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Abstract: In this paper, we will concern the existence, asymptotics and stability of
forced pulsating waves in a Lotka-Volterra cooperative system with nonlocal diffusion
under shifting habitats. By using alternatively-coupling upper-lower solution
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waves are derived. Finally, with proper initial value, the stability of the forced pul-
sating waves is studied by the squeezing technique based on the comparison principle.
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1 Introduction

Climate change such as global warming is believed to be the greatest threat to biodi-
versity [20]. Global warming has caused the destruction of Marine species diversity near
the equator, and species have shown a trend of migration to the north and south poles. In
the past, the tropics provided ideal temperatures for many species. But as the equatorial
waters get hotter, the outflow of the species that originally lived there accelerates. Ocean
warming is causing large scale changes in the latitudinal gradient of Marine biodiversity.
At the same time, creatures that live on land would also move to the poles and colder
elevations. Climate change drives the shifts in species range and distribution, see [6l, 23].
This impact on ecological species has to be taken seriously.

For this phenomenon and its influence, many researchers have made very great sci-
entific research results, see [I], 4, 10 24) 28] 29, B1]. Berestycki et al. in [2] proposed a
reaction-diffusion equation under shifting environment

u(t, r) = dug(t, ) + g(x — ct,u(t,r)),t € RT, x € R. (1.1)



Here u(t,z) denotes the population density at time ¢ and location z. The function g
represents the net effect of reproduction and mortality and d > 0 is the diffusion rate for
species. They have proved that the existence of the forced traveling waves for . In
[3], Berestycki and Fang established the existence and nonexistence of forced waves for the
Fisher-KPP equation in a shifting environment

u(t, 2) = dug(t, x) +u(t,z)[r(x — ct) —u(t,z)],t e RT 2 € R. (1.2)

Wu et al. in [35] concerned the existence and uniqueness of forced waves in a general
reaction-diffusion equation with time delay under climate change. They showed that there
exists a nondecreasing and unique wave front with the speed consistent with the habitat
shifting speed for .

Species interactions can influence the range sizes of populations. Both two species
follow the Logistic growth rate which is on the move to capture the key point that the
environment is both heterogeneous and directionally shifting over time with a forced rate
¢ > 0. As is well known, there are usually more than one biological species sharing
the same habitat and their typically interspecies relationships. Thus, there is a growing
interest in the study of two species in shifting habitat, for example, competition [7, B32],
cooperation [19, 37] and predator-prey [8, 36].

Subject to seasonal succession, climate change provides such a shifting and time pe-
riodic environment for the species. Fang et al. [I1] studied the nonautonomous reaction-
diffusion equation in a time-periodic shifting environment,

up(t, @) = uge(t, ) + u(t,x)g(t,x — ct,u(t,z)),t > 0,z € R.

That is g(z — ct,u(t,z)) in becomes ¢(t,z — ct,u(t,x)), it can be understood as the
functional response to the time periodic variation.

Periodicity frequently appears in mathematical modelings due to seasonal changes
typically related to climate changes. For example, Pang, Wu and Ruan [22] considered
the dynamics of Lotka-Volterra competition system with time periodic. Zhou, Wu and
Bao [42] studied the propagation dynamics of a class of periodic degenerate systems. In
the case when r;(t) become r;(t,z — ct),i = 1,2 in [37], we can get the following time
periodic Lotka-Volterra cooperative system

ur(t, z) = diuge(t, ) + u(t, z)(r1(t,x — ct) —u(t,x) + ayv(t,z)),t € RT x € R,
(1.3)
vi(t, 2) = dovge(t, z) + v(t, z)(ro(t, o — ct) —v(t,z) + agu(t,x)),t € RT,z € R,

where u(t, z) and v(t, ) are the population densities of two species competing for common
resource at time ¢ and position x; di and do are the diffusive coefficients; the parameters
a1 and ao reflect the strength of interspecies cooperation and a; > 0,7 = 1,2. Most
importantly, the terms ri(t,z — ct) and ro(t,z — ct) are dependent on time ¢ and the
climate shifting variable x — ct. r;(t,-),7 = 1,2 are assumed to be T-periodic in the first
variable ¢ for some positive number 7. We studied the existence, asymptotics and stability
of forced pulsating waves for in our previous work [I2]. For the monostable case,
Zhao and Ruan [4I] showed that system (1.2) possesses periodic traveling waves, only



when the wave speed is greater than or equal to a minimal wave speed cp,. Liang, Yi and
Zhao [I8] investigated spreading speeds and traveling wave solutions for general periodic
evolution systems.

Note that the classical reaction-diffusion equation like is based on the assumption
that the internal interaction of species is random and local, i.e., individuals move randomly
between the adjacent spatial locations. However, it is not always the case in reality. The
movements and interactions of many species in ecology and biology can occur between
non-adjacent spatial locations, see [I4]. Thus, nonlocal dispersal equations have been
presented to investigate the evolution of species, see [5l, 17, 39] and references therein.
Recently, Li et al. in [15] considered the following nonlocal dispersal population model to
explore the species spread in the context of climate change,

u = d[J xu —u] + u[r(x — ct) — u (1.4)

are the nonlocal dispersal operators to describe the long range effects of spatial structure.
As we all know, the growth rate r(x — ct) of many populations may be influenced greatly
by the time varying environments (e.g., due to seasonal variation). Therefore, Zhang et
al. [40] studied a more general time-periodic nonlocal dispersal Fisher-KPP equation

w = d[J xu —u| +ulr(t,x —ct) —ul.

Furthermore, interspecies interactions include competition, cooperation, predation and
other types between two or more species. Motivated by previous studies, it is natural to
wonder how the seasonal succession, climate change and interspecific competition affect
the dynamic behaviors of two species under nonlocal dispersal mechanisms. Many scholars
have made study, see [9, [13] 25] 30].

Inspired by the above study and combined with our previous work, we concern the
following equation

w(t,r) = di(Jy *u—u)(t,x) + u(t,z)(ri(t,z — ct) — u(t,z) + ayv(t, x)),t € R,z € R,

ve(t, ) = do(Ja x v —v) (¢, x) + v(t, 2)(re(t,x — ct) — v(t, z) + agu(t,z)),t € RT, z % ]R,)
1.5

where

(1 ) (t,z) = /R Iz — y)u(t,y)dy = /R Iult, - y)dy,

(Joxv)(t,x) = /Rjg(x —y)u(t,y)dy = /RJg(y)v(t, x —y)dy.

This paper is devoted to the existence and stability of forced pulsating waves of the
equation .
Through out the present paper, the following assumptions are valid.
(Hy)  Assume that ri(t,z),i = 1,2 is continuous, T-periodic in t and increasing in z.
Moreover,
lim r(t,z) = Bi(t) <0, zlggo ri(t,z) = 0;(t) > 0,i = 1,2, (1.6)
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uniformly in t, where 0;(t), B;i(t) € CY(R,R) for some v with v € (0,1) and they are
T-periodic functions, that is 3;(t +T) = B(t), 0;(t +T) = 0;(t) for all t € RT.
(Hy)  There is

10:(t) — ri(t, 2)|| ~ Aje” Y%, z — oo,

”

for some positive numbers oy, A;(t), i = 1,2. Here, the symbol “~
i asymptotic analysis.

(H3) Ji(z) € C(R,RT) are symmetric with / Ji(y)dy = 1 and there exists some Ao > 0
R

1s the standard sign

such that / Ji(y)eNdy < oo, YA € (0, Al

Next we consider the following system of ordinary differential equations

{u’ (t) = w(f1(t) — u + arv),
= v(b2(t) — v + agu).

1 /T
Let7; = T / 0;(s)ds > 0 for i = 1,2. According to Theorem 1 of [27], the above equation
0

has a unique and globally asymptotically stable periodic positive solution (p(t), ¢(t)) under
condition (Hj).

By a forced pulsating wave solution of the system , we mean a particular solution
in the form of

(u, v)(t, ) = (o, 0)(t,x — ct) =: (¢, 9) (L, 2), 2 = x — ct, (17)

satisfying
(¢, 0)(t+T,2) = (¢,9)(t, 2).
A substitution of ([1.5)) leads to the following wave profile system

¢r =di(J1 % — @) +cp, + d(ri(t,2) — d+arp),t € RT 2 € R,
(1.8)
or =da(J2 %o — )+ cps +@(ra(t, z) — o+ azg),t € RY, 2 € R,

subjected to
lim (¢, 9)(t,z) = (0,0),

lim_ Tim (6,9)(t,2) = (p(0). a(1)) (19)
uniformly in ¢.

To our knowledge, the heterogeneity caused by the shifting and periodic coefficients
brings nontrivial difficulties. Our contributions in this paper can be summarized as three
parts. In Sec. 2, we establish the existence of the forced pulsating waves by applying
alternatively-coupling upper-lower solution method. In Sec. 3, we establish the asymptotic
behaviors of the forced pulsating waves. In Sec. 4, with proper initial, the stability of
the forced pulsating waves is studied by the squeezing technique based on the comparison
principle.



2 Existence of forced pulsating waves for ([1.5))

This section is devoted to establishing the existence of time-periodic forced pulsating
waves.

Firstly, we give some preliminaries. Let X = C(R,R?) N L>¥(R,R?) be the set of
uniformly continuous and bounded vector function from R to R? equipped with the norm
| wilx:=| wi | + || w2 ||, where || w; ||:= Slelg | wi(z) |. Denote X; = {w = (w1,wq) € X:

x

(w1, w2)(x) > (0,0),Vz € R}. It follows that X is a closed core of X and X is a Banach
lattice under the partial ordering induced by X, . Further, we set

= . < i i .
Xi1 5 {(WlaWZ) € Xyt (wr,w2)(z) < (Qﬂ&,r%} 91(t)7tg[101g] 92(75)> Vo € R}

Considering the Cauchy problem associated to ([1.5))
u(t,r) = di(J1 *u —u)(t,x) + u(t,z)(r1(t,z — ct) — u(t,z) + av(t,x)),t € RT z € R,

ve(t, ) = da(Ja x v —v)(t,x) + v(t,2)(re(t, x — ct) — v(t, ) + agu(t, x)),t € RT,z € R,

(U’(O?x)’?)(oaa:)) - (uo(m),vo(x)) € Xy

(2.1)
Define P(t) = (Pi(t), Px(t)) by
AOfol(x) = e 3 T  an o)),
P)leo](x) = et 3 ) @),
m=0
where ag(up)(x) = up(x), bo(vo)(z) = vo(x), and
n(w0)(@) = [ (o= g1 (w0)(5)dy,
b)) = [ ol = s (w0) () i > 1.
Then, the mild solution of equation is satisfied
u(t,x) = Py(t)ug(x) —I—/O Pi(t —s)[fi(s, - u(s,-),v(s,))]|(z)ds,
(2.2)

t
U(t’x) = P2(t)v0(x) + A PZ(t - S)[fQ(Sa K ’LL(S, ')7U(57 ))](x)ds,

where
filt,z,u(t,x),v(t,z)) = u(t,z)(ri(t,z — ct) —u(t,z) + ayv(t, x)),

fo(t,z,u(t,x),v(t,z)) = v(t,x)(ro(t, x — ct) — v(t, z) + agu(t, x)).
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For any 0 < ul(tvx)aua(tvx) < p(t) and 0 < Ul(t,ﬂi'),'l)g(t,l') < Q(t)a we have
| fi(t,%,ﬂl(t,x),vl(t,x)) - fi(t7x,U2(t, $)7U2(tax)) ‘S pl(‘ Uy — U2 ‘ + ‘ V1 — U2 \),Vw € Ra
where

i = max 0;(t) — 2min B;(t) + a; 01 (t bo(t)|,i=1,2.
pi = max (t) I[g){ljz}ﬁ()+a thax 1()+I£’3:;>]< 2(t) | ;1

Let p = max{p1, po} and F(t, x,u1,uz) = pu;+fi(t, x,ur,uz),i = 1,2. Then Fj(t, x,u1, uz)
is nondecreasing in u; € [0, 6;(t)]. Rewriting the Cauchy problem ([2.1]) as

w(t, ) + pu(t,x) = di(J1 * u(t,z) — u(t,x)) + Fi(t,z,u,v),
ve(t, ) + po(t,x) = do(Ja xv(t,x) — v(t, z)) + Fat, z,u,v), (2.3)
u(0,2) = up(z),v(0,z) = vo(x).

Then the solution of satisfies the integral equation

ult,z) = Grlu vl(t, 7) = e Py (1) [uo) ()

b [P ) (s, uls, ) ol )@,
0

(2.4)
v(t, z) = Golu, v](t,x) :== e P! Py(t)[vo] ()

4 [Py = 8 Fa(s, s uls, ) ol D))
0

It follows that any solution of (2.4) can be seen as a fixed-point of the operator G =
(G1,G2). To get the existence and uniqueness of solution ([2.4]), we first give the definition
of the upper and lower solutions.

Definition 2.1. A pair of vector functions (uy,u2), (uy,us) € C([0,7T),X4) with0 < T <
oo are called order upper and lower solutions of if (w1,u2) > (ug,uy) > (0,0) and
further satisfy

ﬂl(ta $> - Gl [ﬂlvﬂﬂ(t? ZL') >02> Ql(ta IL‘) - Gl [ﬂbﬂQ](tv ZL‘), ( )
2.5
Ug(t, x) — Go[uy, wa(t,z) > 0 > uy(t, ) — Galuy, uy](t, x).

Remark 2.1. If (U1, %s), (uy,uy) € ([0,7) xR, R2) are Ct int € [0,T) with (uy,u2)(t,-),
(ug,us)(t,-) € Xy, and fort € [0,T), they satisfy

(ﬂi)t(t,ﬂf) — dZ(J *ﬂi(t, l‘) — ﬂi(t,df)) — fi(t, :E,ﬂi(t,x),ﬂj(t, I)) >0,
(Qi)t(tvx) - dZ(J *yi(tv x) - Qi(tax)) - fi(tvm’yi(tvx)7yj(tv l‘)) <0,

w;(0,z) > w;(0,2),z € R,i,j = 1,2, # j.



Lemma 2.1. If (up(z), vo(x)) € Xy, xry, then system has a unique solution (u(t,z),v(t, z))
with (U(Oa .’E), U(()? x)) = (’LL(](.’L’), Uo(l‘)) and (u(t’ I‘), U(t, x)) € C(R+’ XJr)

Proof. The proof of Lemma 2.1 is similar to Lemma 2.3 of [25], which will not be proved
here. O

Lemma 2.2. The following statements hold.

(i) Let (ui,u2) < (p(t),q(t)), (up,us) < (p(t),q(t)) be a pair of upper and lower solu-
tions of with (ay,u2)(t, ), (uy,us)(t, ") € Xy If (w1, u2)(0,2) > (u,us)(0,x), then
(1, u2)(t,x) > (ug,us)(t, x) for all (t,z) € Ry x R.

(ii) Let (uy(t,x),us(t,x)) and (vi(t,z),va(t, x)) be two solutions of with initial func-
tion (u1,u2)(0,z), (v1,v2)(0,2) € Xy xry- If (ur,u2)(0,2) > (v1,v2)(0,2z) for x € R, then
(u1,u2)(t,x) > (vi,v2)(t,x) for allt >0 and z € R.

Proof. Lemma 2.1 in [34] can be utilized in a comparable manner to finish the proof.
Consequently, the details are omitted. ]

Based on the definition of time-periodic forced wave (¢(t, 2), (¢, z)) by (1.7)), noting
that (4(0, 2), (0, 2) = (up(x), vo(x)) since z = x — ¢t = = when ¢t = 0, we see that
(‘b(ta Z)a (p(t, Z)) = (u<t7 Z+ Ct), v(t, zZ+ Ct)) = tct[(u(t ')’ U(t, ))](Z),

where 7_; is a translation operator defined by T_c[x] = x(-+ct),Vx € X4, and (u(t, ), v(t, x))
is the solutions of Cauchy problem ([2.1)).
For any (up,v9) € X4, denote

G(#)[(uo, vo)](x) := (G1(t), G2(t))[(uo, vo))(x)

= (Toct 0 (e P"Pi(t)), T-er © (€77 Po(1)))[(u0, vo)] ().

It follows that the time-periodic forced wave satisfies that

(6t 2), (8, 2)) = Gl(6(t. 2), p(t, 2))] = G(B)[B(0, ), (0, )] (2)

+/0 g<t - 3)[(Q1(37 B ¢(37 ')7 90(87 ))7 QQ(sa B (b(S, ')7 QO(S? )))](z)ds,

where
Ql (t7 2, U, U) = ’LL(t, Z) [p + 7 (ta Z) - u(tv Z) + alv(tv 2)]7

Qa(t, z,u,v) = v(t, 2)[p + ro(t, 2) — v(t, 2) + agu(t, 2)].
Next, we establish the existence of time-periodic forced pulsating waves. In order to

construct the upper and lower solutions by using differential equations, we consider the
following system

ou ou
pri dy[J1 *u—u] + o +ulri(t, z) —u+ ayv],
(2.6)
ov ov
5= da[Jo x v —v] + co + v[ra(t, 2) — v + agul.



Definition 2.2. A pair of vector functwns (w,v), (u,v) € (R,Xy) are called order upper
and lower solutions of @ if (u,v) > (u,v) > (0,0) and further satisfy

?;Z > dy[Jy * 7 — 7] +cgz +alri(t,z) —u + arv],
?): > da[Jy * U — ] —|—ch +0[ra(t, 2) — 0 + az1l,
g;‘ < dy[Jy *u— ] +cg: +ulri(t, 2) —u+ a],
% < dy[Jy x v — 0] +c% + v[ra(t, 2) — v+ agy]

for z € R except for a finite number of points.

Lemma 2.3. If (w,v) and (u,v) are a pair of upper and lower solutions for (@, then

we have
u(t,z) > Gi(t)] / Gi(t — s)[Q1(s, -, a(s, ), T(s,))](2)ds, (2.7)
o(t,z) > Ga(t)[ / Ga(t — $)[Qa(s, -, u(s, ), v(s,-))](2)ds, (2.8)
u(t,z) < Gu(9)] / Gt~ 9)[Qi(s.- (s, ) (s, N)()ds,  (2.9)
u(t,z) < Ga(t)] / Ga(t — 5)[Qa(s, -, u(s, "), v(s,"))](z)ds. (2.10)

Proof. The proof of Lemma 2.3 is similar to the Claim (3.30) of [16], which will not be
proved here. ]

Now we are in a position to give the general existence result.

Lemma 2.4. Let ¢ > 0 and assume that (u,v) and (u,v) € C(R,X;) are a pair of
upper and lower solutions of (2.6) with (p(t),q(t)) > (w,v) > (u,v) > (0,0). Further, if
(w,v)(t,z) and (u,v)(t, 2) are periodic in t € R, then (2.6) admits a time-periodic forced
wave (¢(t, z), p(t, 2)) satisfying that

(w,v)(t, 2) < (9(t,2), 0(t,2)) < (W, V)(L, 2), 2 € R.
Proof. Define the following set

I ={(u,v)(t,z) € C(R*,R?) : (w,v)(t + T, 2) = (u,v)(t, 2),
(w,v) (¢, 2) < (u,v)(t, 2) < (W, V) (¢, 2) }-



Particularly, (u,v)(t,2), (@,v)(t,z) are in I'. Now we consider the operator equation

(uv U)(t, :C) = Q\[(uv v)(t, 1’)] = g(t)[(u7 'I})(O, )](x)

t
+/ g(t - 5)[(91(83 ) U(Sa ')7 U(S, ))7 QQ(S’ " u(s, ')7 U(Sa )))](x)dsv
0
where
G(t) = (G1(£), Ga(t)) = (T-ct 0 (e Pr(t)), T-ct © (€77 P(2))).
Let (u(,v() = (7,7) and (u(0), v(0)) = (¥, v), then we define the iterations as follows

umtl) — 31 [(u(n)’v(n))} ’ p(n+1) g2 [( (n) U(n))]

~

1) = 91 [(Wm) 0m)] s Vorn) = G2 [(uny )] -
It then follows from Lemma 2.3 that

U < Ugy) < Upg1) < wrth) < (M < 7

)

and
0 < V() < Vippy < 0D <0 <w

Together with the fact that u(™ (¢, 2), v™ (¢, 2), u(n) (t, 2), v(n)(t, 2) are continuous for z € R,
induce the following limits in the sense of point-to-point convergence with respect to z € R,
for any fixed t € (0,71,

u(t,z) < ¢(t, z) == nh_)Igo u™(t, z) < u(t, 2), (2.11)
v(t,z) < p(t,z) = nh_}ngo V) (L, 2) S (t, 2). (2.12)

By Lebesgue’s dominated convergence theorem, we can get

(¢(t7 Z)7 QO(L Z)) - g(t) [d)(()? ')7 (P(Oa )](z>

+/0 g(t - S)[(Ql(sa ) ¢(S’ ')7 90(5’ ))7 Q2(57 " ¢(87 ')7 30(5’ )))](Z)ds

(2.13)
In view of the fact that (u,v)(t, 2), (u,v)(t, z) are time periodic in ¢, then we obtain a pair
of T-time periodic functions (¢(t, z), p(t, 2)).
In the following, we show that ¢(t, z) and ¢(t, z) are continuous in z € R. Notice that
(o(T, z), o(T, 2)) = (¢(0, 2), (0, 2)), V2 € R. By the definition of G(t), we see that

T
9(0,2) = ¢(T, z) = Gu(T)[9(0,-)](2) + /0 G1(T = 5)[Qu(s, -, p(s,-), (s, )] (2)ds,

T
(P(Oa Z) = @(Tv Z) = g2(T)[90(07 )](Z) + /0 g2(T - 8)[Q2(37 K ¢(37 ')v 90(37 ))](Z)ds,
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which can be rewritten as

(I - Gi(T / Go(T — )[4 (5 B, ) o5 )] (2)ds,

(I - Go(T / Go(T — £)[Qa(s, - 6(s, ), (5, )] (2)ds,

where I denote the identity map. By the similar argument in [16], we have || G;(¢) ||< 1
for each t > 0 and ¢ = 1,2. Thus,

[6(0,)](2) = (I — Gu(T / G1(T — 8)[Qu (s, d(s, ), (5, ))](2)ds

00 T
=@M [ G = 1@ bl )l D

k=0

[p(0,)](z) = (I = Ga(T /g2 —8)[Qals, -, ¢(s, ), 0(s,))](2)ds

00 T
=3 (G (1)) / Go(T — 5)[Qa(s, (s, ), (s, )] (2)ds.

k=

[e=]

Further, we have

o0 T
(t)Z(Ql(T))k/O G1(T — 5)[Qu(s, -, 8(s,-), (s, )| (2)ds

h=0 (2.14)
+ [ Gutt = s)(@us, (s, ol D)),
0
and
00 T
(O3 [ G = 9)[@als,w 005 )l D]
k=0
(2.15)

+ / G(t — $)[Qa (5. &5, ). o5, )] (2)ds.
0

t
Inspired by Lemma 3.2 of [33], we next show that / Gi(t—9)[Qi(s, - ¢(s,-), (s,))](2)ds
0

10



is continuous in z € R. Come back to the definition of G;(t), we know that

/0 Gilt — 5)[Qis, - 8(s,-), 9 (5,-))](2)ds

t [e%¢) _
:/0 T Z dE—s) Qi(s, -, d(s,+), p(s,))](z + cs)ds
k=0
_ iLcHrZ () (== z)

S (o220 (2220) o (152

Recall from (2.13)) that (¢(¢,-), ¢(t,-)) are continuously differentiable in ¢, it then follows

that a}; <Q n_z,n , P 77_2,77))) is continuous in z € R. This to-
gether with the above expression implies that fg Gi(t — 5)[Qi(s, -, o(s,),0(s,)](2)ds is

continuous in z € R. Further, we can obtain that ¢(¢,z) and ¢(¢,2) are continuous in
z € R by (2.14) and (2.15). O

Next, we define
u(t,z) = p(t)(1 + e;e™7%), v(t,z) = q(t)(1 + eae™ %),

u(t,z) = max{0,p(t)(1 —eze %)}, w(t, z) =max{0,q(t)(1 — ese”7*)}

for (t,2) € R?, where v > 0, €1,€e4 > 0 and €9, €3 > 1. Meanwhile, ¢;(i = 1,2, 3, 4) satisfy
that

e1p(t) > e2a1q(t), eaq(t) > ezaop(t), esp(t) > esa1q(t), eaq(t) > eraop(t) (2.16)
for all t € [0, 7.

Lemma 2.5. Under the assumptions (Hy) and (Hz), there exist v > 0, ¢, > 0,i = 1,2
and €; > 1,1 = 3,4 with being valid such that (u(t, z),v(t, z)) and (u(t, z),v(t, z))
are a pair of upper and lower solutions of @ with any ¢ > 0.

Proof. We divide the proof by the following steps.
Stepl. Show L1[(w,v)](t,z) > 0, where

Li[(u,v)|(t, z) :=wy(t, z) — di[J1 xu(t, z) — u(t, z)] — cu,(t, z)

—u(t, 2)[r1(t, z) — u(t, z) + a1v(t, 2)].
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By a(t,z) = p(t)(1 + e1e77%) and T(t, z) = q(t)(1 + e2e~7%), we have

El[(u7 W)](ta Z)
=p'(t)(1 4 e1e77%) — e1p(t)e? (d1 /R Ji(y)e’dy — d1> + cyerp(t)e™7?
—p(t)(1 4+ ere™*)[r1(t, 2) — p(t)(1 + e1e77%) + a1q(t) (1 + e2e™7%)]
= p(B)(1+ 1) 11 (2, 50) — p(t) + arg(8)] — erp(t)e <d1 [ Aweray - dl)

Feyep(t)e ™ — p(t) [r1(t, 2) — pE)(L + e1e77) + arg(t) (1 + e2e~7)]
—erp(t)e™* [r1(t,2) — p(E)(1+ e1677%) + arg(t) (1 + e2e™7)]

= p(t)[r1(t,00) — p(t) + a1q(t) — r1(t, 2) + p(t)(1 + €1e77%) — a1q(t)(1 + e2e™77)]
+e1p(t)e™*[—d /]R Ji(y)edy + di + ey +r1(t, 00) — p(t) + a1q(t)

—ri(t,2) + PO+ c1e77%) — arg(t) (1 + eze )]

= p(t)[r1(t,00) — ri(t, 2) + e1p(t)e™7* — eaa1q(t)e V7]
+eip(t)e " [—d; /}R Ji(y)edy + dy + ey + r1(t, 00) + r1(t, 00) — r1(t, 2)

+erpe " — eqarq(t)e 7.

e —1

By (Hs), we see that / J1(y)
small v > 0 such that

dy — 0 as v — 0. Hence, we can choose sufficiently

e —1

c>d; /RJl(y) dy. (2.17)
This implies that
Li[(@,0)](t, 2) = p(t) (1 + exe™7*)[r1(t, 00) = 71(t, 2) + ep(t)e™ 7 — e2a1q(t)e™ ]
>0

)

since 71 (¢, z) is nondecreasing with respect to z € R and e1p(t) > eaa1q(t).
Similarly, we can get
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Lo[(w,0)](t, 2) > q()(1 + e2¢77%)[ra(t, 00) = ra(t, 2) + €aq(t)e™"* — eragp(t)e™7]

>0

)

where
Lo[(u,v)](t, z) := v (t, 2) — do[J2 x v(t, 2) — v(t, 2)] — cv.(t, 2)

—v(t, 2)[ra(t, z) — v(t, 2) + agu(t, 2)].

Step2. Show Li[(u,v)](t,z) < 0. For z < 23 = %ln €3, since u(t, z) = 0 satisfies the
inequality above obviously, we only need to verify that £q[(u,v)](¢,2) < 0 for z > z3. In
fact, for z > z3, u(t, z) = p(t)(1 — e3e™7*) and v(¢, z) > q(t)(1 — e4e~7%). Consequently, by

(2.17), we have

L1[(u,v)](t, z) < p'(t)(1 — e3e77%) + e3p(t)e 7? <d1 /R J1(y)edy — dy — c*y)

—p(t)(1 = eze™™*)[r1(t, 2) = p(H)(1 = e3¢77%) + arg(t)(1 — eae™7?)]

<p(t)(1 —eze”®)[r1(t,00) — ri(t, z) — esp(t)e™ 7% + eqa1q(t)e 7).

Recall the facts that esp(t) > eqa1¢(t), €3 > 1 and li_>m ril ’OO)_a:Z( 2) _ A Let v >0
Z—00 e~ Qi
be sufficiently small such that if z > z3, then r(t,00) — r1(¢,2) < (A1 + 1)e”**. This

yields that for z > 23 and v < aq,

L1](w,v)](t, z) < p(t)(1 — ese™7%)e 7 [(Ar + De (@172 — egp(t) + esa1q(t)]

<p(t)(1 — e3e77%)e 7% [(A1 + 1)e™ (@772 — e3p(t) + eqarq(t)] -
Note that since e3 > 1, there holds

a1 —y

1
(Al—i-l)() 50 as v — 0.
€3

Therefore, we can choose v > 0 small enough such that

al1—y

1 ¥
(A1 +1) <€3> < p(t)es — aiq(t)es.
It follows that £1[(u,v)](t,z) < 0. Similarly, we can get La[(u,v)](¢,z) < 0.
The proof is completed.

O

Theorem 2.1. Under the assumptions (Hy)-(Hgz), then for any ¢ > 0, admits a
time-periodic forced pulsating wave (u(t,x),v(t,x)) = (¢(t, x — ct), p(t,x — ct)) connecting
(0,0) to (p(t),q(t)).
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Proof. From Lemma 2.5, (u(t, z),v(t, z)) and (u(t, z),v(t, 2)) are a pair of upper and lower
solutions of (|1.5)) with any ¢ > 0. It then follows from Lemma 2.4 that there is a time-
periodic forced pulsating wave (4(t, z),p(t,2)) € T' of (1.5). Next, we check that the
boundary condition

lim (6,¢)(t,2) = (0,0), lim (6, 9)(¢, ) = (p(t), a(t)).

zZ——00

Since

lim (w,7) = lim (u,v)=(0,0),

Z——00 Z—r—00

we have (d)(t,—OO),(p(t, _OO)) = (070) Because (070) < (Q,Q) < (¢7 90) < (U,f), taking
the limit on z yields (0,0) < (¢(t,00), ¢(t,00)) < (p(t),q(t)). Similar to Theorem 2.5 in

[41], we can get (4(t, 2), p(t,2)) € CH2(R%,R?). By Barbalat's theorem, we have

lim (¢ZZ) (Pzz)(tg Z) = Zh_glo(¢za (Pz)(t, z) = (07 0)

Z—00

Therefore, (¢(t,00),1(t,00)) is a positive periodic solution to the following equation

{#wzwwmw—¢+m@,
@ (t) = (02(t) — ¢ + az0).

Thus, (¢(t,00),1(t,00)) = (p(t),q(t)). This ends the proof.
O

3 Asymptotic behaviors of forced pulsating waves for (1.5

In this section, we investigate the asymptotic behaviors of (U, V)(t, z) of (1.8)-(1.9)
around (0,0).

Lemma 3.1. Assume that (Hy), (H2) and ¢ > 0 hold. Then the asymptotic behaviors of
the forced pulsating wave solution (U,V')(t,z) as z — —oo can be described as below

()-(3ET) e

where A;, i = 1,2 are positive numbers, and p1, o are solutions of

dy / Ji(y)e!Ydy — 1) —cur + B1(t) =0,
R

(3.2)
ds /h@W%%4~%m+@@=0
R
Proof. We concentrate the case z — —oo. When z — —oo, both U and V tend to zero.
Therefore, the terms U? and UV can be regarded as higher-order smallness and thus can
be discarded. This indicates that we need work on the linear system first.
By z -+ —o0 in and by virtue of the boundary conditions as well as the
assumptions on 7;(t, 2),4 = 1,2, the limiting system that follows can be deduced
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(3.3)

Up=di(J1 U = U) +cU, + UBi(t),t € RT,z €R,
Vi=do(Jo*xV =V)+cV, +Viy(t),t e RT x € R.

Making an ansatz U(t,z) = Ajdo(t)e "% with ¢o(t) being a T-periodic function.
When it is substituted into the first equation of (3.3]), the corresponding eigenvalue problem
arises

o (fpim) s

From (3.4), we can obtain

%@w:%mwwL[<m(Agﬂwwww—i)—au+mwﬁd%,

where p1 is the solution of

m(éhwwww—g—uu+&@=o

Similarly, making an ansatz V(t,z) = Agtho(t)e #2* with 1)y(t) being a T-periodic
function. When it is substituted into the second equation of (3.4)), the corresponding
eigenvalue problem arises

From (3.5)), we have

¢M0=¢d®mmL[<@<AjﬂwW”@—i>—qm+@®0d%,

where po is the solution of

@(Ah@ww@—o—am+@@=0

Thus, the proof is completed. O

4 Stability of forced pulsating waves for ([1.5]

In this section, we study the stability of the forced pulsating wave of the equation
(1.5). First we consider the initial value problem
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=di(J1 xu—u)(t,x) + ult,z)(r1(t,x — ct) — u(t,x) + a1v(t, x)),

ov(t,x)
ot

(w(0,z),v(0,2)) = (uo(z), vo()),
where (ug(z),vo(z)) € C(R,R?) satisfy

(0,0) < (uo(x), vo(x)) < (p(0),¢(0)),z € R.

Inspired by Theorem 2.5 of [41], in the process of studying the stability of the forced
pulsating waves, we assume the conditions

a1q(t) — p(t) < 0,azp(t) — q(t) <0

(4.1)

=do(Jo2xv —v)(t,x) + v(t,z)(r2(t,x — ct) — v(t,x) + agu(t, z)),

are always true.

Lemma 4.1. For any x € R, t € R", the mild solution of equation is satisfied

u(t, z, uo(x), vo(r)) = Pr(t)uo(x) +/0 Pr(t = s)[fi(s, - uls, ), v(s, )] (z)ds,

v(t, z,up(z),vo(x)) = Pa(t)vo(z) —i—/o Py(t — s)[fa(s, - u(s,-),v(s,))](x)ds.
Remark 4.1. Assume that (u(t, z, up(x),vo(x)), v(t, x, up(x), vo(x))), (u(t, x, po(z), o(x)),
v(t, 2, o(z), Yo(x))) are mild solutions to ({{.1)). If

(0,0) < (uo(2), vo(2)) < (¢o(x),%0(2)),t € RT,z €R,
then

(0,0) < (u(t, z,uo(x), vo(x)), v(t, z, uo(x), vo(x)))
< (u(t,x,¢0(x),¢0($)) (t € ‘PO( ),d}o(x))) t e R+ z € R.
(

In the following study, we abbreviate ug(z), vo(x), o(x), Yo(z) as ug, vo, Yo, Yo.
t

Lemma 4.2. Assume that (u(t, z,ug,vo), v(t, z,u0,v0)), (u(t,,po,%0), v(t, z, Yo, o)) are

mild solutions to ({{.1)). If (w0, v9), (w0, %0) € C(R,R), (0, %0) < (uo,v0), then there exists
a positive continuous function 0(-), ¢(-) defined on [0,400) such that

A z+1
U(t, €, Uug, UO) - U(t, Z, 0, ¢0) > H(M) / [U(to, Y, uo, UO) - u(t07 Y, %o, ¢0)]dy > 07

R z+1
v(t?xaumv()) - U(t,vaSDO,T/}O) > @(M)/ [v(to’yvuo’UO) - U(thyv @Ua¢0)]dy >0
z
forcmyM>O,a:€R and t > tg > 0.
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The proof of Lemma 4.2 is similar to Lemma 3.3 of [21], which will not be proved
here.

Lemma 4.3. Assume that (u(t, z,u, vo), v(t, z,u, vo)), (u(t, x, po, o), v(t, z, o, o)) are
mild solutions to {4-1). If (o, v0) < (uo,v0) < (p(0),q(0)), then

Il u(t, 2, w0, v0) — u(t, =, o, vo) [|< min{e (|| uo — o [| + [ vo — 2o [1), p(£)},

H U(t7$7u077)0) - ’U(t’ﬂ?#’o,%) HS min{e“t(H Uo — ¥0 ” + H vo — %o ”)7q(t))}7

where || - || is the mazimum value norm of C(R,R), u = 2max{M;, Ms} > 0, and
M7 = max max Ouf1 |, max Oy ,

! Lyl ixoao) ) T sy cto et wixoae | O P

My = max max Oufo |, max Oy .

2 Lo B wixoa@) | 72 1 et e wixioaen | 022 P

Proof. Assume d = min{d;, dy}, we have
I ult, z, o, vo) — ult, 2, 00, %o |
g/ Py(t) || f1(u(s,x,ug,vo),v(s,x,up,v0)) — f1(u(s,z, o, 10),v(s,x,po, %)) || ds
1 Prlouo = Prlo)go |
< / e~ =) (max | 8 f1 | - || u(s, z, uo, vo) — uls, z, @0, o) |
Fimae | 0, | | vls. 2, 0,v0) = 5,2, 0, 0) s+ Pr(t) [ uo — o |
< M1/ e~ (|| s, m, w0, v0) — uls, x, 00, %0) || + || v(s, 2, u0,00) — v(s, @, %0, %0) [|)ds
e ug — o ||
where

My = max max Ouf1 |, max Oy .
! Lo wixoa@) | T D et wixoaer | 221 D

Similarly, we can see
| v(t, w0, ) = v(t,, 00, o) |
= M2/ e~ 1) (| (s, w, w0, v0) — u(s, x, 9o, o) || + || v(s,, 0, v0) — v(s, 2, 9o, o) [[)ds
e g — o |
where

My = max{ | Oufa |, max | Oufa |}

(tau) €007 00 x[0.q(0) (tu0)€0.TIX 0.p(0))x 0.0(0)

Further, we can obtain
| U(’iax,uo,vo) —u(t, z, 0, %0) || + [| v(t, 2, w0, v0) — v(t, 2, o, Yo) ||

< M/ e~ (|| us, 2, u0,v0) — uls, x, 00, %0) || + || v(s, 2, u0,v0) — v(s, , 0, %) [|)ds
e (| wg — o || + || w0 — o |,
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ie.,
€dt(Ht u(t, x, ug, vo) — ult, z,0,%0) || + || v(t, 2, u0,v0) — v(t, 2, 0, %0) )
< u/ e (|| uls, z,uo, vo) — u(s, a0, v0) | + || v(s, z,uo, vo) — v(s,z, po, o) |)ds
+llwo— o |l + 1l vo — o I,
where p = 2max{Mj, My}. By Gronwall’s inequality, we can establish

|| U(t,l‘,uO,Uo) - u(t¢$a¢07w0) || + H U(t,$,U0,’U0) B ,U(ta'ra@OawO) ||
< ([l uo = o || + Il vo — o [])-

Therefore,
H U(t,fL’,UO,UO) - u(t’x7(10071/}0) HS e#t(H Up — ¥o ” + H Vo — 1/}0 ”)7
I v(t, @, uo, vo) — v(t, @, po, Yo) I< e (|| uo — o || + [l vo — to []).
Thus, the proof is completed. O

Definition 4.1. For any t € [0,T), = € R, if the continuous function (u(t,x),v(t,x)),
(u(t, =), v(t,x)) satisfy

u(t,x) > dy(Jq —a)(t,x) +ult,z)[ri(t,z — ct) —u(t,x) + a10(t, )], (4.2)
Ui(t,z) > do(Jo 0 —0)(t,x) + 0(t, z)[ra2(t, z — ct) — 0(t, z) + agu(t, x)], (4.3)
w,(t,z) < di(Jyxu—w)(t,z) +u(t,z)[ri(t,x — ct) — u(t,z) + ajv(t, z)], (4.4)
v (t,z) < dg(Jaxv—v)(t,x) +v(t, z)[r2t, z — ct) — v(t, ) + agu(t, x)], (4.5)
then (u(t,x),v(t,x)), (u(t,z),v(t,z)) are a pair of upper and lower solutions of the system

Lemma 4.4. Assume that (u(t,x),v(t,z)), (u(t,z),v(t,x)) are a pair of upper and lower

solutions of the system (4.1). If (u(0,z),v(0,2)) < (u(0,z),v(0,z)) < (w(0,z),v(0,z)),

then (u(t,z),v(t, ) and (u(t, ), v(t, ) satisfy (u(t, ), v(t,z)) < (u(t, z),v(t, z)) for any
t€10,T7), x € R. Therefore, has a unique classical solution (u(t,x),v(t,z)) satisfies
<

(u(t ), v(t, ) < (ult,2),o(t,2) < (alt,2), 0(t, 7).

Lemma 4.5. Assume that (u(t,z),v(t,z)), (u(t,x),v(t,z)), (wW(t,z),w(t, x)) are the upper
solutions of ad (g(t, x),v(t,x)), (u(t,x),v(t,x)), (w(t,z),w(t, z)) are the lower solu-

tion of the system . They satisfy (u(0,z),v(0,x)) < (u(0,z),v(0,z)) < (u(0,x),v(0,z))
(p(0,2),v(0,2)) < (u (0 ), v(0,2)) < (1(0, ), 7(0,2)), (w(0,2),w(0,2)) < (w(0,z),w(0,z)

< (@(0,2),w(0,2)). If
(w(0,2),2(0,2)) < min{(z(0, ), 7(0, z)), (w(0, x), w(0, x))},

then (i(t, z),v(t, x)), (W(t,x),w(t, x)) and (u(t, z),v(t, ) satisfy (u(t, ), v(t, ) <
min{(i(t, z),v(t,x)), (W(t, z),w(t,x))} for any t € [0,T), x € R. Therefore, has
a unique classical solution (u(t,z),v(t,z)) satisfies (u(t,z),v(t,z)) < (u(t,x),v(t,z)) <

min{((t, ), v(t, 2)), (w(t, z), 0(t, )}
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Lemma 4.4 and Lemma 4.5 can be derived from the classical theory of parabolic
equation mixed quasi-monotonic systems in Smoller [26] and Ye et al. [38], the proof is
omitted here.

Remark 4.2. By Lemma 4.5, min{(u(t,z),v(t,x)), (w(t,x),w(t,x))} is stil the upper
solution of the equation .

Theorem 4.1. If the initial function (ug(z),vo(x)) satisfies
(i) (0,0) < (uo(x). vo(x) < (p(0). 4(0)):
(ii) (u,v) < (ug(x),vo(z)) < (@,v), where (u,v), (u,v) are a set of lower and upper
solutions defined by Definition 4.1;
(iii) lirginf ugp(z) > O,lin_l)inf vo(z) > 0;
. . ug () _ . vo() _
() xEIElOO KieMz - 1’3,2\@00 Koerex =1
Let (¢, U¢) be a solution defined by Theorem 2.1, then we have

’U(t, T, UQ, UO)

lim sup 7u(t,x,uo,vo)
Ve(t, o — ct)

— 1| =0.
t—00 pegr | DE(t, @ — ct)

— 1‘ =0, lim sup

t—o0 zeR

Next we use the following lemmas to prove Theorem 4.1.
Lemma 4.6. (9(t, z), V¢(t,2)) is strictly monotonically increasing with respect to z, i.e.
OL(t,z) > 0,V(t,z) > 0.

Proof. The proof of Lemma 4.6 is similar to Lemma 2.4 of [41], which will not be proved
here. O

Lemma 4.7. Assume £t € R and € € (0,2], where € € (0,1). If v > 0 is sufficiently
small, o > 0 and o is sufficiently large, then (u,v)(t,z) is an upper solution of ,

where
u(t,r) = (1 +ee )0tz — ct — T —eoe™ ),

v(t,z) = (1 +ee ")W(t,x — ct — T —eoe™ ).

Proof. We only prove that u(t, x) satisfies inequality (4.2)), since v(¢, x) satisfies inequality
(4.3) that can be handled similarly.
Let T =2 —ct — &M —eoe™ M u(t,z) = (1 +ee )®(t, 7), we can get
ou(t, x)
ot

= —eve 'Ot T) + (1 + ce ) DE(t, T)
—c(14+ee ")®E(t, 7) + eoye (1 4+ ee 1) DE(t, T),
J1xU -1 = (1+ee ") (Jyx ®(t,7) — P(t, 7)),
and

u(ri(t,z — ct) —u+ a10)
= (1+ee ")0(t, 7)[r1(t,x — ct) — (1 + e ") D(t,7) + a1 (1 + ee ) UC(¢, 7)]
= (1+ee )0t 7)(r1(t,x — ct) — (¢, 7) + a1 V(L 7))

+ee (1 +ee ) OC(t, 7) (= DC(¢, 7) + a1 ¥E(t, 7).
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Therefore, we can get

dl(Jl * U — E) +ﬁ(7’1(t,$ — Ct) — U+ aﬁ) — Uyt
=dy(1+ee ") (Jy x ®°(t, ) — D(L, 7))
+(1+ee )0t 7)(r1(t, z — ct) — ®(t, 7) + a1 Ve(¢, 7))
+ee V(1 +ee )DL, T)(—PC(E, T) + a1 PC(¢, 7)) + eye  THDE(E, T)
—(14ee M)®E(t, 7) + (1 + ee )DE(t, 7) — eoye V(1 + ee ) DE(t, T)
= (1 +ee)[dy(Jy * D¢ — ®°)(¢t,7) + cP(t, ) — BE(¢,7) + PC(¢, 7)(r1(t, @ — ct) — PE(¢, T)
+a1W(t,7))] + ee (1 + ee )DL, 7) (= DC(t, T) + a1 UC(t, 7)) + eye 1LDC(¢, T)
—eoye (1 +ee M) DE(t, 7).
From the definition of the forced pulsating wave solution, we have
dy (Jy %D — D) (t,7)+cPL(t, 7) — Pf(t, 7) +P(¢, 7)[r1(t, x — ct) — P°(t, 7) + a1 VE(t, 7)] = 0.
In order to get (4.2)), we need to prove
(1 +ee )0t 7)[—DC(¢, 7) + a1 U(t, T)] + yPC(t, 7) — oy(1 + ee ) DE(¢, 7) < 0,
in other words,
(14 e ") 0C(t, 7)[— (¢, T) + a1 Ue(¢, 7)] (4.6)
< A @E(t, 7) + (1 + ce B (E, 7). |

Take a sufficiently large positive integer H and verify it in three steps.
(I)Assume | 7 |> H, when 7 — o0,

—(t, 7) + a1 ¥e(t, 7) = —p(t) + a1q(t).
For —p(t) + a1q(t) < 0, so we have
(1+ ce " d(t, )=t 7) + a1 ¥(t, 7)] < 0.

Since v > 0 is sufficiently small, oy > 0 is sufficiently large and € € (0,1), ®<(¢,7) > 0,
then —y®¢(¢,7) — 0 and oy(1 + e~ ") PE(¢, 7) — 0. e,

—y®C(t,7) + oy(1 + ee” THYDE(t, T) — oo
Thus, (4.6) is true;

(II)Choose | 7 |< H, we can get —y®°(t,7) + oy(1 +ee ) PE(t, 7) — oo by the same
proof as (I). Due to ®¢(¢, ), U¢(t,7) are bounded, then (1 + ee 74)®C(t, 7)[—D(t, T) +
a1 ¥e(t, 7)] are bounded. Therefore, is true, i.e., (t,z) satisfies inequality (4.2).

The similar method shows that if asp(t) — q(t) < 0, then (¢, z) satisfies inequality
. Thus, (w,v)(t,x) is an upper solution of . O

Lemma 4.8. Assume &~ € R and € € (0,2] for € € (0,1). If v > 0 is sufficiently small,
o >0 and o is sufficiently large, then (u,v)(t,x) is a lower solution of ({.1]), where

u(t,z) = (1 —ee ") (t,x — ct + & +eoe ),

v(t,z) = (1 —ee ")W(t,x — ct + £ +eoe™ ).
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Proof. We only prove that u(t, z) satisfies inequality (4.4]), since v(¢, x) satisfies inequality
(4.5) that can be handled similarly.

Let ¢ =2 —ct + & +eoe . When u(t,z) = (1 — ee)®(¢,<), we can obtain

du(t, x)
ot

= eve "O(t, ) + (1 — e ") DS(t, <)
—c(1 —ee™M)DE(t,5) — eoye V(1 — ee ) DE(L, ),
Jixu—u=(1—ce ") (Jx®(t,¢) — P(t, <)),
and
u(ri(t, @ — ct) —u+ av)
= (1 —ee ")®(t,¢)[r1(t,z — ct) — (1 —ee ™) D(t, ) + a1 (1 — ee ) WE(t, )]

= (1 — e )®C(t,¢)(r1(t,x — ct) — ®(t,s) + a1 Ve(t, <))
—ee (1 — e ) ®C(t,¢) (= PC(t, ) + a1 VE(t,5)).

Therefore, we can get

di(J1*u—u)+u(ri(t,z —ct) —u+ a1v) — u,
= di(1 —ee ") (Jy * (L, 5) — ®¢(t, <))
+(1 —ee ) ®C(L, <) (r1(t, x — ct) — ®E(L, <) + a1 ¥E(t, <))
—e (1 — ee™ M) ®C(t, ) (—eDC(t, <) + a1eW(t,5)) — eye  d(L,<)
—(1 —ee M™)DE(t,5) + (1 — ee” ™)DE(t, ) + eoye (1 — ee ) DE(¢, <)
= (1 —ee™)[di(Jy * D — ) (t, ) + cPE(t, ¢) — PE(t, <) + PC(L, ) (r1(t, @ — ct) — PC(L, )
+a1P(t,6))] —ee (1 — e )DL, o) (—PE(t, ) + a1 UE(t,<)) — eye 1L DE(t, <)
teoye V(1 — ee ) DE(L, <).

From the definition of the forced pulsating wave solution, we have
di(J1 % @ — D) (t,¢) +cPL(t, <) — Pi(t, <) + (L, <) [r1(t, x — ct) — P°(t, <) + a1 ¥(¢, )] = 0.
In order to get , we need to prove

—(1—ee™)@(t,¢)[=D°(t, <) + arWe(t, )] — v2E(L,6) + oy (1 — ee ) DE(L,5) > 0,

in other words,
(1 —ee ™)DC(t, <) [—D(¢, <) + a1 (¢, <)] (4.7)
< 7 (t,6) + (1 — e ) DE(E ). |

Take a sufficiently large positive integer N and verify it in three steps.
(I)Assume | ¢ |[> N, when ¢ — oo,

—P°(t,<) + a1 ¥e(t,s) = —p(t) + aiq(t).

For —p(t) + a1¢(t) < 0, so we have

(1 — e "HYDE(t, <) [—D°(t, <) + a1 T(t,6)] < 0
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Since v > 0 is sufficiently small, oy > 0 is sufficiently large and € € (0,1), ®(¢,<) > 0,
then —y®°(t,<) — 0 and oy(1 —ee ) PE(t,¢) — 0. ie.,

—y®(t, <) + oy(1l — aefwt)qﬁ(t,g) — 00.

Thus, is true.

(IT)Choose | ¢ |< N, we can get —yP°(t,s) + oy(1 — ee” ) PE(t,¢) — oo by the
same proof as (I). Since ®°(t,¢), U¢(¢,<) are bounded, then (1 —ee™74)®C(¢, ¢)[—D(t, ) +
a1¥¢(t,<)] are bounded. Therefore, is true, i.e., u(t,z) satisfies inequality (4.4).

The similar method shows that for agp(t) — ¢(t) < 0, v(t, z) satisfies inequality (4.5)).
Thus, (u,v)(t,z) is a lower solution of (4.1)). O

Lemma 4.9. Fore > 0, there is 71 = 11(€), for any 7 < 71, such that

inf u(t, ™ — ct — 2e,ug,vg) < P(t, 7) < supu(t, ™ — ct — 2, ug, vo),
>0 >0

(4.8)

inf v(t, 7 — ct — 2e,up,v9) < VE(t,7) < supov(t, T — ct — 2¢, ug, vy).
>0 >0
Proof. We know that

inf ®°(¢,7) < (¢, 7) < sup ®(¢, 7)

t>0 t>0
for any 7 € R. Since (®¢, ¥°) is a solution of (4.1f), there is 7 = 71(¢g), for any 7 < 74,
such that

inf u(t, 7 — ct — 2 < inf ®°(t
%20“<’T c 5’“0’”0)—,120 (t,7),

sup u(t, T — ct — 2¢, up, vg) > sup (¢, 7).
>0 >0

Thus, the first equation of (4.8) is true. The second inequality of (4.8)) can be proved
similarly.

O]

Lemma 4.10. There exist positive constants € € (0,1), v, o, 29, such that
(1 —ee™)®C(t, & — 20 + eoe™ ) < u(t,x,up,v0) < (14 e )DL, € + 29 — ede 1),

(1 — e ")W(t, & — 20 + eoe™ ) < w(t,x,up,v0) < (14 e )VE(t, € + 29 — eoe™ )
(4.9)
forallt > 1, z € R.
Then for all t > 1, we have

1 —ee " <inf ult, - — ct, uo, vo) < sup ult, - — ct, o, o) <1+ee
R (I)c(t’ -+ ZO) R (Pc(t, .- Zo)
1 — et < inf U(tv - — ct, ug, UO) U(tv s Ct,uO?“O) <1+ 56_7t.

et +20) —om Ut — 2)
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Proof. According to Lemma 4.2 and 4.7-4.9, there exist constants € € (0,1), v > 0, o > 0,
zo > 0, such that

(1 —ee™")®C(t, & + 29 + eoe™ ) < u(t,x,up,vo) < (1 +ee )Pt € — 29 — eoe™ 1),

(1 —ee™ )WL, &+ 20 + eoe™ ) < v(t,x,up,v0) < (14 e )VE(t, € — 29 — eoe™ )

for all £ € R. At the same time, these constants also satisfy the conditions of Lemma
4.7-4.8 when zy are sufficiently large. Therefore, the conclusion can be obtained from
Lemma 4.4. O

Lemma 4.11. For all € € (0,1), there exists a positive integer Hy, such that

(1 —e)®C(t, & + 3eo) < DL, &) < (1 +¢e)PC(t, & — 3e0),£ > Hy,
(4.10)
(1 —e)Ue(t, & + 3e0) < U(t, &) < (1 +¢e)¥(t,& — 3e0),& > Ho.

Proof. Considering the function (1 4 n)®°(¢,£ — 3no), we can obtain

57«1 L)%t € — 3no)} = (1, € — 3no) — 3o (1 + n)BL(E € — 3n0).

From the asymptotic behavior of the forced pulsating wave solution, there exists a
constant Hy > 0, such that

QE(t, € — 3no) — 30 (1 +n)P;(t,§ — 3no) >0
for any & > Hy. Therefore, we have
(1 —e)®(t, &+ 3e0) < Pt &) < (1+e)P(t, € — 3eo).
The second inequality of can be proved similarly. O

Lemma 4.12. Let z, H be the positive constants and (u™ (t,z),v" (t,z)), (u™ (¢, z),v™ (t, 1))
be solutions to the initial value problem of (4.1). Define x(y) = min{max{0,—y}, 1} for
any y € R, and assume that the initial values satisfy

(uF (0,2 — ¢),v=(0,7 — ¢)) = (®°(0, 2 & 2)x(x + H) + ®°(0,z £ 22)[1 — x(x + H)],
U0,z £+ 2)x(x + H) + ¥°(0,z £+ 22)[1 — x(x + H))).

Then there is a constant € € (0, min{3, Z}) such that
(ut(l,z —¢),vt (1,2 —¢)) < (14 ¢&)®°(t,x + 22 — 3e0), (1 + &) ¥(t, x + 22 — 3¢0)),
(v (Lz—c)v (L,x—c) > (1 —e)P°(t,x — 22+ 3¢0), (1 — e)¥(t,x — 22 + 3e0))

(4.11)
for any x € [—-H, 00).
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Proof. According to the definition of x(y), we can see (ut (0,2 — ¢),vT (0,2 — ¢)) <
(®°(0,z + 22), ¥¢(0,z + 22)). On the nonempty subset of R, we can obtain (u*(1,z —
c), v (1,2 —¢)) < (®°(1,x + 22), ¥¢(1,x + 22)) from the regularity of T'(¢) and the com-
parison principle. Let Hj satisfy the condition of Lemma 4.12. Since ut,v™", ¢, U¢ are
continuous functions, they are uniformly continuous on a bounded set. Then there exists
a constant ¢ € (0, min{3, Z}) such that

(um (1,2 —c),v (1,2 —¢)) < ((1 +&)®(t,x + 22 — 3¢0), (1 + &)V (¢, + 22 — 3e0))

for x € [-H, Hy — 2z].
From Lemma 4.11, we have that

(ut(t,z —c),vT(t,z —¢))
< (PC(t,x + 22), U(t, x + 22))
< ((1+e)®(t,x + 22 — 3c0), (1 +&)¥(t, x + 22 — 3e0))

for x € [Hy — 2z, 00).
The similar method can be used to prove the second inequality of (4.11). Thus, the
proof is completed. ]

t
Now let us prove Theorem 4.1, we only proof lim sup ult, z, uo, vo) _ 1| = 0. The

t—00 4 | PC(t, 2 — ct)
rest can be proved similarly.

Proof. Define 2™ :=inf{z | 2 € DT}, 2~ :=inf{z | 2 € D™}, where

: u(t>§ - Ct7“07”0>
DT = {z> 0] limsupsu <1},
{z=20] iy geg Pe(t, € + 22) 4

— S . u(t7£ - Cta anUO)
= >
Dr=te 20l " acie—29)

> 1},

According to Lemma 4.10, we can obtain [%zo, o0) C D*, 2% €0, %zo]. If z* =0, the
proof is completed.

Assume zt > 0, let 2 = 2, H = 27 (1 — %1), e € (0, min{?, =1}). Since z* € DT,
there exists ¢ > 0 such that

u(t', & — ct’,ug, vg) z
sup <14+ —7--,
R D(t, &+ 227T) max p(t)
te[0,T)

where 42 = ce™# min{ min ®°(t, —H — 3e0), min V°(¢t,—H — 350)}, = 2max{M;, Ma} >
te(0,T) t€[0,T)
0.

From Lemma 4.12, for £ € [—H, 00), we can obtain

u(t', & — ct' ug,vg) < (', € +22T)+E=ut (0,6 —c) +E.
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For ¢ € (—oo, —H], we can see
u(t', & — ct',ug,vg) < P, €+ 27) <ut(0,€ —¢).
Thus,
u(t' + 1,6 — c(t' + 1), up,v0) <ut(1,€ —¢) + 48t <uT(1,€ —¢) +e®°(t', —H — 3e0).
By Lemma 4.12, we have that
w(t' +1,& — e(t' + 1), up, vo)
ut(1,€ —¢) +e®(t', —H — 3e0)

(1+e)P(t', & + 227 — 3e0) +eP°(t', —H — 3¢c0)
(14 22)P(t', £ + 221 — 3e0)

<
<
<
for e7" > 1, £ € [-H,00). Since 3s0 < 2z, we can see that
uw(t' + 1,6 —c(t' +1),ug,v0) < O, &+ 27) <P, € + 227 — 3e0)
for £ € (—oo, —H]. Thus,
u(t' + 1,6 —c(t’ + 1)) < min{(1 + 2&)®°(¢, € + 227 — 3¢0),p(t)}.
By the comparison principle, we can obtain
wt' +14+t,&—c(t' +1+1t),up,v9) < min{(1+ 2eeM)P(t', £ + 22T — eo — 2e0e ), p(t)}.

Ift>0, & eR, we have

li . . U(t,f - Cta”Oa'UO)
im sup sup

<1
t—o0  £€R O(t, & + 221 —e0)

So we can see 2T — € D7 from the inequality. It is a contradiction. Therefore, z+ = 0.
For the case 2= = 0, we can prove it similarly.
Thus, the proof is completed.
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