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Abstract

This paper is concerned with uniform large deviation principles of fractional stochastic
p-Laplacian reaction-diffusion equations driven by additive noise defined on unbounded
domains. The nonlinear drift is assumed to be locally Lipschitz continuous. Due to the
non-compact of the solution operator, we will use the method of weak convergence to
show the result.
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1. Introduction

In this paper, we would like to think of the uniform large deviation principles of fractional
stochastic p-Laplacian reaction-diffusion equations which are defined on the whole space R™
and driven by additive noise as well. Given « € (0, 1), consider the Ito stochastic equation:

du (t) + (=), u (t)dt + F (t,z,u(t))dt = g (t, ) dt + /eQdW, (1.1)
with initial condition
u(0,2) =uy, xz€R" t>0, (1.2)

where € > 0 is the intensity of noise, —AJ is fractional p-Laplacian operator, with p > 2,
F :RxR*xR — R is a non-linear function satisfying certain conditions, g € L? (R, I? (R”))is
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given, Q : L? (R") — H' (R") is a Hilbert-Schmidt operator and W is a two-side real-valued
Wiener process defined on a complete filtered probability space (Q, F A F e, P) for some
T > 0. Throughout this paper, we write the inner product and norm of L? (R") as (-,-) and
|| - ||, respectively.

The fractional partial differential equations arise from lots of applications in [2,4, 5,13,
16, 18] while the systems with standard p-Laplacian have been well-investigated in [1,10]. The
solutions and the long term dynamics of these equations have been extensively studied in the
literature, see in [7]. In this paper, we would like to show the uniform large deviation principle
of the stochastic fractional p-Laplacian reaction-diffusion equation (1.1).

The large deviation principles of stochastic equations are related to exit time and exit place
of the solutions from a domain, and have been studied by many authors in the literature, see,
e.g. [6,9,11,12,14,16,18]. In particular, in [14], the author has studied the uniform large devi-
ation principle of the non-local fractional stochastic reaction-diffusion equation defined on the
entire space R" driven by additive noise. However, when the problem comes to the p-Laplacian
in which p > 2 is rigidly, that means the space W*? isn’t a Hilbert space so that the normal
way of inner product cannot be used. To solve this problem, we need the operator A from [17]
to finish the estimate of the solutions of fractional stochastic p-Laplacian reaction-diffusion
equation (1.1) in the space C ([0,T], H) () L? (0,7; V). Next, we will recall some propaedeutics
to reach that end.

2. Large deviation principles
In this section, we recall the weak convergence theory for large deviation principles from

[8,9].

2.1 Weak convergence theory for large deviations.

Assume £ as a Polish space, on which we have a Borel o-algebra B(€). Let {v.}.~0 be
a family of probability measures on (£,B(€)). As a beforehand procedure to show the large
deviation principle of {v.}.~o, we need the definition of rate functions.

Definition 2.1. A function J: & — [0,00] is said to be a rate function on £ if it is lower
semi-continuous on £. A rate function J on £ is called a good rate function on £ if for every
0 < s < o0, the level set J* = {z € £:J(2) < s} is a compact subset of £.

Then it comes to show the definition of large deviation principles of probability measures.
Definition 2.2. Let J: & — [0,00] be a good rate function on £ and {v.}.~o be a family of
probability measures on (£,B(€)). We say family {v.}.-o satisfies a large deviation principle
on &£ with rate function J if:

1. For every s > 0, 6; > 0 and 95 > 0, there exists £g > 0 such that

_J(2)+d2

ve N (2,01)) > e~ =, Ve<e, Vzel,

where N (z,01) ={y € € : dist (y,2) < 1} and P ={z € E:J(2) < s}.



2. For every so > 0, §; > 0 and d5 > 0, there exists g > 0 such that

2

ve (E\N (F,01)) < e’%, Ve <&y, Vs < s,

where N (J°,01) = {z € £ : dist (z, J°) < 01}.

Next, we show the large deviation principles of random variables in £.

Let (Q, F AFibepm, P) be a complete filtered space satisfying usual condition. Assume
{W (1) }+epo,m is a two-side real-valued Wiener process with identity covariance operator in
a separable Hilbert space H with respect to (Q,}" AFiHepm, P), which means there exists
another separable Hilbert space U such that the embedding H — U is a Hilbert-Schmidt
operator and W (t) takes values in U for ¢ € [0, T7.

Given € > 0, let G°: C'([0,T],U) — £ be a measurable map and set

X =G (W), Ve> o0, (2.1)

By the knowledge of stochastic process we know {X¢} is a family of random variables in €.
Therefore X© has a distribution law on £ and we write it as v.. Then we say the family {X¢}
satisfying the large deviation principle on & if the family {v.}.-o satisfies the large deviation
principle on &.

Given N > 0, denote by

Sy = {v cL?(0,T;H) : /OT v () ||3dt < N} . (2.2)

Note that when endowed with weak topology, Sy is a Polish space. Let A be the space of all
H-valued stochastic processes v which are progressively measurable with respect to {F; }icjo1]

while fOT v (t) ||%dt < oo P-almost surely. Set
Ayv={veAd:v(w) e Sy foralmost all w e Q}. (2.3)

We further assume that there exists a measurable map G° : C' ([0,T],U) — £ such that G°
and the family {G°}.~¢ satisfy the following conditions:

(H1) If N < oo and {v°} C Ay such that {v.} convergences in distribution to v as Sy-valued
random variables, then G° (W te2 Jov© (1) dt) convergences in distribution to G° (f; v (¢) dt)
in &.

(H2) For every N < oo, {G° ([;v (t)dt) : v € Sy} is a compact subset of £.

Let I : £ — [0,00] be a mapping given by, for every x € £,

I(z) = inf{% /OT llv (t) ||%dt : v € L* (0, T; H) such thatG’ (/Ov () dt) = a:} : (2.4)
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especially we take the infimum over an empty set as co. By assumption (H2), we can infer the
fact of every level set of I is compact in &, so by Definition 2.1 I is a good rate function on
£. In addition, it follows from (H1), (H2) and [9] that {X¢®}.. satisfies the large deviation
principle in £ with rate function I, as presented below.

Proposition 2.3. ( [9]) If G° and {G}.-¢ satisfy(H1)-(H2), then the family {X*¢}.-¢ as given
by (2.1) satisfies the large deviation principle in £ with rate function I as defined by (2.4).

2.2. Uniform large deviation principle. In this subsection, we recall the definition of
uniform large deviation principle and recall the uniform contraction principle for proving such
uniform large deviations in a separable Banach space.

Definition 2.4. Let A be a nonempty set and Z be a separable Banach space. Given \ € A,
suppose {Ve}e>0 is a family of probability measures on (Z,B(Z)) and Jy : Z — [0,00] is
a good rate function. We say the family {v.)}.-o satisfies a large deviation principle on Z
uniformly in A € A with rate function J, if:

1. For every s > 0, 6; > 0 and 95 > 0, there exists £g > 0 such that

. _ Ia(=a)+o2
)1\12[f\ (Vm (N (2x,01)) — e e ) > 0,Ve < g, Vz) € J, (2.5)

where N (z2),01) ={z€ Z:||z—2\|lz < i} and J§ ={z € Z, J, () < s}.
2. For every so > 0, 6; > 0 and 65 > 0, there exists €9 > 0 such that

sup ven (Z \ N (J5,01)) < e~ 52, Ve < e, Vs < 5o, (2.6)
AEA

where N (J5,61) = {z € Z : dist (2, J5) < 01}.

Theorem 2.5. (Uniform contraction principle, [14]) Suppose A is a nonempty set, Y and Z
are separable Banach spaces. Let {p.}.~0 be a family of probability measures satisfying the
large deviation principle with rate function I : Y — [0,00] on (Y,B(Y)). Given A € A, let
Tr : Y — Z be a locally Lipschitz continuous mapping, that is for every R > 0, there exists a
constant Lr > 0 such that for all A € A, y1,y, € Y, with [|y1]] < R and ||y2|| < R, we have

175 (1) = Tx (y2) 1z < Lrllys — vally-

Given A € A and € > 0, let 1.\ = p. o (7})_1. Then we have {v.)}e~o satisfies the large
deviation principle on Z uniformly in A € A with good rate function J, as given by:

Jy(2) =inf{I (y) 1y € (T2) " (2)},Vz € Z.

We will use Theorem 2.5 to prove the uniform large deviation principle of the solutions of
the stochastic equation (1.1) with respect to initial data in a bounded set.

3. Existence of solutions of fractional p-Laplacian stochastic equations. In this
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section, we give the assumption of nonlinear term in stochastic equation (1.1) and discuss the
existence and uniqueness of solutions of the equation as well.

We first recall the concept of fractional p-Laplacian (—A);“ on R, where 0 < a < 1 and
2 < p < 00. Denote by

1 . Ju ()"
L2 (RY) =< u:R" - R"is measurable,/ T —padr < oo
ke (14 |2])

For uw € LE7H(R™),z € R" and € > 0, we write

[u(@) —u ()P (u(@) —uly)

o = e

)

(~8);,u(e) = Clnp.) [

€R™ |y—x|>€
where the normalized constant C' (n, p, «) is given by

odeT (paer;ran )

72T (1 — )

C(n,p,a)= , with I" being the usual Gamma function.

Then the fractional p-Laplacian operator (—A);‘, with 0 < a < 1 and 2 < p < o is defined by

(—A)u(x) =lim (—A) u ()

P €10 D€

= C (n,p, a)P.V/ [ (@) —u ()PP (u (@) — <y>)dy,:c e R",

|z —y|rtre

n

if the limits exist, where P.V. means the principle value of the integral. The fractional Sobolev
space WP (R™), with 0 < o < 1 and 2 < p < oo is defined as:

WvP(R):{ueLPR /n/n ’95— ’nﬂm dzdy < o0 ¢, (3.1)

endowed with the norm

fulbweser = ([ Jw@Pde + ol ) o wewer @, 32)

where

u(z) —u(y) [’ ap (Tn
[ullfyap@n = // ym—yynﬂm drdy, we W (R™), (3.3)

is the so-called Gagliardo semi-norm on W? (R").
Moreover, we can find in [3] that the inequality below is established:

(la["~2a — [b]P72b) (a — b) > Bla —bJP for all p e [2,00), (3.4)



where [ is a positive constant only depending on p.

For convenience, in the rest of the paper, we write H = L? (R"), and V = W? (R"). We
also use Lo (Hy, Hs) for the space of Hilbert-Schmidt operators from separable Hilbert space
H, to separable Hilbert space Hy endowed with the norm || - ||z, (a,,m,)-

For the nonlinear term F' in equation (1.1), we assume F': R x R” x R — R is continuous,
such that for every (¢, z,u) € R x R" x R, we have:

F(t,z,u)u > Mul"¢y (t,z) 91 € Ly, (R, L' (R")), (3.5a)

|F (t,z,u)] < by (¢, 2) |u|9 + s (¢, ),

Vs € L. (R, L™ (R")) 43 € L, (R, L7 (R")) , (3.5b)
%F (t,x,u) <y (t,z), 0 € Lo (R, L™ (R")), (3.5¢)

where X\ > 0,¢ > 1 are constants, ¢ denotes the conjugate exponent of q.
Definition3.1. For every ¢t € [0,7], w € Q, a continuous function u : H — H is said to be the
weak solution of problem (1.1)-(1.2), if

ue C([0,7],H)( L ([0,T],V)

and
Z—;‘ e L7t ([O,T], ot (R"))

and for every £ € H(V,
© g+ SO [ 1) 00 ) €)= E WD

dt |ZE _ y|n+pa

:/nF(t,x,u(t))f(x)dx+/

(3.6)
sita)g@dr+ [ (6().vEQaD).

n n

By [15] we know, when the conditions(3.5a), (3.5b), (3.5¢) satisfied, there exists the unique
solution of problem (1.1)-(1.2).

Throughout this paper, we assume that (2, F, {F; }ier, P) is a complete filtered space with
usual condition. We also assume that W is a two-side real-valued Wiener process with identity
covariance operator in H, that means there exists another separable Hilbert space U such that
the embedding H — U is a Hilbert-Schmidit operator and W takes value in U. Next, we
discuss the uniform large deviation principle of the solutions of linear equation.

4. Large deviation principle of linear equations. In this section, we think of the large de-
viation principle of the linear equation of the fractional stochastic p-Laplacian reaction-diffusion
equation (1.1):

d2® (t) 4+ (=A)) 25 (t) dt = /eQdW (t), 2 (0) = 0. (4.1)
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We will show the family of the distributions of the solutions z° of problem (4.1) satisfies the large
deviation principle in C' ([0, 7], H) ( L? (0,7; V) as € — 0. It is easy to prove the existence and
uniqueness of problem (4.1) for every € > 0. Then as an immediately result, there exists a Borel
measurable mapping G* : C' ([0,T],U) — C([0,T], H)( L* (0,7; V) such that z¢ = G= (W) P-
almost surely.

Given v € L?(0,T; H), consider the control equation of problem (4.1):

CZ“ () + (“A)° 2 (6) = Qu(t), 2 (0) =0, (4.2)

It is obviously that for every v € L*(0,T; H), the problem (4.2) has the unique solution
2, € C((0,T), H) N L? (0, T; V).

Next, let G° : C ([0, T],U) — C ([0, T],H)(LP (0,T;V) be the mapping given below, for
every £ € C'([0,71,U),

0,0y | 2 if &= [ju(t)dt forsome wve L*(0,T;H);
G () _{ 0, otherwise, (4.3)

where z, is the solution of (4.2).

Given ¢ € C'([0,T], H)(L*(0,T;V), denote by

1

I(6) = inf{§/0T o (s) [3ds : v € L2(0,T: H), 2 — ¢} | (4.4)

where z, is the solution of problem (4.2). Again, we let the infimum of empty sets be co.

We next show the solutions of problem (4.2) satisfy the large deviation principle in
C([0,T], H)( L* (0, T; V) with the rate function as we have given in (4.4). First, we will show
the solutions of problem (4.2) are locally Lipschitz continuous with respect to v.

Lemma 4.1. For every T" > 0, there exists a constant C; > 0 depending on T', such that for
every v, vy, vy € L?(0,T; H), the solutions z,, z,,, z,, of (4.2) satisfy

”Zv”zo([o,T],H) + ||ZUH%2(O,T;V) < ClHUH%?(O,T;H)a
and
2 = 2ea oy + 20 = ZallEory < Cr (o1 = v2l3a0iza ) -
Proof: We first take an operator A : V — V*, for every u,v € V,
(Auw),v) v
_Cupe) [ fule) cu@ ) e e ) g, 4

2 o — e

The hemicontinuous, monotone and boundedness of operator A can be found in [17] and hence
for the problem (4.2), we can change it into an operator equation:

dz, (t) + Az, (t) dt = Qu (t)dt, z,(0) = 0. (4.6)
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Moreover, by [3] we observe that such operator equation satisfies the energy equation below

%H% () 1"+ C (n.p; ) 120 (8) [ p gy = 2(Q (), 20 (1))

then we have

d
20 O +C (n,p,0) 120 () e ny < 120 (O 17+ 1QUZ, a1 10 () [

By Gronwall’s Lemma we know

1o (6) 17 < NQIZ, o120 101120 iy
and hence we have
1zl Z 0., < €T NQNZ e 07202015
and
HZUH%Q(O,T;H) < TeTHQH%Q(H,H)||v||%2(0,T;H)‘
Thus we know the Gagliardo semi-norm [|2,|[yjsa.sgny 18 bounded while v is bounded.

Next, we will show when v is bounded, the norm of z, in space LP (R™) is bounded to
complete the proof. Multiplying (4.6) by |z,[P~22, and integrating over R™ we have

1d
p ||Zv|| P(R™) + / AZU|ZU|p_2Zvdx =2 (Qva |Zv|p_22v) . (47)

For the second term on left-hand of (4.20), by the definition of p-Laplacian operator and
the condition (3.4) we have

2p—2
/ Azy|zy [P 2y dr > M/ / |20 (@ ‘x z (V)| dxdy > 0. (4.8)

_ ‘n+pa

Then by (4.7) and (4.8) we have

1d _
Zilzolio ) < 20Qll 2o lloll]] 2] '

which implies that

szlep(Rn) < 2pT”QH£2 H.,H) HUHL2 OTH)HZvHLz ([0,7),H)>

and then the desired estimate established immediately. U
By Lemma 4.1 we see that the solution z, of (4.2) is continuous in C ([0, 7], H) (L (0, T; V)
with respect to v in the norm topology of L? (0,T; H). Next, we prove such continuous holds



with respect to v in the weak topology of L?(0,T;H). To that end, define an operator
T:L*0,T;H) — C([0,T],H) by

T (v)(t) = /Ot Qu(s)ds, Yve L*(0,T;H). (4.9)

It follows from [14] that the operator T has the following property.

Lemma 4.2. ( [14]) Let 7 be the operator as defined in (4.9),then we have:

(i) 7 is continuous from the weak topology of L? (0, T; V') to the strong topology of C ([0, T, H).
(i) T : L* (0, T; H) — C ([0, T7], H) is compact with respect to the strong topology of C ([0, T, H).
Next, we consider the convergence of the solutions of problem (4.2).

Lemma 4.3. Suppose Q € Ly (H, H), v,v, € L*>(0,T; H) for all n € N and 2,, 2,,, are the so-
lutions of problem (4.2), respectively. If v, — v weakly in L?(0,T; H), then z,, — z, strongly
in C ([0, 7], H) L (0,T; V).

Proof: Suppose v, — v weakly in L? (0,7; H). Then {v,}22 is bounded in L?(0,T; H). By
Lemma 4.1 we see that there exists ¢; = ¢; (t) > 0 such that

||Zvn||0([0,T},H) + || 2ollcqo,11,m) + ||Zvn||L2(O,T;V) + HZvHL?(O,T;V) <c¢, VneN (4.10)
By problem (4.2) we have

% (20, = 20) + (=A)) (20, = 20) = Q (v — V), 2, (0) = 2,(0) =0, (4.11)

which shows that z,, — z, is the solution of problem (4.2) with respect to v, — v. Then use
operator A again we have

d

%HZU’I’L - ZUHQ + C <n7p7 a) szn - ZUH?}/Q,Z)(RH) = 2 (Q (Un - U) 7Z'Un - ZU) . (412)

For each n € N and ¢t € [0, 7], set

o () = /O "0 (0n (5) — v (5)) ds. (4.13)
Since v, — v weakly in L2 (0, T; H), by Lemma 4.2 we get
U, (t) -0 in C([0,7],V) as n— oc. (4.14)
then we consider the right side of (4.12), by (4.13) and (4.14) we have
2Q 00 () = 0(0) 20, () = 0 (1) = 2 (0 (0). 2, () = 2010

=25 00 )20, ) = 20 0) =2 (00 (1), 2, ()= 5 ()
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= 22 (W (0), 20, () = 20 () =2 (0 (1), Q (00— v))

£2(0 (1), A (2o, () = 20 (1)

< 2% W (0), 20, () = 2 () + 200 () 11 QU scmamllon —

+ 20 (8 IV AT (20, 8 I+ 12 () 1), (114
By (4.12)-(4.14) we get for t € (0,7T),

d 9 »
d—llzvn () = 2o () 7+ C (1,0, @) |20, (8) = 20 () (e em

<2- L (8) 20, (8) = 20 () + 20 (1) QN 2 a1y [[0n = ]|
+ 2[leon (8) IV I[AIl (2o, @) lv + ll20 (B) 1)
which shows that for all ¢ € [0, T,

o0 ()= 20 0012+ C () [z ()= 20 9) oo
<2 00 (1), ) = 20 1)+ 20@Ucnan [ 10 ()l () = 06) s
#2141 160 6) v Gz 6) e + 1200 ) s
<200 (022, ) = 2 (01 + 20@Usnan Wl | (o (51 + o 5) ) s

t
+ 2[|Aflf[¢nlle oy /0 (lzun () llv + 120 (s) llv) ds

1
§§szn () = zo () 1* + 200020 17.20)

1
+ 2T2|Ql| 2o (a1, 1) 1Un o to,11.8) (Vnll 200wy + 0]l 220073v))
+ 2T 1A Ynlleqo.mvy (1zu ]l 20,0y + 20l 20,050)) - (4.16)

By (4.16) we see that

s (oo, ()= 20017 420 0000 [ 20, 6) = 2005 By )

0<t<T
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<4H¢n“c (0,1),H) T ATz HQHLiz(HH ‘WnHC(OT (HUnHL2 0,1;v) T [v] 22 OTV))

+ 472 All|nllcgov) (Fzllzozy) + Izllz0z0) - (4.17)

Since {v, }°2; is bounded in L? (0,T; H), by (4.10) and (4.13) we find that the right-hand side
of (4.17) converges to zero as n — oo, from which we have

lim ||z, (£) — 2 (£) | = 0, (4.18)

n—oo

and

lim/ 20 (5) = 2 (5) [, = 0. (4.19)

n—oo

Next, mutiplying (4.11) by |z,, — 2,/ "2 (24, — 2,) and integrating over R™ we have
};%”Zvn Zv”Lp ®n) T . (— )p (2vn — 20) |20, — 20|77 (20, — 20) d

Q (v — V) |20, — 25772 (20, — 2,) du. (4.20)

Again, for the second term on left-hand of (4.20), by the definition of p-Laplacian operator
and the condition (3.4) we have

/ (_A)S (20, — 20) |20, — Zv|p_2 (20, — 20) dx

> (n p, ) B / / (20, — () — | (20, — 20) (y)|?P2 dady > 0. (4.21)

Ix — y|ree

And for the right-hand of (4.20) we have
Q (v — V) |20, — 20772 (20, — 2,) dx
Rn

= (Q (vy — V), |20, — 2" (20, — 20))

<1(Q (vn = v) ]z, — 27

= | (e Ok )|

d . d .
=z (@/Jn (t), |20, — 20 1) — (@Dn (t), £|zvn — 2] 1)’

= | (W 1), 20— 2P 7) - (% @), (0 =1) (= )" —<Zvn‘z”>)’
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= % (7% t),120, — Zv‘p_l) - (wn ), (p—1) (2, — Zv)pi2 Q (v () —v (t)))
+ (Un (1), (0= 1) (20, — 20)" 2 A (20, (1) — 2 (1))
< | (0 0) 2| 100 0 0= 1) G — 202 Q0 () — 0 0)

[ (Un (8) (= 1) (20, = 2)" 7 A0, (1) = 2 (1)) (4.22)
Then integrating (4.20)-(4.22) on [0, 7] we have

1 _
Z_j”zvn - ZvHZZP(R") < HwnHHZvn — 2 ||? !

+ (0= U [¥nllcqom.m /0 (20, (8) = 20 (D) IP721Q (0 () — v (£)) ||t

T

+-1) ||¢n||0([o,T],H)/O ANz, (£) = 20 (8) [IP~dt

T
< (p = D Wnlloqor.m @l c2ar.mlvn = vlleqor.m) /0 I (2o, () = 2o (£)) 1P~ *dt

T
+-1) H%HC([O,T],mHAH/O (2o, (8) = 20 ) PVt + ([l 20, — 2ol P (4.23)
Then by the convergence of z,, — 2, in space H and Lemma 4.1 we have
: P _
nlggo 20, ZvHLp(Rn) =0,

along with (4.19) and the definition of the norm on space V' we can infer that

T
lim |20, — 2o||vdt = 0.
n—oo
together with (4.18) show that the Lemma 4.3 comes into existence. U

To prove the solutions of (4.1) satisfy the large deviation principle under the rate function
given by (4.4) in the space C ([0,7], H)(L? (0,7;V) , we need the satisfaction of condition
(H2) about the such solutions.

Lemma 4.4. For every N < oo, the set

KN:{QO (/O.U(t)dt) :UGSN}, (4.24)
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is a compact subset of C ([0, T], H)(L? (0,T;V), where Sy is the set as we have defined in
(2.2).
Proof. By (4.3) and (4.24) we have

T
Ky = {ZU:UEL2(O,T;H),/ llv(t) ||%Idt§N},
0

where z, is the solution of (4.2).

Let {z,, } be a sequence in Ky, then by the definition of Ky we know fOT llv(t)||%dt < N,
which means there exists v € Sy and a subsequence {v,, }?°, of {v,}>2, such that v,, — v
weakly in L?(0,T; H). Then use Lemma 4.3 we get the fact that Zy,, — Uy strongly in the
space C ([0, T], H)(L? (0,T;V). Thus the Lemma is established. O

Furthermore, such property of the measurable map G below is needed to prove (H1).

Lemma 4.5. Let v € Ay for some N < oo and 25 = G° (W o2 Jov(t) dt). Then z¢ is the

unique solution to

dzy + (=A)) zpdt = Qudt + VeQdW, 25 (0) = 0. (4.25)

v

In addition, there exists Co = Cy (T, N) > 0 such that for any v € Ay, the solution z¢ satisfies
for all € € (0,1),

E (12612 021.) + E (100 ) < Co (4.26)
Proof.The proof of Lemma 4.5 is the same as the proof in [14, Lemma 4.6] so we omit it here.[]
Then we are ready to show G° and G° satisfying the condition (H1) to complete this

subsection.
Lemma 4.6. Let {v°} C Ay for some N < oo. If {v°} converges in distribution to v

as Sy-valued random variables, then G* <W +e2 Jov© (1) dt) converges to G° (f;v (t)dt) in
C([0,T],H)( L? (0,T;V) in distribution.
Proof. Let z, = G° ([, v (t)dt). By (4.3) we see that z, is the solution of (4.2). Let 25 =

g° (W tee Jov© (2) dt>. By lemma 4.5 we know that z;. is the solution to the equation:

dzge + (—A)) ziedt = Quedt + /eQdW, 2z (0) = 0. (4.27)

To show that z&. converges to z, in C([0,T],H)(L? (0,7;V) in distribution as ¢ — 0,
we first establish the convergence of 25 — z,e with G° (f; v° (t) dt). By (4.2) we have

dzpe + (=A)) zpedt = Qudt, 2, (0) = 0. (4.28)
By (4.27) and (4.28) we get
d (25 — 22) + (—A) (25, — 20¢) dt = /eQdW. (4.29)

p \“ve
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By (4.9) and under Definition 3.1 with operator A we have for t € [0, 7],
o5 ()= 2 O+ C ) [ (5) = (0,
Ve / (25 (3) — 20 (5) . QAW) (4.30)
0

which implies that for all ¢ € [0, T],

E(()S;Et (Ilzva( ) =z (r) |* + C (n,p, @1 / 125 () = 2ve () lfya s >)

r

< 2y/eE ( sup | [ (25 (8) — 2 (5) ,QdW)\) : (4.31)

0<r<t Jo

T

2v2E (sup | [ (25 (5) = 2 (5). a) )

For the right-hand of (4.31), by the Burkholder inequality we get for € € (0, 1),
o<r<t Jo

<6VEl|Ql| 2o(a,)E ((/ 2= (8) — 20e (5 )”20[3) )

<3VElQll coqariry + 3VE(Ql H’H)/o (N5 () = zex (5) %) ds, (4.32)

=

which along with (4.31) implies that for all ¢ € [0,7] and € € (0, 1),

t
E ( sup (nz; ()= 2 (P +Cpr) [ 25 (9) = 2 9) Iy, ))
0<r<t 0
t
< 3VEIQcsnan + 6VEI@lLcsanan [ 55 (517 + e (5) s, (4.33)
0

On the other hand, by Lemmas 4.1 and 4.5 we see that there exists ¢; = ¢; (T, N) > 0 such
that for all € € (0,1),

T
E (Hzf; - Zv8||20([o,T],H)) +C (n,p,a)E (/0 [25¢ (5) = 22 (8) ||Wap >
BVl Qll 2o, iy + 6vVeTer|| Q| o,y (4.34)

By (4.34) we see that
g (15— = ) =0

i ([ 15 ) = 2 () 1,05 ) =0
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Moreover we can use the same method as the one we used in Lemma 4.3 when proving the
convergence of ||z, — z||z»@ny in space H to get the condition below:

: € p —
}:g%E (szf—zvs ||LP(Rn)> - 07

so we omit the proof. Then by the three conditions above, we have

lim (25 — z,+) =0 in probability in  C'([0,7], H)( | L* (0,T;V). (4.35)

e—0

Since {v°} converges in distribution to v in Sy, by Skorokhod’s theorem, there exists a prob-
ability space <§2,f , ﬁ) and Sy-valued random variables v¥ and ¥ on (@,]A-: , ﬁ) such that v¢

and ¥ have the same distribution as v* and v respectively, and v¢ converges to v almost surely
in Sy which is endowed with weak topology.
By Lemma 4.3 we find that

zge — 2y in C([0,T],H) ﬂLP (0,7;V) almost surely,

and hence

Ze =25 in C([0,T),H)( L (0,T;V) in distribution,
which implies that

Zpe = 2, in C([0,T],H) ﬂ LP(0,7;V) in distribution,
along with (4.35) shows that
% =z, i C(0,T),H)( L’ (0,T;V) in distribution,

as desired. O
Then by Proposition 2.3 and Lemmas 4.4 and 4.6, we obtain the large deviation principle
of the solutions of the linear equation (4.2), as described below.
Lemma 4.7. If z° is the solution of (4.2), then the family {2} satisfies the large deviation
principle in C ([0, 7], H) () L? (0, T; V) with good rate function as given by (4.4) as ¢ — 0.
In the next we show the uniform large deviation principle of stochastic p-Laplacian reaction-
diffusion equation (1.1), which is the main result of the paper.

5. Uniform large deviation principle of nonlinear equations.
In this section, we will use the method mentioned in Theorem 2.5 to prove the uniform large
deviation principle of (1.1)-(1.2) with respect to ug in a bounded subset of H.

Given uy € H and z € C ([0,T], H), consider the deterministic equation:

du

a—i—(—A)sﬁ—l—F(t,x,ﬂjLz):g, u(0) = 0. (5.1)

15



Under condition (3.5a)-(3.5¢), it is easy to show that for every ug € H and z € C([0,T], H),
such deterministic equation (5.1) has a unique solution v € C([0,7],H)(L?(0,7;V). For
convenience, we write the solution of problem (5.1) as @ (¢, uo, 2).

Note that if u® and z° are the solutions of (1.1)-(1.2) and (4.2), respectively, then u® =
u® —2¢ is a solution of (5.1) with z replaced by z¢. To prove the uniform large deviation principle
of the solution of (1.1), we need the locally Lipshitz continuity of the solutions of (5.1) first.
Lemma 5.1. If (3.5a)-(3.5¢) hold and 7" > 0. Then for every R; > 0 and Ry > 0, there exists
a positive constant Lg, g, depending on Ry, Rs and 7" such that the solution of (5.1) satisfies

||ﬂ(7 U, 21) - ﬂ(', Uo, 22) HC([O,T],H)QLP(O,T;V) < LRl,RQHZl - ZQHC([O,T],H);

for all o € H with ”UOH < R; and 21,29 € C([O,T],H) with ”21HC([0,T},H) < R, and
| 22|l (o,07,5) < Ro.

Proof. Let 21, %2 € C ([O,T], H) with ||Zl||C([0,T},H) S R1 and ||ZQ||C([O7T]7H) S RQ. For
v (t) =u(t, ug, z1) — w(t, ug, 22), by (5.1) we have
L U(t)=—F(t,z,u(t,up,21) + 21 (1))

+ F (t,z,u(t,ug, 22) + 22 (1)), (5.2)

with v (0) = 0. Then by (5.2) we have

Do ()12 + € 00.0.0) 0 () Iy
S2F (- ut uo, 21) 4+ 21 () — FL(E, 50 (w0, 22) + 22 () [[[[v (2) | (5.3)
For the right-hand of (5.3), by (3.5¢) we have
2||F( 7"u(t Uo, zl) + 2 ( )) - F(t> "a(t7u07 zQ) + 22 (t)) ”“U (t) H
= 2“82}? (t, @, ') (@ (t,uo, 21) + 21 (1) — W (t, uo, 22) — 22 (1)) [||v (2)

< leba (t,-) (v ( )+ 21 (t) = 22 (8) [[[lo @)
< Nallzoe ey 2llv () 1* + 121 (8) — 22 (O 7)., (54)

where u' is a point in [ (¢, u, 21) , u (¢, ug, 22)], then by (5.3)- (5.4) and Gronwall’s Lemma we
obtain for all ¢ € [0, 7],

lo (0 117 < [Woall @) Tllz1 — 22l 2o,y e e, (5.5)

and we also have

T

T
C (1..0) [ 100 Wyt < Wallmgeny [ ol (ol + 1 = ol
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1
< 272 [[¢hu| oo e [0 | 220 ) + W0l ooy Tll1 — 221 0,77, (5.6)
For convenience we write cy = ||t)y | oo (rn)Te*  1¥3lz@ “and hence we have
T 3 L
loloan = ([T Pat) " < Thcdller = slloqorn 57
0
Then by (5.6) and (5.7) we have
T
2
10O st < call = 22l 5:5)

2378 |[vall oo am) + Tl oo )
C(n,p,)
Next, multiplying (5.2) by |v (¢)[P~2v () and integrating over R™ we get

where c3 = is a positive constant.

L0 O e+ [ (A 0Ol P 7o () da

= (F (t, 2,0 (t,ug, 20) + 22 (1)) — F (t, 2,0 (t, ug, 21) + 21 (1)), [v ()P0 (1)) . (5.9)

As we have shown in (4.21), we know the second term on the left-hand of (5.9) is non-negative
and hence together with condition (3.5¢) we have

L 0 O W eny < lballzoem 120 () = 22 (8) + v (@) [lIlo (&) P

< Ntallzee @y ll21 (8) — 22 (&) Illlv () 7
+ {[tall e ey v () [1P- (5.10)
Then integrating on [0, t] and together with (5.5) we get
o) oy < (€27 +f ) Tl el = 22l (5.11)
Then the Lemma is established as a result of (5.5), (5.8) and (5.11). O
Next, we discuss the uniform large deviation of the distributions of solutions of (1.1)-(1.2).
Given T'> 0 and ug € H, let T, : C ([0,T], H)(L* (0,T;V), be the mapping given by
Too (2) = (- up,2), Yz € C([0,T),H)( L (0,T;V), (5.12)
where % (-, ug, z) is the solution of (5.1). Given ¢ € C ([0,T], H) (L (0,T;V), define
J® (¢) = inf{I (¢) :¢p € C([0,T), H)(L"(0,T;V),
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vt Tu (@) =0, ¢(0) =0}, (5.13)

where [ is the rate function given by (4.4).

We are now ready to show the main result of the paper regarding the uniform large devi-
ation principle of (1.1)-(1.2) in C'([0,T], H)( L* (0,7, V).

Theorem 5.2. Suppose (3.5a)-(3.5¢) hold and T' > 0. Given ug € H, let u (-, up) be the solu-
tions of (1.1)-(1.2), and v, ,, be the distribution law of u° (-,ug) in C ([0, T], H) (L? (0,T;V).
Then the family {v.,,}.>0 satisfies a large deviation principle in C ([0,T], H)(L? (0,T;V)
with rate function J"° uniformly with respect to ug in a bounded subset of H.

Proof. Given uy € H, let T,, and J" be the mappings as defined by (5.7) and (5.8), re-
spectively. Then by Lemma 5.1 we find that z + T, (2) is locally Lipschitz continuous in
z€ C([0,T],H)LP (0,T;V), uniformly with respect to ug in a bounded subset of H.

Let 2° be the solution of (4.2), and p. be the distribution law of 2. Then we have
uf (-, up) = U (-, ug, 2%) + 2° = (I + Toy) (27). Since v.,, is the distribution law of u® (-, ug), we
have Ve yy = pe © (I + To) ™

By Lemma 4.7 we know that the family {u.}.so satisfies the large deviation principle in
C([0,T], H)( L? (0, T; V) with rate function I as given by (4.4), which along with Theorem 2.5
implies that the family {v. ,, }.>0 satisfies the large deviation principle on C ([0, 7], H) () L? (0, T;
V') uniformly with respect to ug in a bounded subset of H with rate function given by, for every
¢ € C(0,T], H)L" (0, T;V),

JU (¢) = inf{I () : v € (I + Top) ™ ({81)}
= inf{I () : ¥ € C([0,T], H)NL? (0,T;V) % + Toy = b},

which concludes the proof. 0
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