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HE’S VARIATIONAL ITERATION METHOD
FOR THE SOLUTION OF NONLINEAR
NEWELL-WHITEHEAD-SEGEL EQUATION
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Abstract In this paper, we apply He’s Variational iteration method (VIM)
for solving nonlinear Newell-Whitehead-Segel equation. By using this method
three different cases of Newell-Whitehead-Segel equation have been discussed.
Comparison of the obtained result with exact solutions shows that the method
used is an effective and highly promising method for solving different cases of
nonlinear Newell-Whitehead-Segel equation.
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1. Introduction

We have to face many real-life time mathematical models for semi-analytical solu-
tion of nonlinear differential equations in day-today life. We also know that most
of the nonlinear differential equations do not have an analytical solution. But by
using He’s variational iteration method (VIM), we can solve nonlinear differential
equations, which was first envisioned by Professor Ji-He for solving a wide range of
problems whose mathematical model yields differential equation or system of differ-
ential equations [2-7]. Later on He’s variational iteration method (VIM) which is a
semi-analytical method is applied to solve the nonlinear non-homogeneous partial
differential equations [8-22]. Newell-Whitehead-Segel equation is solved by using
the Adomian decomposition and multi-quadric quasi-interpolation methods [1] and
Homotopy perturbation method [20].

In this article, we apply He’s variational iteration method to obtain the solu-
tion of the non-linear Newell-Whitehead-Segel equation. Three different cases of
nonlinear Newell- Whitehead-Segel equations are solved by using this method. The
Newell-Whitehead-Segel equation models the interaction of the effect of the diffusion
term with the nonlinear effect of the reaction term. The Newell- Whitehead-Segel
equation is written as

2
% :k%—i—au—buq, (1.1)
where a, b and k are real numbers with £ > 0 and ¢ is a positive integer. In
equation (1.1) the first term on the left hand side, %1;7 expresses the variations of

u(x,t) with time at a fixed location, the first term on the right hand side, %,
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expresses the variations of u(x,t) with spatial variable x at a specific time and the
remaining terms on the right hand side au — bu?, takes into account the effect of
the source term. In equation (1.1), u(z,t) is a function of the spatial variable 2 and
the temporal variable ¢t with x € R and ¢ > 0. The function u(z,t) may be thought
of as the (nonlinear) distribution of temperature in an infinitely thin and long rod
or as the flow velocity of a fluid in an infinitely long pipe with small diameter.
The Newell-Whitehead-Segel equations have wide applicability in mechanical and
chemical engineering, ecology, biology and bio-engineering.

2. Proposed He’s Variational iteration method for
the Newell-Whitehead- Segel equation

Consider the differential equation
Lu+ Nu = g(z), (2.1)

where L and N are Linear and nonlinear operators respectively and g(z) is inho-
mogeneous function. J. H. He suggested the variational iteration method where a
correction functional for equation (2.1) can be written as

Ui (&) = () + / "N (Lun(t) + Nitn(t) — g(t))et, (2.2)

where \ is Lagrange’s multiplier, which can be identified optimally by the varia-
tional theory and @, (¢) as restricted variation that means 44, = 0. It is to be noted
that Lagrange multiplier A can be taken as a constant or function.

There are two steps in variational iteration method, first to find Lagrange’s
multiplier that can be find out optimally via integration by parts and by using
the restricted variation, should be used for the determination of the successive
approximations u,41(z),n > 0 of the solution u(z). The zeroth approximation ug
can be any selective function or can be any other initial condition that can be used
at the initial stage or using the initial values u(0),u'(0) and u”(0) are preferably
used for the selective zeroth approximation ug as will be seen later. Finally the
solution is given by u(z) = nhﬁ\rr;oun(x) Then wu(z) will be the solution of given

differential equation.

3. The Newell-Whitehead- Segel equation

To illustrate the capability and reliability of this method, three different cases of
nonlinear Newell-Whitehead-Segel equation are presented.

3.1. Case 1.

In equation (1.1), if @ = 2,b = 3,k = 1 and ¢ = 2 the Newell-Whitehead-Segel
equation is written as:
ou  0%*u

= = @+2u—3u2, (3.1)
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subject to a constant initial condition u(z,0) = 1.
Now by using variational iteration method, we have

t 2,~
Oy, (x, 0“1, (x, N
nia(,0) = n(nt) + [ NEHEE OGS g ) 430, ),
0 65 8(1}'
(3.2)
where 1, is restricted variation so du, = 0.
Then applying variation on both sides and integrating we obtain equations
)\/
1A Dl =0, =2 (3.3)
Now from these equations, we get
A= —e 2079, (3.4)

Then by VIM we can construct a sequence. Initially with the given initial condition

we can take
u(z,0) = ug(x,t) = 1 and by VIM A = —e~2(=¢) and then

’LLo(l',t) = 1,
t 2
o(r_ey, Oug(x, 0%ug(x,
o) = oo, t) — [ 2070 Q) TG g0, 6) + 30, )
0
—1—t+t2—2—tg+ﬁ—ﬁ+ﬁ+
N 3 3 15 45
t 2
gy, Ouq (o, 0%uq (z,
uz(x,t):ul(x,t)—/ e 208 1(;5 o _ 522 3 — 2uq (2, €) + 3ud(x, £))d¢
0
10t*  43¢°
=1—t+2t* 33+ — — — 25 ...
+ + 3 TR
t 2
Co(p_ey, Ous(x, 0“us(x,
s t) = ua(oyt) — [ 20 @R TULE) g0, 6) 4 (o, )
0
i 1143 N 19t 14815 N 611¢°
N 3 3 15 45
t 2
gy, Ous(x, 0%us(x,
i) = ua(ayt) = [ -0 @R T g0, 6) 4 3o, )
0
1143 204 9436
=1—t+22 - — + — —12t° + + -
3 3
And also we know that Taylor’s series expansion of
—2 2t
_3¢
u(z,t) 7% —
ISP 114 N 206 182¢° N 994¢°  12667¢
N 3 3 15 45 315
N 4612t% 37782217
63 2835
So as n tends oo, u,(x,t) tends to
=22t
u(w,t) = %6%7 (3.5)

3
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Figure 1. Comparison between approximate Figure 2. Comparison between approximate
solution and exact solution. solution and exact solution.
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Figure 3. Comparison between approximate solution and exact solution.

which is the exact solution.

Fig. (1 — 3) shows the comparison between exact solution and fourth order
approximate solution for different intervals of time. It can be observed from Fig.
(1 — 3) that this method is effective in a narrow band of time.

3.2. Case II.

In equation (1.1),if a = 1,b = 1,k = 1 and ¢ = 2, then the Newell-Whitehead-Segel
equation is written as:
ou  0%u 9
e T R 3.6
ot Ox? tu—u (3.6)

subject to the initial condition

1

uo(x,t) = u(z,0) = m.
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Table 1. Comparison table between exact and approximate solution

. . Percentage
t Apr. solution Exact solution Absolute Error Relative Error
_ Ju—uq|
Uy u(z,t) |u — ua| fatz.t)] X 100
0 1 1 0 0
0.2  0.8584870380025241  0.8584870194709139 1.9 x 1078 2.2 x 10~
0.4 0.7841077390140231  0.7841073865912336 3.5 x 107 4.5 x 1076
0.6 0.7410695902444964 0.7410685158701519 1.1 x 1076 1.4 x 1074
0.8  0.7147714997899617  0.7147698478137199 1.7 x 1076 2.3 x 1074
1 0.6981637964113238  0.6981619832493625 1.8 x 1076 2.6 x 10~4

Then by using variational iteration method, we have

wnia(ot) = o [ AR TR 0,042 e, (37)

where u,, is restricted variation so du,, = 0.
Then applying variation on both sides and integrating we obtain equations

)\l

LA b=t = 0,5 = 1.

(3.8)
Now from these equations, we get A = —e~(t=¢)

Then by VIM we can construct a sequence. Initially with the given initial
condition we can take

Uo(ffat):%,
(1-1—6%)
t 2
i t) =uo,t) - [ e - TR 6 4 i )i,
1 bevet  bevat? N 5e Vet
(1+ev8)2  3(14evs)3  6(1+evs)>  18(1+ev6)3
e Vet

72(1 + eV5)3

t 2
ug(x,t) =ui(z,t) —/O e(tg)(aula(?g) _9 ualx(f,ﬁ) —ur(z,€) + i (x,€))dé

1 5evet N 25e V5 (—1 + 2675 )2
(14ev8)2 3(1+4eve)3 36(1+eve)?
5(eVe (=2 + 24eV3T + 13eV37 4 1975 ) )3
54(1 + Vs )6 -

¢ U\ T 2U X
walint) =ua(a,t) — [ e - TS ) 4 o))

L 5evet +256%(—1&6%)#
(1+ev8)2  3(14ev5)3 36(1 + eve )

S 3k
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. 125¢7 (1 + deVEe — 77813 .
648(1 + V5 )5

t us3\r 2'u X
wale,t) =us(a, 1) — /0 -0 Qu@8) @) o) 12, 6))de

o€ Ox?
N N 5evet N 25e V6 (—1 + 26 V5 )2
(14+ev6)2  3(1+ev5)3 36(1+ evs )4

125675 (1 + 4eV/3% — 7e75 )43
648(1 + e\/é)
+ 62568 (~1 — 33V 85\/%1’ +18e 78 )¢t
15552(1 4 e 5 )6

So as n tends oo, u,(x,t) tends to

which is the exact solution.
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Figure 4. Comparison between approximate Figure 5. Comparison between approximate
solution and exact solution. solution and exact solution.

Fig. (4 — 6) shows the comparison between exact solution and fourth order ap-
proximate solution for different value of space coordinates x = 0, 0.5, 1 respectively.

It can be observed from Fig. (4 — 6) that this method is effective in a narrow band
of time and space.

3.3. Case III.

In equation (1.1), if a = 1,b = 1,k = 1 and ¢ = 4, the Newell-Whitehead-Segel
equation is written as:

(’“)u 0%u .
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Figure 6. Comparison between approximate solution and exact solution.

Table 2. Comparison table between exact and approximate solution

Apr. solution

Exact solution

Absolute Error

Percentage
Relative Error

o u(z,t) |u — ug| “Z(_;{“)ll x 100
0 1 0.1594662239430331  0.1594662239430331 0 0
0.2 1 0.1935069770846908  0.1935090374311784 2.1 x10~6 1.1 x 1073
0.4 1 0.2315774000547367  0.2316304528410767 5.3 x 1075 2.3 x 1072
0.6 1 0.2731249796768434  0.2734472604166732 3.2 x 1074 1.2 x 1071
0.8 1 0.3172944314206540 0.3183751893128759 1.1 x 1072 3.4x 101
1 1 0.3630484492815107  0.3656613805363442 2.6 x 102 7.1x 1071

subject to the initial condition

u(z,0) = up(z,0) = (

Now using variational iteration method, we have

un+1(m7t) = un(x7t)+

t)\(

6un(z7 f)

Bz
1+ evio

0?1y, (2, €)

0

o€ Ox?

where u,, is restricted variation so du,, = 0.
Then applying variation on both sides and integrating we obtain equations

1 + )‘(f7t)|§:t = 07

A/

Now from these equations, we get A = —e~(t=¢),
Then by VIM we can construct a sequence.
condition we can take

uo(x,t) =(

1

3z
1+evio

Wl

)

X:

(NN

1.

(3.11)

_un(l'v §)+1[n4(x7 f))dfa (312)

(3.13)

Initially with the given initial
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49 s 1 g e,
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1007 ' 4 evio
343e V15 (9 + 4¢3V ET — 97e VD) (— L )11/343
1+6m .o
+ 3000 +
So as n tends oo, uy,(z,t) tends to
1 3 7 1.2
u(x,t) = ((=)Tanh(— r— ——t))+ =)3, 3.14
(@) = () Tanh(~ 5 =~ —E=0) + 3) (3.14)
which is the exact solution.
081 ~ Exactsol. - 0.90 ————— Exact sol. . * ’
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Figure 7. Comparison between approximate Figure 8. Comparison between approximate
solution and exact solution. solution and exact solution.

Fig. (7 —9) shows the comparison between exact solution and fourth order ap-
proximate solution for different value of space coordinates x = 0,0.5, 1 respectively.
It can be observed from Fig. (7 —9) that this method is effective in a narrow band
of time and space.
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Figure 9. Comparison between approximate solution and exact solution.

Table 3. Comparison table between exact and approximate solution

Apr. solution

Exact solution

Absolute Error

Percentage
Relative Error

u3 u(x,t) |u — us)| “:(;1’;3)" x 100
0 1 0.4271280654486842  0.4271280654486848 6.1 x 10~16 1.42 x 10~13
0.2 1 0.5160942139459634 0.5161531564367771 5.9 x 1075 1.37 x 103
0.4 1 0.6061850440226317 0.6069494677384791 7.6 x 10~4 1.79 x 103
0.6 1 0.6900184308626889  0.6932462609512966 32x1073 2.08 x 1073
0.8 1 0.7607348582093733  0.7695607252303125 8.8 x 103 7.72 x 1072
1 1 0.8133927927151118  0.8326215520144739 1.9 x 10—2 1.01 x 101

4. Conclusion

In the present work, He’s variational iteration method (VIM) has been successfully
applied to obtain numerical solution for various types of Newell-Whitehead-Segel
nonlinear diffusion equation. It is apparently seen that VIM is a very efficient
and powerful numerical method to obtain the approximate solution. It is shown
that He’s variational iteration method is a promising tool for treating nonlinear
equations and in some cases yields exact solution in a few iteration. The method is
used in a direct way without using adomain polynomial, linearization, perturbation
or restrictive assumptions. Therefore, FVIM is easier and more convenient than
other methods.
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