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Abstract The main purpose of this article is to study the periodicity of a
Lotka-Volterra’s competition system with feedback controls. Some new and
interesting sufficient conditions are obtained for the global existence of pos-
itive periodic solutions. Our method is base on combining matrix’s spectral
theory and inequality |z(t)| < x(to) + [ |#(t)|dt. Some examples and their
simulations show the feasibility of our main result.
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1. Introduction

The application of the differential equations to mathematical ecology has developed
rapidly. One of the famous population models is the Lotka-Volterra (L-V for short)
model, which has been studied extensively (see, e.g., [1-16]). A fundamental model
is multi-species population dynamic.

9i(t) = yi()[bi(t) — Zaij(t)yj(t)L i=12,..n. (1.1)

Based on Mawhin’s coincidence degree theory, Xia and Han [15] studied the exis-
tence and stability of periodic solution for (1.1).

However, in the real-world, the biological systems are affected by unpredictable
forces which can change the biological parameters. The most important question
from biological view is whether or not an ecosystem can withstand those unpre-
dictable perturbations which persist for a finite period of time. In the language of
control variables, we call the perturbed functions as control variables. For instance,
in some situation, people may wish to change the position of the existing equilibri-
um but to keep its stability. This is of significance in the control of ecology balance.
To tackle this problem, feedback control variables can be introduced to the system.
By such feedback control, we can change the system structurally in order to get a
population stabilizing at another equilibrium. Some biological control schemes have
been proposed in the literature (e.g. see [7,16,17]).
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Recently, a set of criteria were established for the global existence of positive
periodic solution of a n-species competition system with feedback controls in [4].
The qualitative theory of differential equations has been widely applied to study
the real world phenomenon (e.g. [3-6,9,11-14,18-20]. In particular, one of the
powerful tool to study the existence of periodic solutions to differential equations is
based on the coincidence degree. However, different estimation techniques for the
priori bounds of unknown solutions to the equation Lx = ANx may lead to different
results. They obtained the priori bounds by only employing the inequality

o(t)] < alto) + [ ") dr, (1.2)

which resulted in that they obtained a set of algebraic conditions.

Different from the standard arguments in the literature [4], in this paper, we
combine matrix’s spectral theory and inequality (1.2) to obtain the priori bound-
s. Some novel and interesting results for the existence of periodic solutions were
obtained (see Theorem 2.1). In this paper, we consider the following L-V type
competition system with feedback controls of the form

dy;it) =i(t) {(n(t) - Z aij(t)y; (t)} — d; ()i (t)ys (1), -
W) — () + B0 = 1.2, .,

where u;,1 < i < n denote indirect feedback control variables. It is assumed that
ri(t), ai; (t), di(t), a;(t), Bi(t) are continuous, real-valued, w-periodic functions on R
such that / Tz(t)dt > O,aij(t) 2 O,dl(t) Z 0,0ti(t) 2 0,51(15) Z 0. System (13) is
0

associated with IVP

yZ(O) > 0, UZ(O) >0,72=1,2...n.
Tt is not difficult to see that solutions of (1.3) with IVP are well defined for all ¢ > 0
and satisfy

yi(t) >0, w;(t) >0,i=1,2..n.
In order to study (1.3), we introduce a lemma which is a special case of Lemma 2.2
in [4].
Lemma 1.1. (y1(t), .., Yn(t),u1(t), ...un(t))T is a w-periodic solution of (1.3) if
and only if it is also a w-periodic solution of

dy;(t)

L = u®)[r(t) = £ o8] - diu(mi(e), (14

n
j=1
where

ttw oJi oi(6)do
ui(t) = /75 [Bi(s)yi()]Gi(t, s)ds := (diyi) (1), Gi(t,s) = T @ 1 (1.5)

Remark 1.1. The estimation techniques used in [15] are not valid for system (1.3)
due to the term (¢;y;)(¢) in (1.5). To explain this, we recall the idea in [15], there
exists x;(t;) = Ir%ax] x;(t) such that

te[o

B

bi(ti) = ai(t;)e™ ™) =0, i=1,2,..n,
j=1



Periodic solution of a higher dimensional ecological system with feedback control 895

then, we can easily get

n

aii(t:)e” ") =bi(t:) — Y agi(w)e™ ), i=1,2,.m.
=L

However, in this paper, we can not get x;(t;) directly due to the term (¢;y;)(t).
Therefore, we need new techniques to handle this problem. To see how to overcome
this difficulty, one can see (2.8)-(2.24).

The structure of this paper is as follows. In section 2, some new and interesting
sufficient conditions for the existence of periodic solution of system (1.3) are ob-
tained. Section 3 is devoted to examining the stability of this periodic solution. In
section 4, two examples and their simulations are given to show the feasibility of
our results.

2. Existence of periodic solutions

In this section, first, we introduce some notations, definitions and lemmas. If f(¢)
is a continuous w-periodic function defined on R, denote

fl=min f(t) = min f(t), f*=max f(t) = max f(t), f= é/o ft)dt.

teR te[0,w] teR te[0,w]

We use © = (21, ,2,)T € R" to denote a column vector, D = (dij)nxn isanxn
matrix, DT denotes the transpose of D, and E,, is the identity matrix of size n. A
matrix or vector D > 0 (resp. D > 0) means that all entries of D are positive (resp.
nonnegative). For matrices or vectors D and FE, D > E (resp. D > E) means that
D —E >0 (resp. D— E > 0). We also denote the spectral radius of the matrix D

by p(D).

Lemma 2.1 (continuation theorem, see [5]). Let @ C X be an open and bounded
set. Let L : DomL C X — Z be a linear mapping, N : X — Z be a continuous
mapping, and P: X — X, and Q : Z — Z are two continuous projectors. Let L be
a Fredholm mapping of index zero(see [S]) and N be L-compact on Q (i.e., QN (L)
is bounded and Kp(I — Q)N : Q — X is compact). Assume

(i) for each A € (0,1), x € 9QNDomL, Lz # ANz;

(i) for each x € 900 NKerL, QNx # 0 and deg{JQN, QN KerL,0} # 0, where
J :ImQ — KerL is an isomorphism. B
Then Lx = Nx has at least one solution in £ N DomL.

Definition 2.1 (see [2,10]). A real nxn matrix A = (a;;) is said to be a M-matrix
ifa;; <0,4,5=1,2,---,n,9# j, and A~! > 0.

t+w
Denote Al(t) := d;(t)(¢:1)(t), where (¢;1)(t) = Bi(s)Gi(t, s)ds, Gi(t,s)

t
has been defined in (1.5).
Lemma 2.2. Assume that

aij

(Al) T > Z ﬁ?j.
J=Li#i G55 + A
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Then the algebraic equations
ri— Y a;je% —Z?e”i =0 (2.1)
j=1
has a unique solution v* = (vi,vs..v5)T € R.
Proof. Details of the proof are similar to that of Lemma 4.1.1 in [6]. O

Lemma 2.3 (see [2,10]). Let A > 0 be an n X n matriz and p(A) < 1, then
(E, — A)~! >0, where E,, denotes the identity matriz of size n.

In what follows, we shall introduce some function spaces and their norms, which
are valid throughout this paper. Denote
X = {z(t) = (z1(t), 22(t), ..., 2 (1))T € CHR,R™)|2(t + w) = x(t) for all t € R},
Z = {x(t) = (x1(t), 22(1), ..., 2o ()T € C(R,R™)|z(t +w) = x(t) for all t € R}.

2.1. Result on the existence of periodic solutions.

fo“’ o (0)do
Lol Lal,,— [ a;(0)d0 pu _ u uwgu,, ©
Denote A%; = al; + d’Blwe Jo* e (6)d0 BY; = a¥; +djﬁjwm.

Theorem 2.1. In addition to (A;), assume that

0, i=j,

(A2) p(Ky) <1, where K1 = (Tij)nxn and T';j = a,
- Al y 7é J-

JJj

0, =7,

(As) p(K2) < 1, where Ko = (fij)an and fij = az o
— , 1 )

Bj; ’

Then system (1.8) has at least one positive w-periodic solution.

Proof. System (1.4) can be reformulated as

W — i) [0rt0) -

Z aii ()95 (1) | — di (s (1) (G (1)- (2.2)

Jj=1

Let
z;(t) =Iny;(t), i=1,2,...,n.

Then system (2.2) can be changed to

ai(t) = ri(t) = Y ag(t)e™ D — di(t)(¢ie™)(t), i=1,2,...,n. (2.3)

j=1

Similar arguments to Step 1 in [15], we can construct the operators (i.e., L, N, P
and Q) appearing in Lemma 2.1. Tt is easy to verify that they satisfy the conditions
of Lemma 2.1. Now we are in a position to search for an appropriate open bounded
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subset (2 satisfying condition (i) of Lemma 2.1. Corresponding to the operator
equation Lz = ANz, A € (0,1), we have

i(t) = )\[ri(t) - é ai; (£)ers® — di(t)(qbie“)(t)}, i=1,2,....n. (2.4)

Suppose z(t) = (x1(t),...,xz,(t)) € X is a solution of (2.4), integrating (2.4) over
[0, w], we obtain

n

/0 : [ s ()em ® 4 di(t)(qbie‘"“")(t)} dt = Fw. (2.5)

Jj=

It follows from (2.4) that

[ i

- A/O ri(t) — ;aij(t)ezj(t) - di(t)(qsiezi)(t)‘dt

< /O S+ /O i [ @i ()ems O+ dit) (@re™) (1) at

Jj=1

:/ ri(t)dt—l-ﬂw = 2T;w,
0
that is,
/ ()]t < 270, (2.6)
0

Since z(t) € X, each z;(t), i = 1,2,...,n, as components of z(t), is continuously
differentiable and w-periodic. In view of continuity and periodicity, there exist
&, mi € [0,w] such that

Accordingly, 4;(&;) = 0 and we arrive at
ri(&) — Y aii (&)™) — di(&)(die™) (&) = 0, i =1,2,...,n.
j=1
That is,

aii (&)e™ &) 4 di (&) (pse™ ) (&) = ri(&)

J=L.j#i

It follows from (1.4) that

t+w
G0 = [ e 16 ds
bt o ai(0)do
. / [Bi(s)em ) —C T4 (2.9)

oJo ai(0)do _

t+w
> e Jomeu(®)d0 / [Bi(s)e™*))]ds.

t
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Noting that z;(&;) > x;(&;), it follows from (2.8)and (2.9) that

< aii(6)e™ &) + di (&) (gie™) (&)

=ri(&) = Y ay(g)e (2:10)
J=Liji
< ’f‘;}' — Z al eri (&5)
j=Li#i

Letting (a}; + d!Blwe Jo @i (0)d0)ezi(&) = 2;(¢;), it follows from (2.10) that

fz < ZL* Z a +dlﬂl we™ fo i 9)d9) (fj)a
j=1,j
or
Zl(g’t) l 1 Al - a;(0)do J(é])g ?7
j=1,5#i ”+dﬁwe J5" 23(0)
which implies
al lll
11 an o A z1(61) Ty
G231 Gap u
e N N I N (2.11)
a.L. . al u
Set D = (D1, Ds,...,D,)T = (r¥,r4, ... 74T, Tt follows from (2.11) that
T
(E—IC1)<21(§1),22(§2),...,zn(fn)> <D. (2.12)

In view of p(K;1) < 1 and Lemma 2.3, (E,, — K1)~ > 0. Let
Hy = (hi,hg,....,hy)T == (E—-K,)"'D>0. (2.13)

Then, it follows from (2.12) and (2.13) that
T .
(516 22(&), - 2a(60)) < Hi or () Shiy i=1,2.m, (214)

which implies

hi
al, + diflwe=Jo i (0)a0”

zi(&) <1In 1=1,2,...,n.

This, combining with (2.6), gives

h;
al, + diBlwe= Jo @i(0)do,

5it) S l6) + [ laoldt <o L orw s By, (215)
0
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On the other hand, it from (2.7) that 4;(n;) = 0, which implies
(mi) — Zaij(fh)ewj(m) —di(n;)(¢ie™)(ni) =0, i=1,2,....n
j=1

That is,
aii ()€™ ")+ di (i) (die™ ) (mi) = ri(mi) — 12:#@2']_(771_)695]-(777;)’ i=12,...,mn
J=1j#
(2.16)
Tt follows from (1.4) that

t+w
(die™)(t) = / Bi(s)e D Gu(t, 5)ds
bt (®) ey «i(0)do
= [Bi(s)e™ ) g ds
J& i (0)do
L € (o) (2.17)
[Bi(s)e wb(s)]wds

t . 1
efo (e 73 (G)dG

t+w
. . x;(s)
C 1 /t [8:(s)e™ (] ds.

oo i(0)do _

IA

Noting that z;(n;) < x;(n;), it follows from (2.16)and (2.17) that

ai(0)d0
ml(m)+duﬁuw /0 NGECEEY 1611(771)

> au(m) {09 4 d; (m;) (die™) (1)

n
=T le Z A5 771 € @5 (i) (2'18)
J=1,j7#i

l_ u o2;(n
> T 4 Z 4a1] 5 ( J)
J=1,5#i

SJE @i (0)do

Letting (al; + dfﬂ;‘wm)e“("i) = Zi(n;), it follows from (2.18) that

l . u u U QU ef(;daj(e)de -1z
Zi(ni) > 1 — Z aij(ajj+djﬂjwm) Zi(nj),
j=1.5#i
or
~ - afj -
Zl(nl)+ Z S ()de (n]) er
2T 02 + B
which implies
Logg g ) [ A0m) rh
%?1 ... 1325: Z2(n2) S rh (2.19)
% TERUACTSVARY

Set D = (D1, Dy, ..., D)7 = (rk,rh,...,rt)T. It follows from (2.19) that

T
(E — ’C2)(§1(771)752(772); cee gn(%)) >D. (2.20)
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In view of p(K2) < 1 and Lemma 2.3, (E,, — K2)~! > 0. Let
Hy = (hy, hy, ... hy)T == (E — K2)~'D > 0. (2.21)
Then it follows from (2.12) and (2.13) that

T
(51(771)752(772)7...,zn(nn)) > Hy, or zi(m) > hiy i=1,2,...,n,  (2.22)

which implies

hi
a;(0)do
U QU E'
azz+d 6 w )& @i (0)do ¢

zi(n;) > In 1=1,2,...,n.

This, combining with (2.6), gives

iy hi ;
i) 2 )~ [ (Ot > n———— M 2rw 2 B (2.
0 ag; +dif Bi'w W
It follows from (2.15) and (2.23) that
\xl(t)| < max{|B11|, |B22|} £ B;. (224)

Clearly, By are independent of A\. Take B = By + Bs. In view of Lemma 2.2 that,

By > 0 is taken sufficiently large such that ||(vi,v3,...,v5)|1 = D |[vf] < Ba,
i=1

where (v}, v5,...,v})T is the unique solution of (2.1) with v} > 0.

Let Q = {(y1,92)7 € X,||(y1,92)|| < B}, then it is clear that ) satisfies the
requirement (i) of Lemma 2.1. We can easily verify that for each € 9Q N KerL,
QNz # 0 and deg{JQN, QNKerL,0} # 0, where deg(-) is the Brouwer degree and
J is the identity mapping since Im@) = KerL.

Hence, by Lemma 2.1, system (2.3) has at least one positive w-periodic solution
in DomL N Q. Then system (1.3) has at least one positive w-periodic solution,
denoted by y(¢). This completes the proof of Theorem 2.1. O

3. Globally asymptotic stability

Under the assumption of Theorem 2.1, we know that system (1.3) has at least one
positive w-periodic solution, denoted by

(), w ()" = (i (1), yn(t), ui(t), . up (1)

The aim of this section is to derive a set of sufficient conditions which guarantee
the global asymptotic stability of the positive w-periodic solution (y*(t),u*(t))7.

Definition 3.1. Let (y*(¢),u ()T = (yi(t),...,y5(t), wi(t),...,u’(t))T be a
strictly positive (componentwise) periodic of (1.3). We say (y*(¢), u*(t))T is globally
asymptotically stable (or attractive) if any other solution (y(¢), u(t))” = (y

up(t), ..., u,(t))Tof (1.3) has the property

i Jyi(6) g (0] =0, lim_Jus(t) — uf (1) = 0.

It is immediate that if (y*,u*)T is globally asymptotically stable, then (y*,u*)7 is

in fact unique.

1(t), - yn(t),
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Lemma 3.1 (see [1]). Let f be a nonnegative function defined on [0,+00] such
that [ is mtegmble on [0,400] and is uniformly continuous on [0,+oc]. Then

lim  f(t) =

t——+o0

Lemma 3.2 (see [2,10]). Let Q = (¢;j)nxn be a matriz with nonpositive off-diagonal
elements. Q is an M-matriz if and only if there exists a positive diagonal matriz
2 =diag(&1,&2..., &) such that

J#i

Theorem 3.1. Assume that all the assumptions in Theorem 2.1 hold, and if there
exist positive constants k;,t =1,...,n, such that

(Aa) ki) > ;Y ault) + kibi(0),
(As) a;(t) > di(t),

then system (1.83) has a unique positive w-periodic solution y*(t) which is globally
asymptotically stable.

Proof. In order to show the global asymptotic stability of system (1.4), we define
a Lyapunov function V (¢) as follows:

0 =3 ke[l ng(e) — g7 ()] + () — w3 ()] (3.1)
=1
It is not difficult to show that
0) = Z k; [| 1ny;(0) — In g (0)] + |ui (0) — u;(O)@ < oo, (3.2)

and V(t) >0, t > 0. Let
Zi(t) = lyi(t) —y; O], Uis(t) = |ui(t) — i (t)].

Calculating the upper right derivative DTV (¢) of V (t) along the solution to (1.4),
it follows from (A4), (As) that

DHV (1) Z ki sendui(8) = v (0} = D a0 walt) — v (1) = da(O)(wi(t) — i (1))]
j=1
+sgnfui(t) - v (1)} [ = aut) (uilt) = i () + Bi(D) wit) — i (V)] |

n

Zkau (6)ly: (1) |+Zk S a0y () -y ()]

= Jj=1,5#i

+Zk i () |ui (t) — ug ()] —Zkiai(t)lui(t) —u; (1)]
i=1
+ Z kiBi(t)]ya(t) — i ()]
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_ Zl { [kian(t) —k;j IZ7$ aji(t) — kiﬂi(t)} lyi(t) — y; ()]

o [k (®) = ki (®)] Jua(t) - ur<t>|}
:—Z{[ka“ -y Z alt) - kifi(0)] Zi(0)
~ k() - kidxt)] Ui <t>}
<- c;ZLl{ziu) LU}, (33)

where ¢ = minlgign inftg[o’w] {k/’ia”‘ (t) — kj Z Qg4 (t) — kzﬁl (t), kiai(t) — k’ldz (t)}
J=1j#i

It follows from (3.3) that DTV (¢) < 0. Obviously, the zero solution (1.4) is Lya-

punov stable. On the other hand, integrating (3.3) over [0, ¢] leads to

V(t)-V / Z{Z (s)}ds, t >0,

to =1

or

t>+c/0 S {Ii(s) — 97 6)] + ) — i (3) s < V(0) < +oo, ¢ 30,

=1

Noting that V(t) > 0, it follows that

/Z{m @ ) i )ds < LD < oo 1m0 (3.4)

Therefore, by Lemma 3.1, it is not difficult to conclude that

i [yi(t) — 7 (O] =0, Tim_Jus(t) — ui(0)] =0,

which implies the global asymptotical stability of system (1.3). This completes the
proof of Theorem 3.1. O

4. Examples

In this section, some examples and their simulations are presented to illustrate the
feasibility and effectiveness of our results.

Example 4.1. Consider a two-species competitive system with feedback controls

J1(t) = 1 (8)[6 — (3.7 + sint)y1 (t) — (1 + 55 cost)y2(t)] — (1 + cost)uy (t)y1(t),
G2 (t) = y2(t)[8 — (3 +sint)ya(t) — (3 + cost)y2(t)] — Fuz(t)y2(t),

ap(t) = —(2 + scost)ur(t) + (1 + % sint)y; (t),

Us(t) = —(2 4 sint)uq (t) + iyg(t).

(4.1)
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We have a}; = 2.7,al, = 0.95,ah; = 1.5,ab, = 1.5,d} = 0,d}, = L, on(t) =2+
$cost,az(t) = 2 +sint, B = 0.9,85 = 0.25,w = 27. Let 01 = [ a1(6)df, o0 =
Jy @2()df. Simple computation shows

1

0 _ a2

ab,+dlBle 5 @2(0)do,
’Cl — o 22T @272

- e 0

af i Be” IF T,

—0.95
_ 0 1.5+ Ze 4

_35

5 0

Hence, p(K1) =~ 0.5932 < 1. Similarly, a¥y = 4.7,a}, = 1.05,a%; = 3.5,a%, =
3.5,d} =2,dy = i,ﬂ}‘ = 1.1, 8% = 0.25,w = 2. Simple computation shows

u

0 13
al,+d¥ By NG @2(0)do w
o — 2242 P2 Tjmag@yae
2 - u
_ Aoy 0
u 4 qu B JG @1(6)do
ente P Tjeaeyar @
14
0 _ 1.05 _
3‘5+§7rp4€: T
N 3.5 0
474 dm £

And p(K3) =~ 0.2258 < 1. Thus, by Theorem 3.1, system (1.3) has a unique positive

equilibrium which is globally asymptotically stable. Figure 1 shows the asymptotic
behavior of system (4.1).

Asymptotic behavior of two-species competitive system
T T

25

®)
{0]

Figure 1. Asymptotic behavior of two-species competitive system with feedback control. The initial
values (y1(0),y2(0), u1(0),u2(0)) = (0.1,0.5,0.1,0.1), t € [0, 15].

Example 4.2. Next we consider the three-species competitive with feedback con-
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trols system

(1)

y1(O)[7 — (4 +sint)y; (t) — (2.5 + cost)ya(t) — (2 + sint)ys(¢)]
(% 5 Lcost)uy (t)y:(t),
— (L5 4sint)y1(t) — (7 + cost)ya(t) — (2 + sint)ys(t)]

Il
<
V]

~
~
jay

,.J;

a(t)

U3(t) = ys(t)[3 — (1 +sint)y (t) — (1.5 + cost)ya(t) (4.2)
+ sint)ys(t)] — %(1 + sint)us(t)ys(t),
+ cos t)ul( )+ ( I Lsint)y, (1),
+sint)ua(t) + (1 + % cost)ya(t),
us(t) = _%Ufs(t) +(3 + gsint)ys(t).

We get a}; = 3,aly = 1.5,al5 = 1,ab; = 0.5,aby = 6,a}y = 1,a}; = 0,d}y, =
0.5,ahs = 5,81 = 0.25,85 = 0.75, By = 1,d} = 55,d5 = ds = 0,w = 2m, a1 (t) =
15 + cost as(t) = 1 5+ sin(t),a3(t) = 1.5. Further, let oy = [” a1(6)df, o0 =

0)do, o 043 0)de. Simple computation shows
3= Jo
L 1

0 —w —%1s 0 =1 =1

l ab,twdsBle=72 al,twdiple=73 T

= ;. __ T@3 — -1 -1

K1 al,+twd Ble—o1 Ol alytwdspleos R — 0 5

— a3y —ago —1
0 0 0

aj,twdifie™1 ab,+wdhfre 2
And p(K1) =~ 0.2625 < 1. Similarly, we have a}y = 5,a}y, = 3.5,al5 = 3,a%;, =
%.5,(172‘2 = 8, als = 3,a% = 1l,a% = 2.5,a%% = 7,d} = &.dy = 2,dy = 1,8 =
1,53 = 175§f =3 and

u u

0 —ay2 - —d13 -
UGT UGT
au+wd2ﬁ2e2 au+wd3ﬂ353
22 02 1 33 293 1
u u
Ko = #U 0 —au o
= U Gu
2 o +wd1ﬁlc T av 1+ wd¥pFe3
11 e%1—1 33 "3 1
u u
—a3 —G39 0

W wdbpTetl o walpueo?
at1t—or o7 Gzt or 7

—35 -3
e 3™
8+e37" 1 7+ TreS“' 1
—2.5 0 -3
== 3T 3T
5+20 eafr 1 7+3 8377 1
—1 —2.5 0

37 o3

5+207" S St 3wy

Further, we get p(K3) ~ 0.5192 < 1. Thus, by Theorem 3.1, system (1.3) has a
unique positive periodic solution which is globally asymptotically stable.
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