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Abstract

This paper concerns the global well-posedness of classical solutions to the
Cauchy problem of the Navier-Stokes equations for viscous compressible barotropic
flows in three spatial dimensions with periodic initial data with density allowed to
vanish initially. We introduce the so-called the effective viscous flux which is the
key for time-uniform upper bound of density. Based on these key ingredients, we
are able to obtain the global solvability of classical solutions in three spatial di-
mensions, provided the smooth initial data are of small total energy. These results
generalize previous results on classical solutions for initial densities being strictly
away from vacuum.

1 Introduction

The time evolution of the density and the velocity of a general viscous isentropic
compressible fluid occupying a domain Q C R? is governed by the compressible Navier-
Stokes equations:

(1.1)

{pt + div(pu) =0,
(pu)¢ + div(pu @ u) — pAu — (u + A)V(divu) + VP(p) = 0,

where p > 0, u = (u',u?,v?) and P = ap’(a > 0,y > 1) are the fluid density,

velocity and pressure, respectively. The constant viscosity coefficients p and A satisfy
the physical restrictions:

3
p>0, pt A0, (1.2)

Let Q = R3/Z3 = T3 | we look for the solutions (p(z,t),u(x,t)) to the Cauchy problem
for (1.1) with initial data,

(p7 u)‘tio = (p07u0)7 r € Q. (13)

There are extensive studies concerning on the existence and large time behavior of
solutions to (1.1). There are huge literatures on the one-dimensional problem, see
[13,23,33,34] and the references therein. For the multi-dimensional case, the local
well-posedness of classical solutions are demonstrated in [31, 35], where they required
initial densities is strictly away from vacuum. Matsumura-Nishida [30] first proved
the global classical solutions, Where the initial data have small oscillations from a
uniform non-vacuum state. Later, Hoff [14,15] studied the existence of solutions with



discontinuous initial data. Huang-Xu-Yuan [22] obtained that the planar rarefaction
waves are asymptotically stable under periodic perturbations. Shlapunov-Tarkhanov
[36] established the existence theorems for the incompressible Navier-Stokes equations
in T3.

For the case that the initial density is allowed to vanish, the existence and unique-
ness of local strong and classical solutions were obtained by [3-5,32]. Lions [26]
and Feireisl [11] first obtained global existence of finite energy weak solutions. The
regularity and uniqueness of weak solutions and the global well-posedness of classi-
cal solution [11, 16, 26] remain completely open in the presence of vacuum. Wang-
Ye [37]obtained the global existence for the incompressible Navier-Stokes equations.
Xin [38]showed that any smooth solution to the Cauchy problem of compressible Navier-
Stokes blows up in finite time under the assumption that initial density has compact
support.However, for the case that the initial density is allowed to vanish and even
has compact support, Huang-Li-Xin [20] and Li-Xin [29] established the quite surpris-
ing global existence and uniqueness of classical solutions with vacuum to the Cauchy
problem in 3D and 2D space with smooth initial data which are of small total energy
but possibly large oscillations. Choi-Jung [8]presented the singularity formation for the
compressible Vlasov/NavierCStokes equations with degenerate viscosities. Duan-Xin-
Zhu [9]showed that there is no global regular solutions for the 3-D full compressible
NavierCStokes equations with degenerate viscosities. Cao-Li-Zhu [7]derived that the
spherically symmetric smooth solutions to degenerate compressible Navier-Stokes equa-
tions are global well-posed. Cai and Li [6] derived global existence of both the weak
and classical solutions to the initial-boundary-value problem with small initial energy.
Then a natural question arises whether the theory of [6,20] remains valid for the case of
T3. A positive answer would yield immediately the regularity and uniqueness of weak
solutions of Lions-Feireisl provided the initial energy is suitably small, whose existence
has been proved for all v > 1, as discussed in [11].

The main aim of this paper is to study the global well-posedness of classical solutions
for the isentropic compressible Navier-Stokes equations (1.1) in T2 with density allowed
to vanish initially. Before stating the main results, we introduce the notations and

conventions in this paper. Let
/ fdx & / fdx,
Q

a1
f—|Q|/Qfd:c,

which is the average of a function f over €. Integrating (1.1); over € x (0,T"), one has

1 / 1
p=— | plz,t)de = — /podx = po, /podl‘ =1. (1.4)
€ €2

For 1 < r < oo and 8 > 0, the standard homogeneous and inhomogeneous Sobolev
spaces are denoted as follows:

and

L™ =L"(T%, D" = {ue€ Lj,(T°)||[V*ullrr < oo}, [ullprr 2 [IV*ullz,
k=whk2 DF=DpDk2 D! = {u € L6 y ||VuHL2 < oo}

= {rw o r|ig, - [ [U T gy <



The initial energy is defined as:
1 2
Co = §p0|UQ| + G(po) | dz, (1.5)

where G denotes the potential energy density given by G(p) £ p J ﬁp st.
It is clear that

c(p,p)(p—p)* < G(p), 0< p < p, (1.6)
and
1P~ P} <CIP = PG < € [ Glp)da, (L.7)

Then the main results in this paper can be stated as follows:

Theorem 1.1 Assume that (1.2) holds. For given numbers M > 0 (not necessarily
small), B € (1/2,1], suppose that the initial data (po,uo) satisfy

poluol® + G(po) + P(po) € L', wg € H°ND'ND?  (po, P(po)) € H*,  (18)
0 S inpr S sup po S ﬁ? ||UOHHB S M: (19)
and the compatibility condition

—plug — (p 4+ N\)Vdivug + VP(po) = pog, (1.10)

or some g € D' with 1/29 € L%. Then there exists a positive constant € depending on
Po
WA, a,y, p, B and M such that if
Co <e, (1.11)

the initial-boundary-value problem (1.1)-(1.3) has a unique global classical solution
(p,u) in T3 x (0,00) satisfying for any 0 < 7 < T < oo,

0<p(x,t)<2p, x€T3 t>0, (1.12)

(s P(p)) € C([0,T]; H?),
u € C([0,T); D' N D3) N L?(0,T; D*) N L (7, T; D*),

1 2 2 2 1 1 (1.13)
ug € L*(0,T; D )N L*(0,T; D*) N L>®(7,T; D*)NH"(1,T; D),
Vpur € L=(0,T; L?),
and the following large-time behavior:
tim [(lp = ol + [Vaf?) o, o = 0, g € [1,50). (1.14)
A few remarks are in order:
Remark 1.1 [t follows from Sobolev’s inequality and (1.13)1 that
p,Vp e C(Qx[0,T)). (1.15)
Moreover, it also follows from (1.13)s and (1.13)3 that
u, Vu, V2u,us € C(Q x [1,T)), (1.16)



due to the following simple fact that
L*(r,T; HYN H (1, T; H') < C([r, T]; L*).
Finally, by (1.1)1, we have
pr = —u-Vp— pdivu € C(Q x [, T)),

which together with (1.15) and (1.16) shows that the solution obtained by Theorem 1.1
is a classical one.

Similar to previous studies on the Stokes approximation equations in [28], we can
obtain from (1.14) the following large time behavior of the gradient of the density when
vacuum states appear initially , which is completely in contrast to the classical theory
( [17,30]).

Theorem 1.2 In addition to the conditions of Theorem 1.1, assume further that there
exists some point o € T such that po(xo) = 0. Then the unique global classical solution
(p,u) to the Cauchy problem (1.1)-(1.3) obtained in Theorem 1.1 has to blow up as
t — 00, in the sense that for any r > 3,

Jim (-, 1)1 = oc. (117)

We now outline the main idea to the proof. Based on the local arguments [4] of
solutions to (1.1)-(1.3), we need priori estimates to obtain the global solution. Similarly
to [20], the key point is to derive both the time-independent upper bound for the density
and the time-depending higher norm estimates of the solution (p, u), so some basic ideas
used in [20] will be adapted here, yet new difficulties arises in case of T2. To overcome
these difficulties, we introduce the effective viscous flux F playing an important role
in our following analysis. The new estimates of F along with Zlotnik’s inequality (see
Lemma 2.5)show the time-uniform upper bound for density, which is essential to obtain
the global solutions. Then we can estimate the gradients of the density and the velocity
as in [18,19]. Finally, with the bounds of the gradients of the density and the velocity
at hand, we can use the same arguments in [21] to obtain the estimates of the higher
order derivatives.

2 Preliminaries

There are some elementary inequalities and known facts used frequently later.
We begin with the local well-posedness of classical solutions with the non-negative
initial density .

Lemma 2.1 ( [4]) Assume that the initial data (po > 0,uo) satisfy (1.8)-(1.10) except
ug € HP. then there exist a small time T, > 0 and a unique classical solution (p,u) to
the problem (1.1)-(1.8) on T3 x (0,T.] such that

(p, P(p)) € C([0,T.]; H?),

u € C([0,T]); D' N D3) N L*(0, Ty; D),

up € L®(0,Ty; DY) N L2(0, Ty D?),  /pur € L=(0,T; L?),
Vou € L2(0,Ty; L?),  t1/2u € L°(0,Ty; DY),

t1/2 /puy € L®(0,Ty; L?), tuy € L>®(0,Ty; D3),
| tuwr € L>°(0,Ty; D') N L*(0, T; D?).




Next, the following well-known Gagliardo-Nirenberg inequality will be used later
frequently (see [27]).

Lemma 2.2 (Gagliardo-Nirenberg) Forp € [2,6],q € (1,00), and r € (3,00), there
exists some generic constant C > 0 which may depend on q,r such that for f € H'(T3)
and g € L4(T3) N DY (T3), we have

I£1B, < CILIS P20 £ 32792 4 oyl 118, (2.2)

r—3)/(3r r—3)) 3r/(3r r—3 3r/(3r r—3
lgllexmmy < llglss >/ Crra=2D (gl 3/ = 1 g/ ) (2.3)

Moreover, if either f|lan = 0 or f = 0, we can choose C; = 0. Similarly, the constant
Cy = 0 provided glpo =00r g =0
We now state some elementary estimates which follow from (2.2) and the standard
LP-estimate for the following elliptic system derived from the momentum equations in
(1.1):
AF =div(pd), phw =V x (pu), (2.4)

where

f2fi+u-Vf, F=2Qu+Ndivu—(P—-P), w2V xu, (2.5)

are the material derivative of f, the effective viscous flux and the vorticity respectively.

Lemma 2.3 Let (p,u) be a smooth solution of (1.1)-(1.83). Then there exists a generic
positive constant C' depending only on p and A such that for any p € [2, 6]

IVFlze + [Vellze < Cllpilze, (2.6)
rwmrwwm

S ol 207 (| Tu) g2 + 1P — Pl 12) ©P P (2.7)
IVullze < C (IF ||z + |@llze) + CIIP = Pl 1, (2.8)
IVul| s

S Ivull'S P (|lpill 2 + [P — Pl s) =) (2.9)

Proof. The standard LP-estimate for the elliptic system (2.4) yields directly (2.6),
which, together with (2.2) and (2.5), gives (2.7).

Note that —Au = —Vdivu + V x w, which implies that
Vu = —V(=A)"'Vdivu + V(=A) "1V x w.
Thus the standard LP estimate shows that
IVullze < C(||divul|ze + [lwl|z#), for p € [2,6],

which, together with (2.5), gives (2.8). Now (2.9) follows from (2.2), (2.8) and (2.6).

The following Poincaré type inequality can be found in [10, Lemma 3.2].



Lemma 2.4 Let v € HY(T?), and let p be a non-negative function such that

0< M < / pdzx, / pldx < My,
T3 T3

with v > 1. Then there is a constant C depending solely on My, Mo such that
[0l 2qen) < C [ poPde + CIVolages (2.10)
Next, the following Zlotnik inequality will be used to get the uniform (in time) upper
bound of the density p.
Lemma 2.5 ( [39]) Let the function y satisfy
Y1) =g(y) + V(1) on [0,T],  y(0) =",
with g € C(R) and y,b € WHL(0,T). If g(c0) = —c0 and
b(t2) — b(t1) < No + Ni(ta —t1) (2.11)
for all 0 <t; <ty <T with some Nog > 0 and Ny > 0, then
y(t) < max{yO,Z} + Ny < 00 on [0,T7,
where ¢ is a constant such that
g(Q) < =Ny for (>C. (2.12)

Finally, we state the following Beal-Kato-Majda type inequality which was proved
in [1] when divu = 0 and will be used later to estimate ||Vullr~ and [|[Vpl|r2nrs-

Lemma 2.6 ( [1]) For 3 < q < oo, there is a constant C(q) such that the following

estimate holds for all Vu € L*(T?®) N DY4(T3),
V]| oo (p3y < C (|divell poo(ps) + lwll oo (r2) ) 1og(e + V20l pacrsy) (2.13)
+C||VUHL2('J1‘3) +C. '

3 The priori estimates

let T' > 0 be a fixed time and (p, u) be the smooth solution to (1.1)-(1.3) on T3 x (0, T
in the class (2.1) with smooth initial data (po,uo) satisfying (1.8)-(1.10). To extend
the local classical solution guaranteed by Lemma 2.1, some necessary a priori bounds
will be established in this section. Let o () = min{1,¢} and define

A((T) 2 sup (of|Vul32) / /ap\u\ dxdt, (3.1)
t€[0,T

As(T) & sup 03/ || da:—i—/ / o3| Val|*dzdt, (3.2)
t€[0,1]

and

A3(T) £ OiltlgT/p!u\?’(x,t)dw

The key priori estimates on (p,u) as follows:



Proposition 3.1 Under the conditions of Theorem 1.1, for

0o £ (28 —1)/(48) € (0,1/4], (3-3)

there exists some positive constant € depending on u, X\, a, v, p, 8 and M such that if
(p,u) is a smooth solution of (1.1)-(1.3) on T3 x (0,T)] satisfying

sup p<2p, Ai(T)+ Ap(T) < 26,2, A3(a(T)) < 205, (3.4)
T3x[0,T

the following estimates hold

sup p < Tp/d,  Ai(T)+ As(T) < Cy?, Ag(o(T)) < CPF, (3.5)
T3 x[0,T]

provided Cy < €.

Proof. The proof of proposition 3.1 is completed after the following Lemmas 3.3, 3.4
and 3.5 below.

In the following, we will use the convention that C' denotes a generic positive constant
depending on u, A, a, v, p, f and M, and we write C'(a) to emphasize that C' depends
on «.

We begin with the standard energy estimate for (p,u) and preliminary L? bounds
for Vu and p1.

Lemma 3.1 Let (p,u) be a smooth solution of (1.1)-(1.3) on T3 x (0,T] with 0 <
p(x,t) < 2p. Then there is a positive constant C = C(p) such that

sup / <;p]u|2 + G(p)> d + /OT/ (1 Vul? + (A + ) (dive)?) dedt < Co  (3.6)

0<t<T

T
Ay(T) < CCy+ C / / o| Va3 dudt, (3.7)
0

and
T
Ay (T) < CCy+ CA(T) + C'/ /03|Vu|4dxdt. (3.8)
0

Proof. Multiplying the first equation in (1.1) by G’(p) and the second by u/ and
integrating, one shows easily the energy inequality (3.6).

The proof of (3.7) and (3.8) is due to Hoff [14]. For m > 0, multiplying (1.1)2 by
o™ and then integrating the resulting equality over T2 lead to

/Jmp|u|2dx = /(—amu VP + puc™Au -0+ (A + p)o™Vdivu - 4)dx

3
£ ZM
i=1

(3.9)



Using (1.1); and integrating by parts give
M, =— /amu-VPd:n
= / o™ P divuy dx — /Umu -Vu - VPdz
= </ adeivudaz> — mamla’/Pdivu dr + /amPVu : Vudz (3.10)
t
+(y—1) / o™ P(divu)?dx
< (/ Jdeivudx> +C||Vull3: + Cm?c?m g | P - P(p)72
t
Integration by parts implies
My = /,uamAu - udx
= _g (™ IVul72), + %amfla/HVUH%Q — uam/aiuj&'(ukakuj)dx (3.11)

< 2 (@IVulRa), + Cmo™ |Vl + c/amyvu\de,

and similarly,

Atp m(A+ p)
2 2

- (A + u)am/divudiv(u -Vu)dx (3.12)

M; = (o™ | divul|2.), + o™V |divul|2,

o Atn

< (am|divu||§2)t+omam—1||vu|y§2+o/am|vu3dx.

Combining (3.9)-(3.12) leads to

sai | o IVl e Al diva) do+ o™ [ plifds

d
< Co?m=Dg'Cy+ C (mcrm_1 +1) IVull3s + Ca™||Vull3s + 7 /amP(p)(div u)dz,
(3.13)
The last term on the right-hand side of (3.13) can be easily bounded as follows:

' / o™ P(p)(divu)dz| < Co™|Vul 2| P = P(p)] 2 < Lo™Vul2: + ComCy

Integrating (3.13) over (0,7"), choosing m = 1, and using (3.6), one gets (3.7).
Next, for m > 0, operating ™ /[8/8t + div(u-)] to (1.1)}, summing with respect to



4, and integrating the resulting equation over T3, one obtains after integration by parts

m
<U2/p|u]2d:z:> - 7;ﬂbam_la//p|u|2d:t:
t

__ / o™ [0, Py + div(d; Pu)]da + / o™i [ A + div(uidYde

, (3.14)
+ A+ p) /a%] [0:0;divu + div(ud;jdivu)|dx
3
=\
i=1
It follows from integration by parts and using the equation (1.1); that
Ny = _/amaﬂ' [0; P, 4+ div(0; Pu)|dx
= /Um[—P,pdiVuaj’L'l,j + 8k(8ju]uk)P - Pﬁj(akujuk)]dac (3‘15)

< C(P)a™ | Vullp2[|Vi| g2
< 50™|| V22 + C(p, 6)o™|| V2.

Integration by parts leads to
Ny = ,u/amaj [Au + div(uAu?)]da
- / ™|V + 0y O Dy — By D Dl — Oy kD) dw  (3.16)
< —35/am|Vu]2dw+C/am\Vu]4dx.
Similarly,

_pEA
2

Substituting (3.15)-(3.17) into (3.14) shows that for § suitably small, it holds that

<am/p\u|2da:> +,u/amlvu\2da:+ (u+/\)/am(div1l)2dx
t
< mo™

1y / plif2dz + Co™|[VulLs + C(P)o™ | Vul .

N3 < o™ (divi)3dx + C/am|Vu]4dx. (3.17)

(3.18)

Taking m = 3 in (3.18) and noticing that

T
3/ 020’/p\u|2d:vdt§ CA(T),
0

we immediately obtain (3.8) after integrating (3.18) over (0,7). The proof of Lemma
3.1 is completed.

Next, the following lemma is important of the estimates on both A;(c(7T)) (i = 1,3)
and the uniform upper bound of the density .



Lemma 3.2 Let (p,u) be a smooth solution of (1.1)-(1.3) on T3 x (0,T] satisfying
(3.4). Then there exist positive constants K and €og both depending only on pu, X, a, 7,

p, B and M such that

o(T)
sup 17Vl + [ [ plafPdedt < K (5, 00),
0<t<o(T) 0

o(T)
sup )tQﬁ/plu\Qdac—i—/ t25/|vu\2dxdt§K(ﬁ,M),
T 0

0<t<o(

provided Cy < €.

Proof. We define w; and ws to be the solution to:
L’LU1 = 07 wl(xa 0) = wlO('I‘)’

and
Lwy = =V P(p), wa(z,0)=0,

respectively, with L being the linear differential operator defined by
(Lw) 2 pw! + pu- V' — (uAw’ + (p + A)divwy; )
= pi’ — (pAw’ + (p + Ndivwg;), j=1,2,3.

Straightforward energy estimates show that:
o(T) )
sup /p[wl\Qd:v—F/ /\Vw1|2dxdt < C(ﬁ)/|w10] dz,
0<t<o(T) 0

and

o(T)
sup /p|w2|2dx+/ /|Vw2]2dxdt < C(p)Co.
0

0<t<o(T)

It follows from (3.21) and standard L2-estimate for elliptic system that

IVwillzs < CI Vw2 < Cllptin | 2

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Multiplying (3.21) by wy; and integrating the resulting equality over T2, we get by

(3.25) and (3.4)3 that

(Vw2 + (u+ Nlldive|2), + [ plinde
t

N

—/pu)l(u-le)dac

1/2 1/3
<o) ([ plirta) ([ olufiz) 19l
<" [ plir P,

which, together with Gronwall’s inequality and (3.23), gives

o(T)
sup ||V’LU]_||%2 +/ /p|u}1|2da§dt < C’||Vw10\|%2,
0<t<o(T) 0

10

(3.26)



and

o(T)
sup || Vwr |72 +/ t/p|u'11|2da:dt < C|lwiol|3e, (3.27)
0<t<o(T) 0

provided Cy < eg1 £ (2C(p))~3/%.
Since the solution operator wig — wi(-,t) is linear, by the standard Stein-Weiss
interpolation argument [2], one can deduce from (3.26) and (3.27) that for any 6 € [3, 1],

o(7)
sup 0V |12, +/ tl_e/p]w1]2dxdt < Cllwnol%, (3.28)
0<t<o(T) 0

with a uniform constant C' independent of 6.
Next, we estimate ws. It follows from a similar way to (2.6) and (2.8) that

{IIV((MH)diva — (P = P))| 2 < C||ptisa]l 2,

: 7 (3.29)
[Vws||pe < C(llpallr2 + 1P = Pll1o)-

Multiplying (3.22) by wsy, integrating the resultant equation over T2 and using (3.29),
one has

1 . N .
3 (W9l + ot Nllaivia —2 [ (P P@)dvads) + [ pluaPas
t

= /pwg(u - Vwe)dz — /Ptdivwgdzz:

1/2 1/3
<o) ([ otukas) ([ pufac) 1Tl
+ /divwgdiv((P — P)u)dz + /((’y —1)P + P)divudivwsdx
5o/3 1/2 B
<@ ([ oluafaa) (102 0alse + 1P = Pl
_ P—P
— | (P = Pu- i —
/( Ju-V (dlvw2 ST )\) dx
# _ P\243; 2 2
+ IR /(P P)2divuda + C|| V|2, + C|[ Vs
< C(p)c? io|2dx + CC3 + C||P — P 12y
< C(p)C, pluz]"dz + CCy'™ + C| [ zallullzs lp™ “abal| 12

L CIP — Pl + C|VulZe + Cl[ Vs 2
< C(p)CP)? / pliin 2 + CCY® + C|[VulZ + C|[ Vw2,

which, together with (3.24) and Gronwall’s inequality, gives

o(T)
sup || Vw2 +/ /p|u}2|2dmdt <ccl, (3.30)
0<t<o(T) 0

provided Cy < g2 = (20(/6))*3/50. Taking w9 = ug so that wy + wy = u, we then
conclude from (3.28) and (3.30) that for any 6 € [§, 1],

o(T)
sup |V +/ tl_e/p|u|2dazdt < Cllugll, +CCY3, (331)
0<t<o(T) 0

11



provided Cy < g9 £ min{eq, 02}. Thus, (3.19) follows from (3.31) directly.

To prove (3.20), we take m = 2 — 3 in (3.18) to obtain, after integrating (3.18) over
(0,0(T)) and using (3.31) and (2.9), that

o(T)
sup tQ_B/p]ude—i—/ t2_5/\vul2da¢dt

0<t<o(T) 0

o(T)
< C/ 27| V|| T 4dt + C(p, M)

0

o(T) 2-8 .13 5013 .
< [ EPIVule (il + 1P = PIe) di+ C(p M)

1/2 B ) B )
<c / B (1Bl ) (2 ) A o il

+ C(p, M)

0<t<o(

1/2
gcm,M)( sup 1777 / ,o|u|2da:> +C(p, M),
T)

which implies (3.20). Thus, we finish the proof of Lemma 3.2.
The following Lemma 3.3 will give an estimate on As(o(T)).

Lemma 3.3 If (p,u) is a smooth solution of (1.1)-(1.3) on T3 x (0, T satisfying (3.4),
there exists a positive constant €1 depending on u, A, a, v, p, B and M such that the
following estimate holds for éy defined by (3.3):

sup /p]u|3(3:,t)da: < o, (3.32)
0<t<o(T)

provided Cy < e1.

Proof. Multiplying (1.1)s by 3|u|u, and integrating the resulting equation over T3,
we obtain by (2.9) that

d
dt

< C/|u|]Vu|2d:U+C’/|P—P(ﬁ)||u||Vu|da:

plul’dz

< Ollull o | Vull35 1Vl 5 + CIP — P(0) 1 llull o[Vl 2
< C(IVull}s + CollVul?5) (il g2 + 1P — P(p)l116)"2 + CCy° V|22 + CC/* || Va2
< C(IVul + Coll vul?) (il 2 + C/¢) " + COYOIvuls + OOVl
< Ot @003/ 0=0) (11=B )| Gy||2 ) =205/ (118 o1/ 24| 2, ) V4 || W 99
+ < Ct@o=DO=B) (10| G y||3,) =20+ G1P | o1 24 2,) V4 T 10
+ OGO A VulF)7 V2

+ CCy TV =R 2,) Y4 |Vl 12 + CCy/° | V|2
p+1/2

- 1
+C’C§/6t_(1_5)(_p+1/2) (tl_ﬁHVuH%g) (Vu||%2)p, 0<p<§
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which together with (3.19) and (3.6) gives

sup / plulPdz
0<t<o(T)

o(T)  2(3-169)(1-8) (3-830)/4 a(T) 200
< C(p, M) / t T ss0 dt / | Vul|72dt
0 0

o(T) _22-460)(1-5) (3=800)/4 o(T) 200
+C(p, M) / e / V|2 dt
0 0

1/2

5 1/12 i —3(1-B)/2 v 7 2
~coaney ([ at) ([ IVl (3.3
i o(T) 1/2 o(T) 1/2
+C(p, M)CE / t= =072y / V|2, dt
0 0

o) _appasn \ L[ o@D ’
+CCyoc(p, M) ( / T / 1Vul|2.dt
0 0

+ /po\uolgdx + CCy
< C(p, M)C™,

provided Cy < g9, where in the last inequality we have used the following simple facts:

3(26-1)/(48)
/Po|u0\3d$ <C </ POIUO\Qdf’f) H“OH?}{/;QB)

< C(p, M)C™,

(3.34)

and

23-400)(1-F) | BEE-1)

Ber 2
3 — 84 2-8

due to (3.3) and 8 € (1/2,1]. Thus, it follows from (3.33) that (3.32) holds provided
Cy < €1, where

e1 2 min {0, (C(p, M)~/ } = min {0, (C(p, M)~/
The proof of Lemma 3.3 is completed.

Lemma 3.4 There exists a positive constant eo(u, A, a,v,p, 3, M) < €1 such that, if
(p,u) is a smooth solution of (1.1)-(1.8) on T3 x (0,T) satisfying (3.4), then

A(T) + A(T) < Gy, (3.35)
provided Cy < €9.

Proof. Lemma 3.1 shows that

T T
A(T) + A2(T) £ C(p)Ca+ C@) [ o*|Vullluds +C(p) [ o|Vullfuds. (330
0 0

13



Due to (2.8),

/ o3| Vul|L.ds < c/ (1)1 + |w||L4)ds+C’/ o3| P — P|tids.  (3.37)
0

It follows from (2.7) that

T
/“ BN+ L) ds

<0 [0 (Iullys + 1P = Pliz) i

T (3.38)
samam(fﬁwmu4wﬁwww+QW»/‘/wwme
te(0,T] 0

To estimate the second term on the right hand side of (3.37), one deduces from (1.1);
that P satisfies

P, +u-VP+yPdivu = 0. (3.39)

which gives B
P+ (y — 1)Pdivu = 0, (3.40)

(P—P)+u-V(P— P)+~(P - P)divu + yPdivu — (y — 1)Pdivu = 0. (3.41)
Multiplying (3.41) by 3(P — P)? and integrating the resulting equality over T3, one

gets after using divu = 2u+A(F + P — P) that
3y—1 _—
pP-P
SIP = P,

__ (/(P—P)3dx> = SZ;i\/(P—P)SFdx
—37?/(P — P)3divudz + /3(7 —1)(P — P)*Pdivudz

< - (/(P - ]5)3d:v) +n||P = P||7a + CyllFl|7a + Cyll Vul2s.  (3.42)
t

Multiplying (3.42) by o2, integrating the resulting inequality over (0,7, and choosing
71 suitably small, one may arrive at

T —_
/ P — P dt
0
o(T)

<C sup |[P-P|3;+C P — P|3,dt
b | 125 ; | 175 (3.43)

T

+C(3) [ A FILads + C()Co
0

< C(p)Co,

14



where (3.38) has been used. Therefore, collecting (3.37), (3.38) and (3.43) shows that
T j—
/ o (IVullts + P — PI[L,) ds < C(5)Co. (3.44)
0

Finally, we estimate the last term on the right hand side of (3.36). First, (3.44)
implies that

T T
/ /0|Vu|3dxds < / /(]Vu|4 + |Vul?)dzds < CCy. (3.45)
o(T) o(T)

Next, one deduces from (2.9), (3.19) and (3.4) that

o(T) 5
| elvula
0

o(T) )
<c) [ Al (leil s + cg') a
o(T) 3/4
<) [* (P ETule) IVallf (¢ [ lifas) ar+ccn

1 2 o 1/2 2 34
<) sw (Rl [T 9a e (¢ [ lipas)ar
)] 0

te(0,0(
+ C(p)Co
< C(p, M)AV Gy + C(p)Cy
< C(p, M)CY®,

(3.46)

provided Cy < 1. It thus follows from (3.36) and (3.44)-(3.46) that the left hand side
of (3.35) is bounded by

C(p, M)C® < c)?
provided
Co < &5 2 min {51, (C(p, M))—8} .

The proof of Lemma 3.4 is completed.

Now we are in a position to obtain the uniform upper bound for the density, which is
essential to derive all the higher order estimates and thus to extend the classical solution
globally. We motivated by the research on the two-dimensional Stokes approximation
equations [28].

Lemma 3.5 There exists a positive constant € = €(p, M) as described in Theorem 1.1
such that, if (p,u) is a smooth solution of (1.1)-(1.3) on T3 x (0,T] satisfying (3.4),
then

P

sup[lp(t) 1 < L.

0<t<T

provided Cy < €.

15



Proof. Rewrite the equation of the mass conservation (1.1); as

Dip = g(p) +V'(t),

where

D2 ptu-Vp g2 —pL=L et /t Ft
= u - y = — s = — .
0 2 py o 9(p) = =Py TG

For t € [0,0(T)], one deduces from Lemma 2.2, (2.6), (3.35), (3.19), (3.20) and (2.3)
that for dg as in (3.3) and for all 0 < t; < to < o(T),

|b(t2) —btl)\
<c / 1(oF) (- ) |t
<) /O VOISV EC 1) 2t
o(T) 1/2 1/2 12y
< o) / 1020 Y21Vl 2 + 10 2a) Y2)de
o(T) 1/4
<c) [ eI (e valg.) e

0

) o(T) q+1/2 . q
+0(p) /O £ oA/ (28 U242, ) (g a3, ) e
o(T) Vs 3/4
< C(p, M) / OB i X3t )+ O(p, M) (Ar(o(T)))"
0

o(T v
(/‘ ( )t_[(Q_B)( 50+2/3)+60] (t2 Ble/QuHL > 50+1/3 (t”pl/2UHL2> do dt) + Cg/Q
0

< C(p, M)(A(a(T))*®/* + C(p, M)CY"?

1
< C(p, M)CP® 0<q< 5

provided Cy < e9. Therefore, for ¢ € [0,0(T")], one can choose Ny and Nj in (2.11) as
follows:

Nl :07 NO :C(ﬁaM)ngo/éga

and ¢ = p in (2.12). Lemma 2.5 thus yields that

A ~ ~ 380/8
sup [lpllzee < p+ No < p+ C(p, M)C/® <

37ﬁ
t€]0,0(T)] 2

, (3.47)

provided

>325/(3(25—1))

s poo\Ye p
< mi s [ — I N
Co < min{eg,e3}, for e3 <20(,6, M)> (20(@ M)




On the other hand, for t € [0(T"), T], one deduces from Lemma 2.2, (3.35), (3.6), and
(2.6) that for all o(T") <t; <ty <T,

pt2) —0(0) <€) [ IO

t1

ap 't T
< m(m —t1) +C(p) /(T) ||F(',t)|]i/£dt
ap¥tt T
< Sovag a0+ 00 [ IOV RC e
ap““rl . 1/6 /T ' ) 1/2 -
< oz 2 HORGT | (VA OIT + 0 El)
_aptt o\ ~2/3
S 50z 2~ ) HOOIGT

provided Cy < e9. Therefore, one can choose N1 and Ny in (2.11) as:

aﬁv+1

Ni=—— Ny= D 2/3.
1 2(>\+2M)’ 0 C(P)Co

Note that _
(o =P apt

A+2u — 2(A+2p)
So one can set ¢ = % in (2.12). Lemma 2.5 and (3.47) thus yield that

g(g):_ = —Ni.

3p 3p P
sup plle < 2+ No < L+ 0(p)Cy* < L (3.48)
telo(T),T] 2 2 4
provided
L\ 03/2
Co < € 2 min{eq, e3,64}, fores = < p - > . (3.49)
4C(p)

The combination of (3.47) with (3.48) completes the proof of Lemma 3.5.

4 Proof of Theorem 1.1 and Theorem 1.2

In the following, we will prove the main results of this paper. From now on, we will
always assume that the initial energy Cj satisfies (3.49) and the positive constant C
may depend on

1/2
T, [0 *gllz2 199llz2, [Vuollz, llpollas, 1P (p0) s,

besides p, A, a, v, p, f and M, where g is as in (1.10).

The higher-order estimates are similar to [20], we omit the details here for brevity.
Consequently, combining Proposition 3.1 with the above higher-order estimates as well
as the local existence obtained in [4], we can prove the global well-posedness of Theorem
1.1. Finally, to finish the proof of Theorem 1.1, it remains to prove (1.14).
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Multiplying (3.41) by 4(P — P)? and integrating the resulting equality over T3, one

has - ,
(Il = Pliz) ()

=—4y-1) /(P — P)*divudz — 47/]5(]3 — P)3divudz
+4(y—1) /Pdivudx/(P — P)3dz,
which yields that
/1 (1P~ PlIL) (1) dt < C/1 (IP =PI, + [Vullts) dt < C,
due to (3.44). Combining (3.44) with (4.1) leads to
lim ||P — Pl =0,
t—00

(3.40) gives that

/ dP‘dtSC’/ '/(P—P)divud:c
1| dt 1

< c/ (1P = P|22 + [Vull2.) dt
1

dt

< 0/ (IVF|2: + | Vul2) dt < C
1

Hence, there exists some positive constant ps such that

lim P(t) = p}

t—o00

due to 0 < pj < P < C. This combined with (4.2) and(1.4) shows

Jin [ = pollq (¢) = 0
for any ¢ € [1, 00).
Thus(1.14) follows provided that

lim ||Vul[z2 = 0.
t—00
Setting
A+ .
1(6) 2 S Vullfs + = divu .,
choosing m = 0 in (3.9), and using (3.11) and (3.12), one has
IO < C [ plifds + C|Vulls + CCF Vil o

where one has used the following simple estimate:

|M1]:‘/a-Vde

= ‘ / (P — P)divuda

< CCY2 ||V e

18
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We thus deduce from (4.4), (3.35), and (3.44) that
| irora<c [T (1l + IVulaIValt+ 1Vl d

<c [ (Il + IVullhs+ 19l ) e
C,

IN

which, together with

/1 () 2dt < c/l IVul2.dt < C.,

implies (4.3). The proof of Theorem 1.1 is finished.

Proof of Theorem 1.2. Otherwise, there exist some constant C; > 0 and a sub-

sequence {tnj };’il, tn; — 00 such that HV,O (-,tnj)’ o S (1. Hence, the Gagliardo-

Nirenberg inequality (2.3) yields that there exists some positive constant C' independent
of t,,, such that for a = r/(2r —3) € (0, 1),

Hp(xatnj) _ﬁHC(’]I‘3)
< C Vo, ta,)|I5 [loG, tn;) = 512"
< CCt [|p(a, t,) = 5]l 1" (4.5)

Due to (1.14), the right hand side of (4.5) goes to 0 as t,; — oo. Hence,
Hp(:p,tm) - ﬁHc(Ts) — 0 as tp; — o0o. (4.6)

On the other hand, since (p, u) is a classical solution satisfying (1.13), there exists a
unique particle path z(t) with z¢(0) = o such that

p(xo(t),t) =0 for all t > 0.

So, we conclude from this identity that

Hp(xvtnj)_ﬁHC(Td) > ’p(xo(tnj)vtnj)_ﬁ} ﬁ>0)

which contradicts (4.6). This completes the proof of Theorem 1.2.
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