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NONLINEAR FRACTIONAL DIFFERENTIAL
SYSTEMS WITH NONLOCAL BOUNDARY
CONDITIONS*
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Abstract The paper deals with the existence and multiplicity of positive
solutions for a system of higher-order nonlinear fractional differential equa-
tions with nonlocal boundary conditions. The main tool used in the proof is
fixed point index theory in cone. Some limit type conditions for ensuring the
existence of positive solutions are given.
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1. Introduction

In this paper, we discuss the following the system of higher-order nonlinear fractional
differential equations with nonlocal boundary conditions:

Do+u($) + Aufi(e, u(z), v(z) =0,
o (@) +>\2fz( u(z),v(z)) =0,

u“ (0) @(0)=0,0<i<n-2 (1.1)
o+u(l) = 11D0+U(£1)

D0+U(1) n2Dgv(€2),

where z € (0,1),A\7 > 0,A2 > 0 are parameters, D8‘_‘_,D€Jr are the standard
Riemann-Liouville fractional derivative of order a, f € (n — 1,n],1 < p,v <n—2
forn > 3 and n € Nt &,& € (0,1),0 < m&X "1 < 1,0 < &l ™7t < 1,
f; €C([0,1] x RT x RTRY) (j =1 2) R* = [0, +00).

Fractional differential equations arise in many engineering and scientific disci-
plines as the mathematical modelling of systems and processes in the fields of physic-
s, chemistry, aerodynamics, electrodynamics of complex medium, polymer rheology,
Bode’s analysis of feedback amplifiers, capacitor theory, electrical circuits, electron-
analytical chemistry, biology, control theory, fitting of experimental data, and so
forth. Recently, the existence and multiplicity of positive solutions for the nonlinear
fractional differential equations have been researched, see [3-5,10,13,16,20,21,23,28]
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and the references therein. Such as, C.F. Li et al. [14] studied the existence and
multiplicity of positive solutions of boundary value problem for nonlinear fractional
differential equations:

Dg u(t) + f(t,u(t)) =0, 0 <t <1,
u(0) = 0, D0+u( )= aD0+u(f)

where Dg, is the standard Riemann-Liouville fractional derivative of order a €
(1,2], B,a € [0,1],€ € (0,1),a¢* P~ <1—-B,a—B—1>0.

The existence and uniqueness of some systems for nonlinear fractional differential
equations have been studied by using fixed point theory or coincidence degree theory,
see [1,9,19,22,23,31] and references therein. In [6,15,26,27], authors studied the
existence and multiplicity of positive solutions of two types of systems for nonlinear
fractional differential equations with boundary conditions:

Dgyu(t) + Af(t u(t), v(t)) =0,
DY v(t) + pg(t,u(t),v(t)) =0, t € (0,1),
uP(0) =v@(0)=0, 0<i<n-—2, (1.3)

1 1
u(1):/0 v(t)dH(t),v(l):/O u(t)dK (t),

D0+U t) + Aay (8) f(u(t), v(t)) =0,
0+0(t) + paz()g(u(t), v(t)) = 0, t € [0,1],
‘”( )=0(0)=0,0<i<n-2
Dg,u(l) = ¢1(u), Dy v(l) = ¢2(v),1 <y <n—2,

where Dg, and D0 . are the standard Riemann-Liouville fractional derivative, a, 8 €
(n—1,n] for n > 3,A\,u > 0. The sublinear or superlinear condition is used
in [6,15,26,27,30]. Another example, the following extreme limits:

(1.2)

(1.4)

f§ : lim sSup max M7 gg =: lim sup max M,
utv—s t€[0,1] UtV utvss t€[0,1] U+ v
¢ : t
f5 =: liminf min M, gs =:liminf min M

utv—d te[f,1-0] U+ v utv—dte[d,1-60] U+ v

are used in [8,9], where 6 € (0, 3),6 = 07 or +oc.

Motivated by the above mentioned works and continuing by the paper [25], in
this paper, we present some limit type conditions and discuss the existence and mul-
tiplicity of positive solutions of the system (1.1) by using of computing topological
degree in cone. Our conditions are applicable for more functions, and the results
obtained here are different from those in [6,8,9,15,22,26,27,30]. Some examples
are also provided to illustrate our main results.

2. Preliminaries

Definition 2.1 ( [17]). The Riemann-Liouville fractional integral of order o > 0
of a function w : (0, +00) — R is given by

1

() = s /O (t — 5)°Lu(s)ds,
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provided the right side is pointwise defined on (0,400). The Riemann-Liouville
fractional derivative of order @ > 0 of a continuous function u : (0,+00) — R is
given by

1 a [ L
I'(n—a)dtm /0 (t=s9) u(s)ds,

where n = [a] + 1, [@] denotes the integer part of number «, provided the right side
is pointwise defined on (0, +00).

Lemma 2.1 ( [11]). (i) If x € L'[0,1],p > 0 > 0, then

Dgu(t) =

16 15, a(t) = Igiax(t), DY 15, x(t) = 1§77 2(t), DG I a(t) = 2(t).
(i) If p> o > 0, then D tr~ =T (p)t*~7~/T'(p — o).

Lemma 2.2. Let & € (0,1), mé& " ' #1, n—1<a<n 1<p<n-2(n>
3). Then for any g € C|0,1], the unique solution of the following boundary value
problem:

D u(t) +g(t) =0, 0 <t <1,
u(0)=0,0<i<n-—2, (2.1)
D, u(1) = m Dy, u(é1)

s given by

u(t)z/o G1(t, s)g(s)ds, (2.2)

where dy =1 —m €811

ta_l [(1 _ S)a—,u—l _ ,'71(§1 _ 5)04—#—1} _ dl(t _ S)a—l
< mi
1 ; le(a) 1 IS mln{tvfl}v
a=1l(] _ g)a—p—1 _ _ e\a—
t*1(1 —s) dy(t—s) 0<g <s<t<l,
Gl(tv S) = ta_l(l _ s)afl,tltgga_) toc—l (é- _ S)OL—/J.—l
Lo 0<t<s<& <1,
dlI‘(a)
tafl(l _ S)afp,fl
<s<
AT () ,max{t,&;} <s<1

(2.3)

is the Green’s function of the integral equation (2.2).

Proof. The equation of the problem (2.1) is equivalent to an integral equation:

1

t
(t—8)*"tg(s)ds 4 c1t®t ot 2 4o eyt (2.4)
() /0

u(t) =
By u(0) = 0, we have ¢, = 0. Then

-1

¢
u(t) = / (t —5)*tg(s)ds + crt™ et 2 4o ot (2.5)
L'(a) Jo

Differentiating (2.5), we have

_l—a

u'(t) = m/o (t—5)*"2g(s)ds+ci(a— Dt 24 dcp1(a—n+ 1" (2.6)
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By (2.6) and «/(0) = 0, we have ¢,,—1 = 0. Similarly, we can obtain that co = ¢3 =
- =c¢p_9 =0. Thus
1

u(t) = o)

t
| =9 g1 + e @7)
0
By Dy, u(1) = mDg,u(&) and Lemma 2.1,

1

Diull) = jra = [c1r<a>ta-ﬂ-1 - / (i s)a—“—1g<s>ds} ,

we get

1 ! a—p—1 m & a—p—1
c1 = m/o (1-29) g(s)ds — 4T () /0 (&1 —9) g(s)ds.

Therefore, the unique solution of the problem (2.1) is

toz—l

1 &1
= — ) lg(s)ds — m 1= 8 lg(s)ds
Tl LR A O I RN BT

t — 3 a—1
7/0 7(t F(o)z) g(s)ds
:/0 G1(t, 8)g(s)ds. (2.8)

O

Lemma 2.3. Let0 < n &8 #~1 < 1. The function G1(t,s) defined by (2.3) satisfies
(1) G1(t,s) is continuous for any t,s € [0,1].
(ii) G1(t,s) > 0 for any t,s € (0,1).

Proof. It is easy to check that (¢) holds. Next, we prove that (i¢) is true. Let

gi(t,s) =t (1 —s)* L —my(& —s)2H7 —di(t—5)*71,0 < s < minft, & 1,
go(t,s) =t H1—s)*r L —di(t —5)* L, 0< & <s<t <,

ga(t,s) =t (1 —s)* 7 =& —8)* T, 0<E < s <& <1,

ga(t,s) =t 11— s)** L max{t, &} <s< 1.

Then we have

891(t73) _ jo— a—1— a1 sya—p—1 sy a—2
m—t 2[(13) K 1777151 Iz (175) 7d1(17¥> }

>dit* ?(1—s)* # H1-(1-s)"""] >0, te(s1],s>0,
0gs(t, s)

a—p—1
o = (- {(1 —5) g (1 - fil) g }

>di(a— Dt 21 —s)* "1 >0, te(0,s],s < 1.
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Similarly, we can show that % > 0 for t € (s,1],s > 0 and % > 0 for
t € (0,s],s < 1. In addition,

0, 0<t<s<& <,
=0, 0 < max{t,§1} <s<1.
Hence, G1(t,s) > 0 for any ¢,s € (0,1). O
Lemma 2.4. The function G(t,s) in Lemma 2.3 satisfies the following properties:
(a) maxyepo1) Gi(t,s) = G1(1,s), Gi(t,s) > t*"*G1(1,s) for t,s € [0, 1], where
L—s)* "t —mG —s)* "t —di(1 =)}

dlf(a) 7O§S§£17
Gl(la 8) = (1 _ S)af,ufl _ dl(l _ S)ozfl
4T () ’ ass<l
(b) There are 6 € (0,3) and vo € (0,1) such that miney, G1(t, s) > 7aGi(1,s)

for s € [0,1], where Jg = [0,1 — 0],7y, = 0L,

Proof. First, we prove that (a) is true. From the proof of Lemma 2.3 we know
that max;cjo,1) G1(t, 5) = G1(1, s). Next we will divide the proof into two cases.
Case 1. 0 < s <& . If t € [s,1], we have

Gl(t,s) B ta—l [(1 _ S)oc—u—l _ 771(€1 _ S)a—u—l _ dl(l _ S/t)a—l]

_ Z ta—l.
Gi(1,s) (I=s)omr=t —m (& —s)*r=t —dy(1 —s)o!
If t € [0, s], we have
Gi(t,s) e L 1 (S T S pa-1
Gi(l,s)  (L—s)art—n(& —s)orl —di(1—s)ot = '

Case 2. & < s< 1. Ift € [s,1], we have
Gl(t, S) _ te—l [(1 — S)O(_“_l — dl(l — S/t)a_l]

— > tafl'
Gi(1,s) (I =g)ye—n=1—dy(1—s)>"1 -
If ¢t € [0, s], we have
a—1 _ a—p—1
Gits) 1) et

Gi(l,s)  (I—s)er=1—d(l—s)a-1 =

From the two cases above, we get that G1(t,s) > t*"1G4(1,s) for any t,s € [0, 1].
From (a) we easily conclude that (b) is true. O
Let & € (0,1),0 <&y "' < 1,do =1 - a8y "7,

B—1T(1 _ ¢\B—v—1 _ —g)fr-1] - —5)f~1
t [(1 5) 7’26(5211(/8;) } dQ(t 5) . s< min{t, 52}’
t5*1(1 - 8)571'71 —da(t — S)ﬁfl, E<s<t<1,
Gt s) = d2I'()
2(6:9) = 51y s P 5ty (6 — g5
, t<s< &<,
i )5_y_1d2r(5)
-5
LT0) ,  max{t,&} < s.
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From Lemma 2.4 we know that G1(t,s) and Ga(t,s) have the same properties,
and there exists vy, = 677! such that minyes, Ga(t,s) > 7,G2(1,s). Let v =
min{fYOH’Yg}a

1-6 1
0j = ] G (L y)dy, u, :/0 Gi(Ly) (j=1,2).

For convenience we list the following assumptions:
(Hy) fj € C([0,1] x RT x RT,RT) (j =1,2).
(Hs) There exist a,b € C(RT,R") such that
(1) a(-) is concave and strictly increasing on Rt with a(0) = 0;

(2) fio = li;gé&f 7‘701(5’:’”) > 0, fog = l,i}g(i)&f fz((f{;;’” > 0 uniformly with

respect to (x,u) € Jg x RT and (z,v) € Jy x RT, respectively (specifically, fio =
f20 = +00);

(3) lim a(Cb(u))

= 400 for any constant C' > 0.

u—0+ U
(H3) There exists ¢ € (0, +00) such that
o= limSUPfl(x’itu’U) < 400, f5° = limsupw =0
v—=+00 v U—r 400 ut

uniformly with respect to (z,u) € [0,1] x R* and (z,v) € [0,1] x R, respectively
(specifically, f° = fs° =0).
(Hy4) There exist p,q € C(RT,R") such that

(1) p is concave and strictly increasing on R*;

I T fl(x’u7v) N I fg(iE,u,U)

(2) fie = %giggw >0, faoo = Bg}_ggw
respect to (z,u) € Jg x RT and (z,v) € Jp x RT, respectively (specifically, fioo =
f2<>o = +OO);

@ 1 M)

> 0 uniformly with

= +oo for any constant C' > 0.

u—-+00 u
(Hs) There exists s € (0, +00) such that
f{) = limsupw < +00, fg = limsupw =0
v—0+ Vs u—0+ Us

uniformly with respect to (z,u) € [0,1] x Rt and (z,v) € [0,1] x R, respectively
(specifically, f) = f9 = 0).
(Hg) There is r > 0 such that \; > (§;7)71(j = 1,2) and

filz,u,v) > 7, fo(z,u,v) >r, Vo e Jy,yr<ut+ov<r

(H7) fi(z,u,v) and fa(z,u,v) are increasing with respect to u and v, there exists
R > r > 0 such that \; < M;I (j=1,2) and

fl(vaaR) S R/47 fQ(‘IaR7R) S R/47 Ve [07 1]

Let E = C[0,1], [Jul| = maxycjo,1) |u(t)|, the product space E x E be equipped
with norm ||(u,v)|| = [Jul| + ||v|| for (u,v) € E x E, and

P={u€cE:u(x)>0,z€l01], rreu}lu(m) > yllull}
z€Jy
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Then E x E is a real Banach space and P x P is a positive cone of E x E. By (H1),
we can define operators

Aj(uv)(z) = Ay / G, (w9 5 (s uly), o())dy (G = 1,2), (2.9)

A(u,v) = (A1(u,v), Aa(u,v)). Similar to the proof of Lemma 3.1 in [2], it follows
from (Hi),(H2) that A; : P x P — P is a completely continuous operator and
A(P x P) C Px P. It is clear that (u,v) is a positive solution of the system (1.1) if
and only if (u,v) € P x P\ {(0,0)} is a fixed point of the operator A (refer [8,25]).

Lemma 2.5 ( [7]). Let E be a Banach space, P be a cone in E and Q2 C E be a
bounded open set. Assume that A: QNP — P is a completely continuous operator.
If there exists ug € P\ {0} such that

u# Au+ Aug, YA >0,u € INNP,

then the fized point index i(A, QN P, P) = 0.

Lemma 2.6 ( [7,12]). Let E be a Banach space, P be a cone in £ and Q C E
be a bounded open set with 0 € Q. Assume that A : QN P — P is a completely

continuous operator.
(1) If u £ Au for all u € 9Q N P, then the fized point index i(A, QN P,P) = 1.
(2) If u 2 Au for all u € 9Q N P, then the fized point index i(A,QN P, P) = 0.

In the following, we adopt the convention that C,Cy, Cs, - - - stand for different
positive constants. Let Q, = {(u,v) € E x E : ||(u,v)|| < p} for p > 0.

3. Existence of a positive solution
Theorem 3.1. Assume that the condition (Hy) holds and that either (Hs), (Hs) or
(Hg), (H7) hold. Then the system (1.1) has at least one positive solution.

Proof. Case 1. The conditions (Hz) and (Hsz) hold. By (Hz), there are d; >
0,ds > 0, and a sufficiently small p > 0 such that

fi(z,u,v) > dia(v), ¥V (z,u) € Jg x RT,0 < v < p,

(3.1)
fa(z,u,v) > dab(u), V (z,v) € Jp x RT,0 < u < p,

and
2K,

> fe
~ Aidida610273
where Ky = max{daGa(z,y) : (z,y) € Jo x [0,1]}. We claim that

a(AaKob(u)) u, ¥ u€|0,pl, (3.2)

(u,v) # A(u,v) + A, ), YA >0, (u,v) € 02, N (P x P),
where ¢ € P\ {0}. If not, there are A > 0 and (u,v) € 99, N (P x P) such

that (u,v) = A(u,v) + (@, @), then v > Aj(u,v),v > As(u,v). By using the
monotonicity and concavity of a(-), Jensen’s inequality and Lemma 2.4, we have by
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(3.1) and (3.2),
22N [ Gl i uly) o)y
0

> M [ Gi(Ly)a(uly)dy

Z>\1d1%/ G1(1,y)a(N / Ga(y, 2) f2(z,u(z),v(2))dz) dy

> \diny / G1(1,y) / a(MadaGa(y, 2)b(u(2)))dzdy (3.3)
0179 1

Z/\ldfy/a Gl(l,y)/o a(Kz_ldgGg(y,z)/\gKgb(u(z)))dzdy
y oy [ 1

> Adidoy K, /a Gl(l,y)dy/o GQ(I,Z)Q()\QKQb(U(Z)))dZ

9 10

> — Ga(1, 2)u(2)dz > 2||u||, = € Jy,
doy

Consequently, ||u|| = 0. Similarly, we have
o) > o (%o [ Galea) aloula). o)y
> / a(Aads G (w, y)b(u(y))) dy
0
> iy [ Gatey)a(hatab(us) dy (3.4)

9 1-0
2o s 1
a Aldléléﬂz/g Ga (1, y)uly)dy

1-6 1
/ Gg(l,y)dy/o (1, 2)a(v(2))d=

- 5152’7

1-6
> / G (1, 2)a(v(2))dz > 2a(|[v]]), = € Jo,
51’Y

this means that a(||v||) = 0. It follows from strict monotonicity of a(v) and a(0) =0
that ||v]| = 0. Hence ||(u,v)|| = 0, which is a contradiction. Lemma 2.5 implies that

i(A,Q,N (P x P),P x P) =0. (3.5)
On the other hand, By (Hj), there exist ( > 0 and C; > 0,Cs > 0 such that

filz,u,v) < vt 4+ Cq, V (z,u,v) € [0,1] x RT x RT,

1 (3.6)
fa(z,u,v) <equt + Cy, V (x,u,v) € [0,1] x RT x RT,

where

1 1
€9 = min T (-
Aopio(8A1Cu1)t 8Aopa( A1)t
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Let
W ={(u,v) € P x P: (u,v) = A(u,v),0 <A <1}

We prove that W is bounded. Indeed, for any (u,v) € W, there exists A € [0,1]
such that u = AA; (u,v),v = Ay(u,v). Then (3.6) implies that

u(@) < Ai(u,0)(2) < MC fy Gi(Ly)o! (y)dy + Cs,
v(z) < Az(u,v)(z) < Ay fol Ga(1,y)ut (y)dy + Cy.

Consequently,
1 1 ) .
u(z) S)\lﬁ/ Gl(lay)dy()\QEQ/ Ga(1,2)ut (2)dz + Cy) + Cs
0 0

1
< Ml (Agag/ Ga(L, )|l td= + C) + Cy (3.7)
0

| (u, v)]|
8A1Cu1

SMCM[( )14—04}7:-1-037

1 1 L
v(z) < )\252/ GQ(LZ/)d?J()\lC/ G1(1,2)v"(2)dz + C3) " +C4
0 0
1 1
S )\QSQ[LQ(AlC/ Gl(].,Z)hl(Z)”’U”tdZ+03)? +C4 (38)
0

< (G|t + Cs) T+ C.
80\1(#1)7( )

Since
1 t
A w((“’)‘ - c4> :
lim ! 8A1C 1 1 lim (M’ + C3) " 1
w00 w 87 wortoo  8(ACuy)tw 8’
there exists r1 > 7, when ||(u,v)|| > r1, (3.7) and (3.8) yield that
1 1
u(@) < 7ll(w ) + Cs, v(z) < 2w, vl + C.

Hence ||(u,v)|| < 2(C5 + C4) and W is bounded.
Select G > 2(C5 + C4). We obtain from the homotopic invariant property of
fixed point index that

i(A,QeN(PxP),PxP)=i0,2N(PxP),PxP)=1. (3.9)
(3.7) and (3.9) yield that

i(A, (e \Q,) N (P x P),PxP)
=i(A,Qe N (P x P),P x P)—1i(A,Q,N(PxP),PxP)=1.

So A has at least one fixed point on (Q¢ \ €©,) N (P x P). This means that the
system (1.1) has at least one positive solution.
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Case 2. The conditions (Hg) and (H7) hold. First, we prove that
i(4,Q.N(PxP),PxP)=0. (3.10)

We claim that
(u,v) 2 A(u,v),¥ (u,v) € 0Q,. N (P x P).
If not, there is (u,v) € 99, N (P x P) such that (u,v) > A(u,v). Since yr <
u(z) +v(z) < rfor (u,v) € 9N, N (P x P),z € [0,1 — 6], we know from (Hg) that

1 1-6
u(zr) > M/ Gr(z,9) f1(y, uly), v(y))dy = Myr Gi(Ly)dy =, x € Jp,
0 0
1 1-6
o) 2 a [ Gallrag) falyuly)s o))y = v [ Gall)dy =1, w € o
0 0
(3.11)
Hence ||(u,v)|| > 2r, which is a contradiction. As a result (3.10) is true.
It remains to prove
i(A,QrN(P x P),P x P)=1. (3.12)

We claim that
(u,v) £ A(u,v),¥ (u,v) € Nz N (P x P).

If not, there is (u,v) € 90r N (P x P) such that (u,v) < A(u,v). We have by (H7),

u(@) < M fy Gi(L,y)faly, uly) v())dy < §, -
v(@) < Ao fy GalL,y) faly,uly), o)y < 4,
z € [0,1]. Hence R = ||(u,v)|| = |lul| + ||[v|]| < £, which is a contradiction. As a

result (3.12) is true. We have by (3.10) and (3.12),

i(A,(Qr\ Q)N (P x P),P x P)
=i(A,QrN (P x P),Px P)—i(A,Q.N(PxP),PxP)=1.
So A has a fixed point on (g \ €2,.) N (P x P). This means that the system (1.1)
has at least one positive solution. O

Theorem 3.2. Assume that the conditions (Hy), (H4) and (Hs) are satisfied. Then
the system (1.1) has at least one positive solution.

Proof. By (Hy), there are Iy > 0,13 > 0,C5 > 0,Cg > 0 and C7 > 0 such that
fl(a:,u,v) > llp(v) - O5a fg(x,u,v) > qu(u) - Oﬁa (x,u,v) € Jyg X RT x R+7

and 2G
2
> -
p()\QGQQ(U/)) = )\11112515273

where Go = max{laGa(z,y) : (x,y) € Jp x [0,1]}. Then we have

u—Cqr, ueRT, (3.14)

Ar(u,0)(2) > My fi) Gr(@,y)p(u(y))dy — Cs, = € Jo,

) (3.15)
As(u,0)(@) = Aol [ G, y)a(u(y))dy — Co, @ € Jp.
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We affirm that the set
W ={(u,v) € Px P: (u,v) = A(u,v) + XMy, ), A >0}

is bounded, where ¢ € P\ {0}. Indeed, (u,v) € W implies that v > Ay (u,v),v >
As(u,v) for some A > 0. We have by (3.15),

1

U(l?) > /\lll G1($7y)p(v(y))dy - 087 T E J9a (316)
0

v(x) > )\212/0 Ga(x,y)q(u(y))dy — Co, = € Jy. (3.17)

By the monotonicity and concavity of p(-) as well as Jensen’s inequality, (3.17)
implies that

p(o(x) + Co) p( / A212G2<x,y>q<u(y>>dy)
> / p(AalaGa(z, y)a(u(y)))dy (3.18)
0

1-0
> ZQ’YG2_1/ Gg(l,y)p(AgGgq(u(y)))dy, x € Jy.
)

Since p(v(z)) > p(v(z) + Co) — p(Cy), we have by (3.14), (3.16) and (3.18),
u(z) > Allw/o G1(1,y)[p(v(y) + Cy) — p(Cy)]dy — Cs

1-6
> Allw/ G1(1,y)p(v(y) + Cy)dy — Cio
0

1-0 1-0

> MGyt G1(1,y) Ga(1, 2)p(A2Gaq(u(2)))dzdy — Cro
0 0
1-6

> )\111127251G51 Ga(1, z)p(/\szq(u(z)))dz —Cyo

0

1-6

> 2(6yy) ! Ga(1, z)u(z)dz — C11 > 2||u|| — C11, = € Jp. (3.19)

0
Hence ||ul| < Ch;.
Since p(v(z)) > vp(||v]]) for z € Jy,v € P, it follows from (3.18), (3.14) and
(3.16) that

p(v(x)) > p(v(x) + Cy) — p(Co)
1-6
> loyGy! ) G2(1,y)p(A2Gaq(u(y)))dy — p(Co)
1-0
> m/e G2(1a y)“(y)dy —Ch2

2
>
01027y

1-6
2257 [ 6L (s - Cra
0

= 2p(||1}||) — 013, T € Jy.

1-0 1
/ GalL,y)dy / G (1, 2)p(v(2))dz — Cis
] 0
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Consequently, p(||lv]]) < Cy3. By (1) and (3) of (Hy4), we know that lir+n p(v) =
V—+00

+00, thus there exists C14 > 0 such that ||v]| < C14. This shows W is bounded.
Then there exists a sufficiently large G > 0 such that

(u,v) # A(u,v) + AMp, 9), ¥ (u,v) € 02c N (P x P),\>0.
Lemma 2.5 yields that
i(A, Q¢ N (P x P),P x P) = 0. (3.20)

On the other hand, by (Hs), there is ¢ > 0 and a sufficiently small p > 0 such
that

fi(z,u,v) <ovd, V (x,u) € 0,1] x RY, v € [0,p],

1 (3.21)
folz,u,v) < equs, V (z,v) € [0,1] x RT,u € [0, p].
where .
&1 = min {(/\2/12)_1(2/\10'/11) , (/\2/,62)_1}.
We claim that
(u,v) £ A(u,v), ¥ (u,v) € 0Q, N (P x P). (3.22)

If not, there exists (u,v) € 9Q, N (P x P) such that (u,v) < A(u,v), that is,
u < Aj(u,v),v < Ag(u,v). Then (3.21) and (3.22) imply that

u(@) <M [ Gl i ulw). olo))dy
0
< Alo/o G1(1,y)v*(y)dy
1 1
< /\10/0 Gl(l,y)()\g/o )\gGg(y,z)fg(z,u(z),v(z))dz)sdy
<o [ atnay(e [ Galt. 2tz ulz)0(2)de)°
1
:/\10#1)\‘;(/ Cr*g(l,z)fé(z,u(z),v(z))dz)5 (3.23)
0
S /\10’/11()\251)5(/ C;2(1,Z)u%(2:)d2§)g
0

1
< Moy (Aagrpz)*|lull < §||u||, x € [0,1],

and
wws&/amwmmmwwww
0

1

ghm/’@uwmaw@ (3.24)
0

< Noerpolfull* < Jlull7, € [0,1).

(3.23) and (3.24) imply that ||(u, v)|| = 0, which contradicts ||(u,v)|| = p and (3.22)
holds. Lemma 2.6 yields that

i(A,Q,N (P x P),PxP)=1. (3.25)
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We have by (3.20) and (3.25),

i(A,(Qc\ Q)N (P x P),P x P)
=i(A, Qe N (P xP),PxP)—i(A,Q,N(PxP),PxP)=—1.

Hence A has a fixed point on (g \ Q,) N (P x P). This means that the system
(1.1) has at least one positive solution. O

4. Existence of multiple positive solutions

Theorem 4.1. Assume that the conditions (Hy), (Hz), (Hs) and (H7) hold. Then
the system (1.1) has at least two positive solutions.

Proof. We may take G > R > p such that both (3.5), (3.12) and (3.20) hold.
Then we have

i(A,(Qc \ Qr) N (P x P),P x P)

=i(A, Qe N (P x P),Px P)—i(A,QrN (P x P),P x P)=—1,
i(A, (Qr\Q,) N (P x P),P x P)

=i(A,QrN (P x P),P x P)—i(A,Q,N(PxP),PxP)=1.

Hence A has a fixed point on (Q¢ \ Q) N (P x P) and (Qr \ Q,) N (P x P),
respectively. This means the system (1.1) has at least two positive solutions. O

Theorem 4.2. Assume that the conditions (H1),(Hs), (Hs) and (Hg) hold. Then
the system (1.1) has at least two positive solutions.

Proof. We may take G > r > p such that both (3.9), (3.10) and (3.25) hold.
Then we have

i(A, (e \ Q)N (P x P),PxP)

=i(A,QeN (P x P),PxP)—i(A,Q.N(PxP),PxP)=1,
i(A, (2-\Q,) N (P x P),PxP)

(A, Q. N(PxP),PxP)—i(A,Q,N(PxP),PxP)=-1.

Hence A has a fixed point on (Q¢\Q,)N(Px P) and (2, \Q,)N(P x P), respectively.
This means the system (1.1) has at least two positive solutions. O

5. The nonexistence of positive solution

Theorem 5.1. Assume that the condition (Hy) holds, if \j > (v20;)7! (j = 1,2)
and

fl(l',U,’U) Z (U+U), fg(l’,u,’l}) 2 (’U,+’U), T e J,U>O,U>O7

then the system (1.1) has no positive solution.



1224 S. Xie & Y. Xie

Proof. Assume that (u,v) is a positive solution of the system (1.1), then (u,v) €
P x P,u(z) > 0,v(xz) > 0 for x € (0,1). For x € Jy, we have

u(z) =A1/0 Gi(z,y) frly,uy),v(y))dy
1
Ay /0 G (L, ) fa (4, uly), v(w))dy

Ay / Gi (1, ) (u(y) + v(y))dy

1-6
>\’ ; Gi(Ly)dy((lull + [lvl)) = lfull + [[o]l-

Hence ||v|| = 0. Similarly, ||u|| = 0, which is a contradiction. O

Theorem 5.2. Assume that condition (Hy) holds, if \j < u;l (j=1,2) and
filz,u,v) < (u+v), fa(z,u,v) < (u+v), x € J,u>00>0.
Then the system (1.1) has no positive solution.

Proof. Assume that (u,v) is a positive solution of the system (1.1), then we have
1
u(e) =M [ Galo. )il ul)o(0)dy
0
1
<n [ Galt) ) + o(w)dy
0

1
< /\1/0 Gi(Ly)dy([[ull + vll) < l[ull + o, = € 0,1].

Similarly, we have v(z) < ||ul| + ||v||, z € [0,1]. Hence ||u|| + ||v]| < |||+ |[v||, which
is a contradiction. O

6. Some examples

In the following, we give some examples to show that our conditions (Hs) — (Hs)
are suitable for more general functions.

Example 6.1. Let fi(z,u,v) = e®[1 + e~ W] fo(z,u,v) = 1 — e ) 1 €
[0,1],u,v € RT, a(v) = v%,b(u) = ui,t = 1/2. Tt is easy to verify that the
conditions (Hy) — (H3) hold, then Theorem 3.1 implies that the system (1.1) has at
least one positive solution. Here f;(z,u,v) and fo(x,u,v) are sublinear on u and v
at the origin 0 and +oc.

Example 6.2. Let fi(z,u,v) = e®[1+e~ )] fo(z,u,v) = u2,a(v) = v3,blu) =
u?,t = 1/2. Tt is easy to verify that the conditions (H;) — (H3) hold, Theorem 3.1
concludes that the system (1.1) has at least one positive solution. Here f(z,u,v)
is sublinear on v and v at the origin 0 and +oo, whereas fo(x,u,v) is superlinear
on u at 0 and +oo.

Example 6.3. Let fi(z,u,v) = (14 e %)%, fo(z,u,v) = eu3, p(v) = vz, q(u) =
u3,s = 3. It is easy to verify that the conditions (Hy), (Hy) and (Hs) hold. Theorem
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3.2 concludes that the system (1.1) has at least one positive solution. Here fi (z,u, v)
is superlinear on v at the origin 0 and +o0, fa(z,u,v) is superlinear on u at 0 and
+00.

Example 6.4. Let fi(z,u,v) = (14 e “)0i, fo(z,u,v) = (1 + e )b, p(v) =
v3,q(u) = u*,s = 1/3. Tt is easy to see that the conditions (H;), (Hy) and (Hs)
hold. Theorem 3.2 yields that the system (1.1) has at least one positive solution.
Here fi(z,u,v) is sublinear on v at the origin 0 and 400, whereas fo(z,u,v) is
superlinear on u at 0 and +o0.

Remark 6.1. From the examples 6.1-6.4 we know that the conditions (Hs) — (Hj)
are applicable for more general function and it is not included among the known
differential system. Hence our results are different from those in [6,8,9, 15,22, 26,
27,30].
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