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LOCAL EXACT CONTROLLABILITY OF
SCHRODINGER EQUATION WITH STURM-
LIOUVILLE BOUNDARY VALUE PROBLEMS*

Jian Zu»>" and Yong Li%?

Abstract In this paper, we investigate the controllability of 1D bilinear
Schrodinger equation with Sturm-Liouville boundary value condition. The
system represents a quantumn particle controlled by an electric field. K.
Beauchard and C. Laurent have proved local controllability of 1D bilinear
Schrodinger equation with Dirichlet boundary value condition in some suit-
able Sobolev space based on the classical inverse mapping theorem. Using
a similar method, we extend this result to Sturm-Liouville boundary value
proplems.
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1. Introduction

The controllability of a finite dimensional quantum system has been well explored
[1,2,18,21,23]. For 1D infinite dimensional bilinear Schrédinger equation, it has
been considered as non-controllability for a long time since last century, largely
because there were negative results by Ball, Marsden and Slemrod [3] and Turini-
ci [22]. In this century, there was a breakthrough on the controllability of bilinear
Schrodinger equation by Beauchard [4,5]. She investigated local exact controlla-
bility of 1D Schrédinger equation in H, (70) space. Almost global results have been
proved by Beauchard and Coron [6]. Their proof relied on the Nash-Moser implicit
function theorem in order to deal with a priori loss of regularity. In [7], Beauchard
and Laurent proposed an important simplification of the above proofs with a more
general dipole moment, and they got the controllability in H, 30) space by classical
inverse mapping theorem under a hidden regularizing effect. Some results on con-
trollability of 1D infinite dimensional Schrodinger equation with Dirichlet boundary
value condition in potential well V' (z) are obtained by Nersesyan [16,17]. For other
work about controllability of Schrédinger equation, we refer to [8,9,12,14,15,19,24].

Sturm-Liouville boundary value condition is the basic definite condition in the
physical world. It is quite revelent to consider different kinds of Sturm-Liouville
boundary value problems [20]. We find that H(QO) regularity is enough to prove
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well-posedness of bilinear Schrédinger equation with Neumann boundary value con-
dition, Dirichlet-Neumann boundary value condition, and general boundary value
condition. We get local controllability of 1D infinite dimensional Schrodinger e-
quation in potential V(z) with Sturm-Liouville boundary value condition in which
Dirichlet boundary value condition is not included. Our proof relies on the lineariza-
tion principle, by applying the classical inverse mapping theorem to the end-point
map. Controllability of the linearized system around the ground state is the conse-
quence of classical results about trigonometric moment problems.

1.1. Preliminaries

We consider 1D infinite dimensional Schrodinger equation
Wyt = Yz + V(@)y —u()p(z)y, = € (0,7), t €[0,T], (1.1)
with Sturm-Liouville boundary value condition
a1y(t,0) — b1y’ (t,0) = 0, ay(t,m) + bay/(t, m) = 0, (1.2)

where a?+b? # 0, i = 1,2. Such an equation arise in the modelization of a quantum
particle in potential V' (x) with Sturm-Liouville boundary value condition, coupled
to an external electric field w(¢). The system (1.1) is a bilinear control system, in
which the state is y(¢,z) : Rt x R — C and the control is the real valued function
w: [0,T] = R, acting on dipole moment p : (0,7) — R.

We define by (-,-) the Hermitian product of L?((0,n),C):

e = [ "t )€ @), 1€ € L((0,7),C),

and introduce the operator
Ap = —paz + V(2)9,

with domain
D(A) = {¢ € H*((0,7),C); a10(0) — b1z (0) = 0, agp () + bawps(m) = 0} .

Tt is well known that the eigenvectors of A construct an orthonormal basis (@) ken
in L?((0,7),C):
ASOk :)\k@kv k:071327"' )

where (Ag)ren is convergent increasingly to +o0o as k — 4o00. Obviously, ¢y (¢, z) :=
or(x)e” ! is a solution of (1.1)-(1.2) with u(¢) = 0, which is called ground state
when k = 0 and excited state when k = 1,2, -- . Every solution of (1.1-1.2) has the
following form

+oo
y(t,z) = > apr(t,z), o € C.
k=0

For any 1 < s < 2, we define

H(QO)((O’ﬂ)v(C) = {50 € HS(O’ 7T), al@(o) - bl‘pax(o) = 07a290(ﬂ-) + b290x(77) = 0}7
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equipped with the norm

00 1/2
Il g, (0.m).0) = <Z >\2<m<ﬂk>2) :
k=0

Denote the unit sphere in L?((0,7),C) by

S = {QD c L2((0,7T),(C); HL)OHLZ((O,TF),C) = 1} .

1.2. Main results

Hypothesis

(Hy) Let V(z) € L?((0,7),R), satisfying p := essinf V(z) > 0,

(Hz) Let € W*((0,7),R), 3C > 0 such that |(upo, ox)| > 5=, Vk € N.
Theorem 1.1. Let T > 0, H; and Ho hold. If there exists § > 0, such that for
every yo, yr € SN H(QO)((O,TF),(C) with

lyo — %o (0)|| 2 + [lyr — 2o (T)|| g2 < 6.

Then, there exists a control u(t) € L*([0,T],R), such that the solution of (1.1)-(1.2)
with indtial condition y(0) = yo satisfies the terminal condition y(T) = yy.

Remark 1.1. Our results exclude Dirichlet boundary value condition (b; = by =

0), in which the operator w(t)u(z) maps H(20)((0,7r),(C) into H(QO)((OMT),(C). By

Ball, Marsden and Slemrod’s theorem in [3], we know that system (1.1)-(1.2) is not

local exact controllable in H, (20)((0, 7), C) with Dirichlet boundary value condition.

Indeed, let u € W2 we have

A (Lo, wr) = (A(upo), ex) — 0, k — oo,

which conflicts with Hs.

The organization of this article is the following. In section 2, we recall some
properties of linear operator with Sturm-Liouville boundary value condition. In
section 3, we study on the well-posedness of Cauchy problem for our control system
(1.1)-(1.2). In section 4, we give the proof of the main results.

2. Properties of linear operator
In this section, we consider linear operator
— Pl +V(z)on(x) = Ann(x), n €N, (2.1)
with Sturm-Liouville boundary value condition
a1904(0) = b19;,(0) = 0, a2 () + ooy, () = 0, (2.2)

where a; >0, b; >0, a? +b? #0,i=1,2, and ¢'(z) = %gp(m).
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Lemma 2.1 ( [13]). Let Hy hold. Denote by A\g < Ay < Ag < --- the eigenvalues of
Sturm-Liouville problem (2.1)-(2.2). Then we have A, > p, n € N. In particular,
An > p, provided that a? + a3 # 0.

Remark 2.1. p > 0 in H; ensures every eigenvalue A, (k € N) is positive.

Let p1 = % foﬂ V(z)dz. For different kinds of boundary value conditions, the
eigenvalue )\, and the eigenfunction ¢,, have different forms. We are mainly inter-
ested into the following three kinds of boundary value condition:

(1) Neumann boundary value condition:
ap =0, by >0, ap =0, by > 0. (23)

Lemma 2.2 ( [10]). Let Hy hold. Let Ao < A1 < --- and o, @1, - be the
eigenvalues and the orthonormal functions of system (2.1)-(2.3) respectively. Then,
we have following asymptotic formula

1
)\n:n2+cl+022+0<3), n>1,
n n

2
Pl <y < %, when n — oco. Furthermore,

";‘Hw

where p < c1 < p1, —

sin nx

on(z) =K1 (cosnx +— /Ox V(s)ds + @n(x)> ,

where K, = 2 + 0 (%), ¢n(®) = O (%) and &, (z) = O (L) uniformly for x €
[0,7], n € N.

(2) Dirichlet-Neumann boundary value conditions:
a1 >0,b1=0, a2=0, by >0 (2.4)
or
a1 =0,b; >0,a >0, by =0.

Here, we only discuss y(t,0) = y,(¢,7) = 0. In the case of y,(¢,0) = y(¢t,7) = 0,
similar results can be obtained by the transform £ =7 — z.

Lemma 2.3 ( [10]). Let Hy hold. Let Ao < A1 < --- and @o, @1, -+ be the
eigenvalues and the orthonormal functions of system (2.1)-(2.4) respectively. Then,
we have following asymptotic formula

1\? co 1
/\n:(n+) +c1+ 2"'0( 3)7
2) T T e )

<o < 2 when n — co. Furthermore,

> cos(n + 3)x
PO et SR Vo

o 20 [V )

where k, = 5 4+ 0 (%), ¢n(z) = O (ﬁ), and @ (x) = O (nil> uniformly
for x € [0,7].
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(3) General boundary value condition:
a; >0, by > 0, as >0, by > 0. (25)

Lemma 2.4 ( [10]). Let Hy hold. Let Ao < A1 < --- and @o, @1, -+ be the
eigenvalues and the orthonormal functions of system (2.1)-(2.5) respectively. Then,
we have following asymptotic formula

Ay =n?+0,, neN.

Furthermore, there exists an Ny such that when n > Ny,

Co 1
@nzcl—Fnz-i-O(nS),

2 2
where § < ¢1 < pa, 5 <o < L2 with py = %(‘;—i + 32 —|—€—|—f07T V(s)ds). when

n > 1, we have

pnle) = ! ( a4 1 ( s v<s>ds) " ¢n<x>> ,
0

RS

where Kk, = § + O(n—lz,), Ay = n + O(%) (when n — +00) satisfies tan A, =
Aolarbotashh) “opg 6 (2) = O (), &L(x) = O (%) uniformly for x € [0,7].

bﬂ)g)\%*lllaz n

3. Well posedness of Cauchy problem

In this section, we consider existence, uniqueness and regularity results, and bounds
for the weak solution of the Cauchy problem

iy = —Yzz + V(2)y —u)p(z)y + f(t,2), (¢, 2) € [0,T] x (0,7),
y(0,z) = yo(z),

(3.1)

with Sturm-Liouville boundary value conditions (exclude Dirichlet boundary value
condition).

Operator A and space H(20)((077T),C) have been defined in Section 1. e~*A? is
an isometry semigroup generated by infinitesimal generator

efiAt

(o, pr)e"Metoy Vo € L2((0,7),C).

NE

(p:

>
Il

0

Thus, the weak solution of (3.1) can be expressed by

y(t,x) = e yo(2) +i/ e A u(s)p(a)y(s, ) — f(s,)]ds.
0

To prove the wellposedness of (3.1), we need the following lemma.
Lemma 3.1 ( [7]). Let (wi)ken be an increasing sequence of [0,400) such that
wo =0, and

Wet1 — W > 7 > 0.
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There exists a nondecreasing function,
C:[0,+00) = RY, T~ C(T),

such that, for every T > 0 and for every g € L*(0,T), we have:

(i | /OTg(rf)ert)Q)é < C(D)llgll 2 0.1-
k=0

We denote by H the space correspondence to different kinds of Sturm-Liouville
boundary value condition:

1. Neumann boundary value condition (a3 =0, by > 0, ag =0, b > 0):
#1((0,7),C) == H*((0,7),C);
2. Dirichlet-Neumann boundary value condition (a; > 0, by = 0, az = 0, by > 0):
1((0,7),C) := {p € H*((0,7),C), ¢(0) =0},
and (a1 =0, by >0, ag >0, by = 0):
H((0,7),C) := {p € H*((0,7),C), p(m) =0};
3. General boundary value condition (a; > 0, by > 0, ag > 0, ba > 0):
H((0,7),C) := H?((0,7),C).

Proposition 3.1. Let T > 0 and f € L?([0,T],H((0,7),C)). Then fot e~ f(s)ds

belongs to C([O,TLH(ZO)((O,TF),(C)). Furthermore,

where the constant C1(T') is uniformly bounded for T

t
/amﬂms < Ol 2010,

0

L>([0,T],H?)))

Proof. We expand fot e~%5 f(s)ds with respect to oy,

t 0 ot
[ e st =32 [ e trts) oo
For almost every s € [0,T], f(s) € H((0,),C), we have
() Apu) = 5 F(s),~i + Viz)or)
A T6)e)

(FEV @), 00 = F(6)eh
@]~ (9),00)

;r) . (3.2)

(f(s),n) =

(F()V (@), or) = f()h

—~ —~
b
<

Flm x| 2]y -

(9):00) = F&eR|, + 1 ()

Here, we divide it into three cases:
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1. Neumann boundary value condition (a; = 0, by > 0, as = 0, b > 0): Since
¢, (0) = @} (m) = 0, we have f(s,z)¢} () ;r = 0. By Lemma 2.2, ¢i(x) is
uniformly bounded with respect to k.

2. Dirichlet-Neumann boundary value condition (a; > 0, by = 0, az = 0, by > 0):
Since ¢ (0) = ¢ () =0, f(s,0) = 0, we have f(s,z)y} () Z =0. (a1 =0,
by > 0, ax > 0, by = 0): Since ¢} (0) = gr(m) = 0, f(s,7) = 0, we have
f(s,x)p) (ac)‘z = 0. By Lemma 2.3, ¢y (z) is uniformly bounded with respect
to k.

3. General boundary value condition (a; > 0, by > 0, as > 0, by > 0): By Lemma
2.4, ¢p(x) is uniformly bounded with respect to k. Since ¢} (0) = 3¢5 (0),
@ (m) = =32 ¢k(m), we have that both ¢ (0) and ¢} () are bounded.

By Lemma 3.1, we have

t
/ eiiASf(S)d
0 (0)((0 m),C)

= (go Ak </Ot €_M’“sf(5)d57</>k>

/ F(s, 2)ph(@)]| e
0

0

2)%

/ F(s5,2)0n ()]
0

1
2)2

f T i
/O[f (s,x)]‘oeﬂ kS ds

< —IAES g

"

U .
e g
0

12

+<Z / (Af(s), pre™ M ds

k=0

12

< Cy + Cs

12

T (Zt / |<Af<s>,sok>|2ds>

(CQH 8, )]

/Ot[f(s, )] ’;re*i)‘ksds

12

+Co |15,

)+ V£ () L2 (04,20

011L2[0,t] L2[0,t]

< Cr)F($)lL2((0,0),20)5
where C(t) is uniformly bounded on [0, t]. Thus

n e (s)ds|

where C4(T') is uniformly bounded for fixed T'. O

Proposition 3.2. Let T > 0, yo(z) € H(O)((O,w),(C), u(t) € L4([0,T),R), u(x) €
W2((0,7),R) and f € L?([0,T],H). There exists a unique weak solution of
(8.1), i.e. a function y € C’([O,T],H(QO)) such that the following equality holds

in H ((0,7),C) for every t € [0,T],

< Ci(D)flz2(o,7),20)5

(10,7, H2,)

t

y(t,x) = e yo(x) +i ; e A INu(s)u(@)y(s, x) — f(s,2))ds.
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Moreover, for every R > 0, if [|ul|2(0,7,r) < R, there exists C = C(T,pu, R) > 0
such that the weak solution satisfies:

) < Clllyo (@)l 2

{0, ((0,m),C) + |Lf @ 2)[ L2 jo,77,34))- (3.3)

ly(t, ) HCO([O,T],H(QO)

Proof. We construct the map,

F: C([O,T},H?O)((O,TF%(C)) - C([OvT]vH(%)((Ovﬂ)vC))u
Yy,

where & := F(y) is defined by

E(t,x) == eiiAtyo(x) Jri/o e A=) (u(s)pu(x)y(s,x) — f(s,x))ds, Vvt € [0,T].

Since y(t,x) € C’([O,T],H(QO)), u(t) € L*([0,T],R), f € L?([0,T],H), and u(z) €
W2°2((0,7),C), we have

(u(O)p(@)y(t,z) — f(t,2)) € L*([0,T], H((0,7),C)).

Proposition 3.1 ensures that F' takes values in C([O,T},H(%)((O,W),(C)). For every
t € [0,T], we have

£ (y1)(¢) — F(y2)(t)HH(20)((o,7r),C) = H/o e u(s)u(x) (y1 — y2)(s)]ds

H2, ((0,7),C)

< Cr(®)Nlup(yr — y2)ll2 0.0,
< Cr®)lull2 o0, l(yr — y2)ll Lo ((0,6,20)
< Ci@lull 2008 Cullyr = vl o,0.12,)-

Thus,

1) = F(y2)ll 2~ o.1y,m2,) < Ca(Ts )l 2o, m1.) 91 = v2ll Lo o,71,1

(o))"
If ||ull £2(jo,7),r) is small enough, then F' is a contraction. By Banach fixed point
theorem, there exists y € C([0, 17, H(QO)) such that F(y) =y. Thus,

11l o= ro,71,112, ) <llwoll ez, + Ca(T, )l 220,12 19l oe 0,11, 22,
+ C3(D)|fll 2 o.11,20)-

If C4(T, p)||ull L2 (jo,r),r) < 5, we have (3.3). If it is not the case, one may consider
0=1Ty <Ty < -+ <Tyx = T such that |Jul|2(z, 1,,,) is small, and apply the

previous result, we get (3.3) for every R > 0. O

Remark 3.1. If we assume that x'(0) = p/(7) = 0 in Neumann boundary value
problem or p/(w) = 0 (1/(0) = 0) in Dirichlet-Neumann boundary value problem
with f(t,z) € L?([0,T), H(QO)), we have u(t)u(z)y(t, )+ f(t,z) € L2([0,T},H(20)). It
is easier to apply Banach fixed point theorem in such space. But A {(upo, ¢r) — 0
when k& — oo by (3.2), which conflicts with Hy. Thus, we can not take the above

assumption in Proposition 3.1
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Now, we state the conversation law of Schrédinger equation with Sturm-Liouville
boundary value condition.

Lemma 3.2. If y(t, ) is the solution of (1.1)-(1.2) with yo € SN H(QO)((O,W),(C),
we have that y(t,z) € SN H?O)((O,W)AC) on [0,T].

Proof.
d 9 dy
a”y(tv )| Z2(0,m),0) = 2R <dt(t’ ), y(t, 33)>

= 2R[~i(Ya, Yz) — iV (2)y,y) + iu(t)(py, y)]
= =28 (Yo, Y2) — 23 (V(2)y, y) + u(t)23 (uy, y)
=0.

4. Controllability of bilinear Schrodinger equationD

4.1. C'-regularity of the end-point map

Firstly, we consider the linearized equation around reference trajectory (y,u):

12t = =2z + V(2)z —u(t)p(z)z — v(t)pu(z)y,
a124(t,0) — b12,(¢,0) = 0, agz(t, 7) + boz. (¢, m) = 0, (4.1)
z(0,z) =0,

where y is the solution of (1.1)-(1.2) with the initial value y(0,-) = ¢;. For T > 0,
we introduce the tangent space of S at 1o (T),

V= {€ € L*((0,7),C); R(£,40(T)) = 0},
and the orthogonal projection
Pr: L*((0,7),C) — V.

By Proposition 3.2, the weak solution of (1.1)-(1.2) with the initial value (0, ) = ¢
at T'is

T
UT.0) = e Wn(a) i [ e Du(s)u(oy(s.a)ds, (1.2)
0
Consider the map

Or : L*([0,T],R) — Vp N Hf, ((0,7),C) (4.3)
u s Pr(y(T,-)).

Proposition 4.1. Let T > 0, H; and Hy hold. The map Or defined by (4.3) is
C'. Moreover, for every u, v € L?([0,T],R), we have

407 (u) - v = Pp(x(T, ")), (4.4)

where z is the weak solution of (4.1).
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Proof. Let U be an open set in L%([0,7],R) defined by
U= {u € L*([0, 7], R); ||ul| 20,1 < R}-
Firstly, we prove that ©7 is continuous in U. Let u 4+ v € U, we have
Or(u+v) = Pr(y(T) + (1)),
where y(t), y(t) + ¢(t) € VrN H(QO)((O,W),(C). Thus,
Pr(¢(T)) =Or(u+v) - Or(u).

Obviously,

T
(C(T), or) = Z/ (w(t)(HC(1), i) + v(B) (uy(b), ox) + v () (C (), or))e™ T,

0

By Proposition 3.2, we have
1Tz, < Cllellze.

where Cs = C(T, , ||u|| L2)-
Secondly, we prove that O is differentiable in U. If (4.4) holds, we have

Pr((T)) = Or(u+v) — Or(u) — dOr(u)v,
where £ := ( — z is the weak solution of:
i§ = —Saa + V(2)§ — (u+0) () p(x)§ — v(t)u(z)2

alg(tv O) - blgm(ta 0) =0, a2§(ta 71—) + bQEE(t» W) =0,
£(0,z) =0.

Obviously,

T
G on) =i [ (o) O, ou) +o(t) iz, oud)e T 0.
0
By Proposition 3.2, we obtain that
||§||H(20) < Gsl|v]|z,

where Cg = C(T', u, ||u + v|| 2).

Finally, we prove that dOr is continuous. Actually, we prove that this map is
locally Lipschitz. We assume that @ € U with ||@ — u||z2 < 1. Let § and Z be the
weak solution of:

it = —Yax + V(2)§ — U(t) ()7,
al:’j(tv 0) - blgm(tv O) =0, a2g(t7 7T) + b2gm(ta 7T) =0,

?J(Oﬂﬁ) = ¥o,
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and
12 = —Zzx + V(2)Z2 — a(t)pu(x)Z —v(t)u(z)y,
a12(t,0) — b12,(t,0) = 0, agz(t,m) + baz.(t,m) = 0,
2(0,z) =0,
respectively. We obtain that
[dOr(u) — dO7 ()] - v = Pr(E(T)),
where 2 := z — Z is the weak solution of:
8y = —Epa + V(2)E —u()u(2)E — (u — @)u(x)z —v(t)u(x)(y — 9),
a12(t,0) — 512,(t,0) = 0, axZ(t,7) + b=, (¢, m) =0,
(0,z) = 0.

(1]

Obviously, for every k € N, we have that

T
(B(T), i) = i / (u(t) (), o) + (1 — D) E, o)

+o(t) (u(y — §)(1), ox))e T 0,
since
|y — QHC([O,T],H(QO)) < C7ll(u — @) pgll 2 jo,r,7) < Csllu — |2 ||?7HC([0,T]7H(20>)’
and

HZHCQO,T]’H&) < Oyllvpdll 2 jo,17,) < C’10HU||L2||§||C([0,T],H§0>)7

by Proposition 3.2, we have

IElleqom.mz,) < Cull(u —a)pz +vply = 9)l L2 0.11.7)

2 9]

< Cuafllu =l 2 1Zleo,m,) — lvllz2lly — ?J||c([o,T],H(0>

< Cusllu — | gz [Jv] L2,

where C; = C(T, u, ||ul|g2) >0,i=7,---,13. O

4.2. Controllability of the linearized system
Consider the following map
dO7(0) : L*([0,T],R) — Vo N Hf,)((0,7),C),
v = Pr(z(T,x)),

which is equivalent to linearize (1.1)-(1.2) with respect to the reference trajectory
(to(t, ), u(t) = 0):

izt = —Zga + V() 2(2) — v(t)u(2)tbo,

a12(t,0) — b12,(t,0) =0, agz(t,7) + bazy(t, ) =0, (4.5)

z(0,z) = 0.

To prove the controllability of linearized system, we present a lemma on trigono-
metric moment problem.
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Lemma 4.1 ( [11]). Let T > 0 and (wk)ken be an increasing sequence of [0, 400)
such that wg = 0, and

Wkt+1 — Wi — +00 when k — +o0.
There exists a continuous linear map,

L:1?(N,C) — L?((0,T),R),
dw— L(d),

such that, for every d = (dy)ken € I2(N,C), the function v := L(d) solves

T
/ v(t)e™rtdt = dy,, Yk € N.
0

Proposition 4.2. Let T > 0 and Hy, Hy hold. The linear map d©7(0) has a
continuous right reverse dOr(0)~1 : Vp N H(QO)((O, 7),C) — L2([0,T], R).

Proof. We give the formal solution of (4.5):

0 T
Z(T,"E) = Zl<,u,(po,spk> (/ v(t)ei(kk—ko)tdt> e_iAkTSOIv
k=0 0

Define wy, := A\ — Ao, di(z5) := %, Vk € N. If z is the solution of (4.5)
for some v(t) € L?([0,T],R), then, the equality z(T,z) = z¢(x) is equivalent to the

trigonometric moment problem:
T .
/ o(B)e~tdt = dy (), Wk € N.
0

By Lemma 2.2, Lemma 2.3 and Lemma 2.4, we get
Wit1 > Wi, k € Nand w1 — wp — 00, k — +00,

with different kinds of boundary value conditions. By Lemma 4.1, the sufficient
condition of this equation can be controlled by v(t) € L? is dy(zf) € I2. Since Ho
holds, we know that .
(25, pr)e T
(1o, k)

Since zy € VprN H(QO)((O,T(),(C), we have dy(z¢) € I>(N,C) by definition. O

4.3. Controllability of the end-point map
We denote
Vrg = {yy €80 Hpy)((0.7),0): luy — vo(T) 3, <5},
Theorem 4.1. Let T > 0, H; and Hy hold. There exists § > 0 and a C' map
[':Vrs — L*([0,T],R),
yr = Tyy),

such that T'(vo(T)) = 0 and for every yy € Vrs, system (1.1)-(1.2) with initial
condition y(0,-) = @o and control u=T'(ys) satisfies y(T') = y; .
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Proof. Let R; > 0 and §; > 0 be such that
1. Yu € Bg,[L*((0,T),R)], the solution of (1.1)-(1.2) satisfies R(y(T),vo(T)) > 0,
2. Yy; € Vrs5,, we have R(ys,vo(T)) > 0.
Obviously, Bg, [L*((0,T),R)] and V7 ﬂH(QO)((O, m), C) are Banach spaces. Thus,
the map
O : By, [L*([0,T],R)] = Vo N Hf ((0,7),C),

is C1, and the differential at zero point has a continuous right inverse:
dOr(0)~" : Vo N Hy((0,7),C) — L*([0,T], R).
Thanks to the inverse mapping theorem, there exists § € (0,6;) and C! map,
O« Bs[Vr 0 H{j ((0,7), C)) = Br, [L*(0, T), R)],
such that ©7(07" (7)) = §y for every §y € Bs[Vr N HEO)((O,W), Q)].

For yy € Vr 5, we have ||Pryy|| g2

2, ((0,m),0) < 0. Thus, we can define

I(yy) := 67 [Pryyl,

y(T) = Pr(y(T)) + /1 = |1 Pry(T)||72¢0(T)
= Pr(ys) + /1 = 1 Prysl|7.¢0(T)

such that

O

Remark 4.1. Thanks to the time reversibility, Theorem 1.1 is a corollary of The-
orem 4.1.
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