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Abstract In this paper, we prove some stability results concerning the gen-
eralized quadratic and quartic type functional equation in the context of non-
Archimedean fuzzy normed spaces in the spirit of Hyers-Ulam-Rassias. As
applications, we establish some results of approximately generalized quadratic
and quartic type mapping in non-Archimedean normed spaces. Also, we show
that the assumption of the non-Archimedean absolute value of 2 is less than
1 cannot be omitted in our corollaries. The results improve and extend some
recent results.
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1. Introduction

In 1897, Hensel [14] discovered the p-adic numbers as a number theoretical ana-
logue of power series in complex analysis. He indeed introduced a field with a
valuation norm, which does not have the Archimedean property. The most impor-
tant examples of non-Archimedean spaces are p-adic numbers. A key property of
p-adic numbers is that they do not satisfy the Archimedean axiom: for all z,y > 0,
there exists an integer n, such that z < my. During the last three decades, the
theory of non-Archimedean spaces has gained the interest of physicists for their
research, in particular the problems that emerge in quantum physics, p-adic and
superstrings [22]. Although many results in the classical normed space theory have a
non-Archimedean counterpart, but their proofs are essentially different and require
an entirely new kind of intuition. One may note that |n| < 1 in each valuation field,
every triangle is isosceles and there may be no unit vector in a non-Archimedean
normed space [33]. These facts show that the non-Archimedean framework is of
special interest.

In order to construct a fuzzy structure on a linear space, Katsaras [21] defined
the notion of fuzzy norm on a linear space. Later, several notions of fuzzy norm from
different points of view have been introduced and discussed by some mathematicians
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[9,18,24,39]. Cheng and Mordeson [6] gave a new definition of a fuzzy norm in such
a manner that the corresponding fuzzy metric is of Kramosil and Michalek type [23].
Bag and Samanta [3] modified the definition of Cheng and Mordeson [6]. They also
studied some nice properties of the fuzzy norm in [4]. Recently various results have
been investigated in this topic (see [28,30,31] and references therein).

A classical question in the theory of functional equations is as follows: “When
is true that a function, which approximately satisfies a functional equation £& must
be close to an exact solution of the equation £7” If the problem accepts a unique
solution, we say the equation is stable. The first stability problem concerning group
homomorphism was raised by Ulam [38] and affirmatively solved for Banach spaces
by Hyers [15]. Subsequently, Hyers’ result was generalized by Aoki [2] for additive
mappings and Rassias [34] for linear mappings by allowing the norm of the Cauchy
difference, f(z +y) — f(z) — f(y), to be controlled by &(||z||” + ||y||?). Taking into
consideration a lot of influence of Ulam, Hyers and Rassias on the development
of stability problems of functional equations, the stability phenomenon that was
proved by Rassias is called the generalized Hyers-Ulam stability or the Hyers-Ulam-
Rassias stability. The above results have been generalized by Forti [10] and G&vruta
[11] who permitted the Cauchy difference to become arbitrarily unbounded. Since
then, the stability problems of various functional equations and mappings with
more general domains and ranges have been investigated by several mathematicians
(see [5,17,20,37] and references therein).

The functional equation

fle+y)+ flz—y) =2f(x) +2f(y), (1.1)

is called the quadratic functional equation and it is is related to the symmetric
biadditive mapping [1,19,37]. Every solution of the quadratic equation (1.1) is said
to be a quadratic mapping. It is well-known that a function f between real vector
spaces satisfies the quadratic equation (1.1) for all z,y if and only if there is a
unique symmetric bi-additive function B such that f(x) = B(x,z) for all z, where
B is given by B(z,y) = :[f(z +y) — f(z — y)]. Various stability problems for the
quadratic functional equation (1.1) was solved by many authors (see [7,16]).

In 2003, Chung and Sahoo [8] determine the general solution of the functional
equation

flx+2y) + f(x —2y) = 4f(x +y) +4f(x —y) +24f(y) — 6f(x), (1.2)

for all z,y € R and proved that every solution f is of the form f(x) = A(x,z, z, x),
where A is a 4-additive function. In 2005, Lee, Im and Hwang [25] introduced the
quartic functional equation

fQx+y)+ f2r —y) =4f(x +y) +4f(x —y) +24f(x) —6f(y).  (1.3)

The functional equations (1.2) and (1.3) are equivalent since in either case f(0) =0
and f(—z) = f(x) for all x € R. For any arbitrary constant ¢ € R, the function
f(x) = ca* satisfies the functional equation (1.3) on R. Thus for the obvious reason
it is called the quartic functional equation and every solution of equation (1.3) is
said to be a quartic function. The stability of the quartic functional equation was
considered by Rassias [35] for mapping f : X — Y, where X is a real normed space
and Y is a Banach space.
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In this paper, we consider the following functional equation

flkz +y) + f(kz —y)
=K f(z +y) + K flz —y) +2f(kz) = 2k° f(z) — 2(k* = 1) f(y),  (1.4)

for a fixed integer k with k& # 0,41. It is easy to show that f(z) = az* + bx?
satisfies the functional equation (1.4). Gordji, Abbaszadeh and Park [12] estab-
lished the general solution and proved the generalized Hyers-Ulam stability of the
functional equation (1.4) in quasi-Banach spaces. The main purpose of this pa-
per is to establish the fuzzy stability of the functional equation (1.4) in the sense
of [28] in the framework of non-Archimedean fuzzy normed spaces. In addition,
we establish some results of approximately generalized quadratic and quartic type
mapping in non-Archimedean normed spaces. We also show that the assumption
of the non-Archimedean absolute value of 2 is less than 1 cannot be omitted in our
corollaries. Our results may be regarded as a continuation of the previous contri-
bution of the authors in the setting of fuzzy stability (see [28,31]), but they are of
different nature [32].

2. Preliminaries

In this section, some notations and basic definitions are given which will be used in
this paper.

Definition 2.1 ( [29]). Let K be a field. A non-Archimedean absolute value on K
is a function | - | : K — R such that for any a,b € K we have

1. |a] > 0 and equality holds if and only if a = 0;
2. |ab| = |al[b];
3. |a+ bl < max{]al,|b|} (the strong triangle inequality).

Clearly, |1| = | — 1] = 1 and |n| < 1 for all non-zero integer n. In addition,
we will always assume that | - | is non-trivial, that is there is an ag € K such that
|ag| # 0,1. The most important examples of non-Archimedean spaces are p-adic
numbers.

Example 2.1 ( [29]). Let p be a prime number. For any non-zero rational number
x = ¢p" such that a and b are coprime to the prime number p, define the p-
adic absolute value |z|, = p~". Then | -| is a non-Archimedean norm on Q. The

completion of Q with respect to || is denoted by Q,, and is called the p-adic number
o0

field. In fact, Q, is the set of all formal series x = ) arp®, where a < p — 1 are
k>r
integers. The addition and multiplication between any two elements of @, are

T

defined naturally. The norm | Y axp®|, = p~
k>r
and it makes Q, a locally compact field [36]. Note that if p > 2, then 27|, = 1 for

each integer n but 2|2 < 1.

is non-Archinedean norm on Q,

Following [29], we give our definition of a non-Archimedean fuzzy normed space.

Definition 2.2 ( [29]). Let X be a linear space over a non-Archimedean field K.
A function N : X x R — [0, 1] is said to be a non-Archimedean fuzzy norm on X if
for all z,y € X and all s,t € R:
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N1) N(x,c) =0 for ¢ <0;

(N1)

(N2) z =0 if and only if N(z,c) =1 for all ¢ > 0;
(N3) N(cz,t) = N(x, E ‘) if ¢ £ 0;

(NA4) N(x + y,max{s,t}) > min{N(z,s), N(y,t)};
(N5) hm N(z,t) =1.

In this case (X, N) is called a non-Archimedean fuzzy normed space.

Clearly, if (NA4) holds, then so is (N4) N(z +y,s+t) > min{N(z, s), N(y,t)}.

If the scalar field is R then X is trival [26]. Recall that a classical vector space
over the complex or real field satisfying (N1)—(N5) is called a fuzzy normed space in
the literature. We repeatedly use the fact N(—z,t) = N(z,t),z € X,t > 0, which
is deduced from (N3). It is easy to see that (NA4) is equivalent to the following
condition:

(NA4)N(z +y,t) = min{N(z, 1), N(y, D}, y € X,t € R),

There exists a close relationship between the notion of a fuzzy normed space and
that of a probabilistic normed space. In fact, a function N fulfilling (N1) — (N5)
and in addition being left continuous on R with N(z,00) = 1 and N(z, —00) =0
is the so-called distance distribution function. So N(0,t) is a particular distance
distribution function, namely &¢ (see [13]).

Example 2.2. Let (X, -||) be a non-Archimedean normed space, and «a, 8 > 0.
Then

at
W, t>0,x€X,

N(x,t) =
0, t<0,ze X,
is a non-Archimedean fuzzy norm on X.
Example 2.3. Let (X, || - ||) be a non-Archimedean normed space. Then
0, &<,
N(z,t) =
Lot> [z,
is a non-Archimedean fuzzy norm on X.

Definition 2.3 ( [29]). Let (X, N) be a non-Archimedean fuzzy normed space. Let
{zn} be a sequence in X. Then {z,} is said to be convergent if there exists z € X
such that

lim N(z, —x,t) =1,

n—oo

for all ¢ > 0. In this case, x is called the limit of the sequence {x,} and we denote
by N —limz,, = x.
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A sequence {z,} in X is called a Cauchy sequence if, for every £ > 0 and ¢ > 0,
there exists ng € N such that N(x,yp — xp,t) > 1 —¢ for all n > ng and p > 0.
Due to

N(@ntp — T, t) > mMin{N(Tpip — Tnip-1,1), .-+, N(Tnp1 — T, 1)},

the sequence {x,} is a Cauchy sequence if, for every € > 0 and ¢ > 0, there exists
ng € N such that N(x,11 — 2n,t) > 1 —¢ for all n > nyg.

It is well known that every convergent sequence in a (non-Archimedean) fuzzy
normed space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy
norm is said to be complete and the (non-Archimedean) fuzzy normed space is
called a (non-Archimedean) fuzzy Banach space.

3. Fuzzy Hyers-Ulam-Rassias stability of the func-
tional equation (1.4)

In this section, assume that K is non-Archimedean field, X is a vector space over
K, (Y,N) is a non-Archimedean fuzzy Banach space over K, and (Z,N’) is (an
Archimedean or a non-Archimedean fuzzy) normed space. We prove generalized
Hyers-Ulam stability of the functional equation (1.4) in non-Archimedean fuzzy
Banach spaces.

For the sake of convenience, given mapping f : X — Y, we define the difference
operator Af : X — Y of the functional equation (1.4) by

Af(x,y) =f(kx +y) + f(kx —y) — K f(z +y)
— K f(x —y) — 2f (kx) + 2K f (z) + 2(k* — 1) f(y),

for all x,y € X and for a fixed integer k with k # 0, +1.

A function f from a real vector space V into a real vector space W is said to be a
quadratic and quartic mapping if f(z) = A(x, 2,7, 2)+ B(z, ), where A : V4 — W
is a 4-additive mapping and B : V2 — W is a bi-additive mapping. The proof of
the following lemma was found in [12].

Lemma 3.1. Let V and W be real vector spaces. If a mapping f : V — W satisfies
the functional equation (1.4), then f is a quadratic and quartic mapping.

Theorem 3.1. Let g : X x X — Z be a mapping and for some o > 0 with |4] < «
such that

Ty

Nl(¢q(§7§)at) ZN’(gaq(:c,y),ozt), (31>

for all x,y € X and t > 0. Suppose that a mapping f : X — Y with f(0) =0
satisfies the inequality

N(Af(z,y),t) = N'(@q(,9),1), (3.2)

for all x,y € X and t > 0. Then there exists a unique quadratic map @ : X — Y
such that

N(f(2x) —16f(z) — Q(x),t) > Ni(z, alk* — k2|t), (3.3)
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for all x € X andt > 0, where

. 1 k2 —1
Nip(z,t) = min {N (q(0, ), |2k2\t) N (9q(0,2), |4||t)aN/(90q(072x)7 K* —1]t),
K21

|k2 _1| )
[4k2|

|2K2]
k2 — 1] k2 — 1]
2] |4K2]

Il€2 _1| ’ 1
2N S —
|k2‘ )7 (‘Pq(max)7 |16k2*8|

N'(pq(0, (k — 1)z), ), N'(¢q4(0, (k — 2)z),

N'(q(0, (k = 3)),

t),N/(qu(O, kx)a

t),

N'(q(0, (k + 1)), t),

N'(g(z, ), ﬁt) N'(pq(z,2x), Wl_mt),

N (pg(z,22), |4k2\ t), N'(pq(z, 3x), |k32| t), N'(¢q(z, (k — 1)x)7ri|t)a

1

N'(pq(x, (k = 2)), 1), N'(pq(z, k), 1), N'(pq(x, (k + 1)z), ] t),

|2|

N'(@q(, (k + 2)), 1), N'(0q(22, ), |71|t), N'(pq(22, 296),75)} :

Proof. Putting z = 0 in (3.2) and then changing y to x, we get

N(f(z) = f(==),t) = N'(p4(0,2), [k — 1]2), (3-4)

for all z € X and t > 0. Letting y = = in (3.2), we obtain

N(f((k+1)x) + f((k - 1)x) — k2 f(22) — 2f (kx) + (4k* — 2) f(z),1)
>N'(pq(z,x),1), (3.5)

for all x € X and ¢ > 0. Letting y = 2z in (3.2), we have
N(f((k+2)) + f((k = 2)x) = k*f (32) — k* (=) — 2] (k)

+2k2f(x) + 2(k* — 1) f(22),t)
ZN/(QOCI(I72I)7t)a (36)

for all x € X and ¢ > 0. By (3.4) and (3.6), we have

N(f((k+2)z) + f((k — 2)x) — K’ f(3z) — k* f(—x) — 2f (kx)
+2k2f(x) + 2(k* — 1) f(22),1)

Zmin{N’((pq(aj,2x),t),N’(<pq(0,x),|k|k;|1|t)} , (3.7)

for all x € X and ¢ > 0. Letting y = kx in (3.2), we have
N(f((k+2)z) + f((k = 2)z) — k*f(3z) — 2f (k) + k* f(2)

)+
+2(k? — 2)f(22) + 2k f(x), 1)
>N'(¢q(z, kx), t), (3.8)
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for all x € X and ¢ > 0. By (3.4) and (3.8), we have
N(f(2kx) = E*f((k+ D)a) — K> f((k — D)x) — 2(k* — 2) f (k) + 2> f (), 1)

2 _
> min { V(g ), ). V' (a0, = ), 2 (39)

for all z € X and ¢ > 0. Letting y = (k + 1)z in (3.2), we get

N(f((2k + 1)z) + f(—x) — K2 f((k + 2)z) — E*f(—kx) — 2f (kx) + 2k f(x)
+ 2% = 1) f((k+ 1)z),t)
ZN/(QD(I(xa (k + 1)1’),t), (31())

for all z € X and t > 0. By (3.4) and (3.10), we have

N(f((2k 4+ 1)z) + f(x) — K2 f((k 4+ 2)z) — k* f(ka) — 2f (kx) + 2K* f ()
+2(k* = 1) f((k+ 1)), 1)
k? =1

Zmin {N’((pq(x, (k =+ 1)$)7t)v Nl(‘ﬂq(()? kx)’ Wt)vN/(w(](O’m% |k2 - 1|t)},
(3.11)

for all x € X and ¢ > 0. Letting y = (k — 1)z in (3.2), we get

N(f((2k = 1)) + f(a) — K2F((2 = b)) — (K +2)f(ka) + 262 f ()
+2(8 — D f((k — Da),t)
>N (q(a, (k= )a), 1), (3.12)

for all x € X and ¢ > 0. It follows from (3.4) and (3.12) that

N(f((2k = 1)x) + f(z) — K> f((k — 2)x) — (K* + 2) f (k)
+2k2f(x) + 2(K* — 1) f((k — 1)z),t)

> min {N’«oq(x, (k= 1)2), ), N, 0. = 2, 1 k;|1't>} RN CRE

for all x € X and ¢ > 0. Letting y = (k + 2)z in (3.2), we get

N(f2(k+1)z) + f(—2z) — K> f((k + 3)z) — k> f(—(k + 1)z) — 2f (k=)
+2k% f(z) + 2(k* — 1) f((k + 2)2), 1)
>N'(pq(z, (k+2)x),1), (3.14)

for all x € X and ¢ > 0. It follows from (3.4) and (3.14) that

N(f2(k+ Dz) + f2z) — K> f((k + 3)x) — K* f((k + 1)z)
—2f (kx) + 2K f(z) + 2(k* — 1) f((k + 2)x), t)

|k* — 1] / 2
|k’2| t)aN (qu(O,Q.’L’),“C 71|t) )

(3.15)

> min { N'(pq(x, (k + 2)2),8), N (2,0, (k + 1)),
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for all x € X and ¢ > 0. Letting y = (k — 2)z in (3.2), we have
N(f@2k =)o) + f(22) = K f((k = 1)z) = K*f(~(k = 3)z) — 2f (kz)
+2k% f(x) + 2(k* — 1) f((k — 2)x),1)
ZN’((pq@J, (k - 2)$)’ t)’ (3'16)
for all x € X and ¢ > 0. It follows from (3.4) and (3.16) that
N(f(2(k = 1)z) + f(22) = K f((k — 1)x) — E*f((k — 3)) — 2f (kx)
+ 2k f(z) + 2(k* — 1) f((k — 2)z),1)

2 _
> i { V(g (= 22 0,80, - 3), 220} an

for all x € X and ¢ > 0. Letting y = 3z in (3.2), we have
N(f((k+3)z) + f((k = 3)z) — k*f(4x) — k* f(~22) — 2f (kx) + 2k f ()
+2(k* —1)f(32),1)
>N'(¢q(z,31),1), (3.18)
for all z € X and t > 0. It follows from (3.4) and (3.18) that
N(f((k+3)x) + f((k = 3)z) — k> f(42) — k* f(22) — 2f (kx)
+2k% f(z) + 2(k* — 1) f(32),1)

2 _
> min {N’(soq<:c,3x>,t>,N/<soq(o,2x), 'k| kf't)} , (3.19)

for all z € X and t > 0. Replacing z and y by 2z and x in (3.2), respectively, we
obtain

N(f((2k +1)z) + f((2k — 1)z) — k* f(3z) — 2f (2kx)
+2k2f(22) + (k* — 2) f(2),1)
ZN/(WCI(2Q:7:E)J)7 (320)

for all z € X and t > 0. Letting 2z and 2y in place of  and y in (3.2), respectively,
we get

N(f2(k+ 1)z) + f(2(k — 1)x) — k2 f(4z) — 2f(2kx) + 2(2k* — 1) f(22), 1)
>N'(pq(22,22), ), (3.21)

for all x € X and ¢ > 0. By (3.5), (3.7), (3.9), (3.11), (3.13) and (3.20), we get
N((k* = k)[f(32) = 6f(22) + 15f()],1)

1 k2 —1 1
> min {N'«aq(:c, 22), Tt NV (pl0.0), ||k4|“’ Ny, k), )
k2 —1
N (9 0, (k — 1)), 'Wl't),N’(saq(x, (k4 1)), 1), N (104 0, ), K2 — 1]0),
k2 1) k21

N'(p4(0, k), D, N'(pq(, (k = 1)z), 1), N'(124(0, (k = 2)2), =r=t),

L

N/(<pq(l’,93),|4k21_2|t),N/(qu(2$,$),t)} ) (322>
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for all z € X and ¢t > 0. It follows from (3.5), (3.7), (3.9), (3.15), (3.17), (3.19) and
(3.21) that

N 1) = 413) - 4(25) 45000
. , 1 , 1
> it { V(30 20). ),V 0. 2), ),V ), )

! |k2 _ 1| !
N'(pq(0, (k — 1)z), BT t), N'(pq(, (k + 2)x), 1),

k2 -1
N 0, (1 1)), Pz, Ny (0.20). 2 1)

N'(q(w, (k = 2)2),£), N'(g (0, (k = 3)a), 'k|k§| L), N'(py(a, 32, |k12| 1),

! |k2 — 1| ! ! 1
N (9011(0’ 2%), Wt)7 N (‘pq(2xu 2CC), t)v N (@q(wa ac), th)} ) (323)

for all x € X and ¢ > 0. By (3.22) and (3.23), we obtain
N( (k* = k?)[f(4z) — 20f(2z) + 64f (x)],t) > Ni(z, 1), (3.24)
for all z € X and t > 0, where

k2 — 1]
14|

Ny (z,t) :min{ "(pq(0, ), |2k2| £), N (0q(0, z), t), N'(¢q4(0, 2z), |k* — 1|t),

k2 =1
[247]

k2 -1 k2 — 1]
2] 47|

k2 — 1] 1
|l€2| t) N(‘Pq( ) |16k2_8|t)a

k2 — 1]

N’(‘Pq(ov (k= 1)z), W )s

t)a N’(gpq(()’ (k - 2)1‘),

N/((Pq(ov (k’—3)$), t),N/((pq<0,k’$), t),

N'(0q(0, (k + 1)),
N (pq(z, ), |kl2| t), N’ (pq(z, 22),

71 t
2T )

, 1

1
m?

N'(pq(z,21), —=

|;| 1), Ny, (k + 1)a),

N'(pq(z, (k+2)x),t), N'(pg(2, z), |4| )’N’(goq(Zx,Qm),t)}.

N'(¢pq(x, (k= 2)z), 1), N'(pq(x, kz),

Then the inequality (3.24) implies that
N(f(4x) — 20f(2x) + 64f(x),t) > Ny(z, |k* — K?|t), (3.25)

forall z € X and t > 0. Let ¢ : X — Y be a mapping defined by g(z) :=
f(2z) — 16 f(x) for all x € X. Then from (3.25), we get

N(g(22) - 49(x),) = Ni(w, |6 — B8, (3.26)
for all z € X and t > 0. Replacing x by 55 in (3.26) and using (3.1), we have
N(g(5e) = 49(5mp)st) = Nalw, 0™ |k = k), (3.27)
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for all x € X and ¢ > 0. Hence

T n+1

), 1) > Ni(z, =

xT
s 4

277,

N@"g(5,) =4 g( K" — K2t), (3.28)

2n+1

for all x € X, ¢ > 0 and non-negative integers n.

Since lim Ny(z, (TT\H k*—k?|t) = 1, the inequality (3.28) shows that {4"g(3%)}
n—oo
is a Cauchy sequence in the non-Archimedean fuzzy Banach space (Y, N) for all

z € X. Hence, we can define the mapping @) : X — Y by

T

Q(z) == lim 4"g(57), (3.29)
for all z € X. Thus
lim N(4"g(57) = Q@) 1) = 1, (3.30)

for all z € X and t > 0. For each n > 1, we have

n—1
N(g(x) —4"g(55),t) = N(Y_[4'g(5) =4 g(57)1. 1)
=0
> min | J (NW9(5) 4550, 0)
i=0
> Ni(z, alk* — E|t), (3.31)
for all € X and ¢ > 0. It follows from (3.30) and (3.31) that
N(g(x) = Q(x),t) = min{N(g(x) —4"g(5).1). N(#"g(5) — Q). 1)}
> Ni(z, alkt — k2|t), (3.32)

for each z € X, ¢ > 0 and large enough n, which implies that (3.3) holds for all
z e X and t > 0.
Now, we show that @ is quadratic. It follows from (3.30) that

T

lim N(4"g(=—) — Q(22),t) = 1, lim N(Q(x) — 4" g(

n—00 on—1 n— 00 on—1

for all z € X and ¢t > 0. Therefore

N(Q(22) —4Q(2). 1) = N(Q(2x) — 4g( ) +4"9(55) — 4Q(@). )
> min{N(Q(22) - 4"g(55—). ). N(#"g(5:5) — 4Q(x). 1)}
= min{N(Q(2r) - "9(5,57). . V(4" g(5) ~ Q). 7).

for all z € X and ¢ > 0. By (3.33), the right hand side of the above inequality tends
to 1 as n — oco. Therefore, we implies that

Q(2z) = 4Q(x), (3.34)
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for all z € X. Replacing z, y by 5%, 5% in (3.2), respectively, and using (N3), we
obtain

" z oy , T oy t
= £ > R

for all z,y € X and ¢t > 0. On the other hand, it can be easily verified that
Ag(z,y) = Af(2z,2y) — 16Af(z,y),
for all z,y € X. Hence
N(AQ(z,y),t) = N(Q(kz +y) + Q(kz — y) - K*Q(z +y) — k*Q(z — y)
—2Q(kz) + 2k*Q(2) + 2(k* — 1)Q(y), 1)

=N([Q(kz +y) — 4"g(kx2: D)+ [Qkz —y) - 4"g(kx2; %)
~ k[Q(z +y) —47g(

] - RIQ — ) — 4" )]

— 2[Q(ke) — 47g(om )] + 2H[Qr) — 47 ()]
+2(k = D[QW) — 4"9()) + 4" A (G gs) — 168F (57 5], )
> min {N(Q(kx )~ 49 ) N(QUkr ) — 470" ),
n Ty t n T=Y t
N(Q(z +y) - 4"g(—; )aw)»N(Q(:ﬂ—y)—ﬁl 9 ),@),
N(Qks) = "g(5). 50 N(Qe) ~ 40(30). 7).
N(@) - 49135 Gy N a0, T N enlo ) |

for all z,y € X and t > 0. The first seven terms on the right hand side of the above
inequality tend to 1 as n — oo by (3.30) and the eighth and ninth terms tend to 1
as n — oo by |4] < @ and (N5). Therefore, N(AQ(x,y),t) =1 for all x,y € X and
t > 0. By (N2), we yields

Qkz +y) + Q(kz — y) — K*Q(z +y) — K*Q(z — y)
= 2Q(kz) + 2k*Q(x) + 2(k* - 1)Q(y) =0,
for all z,y € X. Hence the mapping @ satisfies (1.1). By Lemma 3.1, the mapping
Q(2x) —16Q(z) is quadratic. Hence (3.34) implies that the mapping @ is quadratic.
To prove the uniqueness of the mapping Q, let Q' : X — Y be another quadratic
mapping, such that N(f(2x) — 16f(x) — Q'(x),t) > Ni(x,alk* — k2|t). Then for
each x € X and all t > 0, we get

N(Q(z) - Q'(2),t)
= N(Q(z) — f(22) + 16f(2) + f(22) — 16f(2) — Q'(x), 1)
> min{N(Q(z) — f(22) + 16f(2),t), N(f(2z) — 16f(2) — Q'(x), 1)}
> Ny (z, alk* — E2|t).
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Since Q'(£) = £Q'(z) and Q(%) = £ Q(x), by the above inequality, (3.1) and

47L
(N3), we conclude that

T 1

)_Q(in)vm

‘Il€4 k2[t)

me@—thﬂ=N@§%
2n’ |4n

n-+

t)

> Ni(5-

> Ni(x, -

4 1.2

for all x € X, t > 0 and n € N. Since 4| < «, hm (%)" = oo. Then, the right

hand side of the above inequality tends to 1 as n —> 00. So Q(z) = Q'(x) for all
x € X. This completes the proof of the theorem. O

Theorem 3.2. Let p; : X X X — Z be a mapping and for some § > 0 with |16] < 8
such that

Ty

50 5):t) = N'(pi(@,y), 51), (3.35)

N’ (oe(5

for all x,y € X and t > 0. Suppose that a mapping f : X — Y with f(0) =0
satisfies the inequality

N(Af(xvy)’t) > N,((Pt(xa y)vt)’ (3'36)

forallx,y € X and t > 0. Then there exists a unique quartic mapping T : X — Y
such that

N(f(22) — 4f(x) = T(x),t) > Na(z, Blk* — K*[t), (3.37)
forallx € X andt > 0, where

[k* — 1
|4

t)vN/(th(O) (k - 2)37)7

N2(xat) = min {N ((Pt(o Z‘) )7N/(<Pt(07x)7 t)7N/(<pt(Oa2x)’ |k2 - 1“)7

1
[2k2|
k2 —1
22|
|k% — 1 k2—1|t)
L |4k2[

K2 — 1 |
Ik'2| t) N(Sﬁt( ) ‘16k2_8|t)7

t),

k2 — 1]

N’(%(O’ (k= 1z), |4k2]

t),

N (40, (k — 3)z), ), N'(¢¢(0, kx), |

N/(cpt(oa (k + 1)$)7

N’(%(Jﬂ’x) t), Nl(%(x 2x),

1
D%2—U|

)V (1(a32), o). N (g, (O = D). o),

1
a?

Ikﬂ

N'(pi(z, (k = 2)x), 1), N (pe(2, k), :t), N' (@i, (k + 1)),

1
B
N+ 21 00V (g1(20,0), ),V (u(20,20).0) |
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Proof. By the similar reasoning as in the proof of Theorem 3.1, we obtain
N(f(4z) — 20 (22) + 64f (), 1) > Na(a, [k* — K2]e), (3.38)

for all z € X and ¢ > 0. Letting h : X — Y be a mapping defined by h(z) :=
f(2z) — 4f(x) for all x € X. Then, we obtain

N (h(2x) — 16h(x),t) > No(z, |k* — k2|t), (3.39)

for all z € X and ¢t > 0. Replacing x by 557 in (3.39) and using (3.35), we have

T T

N(h(2—n) — 16h(2n+1 ),t) > No(xz, "k — k2[t), (3.40)
for all z € X and ¢ > 0. Hence
N(16"h(——) — 16" h(——m),t) > Na( g k4 — k2|t) (3.41)
on on+1/77) = 2\ |16|n ’ ’

for all x € X, ¢ > 0 and non-negative integers n.

From 16| < 3, we conclude that lim Ny(z, S [k* — k2[t) = 1. Then the in-
n— o0

equality (3.41) shows that {16™h (5 )} is a Cauchy sequence in the non-Archimedean

fuzzy Banach space (Y, N) for all x+ € X. Hence we can define the mapping
T:X =Y by

o 167h(
T(x):= nh_)n;o 16 h(2n), (3.42)
for all x € X. Thus
lim N(16”h(2£) —T(2),t) =1, (3.43)
n— o0 n

for all x € X and t > 0. For each n > 1, we have

n—1

N(h(x) = 16"h(5;),t) = N(Y_[16'A () — 16 (7))
1=0
. i iy L i+1 £
> min | J{N(16 h(5;) =16 h(). 0}
=0
> No(z, Blk* — K2|t), (3.44)
for all x € X and ¢ > 0. It follows from (3.43) and (3.44) that
N(h(x) = T(x),t) > min{N(h(x) - 16"h(5;),t), N16"h(5;) = T(x), )}
> Na(z, Bk — k2|1), (3.45)

for each € X, ¢t > 0 and large enough n. This means that the inequality (3.37)
holds for all x € X and ¢ > 0.

The rest of the proof is similar to the proof of Theorem 3.1. This completes the
proof of the theorem. O
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Theorem 3.3. Let ¢ : X X X — Z be a mapping and for some § > 0 with |4| < ¢
such that
Ty
N'(o(3,2),1) > Mgl ), 1), (3.46)

for all x,y € X and t > 0. Suppose that a mapping f : X — Y with f(0) =0
satisfies the inequality

N(Af(z,y),t) = N'(p(2,y),1), (3.47)

forallz,y € X andt > 0. Then there exist a unique quadratic mapping Q : X —'Y
and a quartic mapping T : X — Y such that

N(f(x) = Q) = T(x),t) > N(x,512|[k* — k|¢), (3.48)
for allz € X and t > 0, where

N(x,t):min{ (0, ), |2]1€2| B, N (5(0, ), |4;1|t),N’(<p(O,2x),|k2—1|t),

0.V (200, (k — 2)2), ),

k2 —1]
22|
|k? — 1] k2 —1|
k2] [452|

N0, (k+ 1)), =y N (o, ),
) b) ‘kQI b b 9 |16]€2—8|

t),

N'((0, (k = 1)),

N (00, (k — 3)a), ), N'(p(0, k),

t),

t),

! !/ 1
N'(e(z, z), |k2| t), N'(p(x 721’)7m

N/(QD<$,2-75) |4k2| t), N/( (x,3x), |]€12| t), N'(¢ (z, (k‘_l)x%ﬁt)’

Nl (k= 2)2).1), N (oo k). 7). N, (s + 1)) o),

N'(p(z, (k +2)x),t), N'(p(22, ), L ),N’(ap(2x,2x),t)}.

4]

Proof. Clearly |16] < |4] < §. By Theorems 3.1 and 3.2, there exist a quadratic
mapping Qo : X — Y and a quartic Ty : X — Y such that

N(f(22) = 16f(z) = Qo(x).t) = N(x,6|k* — k°|t), (3.49)
N(f(22) - 4f(z) = To(x),t) = N(z, 8|k* — K|t), (3.50)
for all x € X and ¢ > 0. It follows from (3.49) and (3.50) that
N(f(2) + 5 Qo() ~ 5 To(), 1)
1

= N(55[£(22) — 4f(2) = To(@)] — 3517(20) ~ 16/(z) ~ Qo(x)]. )

2
> min {N(llz[f(2:c) —4f(z) — To(2)],t), N(1—12[f(2x) —16f(z) — Qo(z)], t)}

= min{N(f(2z) — 4f(x) — To(x), [12]t), N(f(22) — 16f(x) — Qo(x), [12[t)}
> N(z,8]12]|k* — K[t), (3.51)
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for all z € X and t > 0. So we obtain (3.48) by letting Q(z) = —1Qo(z) and
T(z) = 5To(z) for all z € X.

To prove the uniqueness property of @ and 7', and let Q',T" : X — Y be another
quadratic and quartic mapping satisfying (3.48). Set Q=Q-Q andT=T-T".
So

N(Q(z) + T(x),1)
=N([Q(z) = T(z) - f(2)] + [f(z) — Q'(z) — T'(2)],1)
>min {N(f(z) — Q(z) — T'(z),t), N(f(z) — Q'(z) — T"(x), )}
>N (z, 6]12]|k* — K2|¢), (3.52)

for all z € X and t > 0. By Q(2z) = 4Q(z) and T'(2z) = 16T'(z), we have

~ T t

N(T(@),1) = N(T(5) + Q) = Q) )

> in {T(2) + Q). o NQm) i)}

6L o[
~ n+11192 ~
> nin { o T2 - 10,8 Q). o b (3.53)

for all z € X and ¢ > 0. Since the right hand side of the obove inequality tends
to 1 as n — oo, we find that T(z) = 0. Therefore T = 0, and then @ = 0. This
completes the proof of the theorem. O

4. Applications of the fuzzy stability of functional
equation (1.4)
In this section, we present some applications of fuzzy stability to the generalized

Hyers-Ulam stability of the functional equation (1.4) in non-Archimedean normed
spaces.

Theorem 4.1. Let K be a non-Archimedean field, X be a linear space over K,
(Y, |- lly) be a complete non-Archimedean normed space over K, let ¢, be a mapping
from X x X to [0,00). Suppose for a positive real number a with |4] < «
Ty
Pq(5:5) <

LY < Souw) (11)

holds for all x,y € X. Further, suppose that a mapping f : X — Y with f(0) =
satisfies the inequality

”Af(xvy)”Y < (Pq(‘rvy)v (42)

for all x;y € X. Then there exists a unique quadratic mapping Q@ : X — Y such
that

I£(22) ~ 16 () ~ Q&) < +My(a), (43)
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for all x € X, where

1 2 4] 1
My () | max{|2k lq(0, ), m%(ow), msﬁq(&?ﬂ?),
|2k2| |4k2|
—_— k—1 k—2
|k‘2 _ 1|§0(I(03( )’JI) |k‘2 ‘@q(o ( )IJ’J),
k2 4k?
Tt 700, (6 = 3)2), T 0,o), [16K7 — 8l (o,

K2 lpa (s ), 1206 — 1)[ipg (2, 20), [442] 0y (2, 22), [ K24 (2, 32),

g, (k — 1)), gals (k — 2)a), [2lpg (e, ke), [y, (k + 1)),
k‘2

ol (k4 2)), 4y (22, 7). (2, 20), |k'2_'1|soq<o, k+ 1>x>} .

Proof. Let Z =R with the fuzzy norm and A, i > 0

At
N'(w,t) = § opr 020 we R
0, t<0, r€R,
and define
At
Ny,t) = § ¥l 120 v ey
0, t<0, yevy.

Then N is a non-Archimedean fuzzy norm on Y and N’ is a fuzzy norm on R. The
result follows from Theorem 3.1. This completes the proof of the theorem. O

Corollary 4.1. LetK be a non-Archimedean field, (X, ||-||x) be a non-Archimedean
normed space over K, and (Y,|| - |ly) be a complete non-Archimedean normed space
over K. Suppose that 0 > 0, 0 <r <2, 12| <1, and f : X = Y be a mapping
satisfying f(0) =0 and

1Af (@ y)lly < 0(lzllx + llylx), (4.4)

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such
that

max{2,

O]l
1£22) = 167() = Q) < sy maxl2 b (45)
forallx € X.

Proof. The proof follows immediately by taking ¢, : X x X — [0, 00) be defined
by wq(z,y) = 0(||z]|% +lyl|%) for all 2,y € X and choosing o = |2|” in Theorem 4.1.

O]
Corollary 4.2. LetK be a non-Archimedean field, (X, ||-||x) be a non-Archimedean
normed space over K, and (Y,|| - |ly) be a complete non-Archimedean normed space

over K. Suppose that 8 > 0, |2| < 1, and f : X — Y be a mapping satisfying
f(0) =0 and

1Af @ y)lly < Olllel lyllx + =15 + [yl (4.6)
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for all x,y € X, where r, s be non-negative real numbers with A :=r + s < 2. Then
there exists a unique quadratic mapping Q : X — 'Y such that

AR 1
1£(20) = 167(0) - QUally < g w3 g ) (@)

forallz € X.

Proof. The asserted result in Corollary 4.2 can be easily derived by considering
¢q : X x X = [0,00) be defined by @4(z,y) = 0[||zll% lyllx + (I + lyl%"™)]
for all x,y € X and « = |2|* in Theorem 4.1. O

Example 4.1 ( [27]). Let p > 2 be a prime number and f : Q, — Q, be defined
by f(z) = 2. By Example 2.1, |2"|, =1 for all n € Z. Then for ¢ =1,

‘Af(l',y)lp = |4(k2 - 1)|P S 1 S g,
for all z,y € Q,. However,

n X
|4"g(

2n+1

x

o) — 4"l

)‘p = |22n+1|p|45|p = |45|Pa

for all x € Q, and n € N. Hence {4"g(5%)} is not a Cauchy sequence, where
g(z) := f(2z) — 16f(x) (see the proof of Theorem 3.1).

Theorem 4.2. Let K be a non-Archimedean field, X be a linear space over K,
(Y, ]l - lly) be a complete non-Archimedean normed space over K, let ¢ : X x X —
[0,00) be a mapping and for a positive real number B with |16 < 8 such that

Ty 1

(pt(§’§> < B‘pt(may)v (48)

for all z,y € X. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the
inequality

[Af(z,y)lly < pi(,y), (4.9)
for all x,y € X. Then there exists a unique quartic mapping T : X — Y such that
1
1f(22) = 4f(z) = T(2)[ly < BMt(x), (4.10)
for all x € X, where
My(e) = i { 20200 (0, 2), 1 (0,2), o1 (0,22)
) =T g X P08 O ) Ty e 2
|2k2] |4k2|
2 = 1|<,0t(0, (k—1)zx), e 1‘<pt(0, (k—2)x),
k? 4k?
0, 6= 310, T 0.k). 168~ 8o, ),

k2| (2, @), |2(k = 1)| 1 (2, 2), |42 | @4 (z, 22), [K?| @4 (z, 32),
|4|90t(x7 (k - 1);6)7 Q,Ot(l', (k - 2)‘7:)7 |2|90t(x7 kl‘), |4|30t(m7 (k + 1):1;),
k2|

<Pt(937 (k + 2)1‘), |4|<Pt(2177 l‘), (,Ot(21', 217)7 m%(oa (k + 1)x)} .
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Proof. The proof the theorem is similar to the proof of Theorem 4.1 and the
result follows from Theorem 3.2, and thus it is omitted. O

Corollary 4.3. LetK be a non-Archimedean field, (X, ||-||x) be a non-Archimedean
normed space over K, and (Y,|| - |ly) be a complete non-Archimedean normed space
over K. Suppose that 0 > 0, 0 <r <4, 2] <1, and f : X = Y be a mapping
satisfying f(0) = 0 and (4.4) for all xz,y € X. Then there exists a unique quartic
mapping T : X — Y such that

Ol 1
1£(20) = 47 (@) = T(@)lly < [ gl maxl2, p—gr b, (411)

forallz e X.

Proof. Let ¢;: X x X — [0,00) be defined by ¢;(z,y) = 0(||z||% + [ly||y) for all
x,y € X. Then the results follows from Theorem 4.2 by choosing 5 = |2|". O

Corollary 4.4. Let K be a non-Archimedean field, (X, ||-||x) be a non-Archimedean
normed space over K, and (Y, || - |ly) be a complete non-Archimedean normed space
over K. Suppose that 6 > 0, |2| < 1, and f : X — Y be a mapping satisfying
f(0) =0 and (4.6) for all z,y € X, where r,s be non-negative real numbers with
A:=r+ s < 4. Then there exists a unique quartic mapping T : X — Y such that

0 A
F20) = 47(0) ~ Tl < s max(3, i), (412

forallz € X.

Proof. Taking ¢, : X x X — [0,00) be defined by ¢:(z,y) = 0[||z|%|lyll% +
(]I + [|ly||%®)] for all 2,y € X and choosing 8 = |2|* in Theorem 4.2, we obtain
the inequality (4.12). O

The following Example 4.2 shows that the assumption |2| < 1 cannot be omitted
in Corollary 4.3 and 4.4.

Example 4.2 ( [27]). Let p > 2 be a prime number and f : Q, — Q, be defined
by f(z) = 2. By Example 2.1, |2"|, = 1 for all n € Z. Then for ¢ = 1,

‘Af(xvy”p = |4(k2 — 1)|p <1<g¢,

for all z,y € Q,. However
x
on
for all z € Q, and n € N. Hence {16"g(5%)} is not a Cauchy sequence, where

g(x) := f(2z) — 4f(x) (see the proof of Theorem 3.2).

xT
2n+1

116"g(5.-) — 16n+1g( )|p = |24n+1|p‘45|p = |45|p7

Theorem 4.3. Let K be a non-Archimedean field, X be a linear space over K,
(Y|l - lly) be a complete non-Archimedean normed space over K, let ¢ : X x X —
[0,00) be a mapping and for a positive real number § with |4] < § such that

Ty 1
2y < — .

for all z,y € X. Suppose that a mapping [ : X — Y with f(0) = 0 satisfies the
inequality

o(

HAf(xay)HY < @(‘%y)v (414)
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for all x;y € X. Then there exist a unique quadratic mapping @ : X — Y and a
quartic mapping T : X — Y such that

1f(x) = Qx) = T(z)lly < (4.15)

1
Tz )

for all x € X, where

1 4 1
Af(m)-—|k4__kﬂ|rnax.{|2k2|w<o,x>,|kJ<J1|w<ovx>,|k2__1|w<ov2w>,

2/€2 4k2
|k|2_|1<p(0, (k —1)z), k|2_|1|g0(0, (k —2)z),
k2 4k2
|1<;L—|1‘/’(O’ (k= 3)x), k|2_|1|<p(0, k), |16k2 — 8|p(z, ),

K| o(z, ), |2k — 1)|p(z, 2x), [4K> | (x, 23), [k |p(z, 3),
[4|p(z, (k — 1)), p(z, (k — 2)x), |2|¢(z, kz), [4]¢(z, (k + 1)z),

oz, (k+ 2)x), |4|e(2z, x), ¢ (22, 2z), |k|2k_| 1 (0, (k + 1)1:)} :

Proof. The proof the theorem is similar to the proof of Theorem 4.1, and the
result follows from Theorem 3.3. O

Corollary 4.5. Let K be a non-Archimedean field, (X, ||-||x) be a non-Archimedean
normed space over K, and (Y, || - ||y) be a complete non-Archimedean normed space
over K. Suppose that 0 > 0, 0 <r <2, 2] <1, and f : X = Y be a mapping
satisfying f(0) =0 and (4.4) for all z,y € X. Then there exist a unique quadratic
mapping @ : X = Y and a quartic mapping T : X — Y such that

Ollz(x 1
- =T < —= 2, ——— 4.1
I£@) - Q) = T@)ly < s e w2 ) (410)
forallxz € X.
Proof. Let ¢ : X x X — [0,00) be defined by ¢(z,y) = 6(||z||% + llyl/%) for all
x,y € X. Then the results follows from Theorem 4.3 by choosing § = |2|". O

Corollary 4.6. Let K be a non-Archimedean field, (X, ||-||x) be a non-Archimedean
normed space over K, and (Y,|| - |ly) be a complete non-Archimedean normed space
over K. Suppose that 0 > 0, |2| < 1, and f : X — Y be a mapping satisfying
f(0) =0 and (4.6) for all x,y € X, where r,s be non-negative real numbers with
A:=r1+ s < 2. Then there exists a unique quartic mapping T : X — 'Y such that

Ollzllx

If(z) = Q@) = T@)lly = 5 amR

max{3, (4.17)

1
et
forallz € X.

Proof. Taking ¢ : X x X — [0,00) be defined by p(z,y) = 0[||lz|%|lyll% +
(l]Ie* + lyll5"*)] for all z,y € X and choosing § = |2|* in Theorem 4.3, we obtain
the inequality (4.17). O

The following Example 4.3 shows that the assumption |2| < 1 cannot be omitted
in Corollary 4.5 and 4.6.



936 Z. Wang & P. K. Sahoo

Example 4.3 ( [27]). Let p > 2 be a prime number and f : Q, — Q, be defined
by f(z) = 2. By Example 2.1, |2"|, = 1 for all n € Z. Then for ¢ = 1,

‘Af(fvy”p = |4(k2 - 1)|p <1<g¢,

for all z,y € Q,. However {4"[f(575r) — 16f(57)]} and {16™[f(5=r) — 4f(57)]}
are not Cauchy sequence. In fact, by using the fact that 27|, =1 for all n € Z, we
get

4" () = 16850 = 4 (£ (55) = 168 (Gl = 1451,

and

T xT

16" () — 4£(5)] = 16" [ (o

) = 4 (o)l = 1451,

for all x € Q, and n € N. Hence the sequences {4"[f(5=r) — 16f(5%)]} and
{16™[f(5=r) — 4f(5%)]} are not converge in Q.
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