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Abstract In this paper, we consider a class of convolution integral equations with singular integral-
differential operators. First, we establish the relation between Fourier analysis theory and Riemann boundary
value problems, and investigate the theory of Noether solvability and some properties of Cauchy integral
operators. Via using Fourier transform, we convert such equations into complex boundary value problems.
By means of the regularity theory of the classical Riemann-Hilbert problems and of the theory of complex
analysis, we obtain the conditions of Noether solvability and analytical solutions. In addition, we also study
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complex analysis, functional analysis, integral equations and complex boundary value problems, and it also
provides theoretical support to quantum field theory and Ising model.
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1 Introduction

There were rather complete investigations on the method of solution for integral equations of convolution
type and equations of Cauchy type. Karapetjeantz [1] considered the invertibility of Wiener-Hopf operators
with discontinuous coeflicients. For operators containing both Cauchy principal value integral and convolution,
Duduchava [2,3] discussed the conditions of their Noethericity in more general cases. Litvinchuk [4] studied
first the singular integral-differential equations, in which the class of differentiable functions was extended to
the Holder continuous function class, next the singular integral-differential equations which the coefficients
contain a discontinuity point of the first kind were also studied, and he later again considered the integral-
differential equations with convolution kernel. Subsequently, many mathematicians proposed a general method
to solve some classes of singular integral equation with a mixture of convolution kernel and Cauchy kernel, in
which the convolution kernel has discontinuous property, that is to transform this kind of integral equation to
Riemann boundary value problem by using Fourier transform (see [5,6] and references therein). Particularly,
Li and Ren [7] dealt with the solvability of one class of singular integro-differential equations in the case of
non-normal type, and the explicit solutions and conditions of solvability were obtained, which extended the
results of [5,6] to the classes of continuous functions and the classes of discontinuous coefficients. Later on,
Li [8-18] further considered the problem of finding solutions for convolution integral equations with singular

kernels, and gave the conditions of solvability and the general solutions by Riemann-Hilbert approach.

In the practical problems, such as atomic diffusion theory, heat conduction, transport and nuclear collision,
and mathematics physics and so on, these problems are closely related to singular integral-differential equations
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of Cauchy type and integral-differential equations of convolution type [19-24]. Especially, the above practical
problems also occur more general singular integral-differential equations with a mixture of convolution kernel
and Cauchy kernel. The presentation and method of this class of equations rich the theory of singular integral
equations, and the method of solution mentioned in the paper is still effective for solving other singular

integral-differential equations.

This paper is devoted to the study of a class of singular integral-differential equations with convolution
and Cauchy kernels, that is,
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C1,j G C2,j ;
+ == kv i(t—7)f9(r)dr + 2L koi(t —7)fO(r)dr} = g(t), teR,
or e 1t =7)fY(7) or ) 2,5(t — 1) fY(T)dT} = g(t)
for j =0,1,--- ,n; n € N, where oy, ;, £p,j,(p,; (p = 1,2) are real constants with 5, ; not all equal to zero

simultaneously, the given functions &y, ;(t), g(t) € {0}. The unknown function f(t) € {0}, and its derivatives
f9(t) € {0} for any j =1,2,--- ,n. In Eq. (1.1) , fi(t) are given by

Filt) = 3 F(1) st = 1),

In this paper, we give effective methods of solution for Eq.(1.1). By using the classical Fourier analysis
theory and lemmas given in this paper, we turn Eq.(1.1) into a Riemann boundary value problem. Via using
the method of complex boundary value problems and the generalized principle of analytic continuation [6-
8,25,26], we obtain the general solution and conditions of solvability in class {0}. Especially, we redefine the
index formulas of coefficients in Eq.(1.1), and consider in detail the properties of the index. As its applications,
the problem to find the solutions of Eq.(1.1) is also very important. Hence, Eq.(1.1) has important meaning

not only in application but also in the theory of resolving the equation itself.

Our work is organized as follows. In Section 2, we introduce the concepts of classes {0}, {{0}} and
investigate their properties. In Section 3, we adopt the Fourier transform approach to transform Eq.(1.1) into
boundary value problems for analytical functions with discontinuous coefficients. In Section 4, we use the
theory of complex analysis and Sokhotski—Plemelj formula to study the Riemann-Hilbert problem obtained
above. This allows us to show that Eq.(1.1) can be solved under certain conditions, so we obtain the conditions
of solvability for Eq.(1.1). Finally, we give the conclusion of this article.

2 Definitions and Lemmas

It is necessary for us to introduce certain new classes of functions in advance and to point out some of
their properties. In this section, let us introduce some notations.

We denote R = (—o0,400),RT = (0,400),R™ = (—00,0), and LP(R)(p > 1) denote the spaces of
Lebesgue integrable functions on R. If f(¢) is continuous on R, we denote as f(t) € C(R), similarly we also
have f(t) € C(R), where R = RU {oc}. H is a Holder continuous function space. And C* and C~ stand for

the upper and lower half-planes, respectively.

The Fourier transforms used in this paper understood to be performed in L?(R) and the functions involved
certainly belong to this space.
Definition 2.1. The Fourier transform operator of f(t) € L?(R) is defined as follows

2 - exp(iz
(FNe) = o= / £(t) expliat)dt, 2.1)



denote (.7 f)(x) as F(z). And the inverse Fourier transform operator of F(x) is defined by
1
F IRt :—/Fx exp(—ixt)dzx, 2.2
(7 )0 == [ Fa)es(-iot (2:2)

denote (Z~1F)(t) as f(t), where both the integrals of (2.1) and (2.2) exist in the sense of the Cauchy principal

value.
Obviously, we have

Ff(-t)] = F(~z), F7F(-2)] = f(-). (2.3)

Definition 2.2. Let f(t) € C(R), if there exist two positive real numbers A and M satisfying the following

two conditions:
(1) |f(t1)_f<t2)|§A|t1_t2|Na Vt17t2€[_M7M];

(2.4)
(2)  Ift) = f) < At =t 7H", Vi, b € R\ [-M, M],

then we say that f(t) € H, where p € (0,1].
The concepts of classes {0} and {{0}} are introduced as follows.
Definition 2.3. A function F'(x) belongs to {{0}}, if the following two conditions are fulfilled:
1) F(z) € L2(R); 2) F(z) € H, that is, F(x) satisfies the Hélder conditions on R.
that is,
{o}} = {F@)IF € HN LA (R)}.

Therefore, from Definition 2.3 we know that if F(z) € {{0}}, then F(z) € C(R) and F(c0) = 0.
Definition 2.4. Let F(x) = (ZF f)(z), if F(x) € {{0}}, we say that f(¢) € {0}, that is to say,

{0} ={f®IFf =F € {{0}}}.
Definition 2.5. The operators N and S are defined by
Nf(t) = f(=t), Sf(t) = f(t)sgnt. (2.5)
It is easy to see that [16-18]
SN+ NS=0, N2=8§2=1, (2.6)

where [ is a unit operator.

For two functions k(t) and f(¢), if we use the notation of convolution

(e F)(t) = \/%/Rk(t—T)f(T)dT, (2.7)

then it is well known that
F{(k* £)(t)} = Tk - Ff = K(@)F(x), (2.8)

where K, F' are the Fourier transforms of k, f respectively.

We can easily obtain that if k, f € {0}, then k= f € {0} (see [23-25]).
Definition 2.6. Let fU)(t) € {0} (j = 0,1,---,n), we introduce the following singular integral-differential

operator

dr
, teR, j=0,1,--,n, 2.9
p— j n (2.9)

TsN® =+ [ 1)

where the integral on the right-hand side of (2.9) is also the Cauchy principal value integral, and fU) () stands
for the j-order derivatives of a function f(¢).



Note that we also can write (2.9) as

dr
T—1

@ = = [ 190,

and when j = 0,

dr

T—t

@ == [ 10 ter

where d’ f stands for the j-order differentiations of a function f.

From [25-27], we know that T maps {{0}} into themselves respectively and
T? =1I.
It is evident that
F'=NZ=7N, F?=N.
It was proved in [2,28,29], that when applying to functions in {0},
FS=TZ.

The following lemma 2.1 plays an important role.

Lemma 2.1. When applying to functions in {0},

FT =—-S7F,
that is,
1 [ 1051 = ~Fla)sgna
Proof. From (2.11), we have
T=7SF""
Since
F'=NF=2N, F’=N, T=FSF ",
we get
FT = F?S.Z ' =NSN.Z = —N?S.Z = —S.Z,
therefore, (2.12) is true. O

Note that, from f € {0}, generally we could not assure that T'f € {0}. However, we have

Lemma 2.2. If f € {0}, and (% f)(0) = 0, then Tf € {0}.

Proof. Owing to f € {0}, so we have Z# f € {{0}}. From Lemma 2.1, we know that

FTf=—sgnz 7 f.

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)



Noting that

hence we obtain .7 fsgnx € {{0}}, i.e., FTf € {{0}}, then T'f € {0}. O
Moreover, when f(t) € L'(R), we have

1 1
tim Fa) = lim —— [ ) explistiat = —— [ ryan

if and only if

Af@ﬁ=

The following several lemmas are important to our paper.
Lemma 2.3. Let fU)(t) € {0} (j =0,1,---,n), then

. j—1
ZIf9 ()] = (—iz)! Z[fo(t) 127T S (mia)™ f0-m1(0)
m=0

forj=1,2,---.n

3

Proof. We will use mathematical induction to prove (2.20). Since

1
vV 271’ R+

\/% /R+ exp(ixt)df (t) = \/%?[f(t) exp(izt)]|§ > — \/12?233 /]R+ f(t) exp(izt)dt
1

_ _Ef(o) + (—ix) Z[f+ (1],

hence the result is true for j = 1. We now suppose (2.20) holds for j = k, that is,

[f+( / f+ exp(izt)dt = £ () exp(iat)dt

k-1
(i)™ fEm=1(0),

0

1

FUL O = (i) ZIf 0] - 7=

3
I

and prove it for j =k + 1.
By using integral subsection method and (2.22), then when j = k + 1, we have

k
1
FUI W) = G M Z 0] - 7= 3 (i 4 0).
m:O
Similarly, we can prove the case f(J (t) for j=1,2,--- ,n. O

Lemma 2.4. Let fU)(t) € {0} and F(0) =0, Tf\W(t) is given by (2.9), that is,

(TfD)(t) = i'/f(j)(T) dr j=0,1,2,---,n,
R T

then
(FT D) (t) = —(—iz) sgnzF ().

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)



Proof. By Lemma 2.3, we obtain
(ZFO)Vt) = (F V() — (FFO)NE) = (—iz) (F f1)(t) — (—ia) (F f-)(t) = (—ix) F(x). (2.25)
Again using Lemma 2.2, we can obtain

(FTFD)(t) = —(—iz) sgnzF(z). (2.26)

The definitions of all above notations can be found in [4-6]. O

In the following, we establish the relation between Fourier transforms and Riemann boundary value prob-

lems. Let f € {0}, we define the Cauchy type integral as follows

1 dt
F(z)= — t)—o, V ctucC~ 2.2
()= 3 [ 077 VzectuC (227
then we can obtain .
L. ) dt=F*(z), z€eR, (2.28)
z—x,2z€Ct 21 — oo t—=z
and N o
1 [T f(t _
li — =F R. 2.2
z—mcl;%([:* 2mi [oo t— Zdt (Z‘), ve ( 9)
From [4, 30], we have
1 dt 1
Ft(z) = — ) —— = — t jat)dt 2.
@ =g [ 075 = <= [ Fe®esp(izni (230
and
P =g [ 107 = [ @ estisar (2:31)
Ry t—z 21 Jr XPULE) AL '

where F*(x) are the Fourier transforms of f. () respectively, which are the boundary values of the sectionally
analytical function F(z) in the upper half plane C* and the lower half plane C~, respectively.
At the end of this section, we give the generalized Sokhotski—Plemelj formulas of Fourier transform.

Assume that f € {0}, the Cauchy type integral F'(z) is given by (2.27), then the following generalized
Sokhotski—Plemelj formulas hold

N 1 f®)
F (I)iiZf(x)Jr%m' rRT—x

dt, z€R, (2.32)

ie.,

FE(z) = j:%f(m) +F(z), =x€R. (2.33)

Moreover, when F* € {{0}}, via the extended residue theorem [6,7,30], we also know that

Flz) = L F(t)dt

= ctuc-. 2.34
omi Jy 12 PECU (2:34)

It follows that F(z) is also analytic in Ct UC™.



3 Reducing Eq.(1.1) to a Riemann boundary value problem

In this section, via using Fourier transform, we will convert Eq.(1.1) into a Riemann boundary value
problem. In order to solve Eq.(1.1), we may write it as the following form

Z{On,jff)(t) +ao i fO 1) + ﬁl,ijJ(rj)(t> — BogTFI (1) + Cughay * ff)(t) — Go kg * FO (1)} 3.1)
j=0 .
=g(t), teR

In the following discussions, we will see that Eq. (3.1) has a solution under some conditions, hence we take

the Fourier transforms in both sides of (3.1) by using Lemmas 2.1-2.4, then (3.1) is reduced to the following
Riemann boundary value problem with discontinuous coefficients:

Ft(z)=A(x)F (z) + C(z), z€R, (3.2)
where
> {(—ix) [z, — Bojsgnz + o Ko (2)])
Aw) =2 ,
;O{(—ix)i[al,j — 1 jsgnz + G ;K1 j ()]}
G(2) + 7= i {[jzlo(—ix)mf(j_m_l)(0)][041,3' + g+ QB (@) — G K j(2)]}
C(x) =1 m=0

> {(~ia)fan g = Bugsgna + Guy K (a)]) |
FH@) = FUa], G =

0
Flg®)],  Kp; = Flkp;(0)]
forp=1,2;7=0,1,2,--- | n.

It is not difficult to prove that (3.1) and (3.2) are equivalent. From previous discussions, we also know
that (3.2) is a Riemann boundary value problem with nodes x = 0,00 on R, and it can be directly solved by
the method of [30-32].

In this paper, we shall take another method to solve Eq. (3.2). Applying linear transform [33,34]

R S
—1+ig’

this transform maps the real axis X on the plane Z onto the unit circle I" on the complex plane £
P={¢ceC:|26+i| =1},

which surrounds an interior region X1 and an exterior region ¥, and maps the upper half-plane C* and the
lower half-plane C~ onto the X% and ¥~ respectively, where

Yh={¢eC: 26 +i| <1}, - ={eC:|26+1i|>1}.
Again let

U(€), Kp;i(z)=Bp;(§)
forp=1,2;7=0,1,2,--- ,n, then (3.2) is readily reduced to the following Riemann boundary value problem
in plane &:

Ut (r)=N(r)¥ (r)+ M(r), T€T,

(3.4)



where

U(T) + 7= Zn: {[J_O(—%H)mf(j_m_l)(o)][al,j + o, + B i (1) = Bai(T)]}
M(r) = s ,
;O{[Oél,j — P1,;0(1) + B (T)(—75)7}
> ([ — Bog0(r) + Bay(1)l(— 7))
N(r) = :
;){[al,j = B1,;6(7) + B (M](—75)7}
and
5(7_) _ 1, Tely;
71, T € FQ,

where I'1, I's are the left half circles and the right half circles of I', respectively.

In the following, to solve a Riemann boundary value problem (3.4), we will consider the two cases: the

normal type and the non-normal type.

4 The solving method of problem (3.4)

In section 3, we turn Eq.(1.1) into a Riemann boundary value problem (3.4). By means of the principle of
analytic continuation and of the theory of complex analysis, we obtain the conditions of Noether solvability and
the general solution in class {0}. Some special kinds of Riemann boundary value problems with discontinuous

coeflicients appear in the course of solving equations, which are solved in the same time.
4.1 Solution of problem (3.4) in the case of normal type

First, let us solve the Riemann boundary value problem (3.4) in the case of normal type.

If 3 {[(=1)P ayj — Bpjd(7) + By j(T)|(=75)7} # 0 (1 € T;p = 1,2), then 7 = 0 is the discontinuity
7=0

points of M (7) and N (1), therefore it is also node of (3.4), then we call (3.4) the boundary value problem of
normal type with node 7 = 0. Let
. 1 N(-0)
V= = oG O N ) (41)
where the definitions of N(+0) can be found from [7,18], namely,
N(_O) - 7'—&)1,13161—‘2 N(T)7 N(+0) - T—)%)I,I‘PEIH N(T)

Because log N(7) has infinite number continuous branches, we take a continuous branch of log N(7) such

as
log N(—i) = 0.

Then choose an integer x such as
0<o,—x<1,

and again denote
C=0x—X, A=7F—X=0+ily, (4.2)

then we call x the index of the problem (3.4). Note that, we can also define the formula of index in the
following method

1
X=5_ Rdlog N(s). (4.3)



Define the following piece-wise function

el'®), £ exnt;
x@=4" " ’ (1.4
(E+5)7xe"®, gex,
where ) ) p
(3 T
N6 = 5 [ (r+5) Mo, €4 T. (15)

Via using the Sokhotski-Plemelj formula to (4.4) and (4.5), we obtain

Xty =", X (r) =l O(r 4 1)

2
1 ) 1 ) dt
(1) = +=(r+ z) XlogN — [ (t+ =) Xlog N(t
(7) = 5 (r+ ) ¥log () + 5 [ (14 ) ¥ log N2
therefore, from our previous discussions, we know that
+ r+(r .
Xt _ e S IO (4 Ly
X=(r) el (M(r+ b=x
=N (7 4 )X (7 4 ) = N(),
that is,
Xt (r)=N((n)X(r), Tel. (4.6)

Next, we shall solve (3.4). For the time being, we do not consider the property of ¥(§) at a neighborhood
of & = 0, we know that ¥(¢) is bounded at £ = oo, therefore (3.4) has a solution in Ry. By means of the
principle of analytic continuation and of the theory of complex analysis [6,30], similar to the solving method
of [18,19,30], then we can obtain the general solutions of (3.4) as follows

V(&) = X (D) + Py (8], (4.7)

where

D) =5 [ grmre €4, (1.9

and when x > 0, P, () is a polynomial with the degree x; when x < 0, P,(z) = 0; and when x < —1, the
following —y — 1 conditions of Noether solvability hold

M ()77
dr =20 4.9
p X*(r) (49)
for j =0,1,--- ,—x — 2. Therefore, when x < 0, (3.4) has only solution and its solution is still (4.7), in this

case, P, (z) =0.
In the following, we shall consider the case near 7 = 0. By lemma 2.2, we have (ZFf)(t) € {{0}} and
(#1)(0) = 0.
If 7 = 0 is an ordinary node, then 0 < o < 1, and A # 0, because ¥(§) is a continuous function near 7 = 0,
and (7 f)(0) = 0, we may obtain
(0) = (#1)(0) =0,

hence one has the following condition of Noether solvability:

V27U (0) + i F97Y(0)[By;(0) — B ;(0) + a1 ;(0) + ag;(0)] = 0. (4.10)
j=1



If 7 = 0 is a special node, that is, o0 = 0, A = isq.

(1) If o # 0, in this case, besides (4.9), the following condition of Noether solvability must be fulfilled:

2mc+/r)]y+((:))‘f =0, (4.11)

where ¢ is a constant term of P, (§). Once (4.11 ) hold, then (4.9 ) must be also satisfied, and D() € H near
7 = 0, therefore in order that W*(¢) is continuous at 7 = 0, then (4.11 ) must be satisfied.

(2) If 1o = 0, then A = 0, hence ¥(0) = 0 if and only if (4.11 ) holds. So the necessary condition of the
existence of solution for (3.4) is (4.11).

In summary above cases, we may obtain

Theorem 4.1. Under the case of the normal type, the necessary condition of the existence of solution for
Eq. (3.1) is (4.9). Assume that (4.9) holds.

If 7 = 0 is an ordinary node, when x > —1, Eq. (3.1) is solvable; when x < —1, and (4.10) satisfies, (3.1)
has only solution (4.7), in this case, P, (z) = 0.

If 7 = 0 is a special node, then (4.9) and (4.11) hold. When x > —1, (3.1) has a solution; when x < —1
and (4.10) satisfies, then (3.1) has a solution.

Therefore, the solution of (4.1) is given by
fy = FHF ()], (4.12)

where
F(z) = F*(z) — F(z). (4.13)

From F(z) € {{0}}, we have f(t) € {0}, and the uncertain constants fU)(0)(j = 0,1,--- ,n — 1) are
determined by (4.27)-(4.29). O

4.2 Solution of problem (3.4) in the case of non-normal type

Next, we assume that N(7) has some zero-points and pole-points on I', then problem (3.4) is called the

non-normal type case. Let

n T ) n T i
Zo[al,j = B10(7) + By ()l(= )" and 2}[—0427.1 = B2,30(7) + Bag (DI~ )
j= j=
have common and the same order zero-points ai,asg, - - ,aq with the orders v, v2,- - , v, respectively on I';
>, — B1,;0(7) +Bl7j(r)](f%ﬂ)j has some zero-points by, ba, - - - , bs with the orders a, as, - - - , a5 respec-
j=0
tively; > [~ j —B2,;0(T)+ B2 ; (T)](—TLH)J has some zero-points ¢, ca, - - - , ¢; with the orders 81, 82, -+ , 5
j=0
respectively, and «;, 8,7, are positive integers. Again let
s l
mi(r) = [[(r=b)%, Ta(r) = [[(r—¢)%,
j=1 j=1
s l q
daj=Ni, Y Bi=Na > 7=DNs
j=1 j=1 j=1
Then, (3.4) is reduced to
I
Ut(r) = MNO(T)\II*(T) + M(r), TeTl. (4.14)
1L (7)

Since F(x) € {{0}}, so ¥(7) is continuous on I'. In order that ¥(7) satisfy the conditions at a;(1 < j < g),

10



then the following conditions of solvability must be fulfilled

1

n J
VarU® (a;) + {3

Jj=1

)™ FOTmED(0)](Byj(7) — Bay(7) + 0+ i)} ¥ =g, =0 (4.15)

T+
0 +

3
I

fork=0,1,---,v—-1,7=1,2,--- ,q.

In order that computation of (4.15) is feasible, U(r), By ;(7), B2, j(7) must exist derivatives until order
v; — 1 at the neighborhood of a;, and all order derivatives satisfy Holder conditions.

Here, according to the values of a1 ; + 81 5,05 £ f2,;(j =0,1,--- ,n), we have the following four cases

(1) a1 £B1; #0, g+ P2; #0; (2) 1 j£P1; =0, agj+pfa;#0;

(B)ar;£51,;#0, as;*pP2;=0; 4) o1 £51,;,=0, as;Etf2;=0
for5=0,1,---,n

Without loss of generality, we discuss only the case (1) in this paper. On other cases, similar to the
statement in the case (1), here we do not discuss. Under satisfying the above conditions, (3.4) is a Riemann
boundary value problem with the discontinuous coefficients, and 7 = 0 is a node of (3.4). X () take also (4.4),
in which I'(§) take the following value

rE) = 2iZA10gN( )£’ £¢T. (4.16)

Moreover, we can easily see that the homogeneous problem of (4.14) is

Ut(r) = . No(m)¥™ (7). (4.17)

Using the extended Liouville theory and the regularity theory of the classical Riemann boundary value

problems [6,20,21], we may obtain the general solutions of (4.17) as follows

w.(g) = POYOPen(©) gezf; (4.18)
()X (§)Py—n, (§), £€X7.

Now, we discuss the non-homogeneous case of (4.14). Construct the following function

o) = %/F Hl;;;z](\f)(7-> deg’ £¢T. (4.19)

For the time being, we do not consider ¥(£) at case of neighborhood of 7 = 0. Since F(z) € {{0}},
hence ¥ (&) is bounded on T', and ¥(£) has no singularity at 7 = b;, ¢;. Via Sokhotski-Plemelj formula and the
extended Liouville theory [6, 22, 30], and again using Hermite interpolation polynomial Q,(§)(p = N1+Na—1),

hence we can define the following function:

X&) _ .

X @(e) -~ Q,(0), ez

n (4.20), Q,(¢) is a Hermite interpolation polynomial with the zero-points of order «j, 3; at bj,c;, re-
spectively. When the solvable conditions (4.15) are satisfied, S(§) is a special solution of non-homogeneous
Riemann boundary value problem (4.14), using the structure theorem of solution, we obtain the general
solutions of the problem (4.14):

B(E) = (&) + V. (0). (4.21)
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Taking boundary value to (4.21 ), we may obtain:

TH(), text;

we={" i (4.22)
U=(§), £ex,
where
diey 1 X*(§) 3 + .
WHO) = M) + T 1B(E) = 9] + X OO P, (O
v (e) = L MO X606+ X (OO Py, (©)

2N I2(8)

In the following, we shall discuss the analytical property of solutions near 7 = 0 and oo.

Firstly, we consider the case near 7 = 0. When 7 = 0, on the case of the solution (4.21), similar to the
above discussion.

If 7 = 0 is an ordinary node if and only if (4.9 ) fulfills.

If 7 = 0 is a special node, besides (4.9 ) holds, the constant term ¢ of P, (§) is determined by the following

equality:

_ 9,(0) = 2(0)
‘T I1; (0)II2(0) (+.23)

Secondly, we consider the case near 7 = oo, by (4.18) and (4.20), we know that if Ny — x — 1 > 0, then
S(€) has a pole point with the order N; —x —1 at oo, in order that ¥(§) is bounded at £ = oo, suppose §2,(§)
is written as

Q&) = eol” + e+ +ep, (4.24)

where e; are constants, then one must have

ep==e1 = =en—y—2=0, (4.25)
here Q,(§) is a polynomial with the degree p — (N1 — x — 1). Note that

p—(N1i—x—-1)=No+x.

Therefore, from previous discussions, we also know that
(1) when Ny + x = —1, we have Q,(§) = 0;
(2) when Na+x < —1, besides ,(£) = 0, the following conditions of Noether solvability must be satisfied:

/FH
i

(MM(7) dr
:07 T:]~727"'al; :071723"'7 T
/F XH(r) (r—c¢ )4 b p

()M ()
X+(r

M d
(T) 7) T =0, j=12,--,s p=0,1,2-- a; (4.26)

) T ldr =0, k=0,1,---,Ni—x —p;
1 () M( _
XH(r) (T —by)P
1 (

)

Since we require that fU)(t) € {0}, therefore (F*(x))) € {{0}} (j =0,1,2,--- ,n). Here we will use the
following method to solve the undetermined constants f(0), f/(0),---, f*~1(0). Suppose that F*(z) may be

expanded the Laurent series in the hollow neighborhood of z = 0o, we only take former finite number terms,

12



namely,

v 1
F*(@) = 2 + 077
v v 1
Fra)=" 4 22 +0( ) .
Fr@) =2+ ~-+§—Z+0(| =)
Owing to _
vjf(j;(io), i=1,2,--,n, (4.28)
therefore, we may obtain f(0), f'(0),---, f»~1(0) by solving Eqs. (4.27).
Moreover, we can also apply the following method, because
I 2V LS peme D)y -
A () P = 3 (o) =0 (4.29)

the undetermined constants f(0), f/(0),---, f*~1(0) can also be determined by solving Eqs. (4.29).

Through the above method of solution, we have the following theorem.

Theorem 4.2 (Theory of Noether solvability). Under the conditions e, j+3,; #0 (j =0,1,--- ,n;p=
1,2), the necessary conditions of the existence of solution for Eq.(3.1) are (4.9) and (4.11). Assume that the
above conditions hold.

(1) When 7 = 0 is an ordinary node, if x — N7 > 0, Eq.(3.1) is solvable, and contains xy — Ny linearly
independent solutions; if x — Ny = —1, (3.1) has only solution; if x — N7 < —1, we require also that (4.15)
satisfies, and if No + x < —1, one require also that (4.26) holds, then (3.1) has just only solution, its solution
is given by (4.21), and when x — N7 < —1, Q,(§) =0.

(2) When 7 = 0 is a special node, the above corresponding conditions and (4.23) should be fulfilled. Then
the solution of Eq.(3.1) is also given by (4.12), where F(x) is determined by (4.13). And F*(z) (or ¥(¢)) are
given by (4.22).

Therefore, the uncertain constants f0)(0)(j = 0,1,2,--- ,n — 1) are determined by (4.27)-(4.29). O

5 Conclusions

In this article, we consider Noether solvability and analytical solutions for a class of convolution integral
equations with singular integral-differential operators of Cauchy type. From the previous work, we know that
other class of singular integral-different equation of convolution type can be also solved by the method of this
paper, such as Wiener- Hopf type equations, dual type and so on. It is of great significance for improving and
developing integral equations and boundary value theory, Clifford analysis theory, complex analysis and other
disciplines. For other convolution integral equations with singular integral-differential operators, our method

is very appropriate, which is very helpful for solving other equations and applications.

Moreover, we can also study the stability of solution as well as solvability for Eq.(1.1) in Clifford analysis
(see [35-41]). About the following some partial differential equations: the modified short pulse equation, the
Hirota equation, and the nonlinear Schrédinger equation, it is well known that these equations play important
parts in actual applications. Therefore, solving PDEs by integral equation method has important meaning
not only in application but also in the theory of resolving the equation itself. Especially, our result also
provides theoretical support to quantum field theory and Ising model [42-46]. Currently, there appear the
so-called hype singular integral-differential equations with the order of a singular point higher than the special
dimension in the fields of airmechanics, electron optics, fracture mechanics and others, and its solvability can

13



also be solved by the method proposed in this paper (see [47-53]).
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