05_tw) dS)

e I3 2(05—iw)do ”%0 H?{

T
+ 21/1—1”‘]0”%/1/ /O e)\(sft)+25 S5 2(05—tw)do—2ez(05_;w) ds, (420)

which along with (4.18) implies that

t

v o s

190,60, o)y + 5 [ o020 3 5,0, S| ds
T

< 67>\t+26 fot z(eg,tw)d(r”c\xm”%]

t
+ 2Vfl||f|‘%/{/0 eA(s—t)+2e [t 2(05—yw)do—2ez(0s—yw) ds

0
— €_>\t+26 ff, Z(Gaw)da”(\xyO”iI + 2V1_1 Hf”%/l’ / e)\s+26 fso z(0ow)do—2ez(0sw) ds.
—t

(4.21)
Replacing ¢ with ¢t + 1 and T with ¢ in (4.21), we have
I1S(t+1,0__1w, S0)|1%
L[t .
by [ e i 6, o) ds
t
— € 0 z w o
§ e A(t+1)+2 f7t71 (Oow)d ||%0||%-I
0
+ 21/1_1H.f||%/1/ / 1 erst2e J2 2(0,w)do—2e2(0,w) ds. (422)
7t7
Note that for all s € (¢t,t+ 1),
pAs—t=1)—2¢ S 700 —1w)de > oA —2e e, |2(0ow)|do (4.23)
From (4.22) and (4.23) we argue for all ¢ > 0 that
t+1
[ 1860w S0l s
t
< 2V—1e—)\t+2e fEt_l z(Ggw)do-i-QefEl \z(ggw)\dzf”(\}o”fq
A 2 0
. 4| f117, 26 0%, |z(90w)\da/ st [0 2(0,0)do—2e2(0,0)
vry —t—1 ’
which implies for ¢ > Tp(w), the one given by (4.15), that
o 2 260 20, |2(00w)ld
/ 1S (s, 01w, S0)||F ds < ——e 1 0o R () 41, (4.24)
‘ v

where R (w) is the tempered random variable given by (4.2) and therefore the
lemma is concluded. O
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Lemma 4.3. Assume that f(x) € L?(O) and € € [0,1]. Then there exists a random
variable R} (w) such that for each D € D the solution 3(t,w, o) with So € D of
problem (3.14)-(3.16) satisfies

I3(t, 0—ew, S0) |} < Ri(w), t>Tp(w), (4.25)
where Tp(w) is as given by Lemma 4.1.
Proof. Multiply (3.14) by —A& and (3.15) by —SAmn, repectively, and then inte-
grate the results over O to find that

S SIVElR +mlag)?

— e—ez(«%w) ( _ %(662(9,«,“1)57 eez(etw)g) + S,B(esz(agw)?77 eez(&«,w)n)7 —Af)

—e—ez<9w>/ f A6 da + €| VEP(0,w), (4.26)
(@)

Sd
2.dt

_ efez(etw) < o %(eez(etw)g’ eez(etw)n) + %(eez(etw)n, eez(t%w)é-)’ 7SA’I7)
+ €S| Vn|22(0:w). (4.27)

— IVl + Sve|| Anlf?

By the second inequality of (3.8) and the Young’s inequality we find that
e—ez(atw)( _ %( ez(9tw)£7 eez(etw)é-)’ _Aé-)

= e=O)p(g, €, A€)
< ce=0||¢ |12 vl Ag )P
%\\A£||2+ce4“<9f“’>||£u Ve, (4.28)

Similarly, we have

,ez(Gtw) (S%(eez(Otw)Th eez(etw)n), 7&6)

SI/ €z w
2HAHII2 1HA£||2+064 R R 71 (4.29)

efez(étw) ( o %(eez(etw)g, eez(Gtw)n) + %(eez(etw)n, eez(@tw)é—)7 —SA77>

Sv v 2 (60w
<22l 4 gl + e (JelI ) + InlPIvEl).  (4.30)
Since
—e ) / f- 08 do < ce 0D £2 4 2 Ag, (4.31)
o
we insert the results (4.28)-(4.31) into identities (4.26) and (4.27) to obtain
ov Sv e2(0rw
5 Glt||V§||2 - = laglr < 42 [27]1? + ce*= @ ()2 VEN* + [Inl*1Val*)
+ e 2O FI2 4 | VE]P2(Biw), (4.32)
S d 3SV2 ! c
= IVl + 22 A2 < ZAEN +cet 0 (|1l Vnll* + In]2| Vel

—|— eS| Vn||22(0w). (4.33)
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Then from the above two inequalities we have

d 2 2 2 2
= (IVel2 + 51m)2) + v (12612 + Sl|2n2)

< et =0 (g |2VE + InlPIVal® + IEIRIVal® + Inl?€))
+ 26(|[VE]12 + S Vn[12) 2(0rw) + ce™2=O )| ]

ez(Orw 2
< e (€] + S|nl®) (IVEN1® + SIIVall?)
+ 2¢(|| V€| + S[[Vl|?) z(Bsw) + ce 2= £, (4.34)

where v = v1 A 19, and thereby

d
VSt @, 307 +vIIAS(E w, So)l <ee' S H VS5

+ 2e2(0,w) || VS||% + ce2e#0w)
(4.35)

where c is a deterministic and positive constant independent of €. Let

M, (t,w) = Ot w, 30) [ VSt w, S0) 3 + el=(01)],

N(t,w) = e~ 2e=(0w),

Then it follows from (4.35) that
d
&HV%(tw?SO)H%{ < M (t,w)||[VS(t,w, So) |3 + eNe(t,w), t>0.  (4.36)

For t > Tp(w) fixed, Tp(w) is as given by Lemma 4.1, and s € (¢,t + 1), we apply
Gronwall lemma to (4.36) over (s,t+ 1) and replace w with 6_;_jw to get

IVS(E+1,0- 1w, o) [} < i MO9S (s,0, 1w, S0) 1%
1
—|—c/ elr Me(0-c1)dS N (70, jw) dT
S
< eftﬁ—l cME(T,Q,t,lw)dT”v%(S’ 9,,5,10.}, %0)”%1

t+1
+ c/ e Me(S0—t1@)dS N (7 0, w) dr.
t

(4.37)
Integrate (4.37) with respect to s over (¢,¢ + 1) and we obtain
||V(3(t +1,0_; 1w, %0)”%
- t+1
< elt et [ 199 (s, 01, S0y ds
¢
1
—|—c/ elr Me(0-t1w)ds N (70, 1w) dr
¢
- t4+1 t+1
< cecft M€(7'79t1w)dr</ ||V%(S,9,t,1w,%0)||%lds + NE(T, 9t1w)d7>.
¢ ¢

(4.38)



Long time behavior of stochastic MHD equations 1097

On the other hand, by (4.1), for 7 € (¢,t 4+ 1) with ¢ fixed as above, we have

H%(T, o—t—lwa %O)H%I = ||%(T7 9—7’ o of—t—lwv %0)”%—] § Rs(e‘r—t—lw) + 1
< sup R (f_rw)+1=:r.(w), (4.39)
7€(0,1)

where R.(w) is the tempered random variable given by (4.2) and r.(w) is readi-
ly checked a tempered random variable since z(w) is P-a.s. pathwise continuous.
Therefore,

t+1
M (1,0_;—1w) dr
t

t+1
:/ (A==, 010, S0) 3 VS (7, 02110, S0) 3 + €] 20 1-1)])
t

t41 0
< Te(w)/ <€4ez(077t71w)||V%(7—, 0_1_1w, %0)|\12q)d7' + 26/ |z(0-w)| dr
t

t+1

<re(w) sup 6462(9*“’)/ IVS(T,0_t_1w,S0)||% d7 + sup  2€|z(0,w)].
T7€(—1,0) t T7€(—1,0)

(4.40)

Notice from (4.24) that

t+1 A
2
S, 0_+_q1w,So s < ie 2 i elw) +1, > 1Ip(w).
(s, 0 So)|I? ds < 2¢ [ 12(0-w)ldo p 1, t>T
t v

(4.41)
We insert (4.41) into (4.40) to obtain that
t+1
M (7,0——1w) d7 < cre(w)(Re(w) + 1)  sup eOelz0-l -t > T (w),
t Te(~1,0)
(4.42)

for some positive constant c. Let

M (w) :==rc(w)(Re(w) +1) sup Ozl e Q.
T€(—1,0)

Then it defined a tempered random variable M*(w), which is also continuous in e
satisfying
M (w) > re(w) > Re(w) +1, we.

Hence, we have

t+1 t+1
/ Ne(7,0_4—w) dr = / e 2e2(0r—1w) g
t t

< sup OO < ()
T7€(—1,0)

Therefore, from (4.38) and (4.41)-(4.43) it follows that

(4.43)

‘(o) [ 26
IVS(t+1,60- 100, o) || < ce™ ) (je%f”l 20T R () +1+ M:(@)

< MW NMH(w) = R (w), t>Tp(w),

which completes the proof. O
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5. Random attractors for the RDS

In this section, we investigate the existence and the upper semi-continuity of ran-
dom attractors for the stochastic MHD equations when the perturbation factor e
vanishes. We use subscript “ .” or superscript “ ¢” to indicate the dependence of e.

5.1. Existence.

Theorem 5.1. Assume that f(x) € L?(O). Then for each ¢ € (0,1], the RDS
(0,%¢) generated by the random system (3.14)-(3.17) possesses a unique D-random
attractor o, = {Ac(w)}w in H.

Proof. Let E. = {E.(w)}, and Ef = {E*(w)}, be given by

E(w) ={S € H : |||} < Re(w) + 1},

5.1
Br(w) = {3 € H: |32 < R' W)}, 51)

where R.(w) is the tempered random variable given by Lemma 4.1 and R}(w) the
random variable given by Lemma 4.3. Then for each € € (0, 1] fixed, from Lemma
4.1 and Lemma 4.3 it follows that E. € D is a closed random tempered absorbing
set for ¥ in H, and that ¢ is D-asymptotically compact in H, thus the proof is
complete by Lemma 2.1. O

5.2. Upper semi-continuity.

To study the upper semi-continuity of random attractors, we consider the following
deterministic case of (3.14)-(3.16) as € = 0:

E_VlAgz _%(§7§)+S%(n’n)+f<$)’ (52)
D valn = ~B(E,n) + B ), (53
divé =0, divyp=0, (5.4)

with corresponding initial-boundary condition

(5.5)

£(2,0) = &o(x), n(z,0)=mno(z) onO,
&x,t)=0, n-n=0, culn=0 onT.

It is clear that such an autonomous system generates a continuous semigroup
{1o(t)} given by 1o (t)So = (t) := (£(¢),n(t)) and possesses a unique global at-
tractor &/ in H. To study the stableness relation between o7, and 7, we denote by
Se = (&, 1) the solution of problem (3.14)-(3.17).

Lemma 5.1. Assume that f(x) € L?(O). Then for each T >0 and w € Q,
1Se(t,w,35) — S#)||g =0 ase— 0T,

provided 3§ — So in H as e — 0T,
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Proof. Let U= (Uy,Us) = (& —&,me —1n) = S — S, where S solves the problem
(3.14)-(3.17) and S solves (5.2)-(5.5). Then minus (3.14) by (5.2) and we obtain

ddilil _ VlAul — (_ e—ez(@,,w)%(eez(é)w})g67 eez(@,,w)fe) + %(6,5))

+ S<€—ez(0tw)%(esz(6tw)n6’ eez(Gtw)nE) _ 53(777 n)) (56)
+ (6_62(9“") — 1)f(x) + e€ez(0w).
Similarly, from (3.15) and (5.3) we find that

d
% — AUy = (- e O (2 Orle e =Crdy ) 1B (¢ ) )
+ (OB (O SO ) B0, 6)) + enez(Ou).
(5.7)
Take the inner product of the first term on the right hand side of (5.6) with U; in
Hy, then it follows from the trilinearity of b and relations (3.9) and (3.7) that

( _ e—ez(Gtw)%(eez(Gtw)ge, eez(etw)fe) + %(57 £)7 U1>

—eOp(E, €, Un) +D(E, €, Un)

= 7662(9“‘1)1)(667 é.e’ Ul) + eEZ(Gtw)b(§€7 fa Ul) - 66Z(6tw)b(§€a 57 Ul) + b(§5 57 Ul)

= =g, Uy, Uy) — (50 9b(, € Ur) = b(E,€ W)

— _b(esz(gtw)ge _ g,f’ Ul) _ _b(eez(Of,w)Ul + (eez(ﬁf,w) _ 1)§7£a Ul)

= —e0@)p(Uy, €, Up) — (e — 1)b(¢g, €, Uy). (5.8)

Analogously to (5.8), for the second term on the right hand side of (5.6) we have

S<6762(9tw)%(6“(9f“)ne7 e 0ne) — B(n,m), Ul)

(5.9)
:SeEZ(Q*“)b(nE, Us, U1) + SeEZ(Q*W)IJ(UQ7 7, U1) + S(esz(‘g‘“’) — 1)b(n, 7, U1).

Take the inner product of (5.6) with U; in H and it follows from (5.8)-(5.9) that

1d

2 dt”U1”2 + 11 [|[VU,||? = _eez(etw)b(Uhf, Uy) — (e=0r) — 1)b(&,€,Uy)

+ 5e b (i, U, Un) + S b(U,m, 1) (549
+ S(eez(etw) — 1)b(7lv m, Ul)
+ (e7=0) —1)(f(2),U1) + ez(fhw) (&, Un).

Similarly, taking the inner product of terms on the right hand side of (5.7) with
SUs in H, we have
( _ e—ez(Gtw)%(eez(O,w)ge’ eez(Gtw)nE) + %(57 77)) SUQ)

_ _Seez(etw)b(gé’ e, U2) + Sb(f, n, U2)
= —SeFOb(E, me, Ug) + SeF O Ib(¢,m, Ug) + S(1 — e )b(¢,, Uy)
= —Se@p(Uy,n, Uy) + S(1 — e=0)p(g,m, Uy), (5.11)
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and

<€—ez(0tw)%(esz(9tw)n eez(Gtw)é- ) _ %(77 5) SUQ)

(5.12)
=8e0)p(n,., Uy, Ug) 4+ Se0)p(Uy, €, Ug) + S (e @) — 1)b(n, €, Us).

Then taking the inner product of (5.7) with SUs in H, by (5.11)-(5.12) we obtain

S d |
2.dt
= — Se=Ip(Uy,n, Ug) — S(e=) — 1)b(g,n, Us) + Se=@“)p(n., Uy, Us)

+ Seez Gtw (U2a§7 U2) + S( (0) 1)b(777£a UQ) + Sﬁz(etw)(nsa U2)7
(5.13)

Ua|? + 25| VU,|?

which together with (5.10) and (3.7) implies that

1d
2dt

:eezwtw)(—b(ul,g,u )+ Sb(Us,m,U1) — Sb(Uy,m,Uz) + Sb(Us, &, U2)>

+(662(&&)) - 1)( - 6(5767 Ul) + Sb(nﬂ% Ul) - Sb(§7na U2) + Sb(n7§7 U2))
+ (e~ (0] _ 1)(f,U1) + ez(6w) (&, Ur) + Sez(6,w)(ne, Ua), (5.14)

(U1]12 + 11U 12) + w1l VU2 + 028 [ 9 U 2

and then that

d
ol +2uvu
< 2652(0“40) ( - b(Ulagv Ul) + Sb(UQan7 Ul) - Sb(U27777 U2) =+ Sb(U27§7 U2)>

~2(e =) — 1) (b(¢, €, Ur) — Sb(n,n,U) + Sb(€, n, Uz) — Sb(,€, U2) )

+2(e= ) 1) (f,U1) + e2(0w) (&, Ur) + Sez(6;w) (e, Us)
= 20U, 3, U) — 2(e*0) — 1)b(S, S, V)
+2(e~e=0r) 1)(f,U1) + 2ez(Bw) (&, Up) + 2Sez(Byw) (e, Uz), (5.15)

where b is the operator given by (3.10), v = v1 A vs.
On the other hand, from (3.11) and Young’s inequality we have the estimates

0| b(U, S, U)| < ce”* Ul | VU 1| VS| 12

(5.16)
< US| F V| + v VUG,
[B(3,3, V)] < 181577V 1Vl VUl (517)
< (ISI7 + DIVSIE + el VUlE V]
Also, it is elementary to verify that
2(6—62(9tw) — ]_) (f, Ul) + 262(9,50.))(55, Ul) + 2562(9,50.))(776, UQ) (5 18)

<[V + cle™ =) = 11| £11? + celz(.w) ]| Se | Fr-
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Therefore, it follows from (5.15)-(5.18) that

S0 < (O TSI + o= 19U +1) UL
+ C(|€_6Z(9t°’) — SN + DIVSIIE + e — 1|2) (5.19)
+ eclz(0,w) (|-
Denote by

Je(t,w) = 2O TS + e — 1| VY| + 1,
Ke(t,w) = lem =) —1|(IS11F + DIVSIE + le™ =) — 112 + e|2(81w) 2| el

Then applying Gronwall Lemma techniques to (5.19), it holds for every T' > 0 and
w € Q that

T
IU(T, 0, Ug) 3 < eI T-edd gy 2, 4 ¢ / e S IO I (5, 0) ds
0

T (5.20)
< e° e Je(T,w)dTHUOH%I + ceclo Je(ﬂbJ)dT/ K. (s,w) ds.
0
Now it suffices to verify for every fixed T' > 0 and w € () that
T T
/ Je(T,w) d7 < 00, / K (r,w) dr < o0, (5.21)
0 0

since if so, by Lebesgue’s dominated convergence theorem we immediately have
JU(T,w,Uo)||lzr = 0 ase— 0T, (5.22)

provided ||Ug||g — 0, and thereby we conclude the lemma. By the regularity result
Lemma 3.1 and the pathwise continuity of z(w) we estimate the second estimate of
(5.21), and the first is similar.

T
/ K (r,w) dr
0
T
— [ (7= < I + DIV + 1670 < 17 4 el(6,) P )ar
0

T
< sup (e 0 —1U(I8] + 1) + el (0rso)) | U9l +13B)ar < .
T€(0,

(5.23)
for all T > 0 and w € ), where the finite bound can be seen from (4.13) since the
estimate of the term ||V can be obtained analogously to ||VS¢||z. The lemma
is concluded. O

Now we are in the position to show the upper semi-continuity of random at-
tractors for the RDS (6, .) generated by the random system (3.14)-(3.17), which
together with Theorem 5.1 implies the Main Result of this paper by the argument
of equivalent RDS, Lemma 2.3 and Proposition 2.1.
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Theorem 5.2. Assume that f(z) € L?(0). Let o, = {A.(w)}s be the D-random
attractor for system (3.14)-(3.17) and < is the global attractor for the autonomous
system (5.2)-(5.4) in H. Then

el_l>r(IJl+ dist 7 (Ae(w), &) = 0.
Proof. The proof is done by verifying the three conditions required by Lemma
2.2 since we have done enough preparations before. First note that condition (i) is
actually indicated by Lemma 5.1.

Condition (ii) is verified by taking K = 2v;* ||f|\%/1,+1, which equals lim,_,g+ R¢(w)
for every w € Q, where R.(w) is the tempered random variable in (5.1) and given
by (4.2). Since EX(w), € € (0,1], defined by (5.1) is a compact random absorbing
set in H, we have

U A (w) C U E!(w), weqQ,

0<e<l1 0<e<l1

which indicates (iii) and then we complete the proof. O
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