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Abstract: The aim of this paper is to establish the boundedness of the bilinear #-type gen-
eralized fractional integral operators Bf@,g and their commutators BT, 8,0,b1,b2, generated by
b1,b2 € BMO(R"™) and B']A:'B’g, on Lebesgue spaces with variable exponent L) (R™). Under the
assumption that variable exponents «(-) and ¢;(-) for ¢ = 1, 2 satisfy the log decay at both infin-
ity and the origin, the authors prove that the BT, 8,0 and Bfg 0,b1,bo are bounded on the grand

Herz spaces with variable exponents K a(( >)’p )0 (R™) (or K, (’( )’p .6 (R™)) and the grand Herz-Morrey

spaces with variable exponents MKE)(e) ;< >(R") (or MK;‘)(Q) ;( )(]R"))7 respectively.
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1. Introduction

In 2022, Lu and Tao [12] introduced a bilinear #-type generalized fractional integral operator
BTB’Q, which is defined on the non-homogeneous metric measure spaces. And also they showed
that the BTW; is bounded from the product of spaces LP*(u) x LP2(u) into spaces L%(u), and it
is also bounded from the product of Morrey spaces MP (1) x MP2(u) into spaces M, (). The
following year, Lu et al. [18] prove that the BT} ¢ is bounded from the product of the generalized
Morrey spaces ME!(u) x Mf2(u) into spaces M/'(u) for pips = p. More researches on the
bilinear #-type generalized fractional and related operators on various functions spaces can be
seen in [11,13-15,17]. Inspired by these results, the definition of a bilinear #-type generalized

fractional integral operator BTB’Q on R” is as follows:

Definition 1.1. Let 6 be a non-negative and non-decreasing function defined on (0,00) and

/01 @ log <1>dt < 00. (1.1)

A function Kgg(-,-,-) € LL ((R")*\{(z,z,2) : € R"}) is called a bilinear 6-type general-

ized fractional integral kernel if there exists a positive constant C such that,

satisfy
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(a) for all z, ', y1,ys with z £ y;, i = 1,2,
c

[Kaotouo) < (Jz — y1|O=A) + |2 — yal(l’ﬁ))%l; )
(b) for all x,y1,ye with |z — /| < 1/2max{|z — y1|, |x — y2|},
|Kg.0(x,y1,92) — Kgo(@',y1,y2)| < (7= a9 4 o yzl(lfﬁ))%; (1.3)
(c) for all @, y1,y1,y2 with |y1 — 1| < 1/2max{|z — y1], [z — yal},
|Kp.0(x,y1,92) — Kgo(x, 91, 52)| < (o0 + o — y2|(1*5))2n; (1.4)
(d) for all z,y1,y2,y5 with |yo — y5| < 1/2max{|x — y1], |z — yol},
09( zilyz—y:éli )
|Ks.0(x,y1,92) — Koz, y1,5)| < o] =, (1.5)

(|;p — y1|(1*ﬁ) + |z — y2|(1*ﬁ))
where 8 € (0, 00).
A bilinear operator Bf&g is called a bilinear #-type generalized fractional integral operator
with kernels Kg g satisfying (1.2), (1.3), (1.4) and (1.5) if, for all f1, fo € LX(R™) with = ¢
(supp(f1) Nsupp(fa)),

BTsolf £)(a) = [ Koole.m. i) i) falve) e, (1.6

Given by, by € BMO(R™), the commutators Bfg,e,bl,bQ generated by b1, by and the Bfg,g is
defined by

BT5,6,0,,5: (f1, f2) (@) =by(2)ba () BTp.0(f1, fo)(x) — by (x) BT (f1,b2() f2) (x)
—by(z)BTp0 (b1() f1, f2) () + Bfﬂﬁ(h(')fh ba(+) f2) (). (1.7)

Also, the following definitions are provided for the commutators Bfg,&bl and BT5797b2:

BTp,0.6,(f1, 2) () = bi(2) BT p.6(f1, f2)(w) — BT (b1() f1, f2) (),

BTp.0.,(f1, f2)(@) = ba(2) BT,6(f1, fo) () — BIpe(f1,b2() f2) ().

Remark 1.2. (a) For any 6 € (0,1) and t > 0, if we take the 6(¢) = ¢, then the above bilinear
f-type generalized fractional integral operators Bf[;,g is just the bilinear generalized fractional
integral operators BT associated with kernel K (see [5]).

(b) If we take 8 = 0 in (1.2), (1.3), (1.4) and (1.5), then the operators Bfﬂ’g is just the
bilinear 8-type Calderén-Zygmund operators Ty in [10].

(c) If we take § = t® and 8 = 0 in (1.2), (1.3), (1.4) and (1.5) then the operators Bf&g is
just the bilinear Calderén-Zygmund operators T in [7].

As we also know, the theory of function spaces has many applications in harmonic analysis,

including partial differential equations and wavelet analysis [1,8,13]. In 1992, T. Iwaniec and
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C. Sbordone [19] first introduced the grand Lebesgue spaces LP) (R™). Since then, many papers
have focused on the bounded properties of integral operators on spaces LP), and we can find
n [2,28]. On these bases, further advances have been made in the study of the grand spaces
with variable exponents. For example, in 2020, H. Nafis et al. [20] introduced the grand Herz
spaces with variable exponents K;‘((_'))’p )’Q(R”), and they proved that sublinear operators T is
bounded on spaces K;‘((_'))’p W(R"). In 2022, H. Nafis et al. [21] proved the boundedness of
multilinear Calderén-Zygmund operators T on spaces K;‘((_‘))’p )’Q(R”) for —n/g;(00) < a;(0) <
a;(00) < n(1 —1/¢;(0)). In the same year, B. Sultan et al. [23] introduced the grand Herz-

Morrey spaces with variable exponents MK O‘)( );\(.)(R”), and proved that the Riesz potential

operator I7 is bounded from spaces MKO‘)( ):A L0 (R”) into spaces MKO‘)( ):A o (- )(R”). Subsequently,
the boundedness of a variety of operators Wlthln these spaces has been established, including
the fractional type Marcinkiewicz integral operators Mg , ., [3], Hardy operators H, H* [24],
higher order commutators of Marcinkiewicz integral [b™, ug| [25], among others. Moreover, more
development of the grand spaces can be seen in [16,17, 25, 26].

In this paper, the authors consider the boundedness of the 6-type generalized fractional
integral operators Bfg o and their commutators Bfg 0,b1,b, are bounded on grand Herz-Morrey
spaces with variable exponents M K )(9 o )(R") (or M Kp)( 9) ;\( )(R”)) and grand Herz spaces with
variable exponents K a(())’p ) Q(R”) (or K O‘(())’p ): G(R”)), respectively. Before stating the organization
of this paper, we need to recall some necessary definitions and notations.

The following basic facts about Lebesgue spaces with variable exponent are introduced by [27].

Let p(-) : R™ — (0, 00] be a measurable function, for any p(-),
1<p- <plz) <ps < oo, (1.8)
where

p— =essinf p(z) > 1; py = esssup p(x) < oo,
zER™ rER™

we denote p(-) € P(R™) if p() satisfy the above inequality, and if

p() () = / 1f(2) P da < oo,
then f € LP()(R™). It is obvious that it is a Banach space being equipped with the norm

£l pres ey = inf {A > 0 Ty (f/A) <1}

The following facts about log-Holder continuous can be found in [20].
A function g : R® — R is log-Holder continuous if there exists a constant C' = Clog > 0 such
that,

C 1
— < , -y < =, ,y € R™.
lg(x) — g(y)| < Togle + Tz =) e -yl <3, 2y
If the following two conditions
c n
9(2) = goo| < z€R (1.9)

~ log(e +[z])’



4 Jingi Wang and Xijuan Chen

and

C 1

lg(x) — g(0)] < ol < 3 (1.10)

= log(e + 1/lal)
are satisfied. In such cases, the function g(-) is said to have a log-decay at infinity and at the
origin, where g, = lim g(x).

Tr—r 00

We now recall the definition of a grand Lebesgue sequence space introduced in [22] as follows:

Definition 1.3. Let 1 < p < oo and 6 > 0. Then the grand Lebesgue sequence spaces [P)? is
defined by

1
p(1+e) 0
HXHlP)v@(X) = sup (60 E |xk|p(1+e)) = sup €70+ XHlp(lJrE)(X) < 00,
e>0 e>0

keX

where X = {x}rex and X represents one of sets Z, N and Z.

In conclusion, we recall the definition of grand Herz-Morrey spaces with variable exponents
(see [23]).

Definition 1.4. Let 0 < A < oo and 0 > 0. Suppose that the variable exponents ¢(-) € P(R"),
a(-) € L*®R") and a-) : R® — R, then the homogeneous grand Herz-Morrey spaces with
variable exponents MK )(g q)‘( y(R™) is defined by

A n n
MK )(O)q( y(R™) = {f IS Lfo(c (R™\{0}) : ||f||MK§)(,‘g;;(_>(Rn) < oo},
where

ko 1
p(1+e) p(1+e)
Hf”MKa)( ):A (&) T =sup sup 2~ koA( Z ||2ka )ka”Lq() R”)) : (1.11)

e>0 ko€Z k= —o00

The non-homogeneous grand Herz-Morrey space with variable exponents is
a(-),A ny __ ) n\ .
MKP) 0,q(- )(R ) {f € LIOC (R ) . ||f||MK:)(,g);()(]R”) < OO},

where

- (1 +e p(1+e)
ol = 9~ koA § 2890 fi | 7 oy .
||fHMKp>(,e)f:<~>(R") igg kilelgo < | RUELES

Remark 1.5. (a) If we take A =0 in (1.11), then the spaces MKa)( ), /\( )(R”) is just the homo-

geneous grand Herz spaces with variable exponents K O'(())’p ): Q(R”)

(b) When e = 0, then Kq((.) Pr0(Rn) = K;“((.))’p(R"); when ¢ = 0 and «(-) = const, then

0 ().p).0 gy _ from (g
Koy " (R = Ky (R™).

The paper is organized as follows: In Section 2, we prove that the #-type generalized frac-
tional integral operators Bﬁ;ﬂ and their commutators Bfgyg,bhbw formed by Bfgﬂ and by, by €
BMO(R"), are bounded from spaces LI()(R") into itself. Furthermore, we recall some fundamen-

tal lemmas that are required for the proof of the main results. In Section 3, we prove that Bfg}g
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and BTB,G,bl,bQ are bounded on spaces Mkéﬁg”;(_)(R”)(Or MK;(;@)”;‘(.)(Rn))_ In Section 4, the

boundedness of the operators BT and BTz 9,5, O spaces K;((.'))’p)’e(R")(or I.(:;((f))’p)’e(R”))
is also obtained.

It is now necessary to confirm the symbols and nations of this article. C represents an
constant independent of the main parameters, but it may be different from row to column. p(-)
represents the conjugate exponents defined by 1/p(-) + 1/p’(-) = 1. The expression f & g means

C1f < g < COyf. We also need denote By, = {z € R" : |z| < 2*} and Dy, = By\By,_1.

2. Preliminaries

In this section, we first consider the boundedness of the 6-type generalized fractional integral
operators BT@Q and their commutators BTB,G,bl,bz generated by the Bf@g and by, bs € BMO(R"™)
on the Lebesgue spaces with variable exponent L)(R"). Furthermore, to show the main theo-

rems, we need to recall some basic facts.

Lemma 2.1. Let 1 < p; <p;j < co. Suppose that g;(-) satisfy (1.9), (1.10) and ﬁ = ﬁ +

ﬁ — 28. Then there exists a positive constant C' such that, for all f; € LY%O)(R™)(i = 1,2),

1BT,6(f1, fi)ll e @ny < Cllfill oo @y 1f2ll Loz (mny-

Lemma 2.2. Let 1 < p; < pi < oo and b; € BMO(R"). Suppose that ¢;(-) satisfy (1.9),

(1.10) and ﬁ = ﬁ(m) + %#(I) — 2B. Then there exists a positive constant C' such that, for all

fi € LEOR)(i = 1,2),
IBT5,0,6,,0 (f1, f1) |l Lac) gy < Cllballsl[b2ll | f1ll par ) @y L f2ll Loz (-

Remark 2.3. The proofs for Lemma 2.1 and Lemma 2.2 are similar to the proofs of Theorem

1.1 and Theorem 1.2 in [6], respectively. Consequently, they are omitted here for brevity.
The following generalized Holder’s inequality can be found in [4].

Lemma 2.4. If p(),q(),7(-) € P(R™) by 1/r(z) = 1/p(x) + 1/a(a), for any | € LPO(R™),
g € LIO)(R™) and fg € L"O)(R™), such that

||fg||Lr<~>(Rn) < ||f|‘LP('>(R”)HQHLQ<'>(R”)~
Finally, we recall the following characterisation of the spaces BMO(R"™) introduced in [9].
Lemma 2.5. Let b € BMO(R™), k > [ and q(-) € B(R"™), then

1
sup

(0= bB)xBl Lac) @) = (0]«
Bern X8l L) n) LaO) (R")

and

(0 = bB)XB. | focs ny < Ck = DIbllXBN ot @y
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3. Estimate for BT, and BTj4,,,, on spaces MKosf) (R

In this section, the authors mainly consider the #-type generalized fractional integral oper-
ators BT and their commutators BT 4, 4, generated by by, by € BMO(R™) and the BT},
are bounded on spaces MKp)(G) " )(]R") (or MKp)(G) o )(R”)). The main results of this section are
stated as follows:

Theorem 3.1. Let 0 > 1, a() and q(-) satisfy conditions (1.9) and (1.10). Suppose that
% = = (I) + Tz(m), n(la;) = ql(m — B and nf — —("OO) < @;(0) < a;(o00) < n— ﬁ are
established. Then there exists a positive constant C' such that, for any f; € MKO”)( );‘1( )(R"),

1BTs0(. fQ)HMKpa)(fe))f;(v)(R") = CHfl||MK§11>(,'9),’:11(»(R")Hf2||MK§22)(,'9),’;22<»(R”)’
where X = A1 + A2, a(z) = aq(z) + as(x) and 1% = p% + p%.
Theorem 3.2. Let 6 > 1, by, by € BMO(R"), a(:) and q(-) satisfy conditions (1.9) and (1.10).

Suppose that ﬁ = %(m) + Tim), néz) = ﬁ — B and nf — < ;(0) < aj(o0) <n— %

are established. Then there exists a positive constant C' such that for any f; € MK )(6?;‘( )(]R"),

@)

18T (s Fo)laggeern oy < Ol il ons g Ibellllfolyg s gy

where A = A1 + A2, a(x) = aq(z) + az(x) and % =14 L

p1 p2”

Remark 3.3. The results of Theorems 3.1 and 3.2 can be applied to non-homogeneous Herz-

Morrey spaces with variable exponents using similar arguments.

Proof of Theorem 3.1. Let f; € MK;’)(Q);( )(R”), and decompose

=Y f@x@ =Y file), @)=Y k@@ =Y (@)
l=—o00 l=—c0 j=—o00 j=—00

By Minkowski’s inequality, we obtain

HBfﬁ-,G(fla f2)||]wKa(-),x (Rn)
P),0,q(+)

N p(I+e)\ pire
<sup sup 2_k0>\< Z ( Z Z HZ’CO‘()BT,QQ fl’fz XkH ()) >

€>0 ko€Z k=—00 \l=—00j=—00

=E1 + Ey + Es + Eq + E5 + E¢ + E7 + Eg + Eo,

where

k-2  k— p(I+eN\ 7o
B (43 (5 [rostoctan,,) )

>0 ko€Z k=—00 \l=—00j=—00

k+1

ko k—2 p(1+¢) FICEDS)
B A

e>0 ko€Z k= — oo l=—o0 j=k—1
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ko [ k=2 oo 5 _ P+ Frey
E3 = sup sup 27704 (ee Z ( Z Z ‘Qka(.)BTg,a(f{,fg)Xk ’q(.)> ) ;

>0 ko€Z b oo \ 1m0 johi2

> 5 [eostot ),

Es =sup sup 2
e>0 ko€Z

S |0 BTa(A, A
=k

>0 ko€Z

E; =sup sup 2™
e>0 ko€Z

k
> 5 st v,

Eg = sup sup 2™
e>0 ko€Z

el ) )
(2 ) )
(2 ) )
(= (2 ) )

S5 st |,

I=k+2 j=k—1

p(I+ON paTo
Eg = sup sup 2_’“0’\< Z (Z Z H2ka )BTﬁe f1,f2 XkH ) > .

>0 ko€Z k=—oo \l=k+2j=k+2
It is necessary to estimate E;, Fo, E3, E5, Eg and Eg, since E4, E7 and Eg can be obtained
by following a similar methodology to that used for Es, E3 and Eg, respectively. Then, For Eq,
we first set [,j < k—2, € Dy, y1 € D; and y» € Dj, such that |z — y;| > C2F. Then, for

x € Dg, we can obtain
BTl @] <co2re 00 [ land
<Co D) A Lo (3.1)

From the Minkowski’s inequality, it follows that

p(1+e€) m
E; <sup sup 2‘"’"*( Z 2'““(0)( Z Z HBTBG 1) ka ()) )

>0 ko€Z =00 j=—00

—1 —1 P(1+€) ﬁ
-+ sup sup 2 koA( 922’” °°)< > D HBTﬁ,e(ﬁ,f%)kaq(J >

>0 koEZ oo jo oo
1 k-2 P+ 57
+ sup sup 2k0/\<022mm ( ZHBTBG f17f2 XkH ) )
1= =0

>0 ko€Z i
k2 P+ON 5rve)
+ sup sup 2~ W( 922’”(“’)< HBT,B,e(ff,fi)Xqu(J )

>0 ko€Z 1=0 j=—o0
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k—2 k-2 N e
vop s (055000 (25 ool ) )

>0 ko€Z = = i
=Ei11 + Ei2 + Ei3 + E1s + Egs.

For E;1, by (3.1) and Lemma 2.4, we consider

1
Ei; <Csup sup 27 koA <60 Z ghel0 ( Z 2= (- )Hfqul(»)

e>0 ko€Z

k=—o0 l=—00
. ) p(146)\ 7TFT
C 3 ok ||f2||q2<>
j=—o00

k—2 . PLA+ON srave
<C'sup sup 270N > 2hr 90 (st =) 1),
k——oo

e>0 ko€Z

l=—o00
k—2 , , p2(l+e)\ 7oaTe
X sup sup 27 koA Z 2ka2(0)2(k_])(‘12<0) )||fg||q2(-)
>0 koEZ k__oo e
=Ei, x Ef;.

For Ei,, we have established that it satisfies the inequality

-1 k=2 k=) ( =2 —ntaq(0))py (146
B}, <C'sup sup 27500 ( 2 (Z om0l e )e [EHA HE))

e>0 ko€Z

k=—o0 l=—00

k-1 -y (ﬁ—wal(m)p’l(ue)
X E 2 2

l=—0c0

p1(1te)

1
p’1(1+e)> p1(1Fe)

With an argument similar to that used in the estimate for Ei,, it is easy to get

<C|l Al

MKOI( ) >\1 (R")

h < Clf|

MEG 02 ()
For Ej9, since ¢;(0) < ¢;(00) and «a;(0) < a;(00) are given, we deduce

R (O W Ve

e>0 ko€Z b—0 I—— oo

1 N ) p(l+e)\ 7T
o Z Q(kﬁ(qam)")llfﬁﬂqz(')) )

j=—o0

ko -1 pi(l+eN\ FraTe
<C'sup sup 2~ M( "> ( > 2k°‘1(°°)2(k”(qlm>”)Ilff||q1(~>> )

>0 koeZ k=0 \ I=—o00

5 lan o

ko —1 P21+ 77075
X sup sup 2~ k")‘2< 0 Z < Z ghkaz (o) g(k=7) ("2“)) )||f2||q2( ) )

€>0 ko€Z k=0 \j=—o0

ol 2
=Eq, x Efy
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The estimates for Ei,, E2, and Ei, are similar, hence, it is easy to get

ELEZ <C f1 PSTORY Al fe o ()oA -

122 | HMKpll),e,qll(-)(R )H HMKpf»e,qf(-)(R )

For Ej3, by (3.1), ¢1(0) < ¢1(00) and a4 (0) < a3 (00), we get

ko -1 (00 (b l)( B ) p1(1+e€) m
Ei3 <C'sup sup 27 %or [ ¢ gkar(00) o= (Fiey—n) ety
e e>0 ko€Z Z Z ||f1||q1( )

k=0 \l=—o0
ko [ k—2 P2(1+e)\ FriiTey
x sup sup 27 FoAz [ ¢f Z Z2ka2(oo)2(k oy )||f§||q2(.)
e>0 ko€Z k=0 \ j=0

=Ei; x Ef;
With a way similar to that used in the estimate for E;q, it is not difficult to get

B < ClA ||MK§11>(,'3,’;11<«>(R") Hf2||MK§22>(,'9>,’;§<«>(R")'

From the symmetry, by E 3, we get

< n (- as(. .
Fa = CHfl||MK§11>(,9)f:11<->(Rn)Hf2||MKS;(,S)::;(»(R”)

For Eq5, from (3.1), Lemma 2.4 and ﬁ —n+ a;(00) < 0, just like E;7, we obtain

< (- (- .
E15 >~ CHfl||MKp11)<1(3:;\11<4>(R")Hf2||MKp22)(19):;22<4)(R")

For By, weset | < k-2, k—-1<j<k+1, z¢€ D, y» € Dy and y» € Dy, such that
|z —y1| > C2% and |z — y2| > 0. For = € Dy, we deduce

[BTaa(fl, )| <c2 2409 [ [ i)l eldmdse
<C2 =D ol £ oo,

by this and the Minkowski’s inequality, write

k-2 k1 PN prs
E, < sup sup 2~ koA ke (0) HBT o(f1, 13 XkH
sup sup Z . 2 | BTsolfi f3

l=—0c0 j=k—1

1 kt1 O e]
+ sup sup 27 For [ /) " ohel(e0) HBT o(fl. f3 chH
sup sup Z > D ||BTsefi 5

l=—00 j=k—1

k=2 k+1 PA+ON satrs

+ sup sup 2R | €? ) " ghalee) HBT o(f1, H

e>0 ko€Z Z ; —Ek: B, f1 fz Xk
J 1

=E21 + Ea2 + Ea3.

For Eq1, by (3.2) and Lemma 2.4, we conclude

-1 k—2 0ok l)( . ) p1(1+4e€) m
E SC sup sup 2_k0>\1 60 2]@011 0 2 — T('O)—n fl .
2 e>0 koEZ Z Z || 1||q1( )

k=—o00 \l=—00
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1 p2(1+e) 4p2(}+e)
X Sup sup 2’“’)‘2( 0 Z ( Z ghaz(0)g(k= ])( )||f2||qz( )) )

>0 ko€Z ke oo \ joho1

ol 2
=Ej; x E5

Since Ei; and Ei; are the same. Thus, we only turn EZ,

1 k+1 p2(1+e) po(1+e)
EZ, <C'sup sup 2702 (69 Z ( Z gka2(0)9(k=) (G- )||f2||q2()> )

e>0 ko€Z k=—o00 = k—1

-1 p2(1+e)
SCsup sup 27/’@0)\2 (69 Z 2ka2(0)p2(1+6)|f§|§j§g+e)>

€>0 ko€Z i

<Cllfollpriozrz | gmy:

For Egg, by (3.2) and Lemma 2.4, we get

ko -1 p1(1+e) P1(i+€)
Egs <C'sup sup 2~ ko)“( 0 Z ( Z 2k“1(°°)2(k_l)(q1(°)_n)||f{||q1(-)> >

€>0 ko€Z k=0 \l=—o0

ko [ K+l o , P2(1+O\ 5oivey
X sup sup 2~ FoAz ( 0 Z ( Z 2ka2(°°)2(k_J)(q2(°°)_n) ||fg||q2(-)> >

>0 ko€Z k=0 \ jeho1

_pl 2
=E3, x Ej,.
Since E3, and E3; are similar, and E}, = Ei,, it is easy to get

Egy <C|\f1||MKa1<>A1 (Rn)Hf?”MKaz)())\z (&

For Eo3, by (3.2), we obtain

ko [ k—2 Pr+ON 5T
Eg3 <C'sup sup 2~ *oM (60 Z (Z 2ka1(°°)2(k_l)(q1<5°) ) ||f{||q1()> >

e>0 ko€Z

k=0 \ =0
ko k+1 ' 4 p2(1+eN poiirey
X sup sup 2 ko2 | (0 Z Z 2ka2(oo)2(k_]>("2(°°)_n) ||f§||q2(-)
>0 ko€Z k=0 \ j=k—1
=E33 x E3;,

we can find E3; = Ei; and E3; = EZ,. Therefore, we obtain an estimate of Egj.

For Es, weset | <k —2,j>k+2, 2 € Dy, y1 € D; and y» € D, such that |z — y1| > C2F
and |x — ya| > C27. For x € Dy, we obtain

Bfﬁ,a(fimfé <C/ / |f1 Y1 HfQ(yQ)‘ QndyldyQ
" JRe 2k<1 B) 4 2i(1— >>

<C2 nk(- B) pad Vit Py 4 P (3.3)




Mapping property for bilinear 0-type generalized fractional integral operator on grand spaces
write
-1 PN prre
E3 <sup sup 27%* | ¢ Z ke (0) Z Z HBT/j@ L XkH
e>0 ko€EZ e I— P
=—o0 —o0 j=k+2

P+ 5are
4 sup sup 2~ koA( QZQka(OO)< Z Z HBTBG fl,fz XkH ) >

€>0 ko€Z k=0 I=—oc0 j=k+2

_ N ee)
4 sup sup 2~ koA( Gzzka(m) (Z Z HBT@g(ﬁ,fg)XkH ()) )
al-

>0 ko€Z =1 j—ht2

=E3; + E32 + Ess.

For E31, we obtain

1 k2 pL(A+ON T
E3; <C'sup sup 27FoM (69 > < > 2’“’”(0)2('“‘”(‘11"(‘”_”)IIffllql(-)> )

e>0 ko€Z k=—o00 l=—o00

1 o p2(1+e) m
X sup sup 2~ FoAz <€9 Z ( Z 2k°‘2(0)2(k_])(q2(°°)_n6)||f§||q2(-)> )

>0 ko€Z k=—o00 \ j=k+2
_wl 2
=B 3

It is easy to see that E; = El;, hence, we only estimate E3,. Write

1 -1 ‘ ) p2(1+eN 7070
E2, <C'sup sup 2~Fods <€e 3 ( 3 2ka2(0)2(kj)(q2(oo)nﬁ)”fgnq?‘(.)) )

€>0 ko€Z k=—o00 \ j=k+2

1 o ) ’ p2(1+e) m
+ sup sup 9—koXz <€0 Z (Z 2ka2(0)2(k7])(7q2&0) 7nﬁ) ||f§ ”q?(.)) )

€>0 ko€Z fe—oo \ =0

=D, + Ds.

With an argument similar to that used in E};, it is easy to get EZ;. For Es2, by (3.3) and

q1(0) < ¢1(00), write

ko -1 piltoN mraTe
E3zo <C'sup sup 9~ koM (ee Z < Z 2’“‘1(00)2(]671)(@7”) |f{||q1(.)> )

>0 ko€Z

k=0 l=—00
ko o L _ p2(Ite)\ pave
% sup sup 27502 (@3 [ 50 ghas (00) o (k—i) (7577 —n8) 1 st
>0 ko€Z =0 \ johio
1 2
:E32E32

It is obvious to find that Ei, = Ei, and the estimate of E2, is similar to Dy. Hence, we have

< o (- .o .
Eaz < CHfl||1V[Kp11)(,;f:11<->(R")Hf2||MKP;)(,gqufm(R”)

11
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For Ess, just like Egs, we obtain

ko [ k-2 p1(l+e)N\ 7T
Es3 <C'sup sup 2~ koM ( o Z <22k"1(°°)2(k l)(‘“(‘”) )”ﬁqu(-)) )

>0 ko€Z o\
ko 0o , . P2(149\ 7070
X sup sup 2~ koXa [ 0 Z Z 2ka2(oo)2(k—J)(4q2(oo> —nﬁ) ||f§ ||q2()
e>0 ko€Z k=0 j=k+2
1 2
:E33E33’

we have Ei; = El; and EZ; = E32,, thus Es3 is estimated.

For E5, by Minkowski’s inequality, write

k+1 k41 p(+eN para
Es; < sup sup 2ko>\< Z oka O)( Z Z HBTge fl,fz XkH ) >

>0 ko€Z I=k—1j=k—1

B4+l k41 p(+oN e
+ sup sup 2~ k")‘( 922’““(0‘3)( Z Z HBTﬁe f17f2 XkH ()) >

€>0 ko€Z I=k—1 j=k—1

=Es51 + Eso.

Applying Lemma 2.1, we obtain the following result

—1 k+1 pi(lt+eN prave
<C'sup sup 2~ FoM <69 Z ( Z 2ka1(0)||f{||q1(-)> )

Es1
e>0 ko€Z k=—o00 l=k—1
-1 k-+1 p2(lteN\ mavg
—koA 0 kaz(0) | £7
X sup sup 277072 [ ¢ E E 25201 £l 4
€>0 ko€Z k=—o00 j=k—1

:CHfl ||1\/[K§11)<1'9)::11(4)(Rn) Hf? ”MK::;)(,-G):;;L)(RH)’

as with the estimation of E5q, the estimation of E5o follows a similar procedure and is therefore
easy to obtain.

For Eg, weset k —1 <1 < k+1,52>k+2, € Dg, y1 € Dy and y» € Dj, such that
|z —y1] > 0 and |z — y2| > C27. For x € Dy, we have

Lol )| <c2 30 [ ]|l e s
<C27 =R I D £ | £ | o (3.4)

from this and the Minkowski’s inequality, it then follows that

P+ prre
Eg < sup sup 2ko>\< Z gka O)( Z Z HBTﬁg fl,fQ XkH ) )

€>0 koEZ ISh 1 e

p(I+eN maTa
+ sup sup 2~ koA( GZQka(OO)< Z Z HBT'BQ fl’f2 XkH ()) >

€>0 ko€Z I=k—1 j—k+2

=E¢1 + Ego.
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For Eg1, we conclude the following inequality holds

—1 k41 pil+eN zravo
Eg; <C'sup sup 27 %M (69 > < S k(@b (e )||f1||q1( > )

>0 ko€Z e —oo \I=Fk—_1

1 0o . p2(1+e) m
X sup sup 27 koA <€6 Z ( Z 2’“0‘2(0)2(16_])("2?“)nﬁ)“fg”qz(-)) )

e>0 ko€Z b — oo J=kt2

_ml B2
=Eg1 E6,-
El, is similar to E%,, and since E2; = E3,, it is easy to get
Ee1 < C[lfillyygercrn I f2ll v one :
MK, 6lay () B TIEIMELY g ony (R
For Ega, by (3.4) and Lemma 2.4, we consider

ko k+1 p1(l+e) p1(1+e)
Ega <C'sup sup 2~ koM (60 Z < Z 2ka1(oo>2(k—l)(7q1<so>—") ||f{||q1(,)> >

>0 ko€Z k=0 \l=k—1

ko [ oo . ‘ p2(IHO)\ FraF9
X Sup Sup 2—k0/\2 <69 Z ( Z 2k?a2(00)2(k_])(q2(§o) _77/16) ||fg||q2()> )

e>0 ko€Z k=0 \ j=k-+2
_pl @2
=Ego o
Since the estimates of E}, and EZ, are similar E2, and E2;, respectively, it is easy to see that

E62<0Hf1||MK01()>\1 (Rn)HfQ”MK(Q)())Q (R7)"

For Eg, we set [,j > k+2, x € Dy, y1 € D; and y2 € Dy, such that |z — y1| > C2! and
|z — y2| > C27. For z € Dy, we have

Bfﬁﬂ(fiyfg < C/ / |f1 yl ||f2(y2)| ndyldyQ
" JRre 21(1 B) 4 24(1- 5))

< c27™0- ||f1||L12 MO ) s, (3.5)
by Minkowski’s inequality, we have

p(1+e) ﬁ
Eg <sup sup 2"“‘”‘( Z 2k°‘(0)< Z Z HBTBB 1.5 XkH ()) )

€>0 ko€Z I=kt2 j—k+2

PN mrs
+ sup sup 2~ k(J)\( GZQka(OO)< Z Z HBTge fl,f2 XkH ) )

€>0 ko€Z I=k+2 j—k+2
=Eg1 + Eogs.

For Eg1, by (3.5) and Lemma 2.4, we obtain the following result

—1 oo nt+eoN srars
Eo; <C'sup sup 2~ ko (69 Z ( Z Qkal(O)g(k—U(ql(oo)—"ﬁ)||f{||ql(_)> )

€>0 ko€Z k=—oo \l=k+2
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1 o . p2(1+e)\ o709
X sup sup 2~ F0A2 (ea Z ( Z 2k“2(0)2(kj)(“2(°°)nﬁ)”fg“qzt)) )

€>0 ko€Z oo \ johio

_rl 12
_E91E91 .

It is easy to find that E§; and E2, are similar to E3,, hence, here we omit the details of the proof.

For Egs, it is easy to get

ko S pil+eN zravo
Ego <C'sup sup 2~ M( "> < > ghe 09040 (s =) ||ff||q1(-)> )

€>0 ko€Z k=0 l—k+2
ko oo P2(1+O\ 079
ke
X sup sup 2~ ko2 GE E gkaz ()9 alon nﬁ)”fz”qz(
e>0 ko€Z k=0 \ j—k+2
ol 2
=Eg,Egy

Since the estimates for EJ, and EZ, are similar to E3,. So, it is not difficult to obtain that

Egs <O|\f1||MKa1<>A1 (Rn)HfQ”MKaz)())\z &)’

Which, combining the estimates for Ei, Eo, ---, Eg, yields the desired result. Hence, the

proof of Theorem 3.1 is finished.
Proof of Theorem 3.2. Let ||by|. = ||b2]|« =1, fi € MKO")(Q);;( )(R”), and decompose

= > f@x@ =Y fila), fol)= Z f@)xi@) = Y fi(z)

l=—00 l=—00 j=—o0 l=—o00

By Minkowski’s inequality, we obtain

HBT,Bebl b (f1, f2) H (R™)

a(),A
MK

1
p(14e) ) 7079
a(-)

ko P(I+eN pare
<o (4 35 (35 [Tt i, ) )

€>0 koCZ k=—oc0 l=—00 j=—o0

ko
g (2 35 (5
e>0 kg€EZ b — oo

=F1 +Fo +F3+F4+F5+Fg +F7 4+ Fg + Fo,

where

ko k=2 k- _ , PA+ON pre
Fy = sup sup 2_]““( > ( > Z 250V BT 0.5, 1, (f1, 3) Xk q(')> ) ;

€>0 ko€Z k=—o0 \l=—o0 j=—00

ko k-2  k+1 B ‘ p(I+e)N\ aTo
P (4 3 (5 rontonnoin,) )
.

e>0 ko€Z k=—o00 l=—00 j=k—1

ko k—2 S _ . p(1+¢) P(A+e)
Tl CI Dl (D S ol XL YR TNE VY
— _ at

e>0 ko€Z l=—o0 j=k+2
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k+1 k-2 p(1+e)
Z ‘2ka(.)BTﬁ797bhb2(‘f{afg)Xk ‘
€>0 ko€Z = a()

=—00

ko
F4 = sup sup 2~ FoA (69
k

Fs =sup sup 27 koA

>0 koEZ

S (250 BT, (L H
=k

Fg = sup sup 27 F*

e>0 ko€Z

25O BT 0.0, (11, )

F7 =sup sup 2~ koA

>0 ko€Z

Z Z 25°0) BT 0., 0, (1. 1) X

Fg = sup sup 2~ FoA

e>0 ko€Z

/\ /\ /—\ /\
%
g
/N N VR VR VR
Il
Mz
(]

Yo 2B (1 1)
=k

ko 00 00 N 4 p(1+€) ﬁ
o2 (¢ 50 (355 [ntnitabnl, ) )T
.

€>0 ko€Z ke—oo \I=kt2j=k+2

It is necessary to estimate F1, Fy, F3, F5, Fg and Fy, since Fy, F7 and Fg can be obtained
by following a similar methodology to that used for Fo, F3 and Fg, respectively. For F1, we set
l,j <k—2,2 €Dy, y1 €Dy and y» € Dy, such that |z — yil > C2*. For z € Dy, we can deduce
that

|BT5.0.0. (7L, ) (@)

<0200 [ @) = bl )i [ Poae) = a1 ()l
§02_2"k(1_5)(|51($) —bg,| /Rn [f1(y)ldy + /Rn bB, — bl(y1)||f{(y1)|dy1)
(1) = b, [ 17l + [ b, = balon)l ) )

<C2 2 =) o (196) = bmllballg e + (1165 = Bl )

< s (1820) = b, sl + 10, = Bl ) (3.6)

From Minkowski’s inequality, it follows that

—1 k—2 1+) :D(11+F)
F, < sup sup 2k°>‘<69 Z ke (0 < Z Z HBTBGbl,bz flan XkH > >

>0 ko€Z oo o0 jm=—oo0

-1 -1 p(+eN sare
+ sup sup 2~ k“)‘< GZQka(oo)< Z Z HBT,80b1,bz f17f2 chH > )

e>0 koEZ =00 j=—00
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-1 k-2 p(1+e) P(llJre)
+ sup sup 2~ k(’)‘( GZQka(OO)< Z ZHBTﬁMl,bz L XkH ) >

€>0 ko€Z =0 1= =0

k=2 -1 B 4 p+oN 5a¥e)
+ sup sup 2° W( 922'“1(00)<Z ) HBTBﬂ,bl,bz(ﬁ,fﬁ)ka ()) )
ol

€e>0 ko€Z 1=0 j=—oc

k—2k—2 p(l4+e)\ 5re
4 sup sup 2~ ko)\< 922ka(00)<ZZHBT5951’b2 fl,fz XkH > >

e>0 koEZ 1=0 j—=0

=F11 +Fi2 +Fi3+Fig +Fis.

For Fy1, by (3.1), (3.6), Holder’s inequality, Lemmas 2.4 and 2.5, we consider

1 k—2 p(I+eN praTa
F1; <C'sup sup 2~ oM <€9 Z ( Z (k — l)2k“1(0)+(k_l)(m_”) ||f{||q1(.)> )

e>0 ko€Z k——o0 1= — oo

—1 k—2 ' ‘ p2(1+O\ 079
X sup sup 2~ koAz (60 Z ( Z (k —j)?kaz(o)ﬂk_])(”m) )”fzJqu(-)) >

€>0 ko€Z k=—oo \ j=——o00

_l 2
=F;; x F1;.

For F1,, we have

-1 k—1 k=) ( =2 —ntaq(0))py(14e)
R ) e )

e>0 ko€Z b——o00 \l=—o0

k-1 , (5=0) (7 —n+01 @) 4 (1)
(5 oyl

l=—00

p1(1+e)

1
p'1<1+e)> pr(1Fe)

With an argument similar to that used in the estimate for Fi,, it is easy to get

<C|f1

HMKsll)(,g,‘;f(-)(R")'
2
< . . .
i = C||f2||MK§22>(,3f222<~>(R"')

For Fys, by (3.1), (3.6), Lemmas 2.4 and 2.5, we deduce

PLI+ON FriTe
F1y <C'sup sup 2~ FoM < QZ ( Z — [)ken (k=D ) (3t - )||f]||q1( )> )

e>0 ko€Z = oo

oo 1 p2(1+e) m
X sup sup 27 koA GZ Z (k —j)Qkaz(oo)Jr(k QIO )||f2||qz()
>0 koeZ =0 \ = oo

=F}, x F1

The estimates for Fi,, F2, and Fi,; are similar, hence, it is easy to get

< o (. (. .
F12 = C||f2HMK;;;J;:;‘E(_)(R“)||f2HMK;‘;)()(;:;\;(_)(R")
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For Fi3, by ¢2(0) < g2(0), we have

-1 k-2 . )
> > IBTs.00.(f )Xk llac)
l=—00 j=0
S (E— S ")
k—1 —n___n k— .
gc(zac—m( (=t |ff||q1<»>> (Z )2t (gt - ||f§||q2<->)-
l=—00 j=0

With a way similar to that used in the estimate for Fyo, it is not difficult to get

< o (. (. .
F13 = C”flHMKjll)(,s):;\ll(.)(Rn)||f2HMK;;)(,B)::;(-)(RH)

From the symmetry, by Fi3 we get

Fiu<C O, e, .
14 S Ol illyriemsyon oy lfolyggeson gy

or b5, from (3.6), i(00) < 0, just like F11, we obtain
For F5, f 3.6 0,] like F btai

T
qi(oo)
Fi;<C a1 (), Can (), )
0= ”flHMKpf)(,e),:f(-)(R")||f2HMKPQ2>(,6),;22<->(R”)

For Fo, weset | < k-2, k—-1<j<k+1 2 € D, y1» € D; and y» € Dj, such that
|z —y1| > C2% and |z — y;| > 0. For z € Dy, we deduce

‘Bfﬁ,e,bl,bg(f{,fé)(z)‘
SCZ_Q"k(l_ﬁ)Hffllql(-)<|bl(~) — b |Ixillgg ) + [[1bB, — brlxa qi(-))

<3 llasr (120) = b, 1 sy + (108, = Bl ) (3.7)

by this and Minkowski’s inequality, write

k=2 k41 PA+ON pr
Fy <sup sup 2"“‘“( Z 2ka(®) ( > D HBTﬁabl,bg (fi, £3) ka ()) )

e>0 ko€Z I=—o0 j=k—1

1 k41 p(1+4e€) ﬁ
+ sup sup 2~ ko’\< 922’“‘0" ( Z Z HBTﬁObl by f17f2 Xk” ) >

>0 kocZ Sy

k=2 Kkl P+ e
+ sup sup 2~ k“( QZQM > (Z ) HBTﬁebl,ba ] XkH ()) )

€>0 ko€Z k=0 1=0 j=k—1

=F31 + Fay + Fas.

For Fo1, by (3.2), (3.7), Lemmas 2.4 and 2.5, we conclude

—1 —1 p1(1+6) m
Fy; <C'sup sup 27 "M (60 Z <Z(k — )2k O (& )||f1||q1 ) )

e>0 ko€Z

k=—o00 =00
~ p2(14N mrirey
1 k+1 p2(1+e)
_ k +(k— o — j
xsup sup 27k (@ S0 (3 k@ () gy
e>0 ko€Z k=—o00 j=k—1

i 2
=F3, x F3;.



18 Jingi Wang and Xijuan Chen

Since F}; and F}; are the same. Thus, we only turn F%,,

—! P2(IF0
F2, <Csup sup 2 Forz [ ¢f ko (0)pa (1) | g [P2(1+¢)
21 €e>0 ko€Z Z ” 2 ”!Jz()

k=—o0

—1 P2(IF0
<C'sup sup 2 FoAz (69 Z gka2(O)p2(1+9)|| £k 52((.1)+€)>

>0 ko€Z e — oo

<C|lfl

MKOCZ( ) A2 (Rn)

For Faa, by (3.2), (3.7), Lemmas 2.4 and 2.5, we get

ko 1 pi+aN sraTe
Fos <C'sup sup 2~ k")‘1< GZ ( Z (k- l)2ka1( oo) (kL (“1(0) )||f1||q1( )> )

>0 koEZ

k=0 \l=—oc0
ko 1 2146\ 5y07a
k k=) (25— j
X sup sup 9= ko2 9 Z Z ) oz (00)+( J)(qz(oo) n) Hngqz()
>0 ko€Z k=0 \ j=k—1
_nl 2
=Fap x F3s.

Since F3, and F1, are similar, and F}, = Fi,, it is easy to get
< oq (- o (- .

Fox = C”flHMKml)(,e)fjf(-)(R")||f2HMKpf;,é))fjf(-)(R”)

For Fa3, by (3.2), (3.7), Lemmas 2.4 and 2.5, we obtain the following inequality:

ko k—2 p1(1l+e€) pl(i+5)
F23 <CSUp sup 2 ko1 ( 0 Z (Z 2ka1 )Q(kfl)(ln(oo) 7“) ||f{|q1()> )

>0 koEZ

k=0 \ 1=0
ko [ ket , ‘ (149N s
x sup sup 27 FoAz [ ¢ Z Z 2ka2(oo)2(k_])(q2(5°) ) 13114
e>0 ko€Z k=0 j=k—1
:F%?) X F§3’

we can find Fi; = Fi; and F3; = F%,. Therefore, we obtain an estimate of Fa3.
For F3, weset | <k —2,j>k+2, x €Dy, y1 €D; and y» € D;, such that |z —y;| > C2*
and |z — y1| > C27. For z € Di, we obtain

BTBvQ,bhbz(flafj)(z)‘
SCQ_nk(l_B)Hf{”ql( ('bl - bBl|||Xl||qi(~) + H‘bBl - b1|Xl qi())

X 2_nj(1_ﬁ)|‘fg|‘42(‘) (|b2() - ka'HX]”(Ié() + |||bBlc - b2|Xj q§(~))’ (38)

write

1 p(1+€) ﬁ
Fy <sup sup 27 ** <60 > 2 0)< Z Z HBT,Bebl,ba 1, 13) ka ()) )

e>0 ko€Z — o l=—o00 j=k+2

P+ON 5vey
+ sup sup 2° koA( 922“(“’( > Z HBTﬂObI;b2 A 8) XkH ) )

>0 ko€Z k=0 I=—00 j=k+2
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oo p(1+e) ﬁ
+ sup sup 2~ k“( GZZMOC (Z Z HBTﬂebl,bQ .5 XkH ) )

>0 ko€Z k=0 1=0 j=k+2
=F3; +F3 + F33.

For F31, by (3.3), (3.8), Lemmas 2.4 and 2.5, we consider

-1 k-2 pi(l+e)\ w79
Fay <C'sup sup 2~ koM (69 Z ( Z (k- l)2k:a1(0)+(krfl)(m7n) |ff||q1(~)> )

€>0 ko€Z

k=—o0 l=—0

1 . ‘ p2(14+O)\ 7r07e
X sup sup 27 koA (ee Z < Z (j— k)Qk%(OH(kﬂ)(”(“) )||f2 llgs (- )) )

>0 koeZ k=—oo \ j=k+2
_pl §2
=F3,F3;.

It is easy to see that Fi; = Fi,, hence, we only estimate F3,. Write

—1 -1 ' p2(1+e)\ 7070
F3, <C'sup sup 2~ Fo*2 <69 Z ( Z (- k)Qkaz’(OH(ki])(”(m) )”fz”qz( ) )

€>0 ko€Z ke—oo \ j—kt2

1 o 4 . p2(1+e) p2(1+e)
+ C'sup sup 2 FoAz <€9 Z (Z(] - k)2ka2(0)+(k_])(‘12<°°) ) 1f3 |qz(-)> >

€>0 ko€EZ k=—o0 \ j=0

=D3 + Dy.
For D3, by the Holder’s inequality, we have
J‘)(ﬁ—nﬁ+az(0))pz(l+e)

1 1 (o
D <Caprap 270t (0 3 (3 ooy ; I

€>0 ko€Z Pl

k=—oc0

pa(l+e) 1

p/2<1+e>> P2(1Fe)

-1 (k=) =2~ —nB+az(0) ) ph(1+e)
X( T (j — kypa(+0giaxOpi(i+ay (e )

j=k+2
—1
<Csup sup 275N (7 gieaOna(iso (e
>0 ko€Z Parw ©

X Z 2
k=—oc0

<C||f2ll

1 1
—1 (kj)(qz(nOO)n6+a2(0)>132(1+e)>p2( J“)) p2(1F0)
2

MKO‘2( ) )\2 (]Rn)
Just like the D3, we also have

Dy < Cllfollyrioayz | ny:

For Fsa, by (3.3), (3.8), Lemmas 2.4 and 2.5, write

e>0 ko€Z =0 \l=—o0

ko —1 pil+eaN 5ra%0
%«meww@z(zw4MMWWWMMMMQ )
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ko 0o . ) p2(1+e) pz(}Jré)
X SUp Sup 27](70)\2 (69 Z < Z (] B k)Qka2(°O)+(k*J)(7q2(oo>*nﬁ) ||f§||q2()> )

>0 ko€Z k=0 \ j=h+2
:F§2F§2-
It is obvious to find that Fi, = F1, and the estimate of F2, is similar to D3. Hence, we have

F32 = CHfl HMKpll)(,s):;ll(-)(R") ||f2HMKp;)()H):;Z(_)(R")

For F33, just like F3o, we obtain

ko [ k—2 pi+eN wraFs
F33 <C'sup sup 2~ Fo (69 > (Z(k - 1)2’“"1(00)2(’“_”(7111(50) —n) ||ff||q1(.)> )

e>0 ko€Z —0 =0

ko oo , p2(1+€)\ praFe)
X SUp Sup 2—k0)\2 (69 Z < Z (] _ k)2ka2(oo)+(k—1)(q2(oo)—nﬂ) ||fg||q2()> )

e>0 ko€Z k=0 \ j=k+2
_ 1l 2
_F33F337

we have Fi; = Fi, and F3; = F3,, thus, Fs3 is estimated.

For F5, by Minkowski’s inequality, write

-1 k1 k+1 N ' p(I+e)\ 5ire
F5 < sup sup 27 (69 > 2ka(o)< > D HBT5=‘97bl7b2<f{afg)XkH ()> )
o

e>0 koeZ k=—o00 l=k—1j=k—1

ko BHL kA1 ‘ P+ 5iirey
TR COOCLE (D ol S L STRNEN I ) By
.

€>0 ko€Z k=0 I=k—1 j=k—1
=F51 + Fsa.
By Lemmas 2.3 and 2.4, we obtain

-1 k1 Pr1+O)N priiTe
F5, <C'sup sup 2~ koM (e‘g Z ( Z 2ka1(0)|f{”q1(~)> )

>0 ko€Z k=—00 \l=k—1
~1 k+1 P2(1+oN mraw
X sup sup 2~ ko2 (69 Z ( Z 2ka2‘(0)f§qz(0> >
€>0 ko€Z k=—o0 \j=k—1
=ClA HMKE)(,QJQ(-)(R") ”bQH*||f2HMK;Q)(,Q,’?;«)(R")’
as with the estimation of F51, the estimation of F5o follows a similar procedure and is therefore
easy to obtain.

For Fg, weset k —1 <1 <k+1,j>k+2 € D, y1 €D;and y» € Dy, such that
|z —y1| > 0 and |z — y1| > C27. Then, we have

BT (1, ) @)

SCT"k(lfﬂ)T"j(l*m||fqu1(-)(|b1(') = ballIxtllgr () + [|1bB, = bilxi

’qi('))

qé(‘))’ (3.9)

<[ llgso (1020) = b gy + 105, = bl
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from this and Minkowski’s inequality, it then follows that

—1 k+1 oo N 4 p(1+e)\ 37
Fg <sup sup 27F0* ¢/ y~ 2ka@ 3 3~ HBTB,B,bl,bg(ff,fé)XkH
€>0 ko€Z oo qa(-)

I=k—1 j=k+2

ko k41 oo _ 4 p(1+e) p(11+6)
+ sup sup 27 F0M | ¢ Z 2k (o) Z Z HBTﬁ,&bl,bz (fi: f3)x H
€>0 ko€Z a()

k=0 I=k—1 j—k+2
=F¢1 + Fe2.

For Fg1, by (3.4), (3.9) and Lemmas 2.4 and 2.5, we conclude that Fg; satisfies the inequality

koA 0 = - kai1(0)o(k l)( n ) l Pty mirte
Fg1 <C'sup sup 2770 | ¢ 2k (0= G @ =) || Ll gy (-
61 Csup sup >l X 1 anco

k=—o0 \l=k—1

k=—oo0 \ j=k+2

_1 50 ‘ p2(1+e€) m
X Sup sup 27190)\2 (60 Z < Z (] B k)Qkaz(O)Jr(k*J)(T(oo)*nﬂ) ||fg||q2()) )
>0 ko€Z
:Filinglﬁ
Fi, is similar to F3, and F%, = F2,, we obtain
< o (- o (- .
Fe1 < Ollfl HMKMI)(,H):;I(-)(R") ||f2 HMKp;)(,e):;z(-)(R")
For Fga, by (3.9), we consider

ko [ k+1 P4\ praTe
F62 SC sup sup 2_k0/\1 (69 Z ( Z 2ka1(oo)2(k—l)(q1(5o) —n) |f{||q1()> )

>0 ko€Z k=0 \l=k—1

ko 0o ) ) p2(14e) m
X SUp sup 2—k0)\2 69 Z Z (] N k)2ka2(0)+(/€—])(‘q2(50) —nﬁ) Hfg Hq2()
>0 ko€Z =0 \ j=ki2

:Fflstgz

Since the estimates of F}, and F2, are similar F3; and Fi,, respectively, we conclude
Foo < Cllfillyypor0m [ f2ll oy oz 022 :
MKP1)¢9,<11(-)(RH) MKPQ)eB#Q(')(Rn)

For Fy, we set [,j > k+2, 2 € Dy, y1 € D; and y» € Dj, such that |z —y1| > C2! and
|z — y2| > C27. For x € Dy, we have

’BTVB’G,bl,bQ (f{7 fé)(x)‘

SCT"l(l*ﬁ)T”j(lfﬁ)||ff\|q1(‘)(|bl(') — b, |lIxillg; ) + [[1bB,, — brlxi]

% 3l (1020) = b, x5 lag o + (1o, = B2l

qi('))

) (3.10)

by Minkowski’s inequality, write

=< S POFON prs
Fo < sup sup 2707 2 HBT 0002 (F1 13 XkH
e>0 ko€Z Z Z Z B,0,b1 2( 1 2) o)

k=—o0 I=k+2 j=k+2
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N e
+ sup sup 2 k")‘< 622k0‘(00)< Z Z HBTﬂebl,bz flan XkH > )

>0 koE€Z o larmi
=Fg1 + Foa.

For Fo1, by (3.5), (3.10), Lemmas 2.4 and 2.5, we obtain

—1 00 p1(l+e) m
Fo; <C'sup sup 2~ ko (69 Z ( Z (I — k)Qkal(OH(k—l)(ql(m)—nB) Hf{”m(-)) )

e>0 koEZ e — oo I=k+2

_1 o p2(l4+e)\ 7raTe
x sup sup 2702 (69 > < S (j - k2t (e ) ||f§||qz(~>> )

>0 ko€Z oo \ joria
_l 2
=Fg:1F5,

It is easy to find that F}, is similar to F3,, hence, here we omit the details of the proof.

For Fgs, it is easy to get

o0 Pr+ON praTs
F92 <C’sup sup 9= koAt < 6 Z ( Z (l _ k)2ka1(00)+(k—l)(7ql(;)o)—nﬁ) ||f{||q1()> )

e>0 ko€Z k=0 I=k+2

. 4 p2(1)\ 7070
X sup sup 27 FoAz < o Z ( Z (j— k)2ka2(0)+(k_j)(q2zq5°)_nﬁ) f5|qz(-)> >

e>0 koEZ k=0 \ j=k+2
_rl 2
7F92F92'

Since the estimates for F§, and F32, are similar to F3,. So, we have

Fgy < C vap (), s (), .
2= ”flHMKp11>(,3,311(-)(R")||f2HMKp22>(,e),;2(-)(R")

Which, combining the estimates for Fy, Fo, ---, Fg, yields the desired result. Hence, the
proof of Theorem 3.2 is finished.

4. Estimate for BTM and Bnggbl,b2 on spaces K ()’p)e(R")

In this section, the authors mainly consider the 6-type generalized fractional integral opera-
tors Bfgﬂ and their commutators Bfﬁﬂ,blm generated by b1, by € BMO(R™) and the Bfg,g are
bounded on grand Herz spaces with variable exponents I.(;‘((_')’p )9 (R")(or K a():p), H(R")). The

) q()
main results of this section are stated as follows:

Theorem 4.1. Let § > 1, bl,bg € BMO(R™), «a(-) and q(-) satisfy conditions (1.9) and (1.10).
1 1 n

Suppose that q(:c) (x) + r2(x)7 @ = o B andnf — o < ai(0) < a(00) <n—

are established. Then there exists a positive constant C' such that, for any f; € Ka(( )P): Q(R”)

IBTs.0(f1, f2) ||K;x(§-)>,p>,e(Rn) <C|lfi ||K§(§~)),p>,e(Rn) Hf2||;'<;(<_~)>wp>~0(w)7

where a(z) = a1 (x) + az(z) and % =141

E P2



Mapping property for bilinear 0-type generalized fractional integral operator on grand spaces 23

Theorem 4.2. Let 6 > 1, by, by € BMO(R"), a(-) and q(-) satisfy conditions (1.9) and (1.10).

Suppose that o5 = o5 + 5tey 7ty = aite — B and nB — gy < ai(0) < ai00) < — i

are established. Then there exists a positive constant C such that, for any f; € K;X(_'))’p)’a(R"),

||BT5,0,b17b2(f1afQ)“K;"(("))”’)’G(R") < C||b1||*”b2”*”f1||K§((f>)'p)’e(R”)||f2||K§<(«'>)’p)’6(Rn)’
where o(x) = oy (x) + aa(x) and % = p% + p%'

Remark 4.3. (a) Theorems 4.1 and 4.2 can be shown to be true in the same way as Theorems
3.1 and 3.2. Consequently, a detailed presentation of the respective proofs is not included here.
(b) Given that the proof for the non-homogeneous case can be treated by a similar method, the
results presented of theorems 4.1 and 4.2 are applicable to the non-homogeneous grand Herz

spaces with variable exponents.
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