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BEST PROXIMITY POINTS FOR WEAK
PROXIMAL ENRICHED G—CONTRACTIONS
IN GRAPHICAL CONVEX METRIC SPACES

Chaobo Lif, Yunan Cui! and Rizwan Anjum?

Abstract In this paper, we redefine the concept of a graphical convex metric
space involving sets with a graphical structure, and a new class of non-self
mappings, called weak proximal enriched G—contractions, is introduced in the
aforementioned space. Moreover, we demonstrate the existence of best ap-
proximation points for two types of weak proximal enriched G—contractions
in graphical convex metric spaces, under suitable control conditions. Addi-
tionally, we provide examples to confirm our main results.
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1. Introduction

Let X be a nonempty set and T : X — X be a mapping, an element v € X is called
a fixed point of T if u = Tu. Fixed point theory play a crucial role in nonlinear
functional analysis. In 1922, Banach developed the Banach contraction principle [1],
which was a fundamental consequence of fixed point theory on metric spaces. The
Banach contraction principle states that any self-mapping 7" of a complete metric
space (X, d) satisfies the condition

d(Tu, Tv) < kd(u,v),0<k <1

for all u,v € X, then T has a unique fixed point in X. After that many authors
have generalized, improved and extended this celebrated result by changing either
the conditions of the mappings or the construction of the space [2-11].

The weak contraction principle, initially formulated by Alber and Guerr [12], in
Hilbert spaces, serves as a generalization of Banach’s contraction principle. Rhoades
[13] later extended this principle to metric spaces. A selfmap T of X is weakly
contractive if, for every u,v € X,

d(Tu, Tv) < d(u,v) — n(d(u,v))
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where 7 : [0,00) — [0, 00) is continuous and nondecreasing such that n(t) = 0 if and
only if t = 0. Rencently, Berinde and Pacurar [14] introduced a new class of enriched
contractions, which includes the Banach contractions. A mapping T : X — X is
called an enriched contraction mapping or a (a,b)—enriched enriched contraction
mapping if there exist a € [0,00) and b € [0,a + 1) such that

la(w —v) +Tu—Tov|| <bljlu—1|.

In [14], they obtained the following theorem.

Theorem 1.1. [1/] Let (X, ||-|| be a Banach space and T : X — X be an enriched
contraction mapping. Then

(1) F(T) = {u}, for someu e X ;
(2) there exists o € [0,1) such that the sequence {uy,}, ., defined by

Upt1 = quy, + (1 — )T uy,

converges to u.

(3) the following estimate:

%

||un+i—1 - p” < ||U’” - u”_ln

1
=1,

for any n € N, where p = ﬁ

In 1970, Takahashi [15] introduced the concepts of the convex structure and the
convex metric space.

Definition 1.1. [15] Let (X, d) be a metric space. A mapping W : X x X x[0,1] —
X is said to be a convex structure on X if for any z € X and (u,v; \) € X x X x[0, 1],
d(z, W(u,v; X)) < Md(z,u) + (1 — N)d(z,v), (1.1)

then the space (X, d, W) is called a convex metric space.

A nonempty subset H of a convex metric space (X, d, W) is said to be convex if
W(u,v; ) € H for all u,v € H and A € [0,1]. It is clear that every linear normed
space, along with each of its convex subsets, can be considered as a convex metric
space, utilizing the natural convex structure,

W(u,v; \)) = A+ (1 — Ao,

but the reverse is not valid [16-18].
Berinde and P&curar [18] gave the concept of enriched contractions on a convex
metric space as below.

Definition 1.2. [18] Let (X, d, W) be a convex metric space. A mapping T : X —
X is said to be an enriched contraction if there exists k € [0, 1) such that

d(W (u, Tu; N), W (v, Tv; M) < kd(u,v)

for all u,v € X.
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Lemma 1.1. [18] Let (X,d, W) be a convex metric space and T : X — X be a
mapping. Define the mapping Ty : X — X by

Thu=W(u, Tu;\),u € X,
then for any A € [0,1), we have F(T) = F(T)).

In 2006, Espinola and Kirk [19] presented valuable findings that integrated fixed
point theory with graph theory. Let X be a nonempty set. The graph G on X
is an ordered pair (V(G), E(G)), where the vertex set V(G) of G is X and the
edge E(G) of X is a subset of the Cartesian product X x X. Each edge in the
graph G can be assigned a weight equivalent to the distance between its vertices,
thereby transforming it into a weighted graph. Later on, Jachymski [20] replaced
the partial order with a directed graph. He introduced the following mapping: a
self-mapping T of a complete metric space (X, d) is called a G—contraction if there
exists k € (0,1) such that for all u,v € X with (u,v) € E(G) ,the following two
conditions hold:

(1) (Tu,Tv) € E(G);
(2) d(Tu,Tv) < kd(u,v).

The graph G is called reflexive, if set F(G) contains all loops, that is , (u,u) € E(G))
for all uw € X. Furthermore, a graph G is called transitive whenever (u,v) € E(G)
and (v, z) € E(G) implies (u, z) € E(G).

On the other hand, as a non-self mapping 7" may not have a fixed point, there
is often an attempt to find an element u that is in some sense closest to Tu. In
this context, best approximation theorems and best proximity point theorems are
relevant. Let A, B are two nonempty subsets of a metic space (X,d) and T : A — B
be a non-self mapping. A point ¢ € A is called a best proximity point of T if
d(q,Tq) = d(A, B), where

d(A, B) = inf {d(u,v) : u € A,v € B}.

Best proximity point theorems are interestingly a natural generalization of fixed
point theorems, as a best proximity point becomes a fixed point if the mapping
under consideration is a self-map. In what follows, we set

Ag={ue€ A:d(u,v) =d(A,B) for some v € B},
By ={v € B:d(u,v) =d(A,B) for some u¢€ A}.

Motivated by the recent results, we first present the concept of a graphical con-
vex metric space, which generalizes the notion of convex metric spaces in the sense
of Takahashi [15] and improves upon the concept of graphical convex metric spaces
in the sense of Chen [21]. Furthermore, we introduce the concept of weak enriched
G—contraction in this new space, which serves as a generalization of both weak en-
riched contraction and G—contraction. To explore the best approximation point for
enriched-type non-self mappings, we define weak proximal enriched G —contractions
of type (I) and type (IT). We establish the best approximation point theorem for
the mapping T and the average mapping T), considering scenarios of both conti-
nuity and discontinuity for T'. Furthermore, we present examples to illustrate our
theoretical results.
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2. Main results

Throughout this paper, we assume that G is a directed, reflexive, and transitive
graph with V(G) = X. We denote Thu = W (u,Tu; \) for A € [0,1).

Firstly, we define the concept of a graphical convex metric space, which gen-
eralizes the classical notion of convex metric spaces and improves the concept of
graphical convex metric spaces presented in reference [21,22].

Definition 2.1. Let (X, d) be a metric space endowed with a graph G. If a mapping
W :V(G) x V(G) x [0,1] = V(G) satisfies

d(z, W (u,v; \)) < Md(z,u) 4+ (1 — N)d(z,v), (2.1)

for all z,u,v € V(G) with (u,v) € E(G) and A € [0,1). Then (X,d, W,G) is said
to be a graphical convex metric space.

Remark 2.1. Every convex metric space (X,d, W) is a graphical convex metric
space and every graphical convex metric space (G, d, W) in the sense of Chen [21]
is a graphical convex metric space, where V(G) = X and E(G) = X x X. However,
the reverse may not necessarily be true. See the example below.

Example 2.1. Let X =[1,2] U {3} and d(u,v) = |u —v| for all x,y € X. It is not
difficult to see that there is no convex structure W : X x X x[0,1] — X that satisfies
(1.1). Let E(G) = {(u,v) : u,v € [1,2]} and define W : V(G)xV(G)x]0,1] = V(G)
by

W (u,v; A) = du+ (1 — Ao,

for all u,v € V(G) with (u,v) € E(G) and A € [0,1]. Clearly, (X,d,W,G) is a
graphical convex metric space, and it is not a graphical convex metric space in the
sense of Chen [21].

Proposition 2.1. Let (X,d,W,G) be a graphical convex metric space. For all
u,v € V(G) with (u,v) € E(G) and A € [0,1], we have

d(u,v) = d(u, W(u,v; \)) + d(W (u,v; \), v). (2.2)

Proof. Using the triangle inequality and (2.1), we get

d(u,v) < d(u, W(u,v; A)) + d(W(u, v; A), v)
< (1 —=Xd(u,v) + Ad(u,v)
= d(u,v).
Thus, (2.2) holds. O

Proposition 2.2. Let (X,d,W,G) be a graphical convexr metric space. For all
u,v € V(G) with (u,v) € E(G) and A € [0,1], we have

d(u, W(u,v; X)) = (1 = Nd(u,v), d(W(u,v;A),v) = Ad(u,v). (2.3)
Proof. By (2.1) and (2.2), we get

d(u,v) = d(u, W(u,v; \)) + d(W (u, v; \),v)
< (1= Nd(u,v) + Ad(u,v)
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= d(u,v).

Thus, (2.3) holds. O
The following proposition is obviously valid.

Proposition 2.3. Let (X,d,W,G) be a graphical convex metric space. For all
u,v € V(G) with (u,v) € E(G) and A € [0, 1], we have

W(u,u; \) = u, W(u,v;1) =u, W(u,v;0) =v.

Let ug € V(G) be the initial value of a sequence {uy}, and let T : V(G) —
V(G) be a mapping. We say that {u,} is a T—Krasnoselskij sequence if u,; =
W (tn, Tun; A), where X € [0,1).

Definition 2.2. Let (X,d,W,G) be a graphical convex metric space. The set
E(QG) is said to be convex if for any uy, vy, ug,ve € V(G) with (u1,v1) € E(G) and
(ug,v2) € E(G), and for all A € [0, 1], we have (W (u1,uz; X)), W(v1,v2; X)) € E(G).

Example 2.2. Let X = R. Define d(u,v) = |u — v| and W (u,v; \) = Au+ (1 —A)v
for all u,v € X and A € [0,1]. Consider the graph E(G) = {(u,v) € X x X : u < v}.
It is clear that if u; < vy and us < vy, then W(uy,uo; A) < W(vy,va; \) for any
A € [0,1]. Hence, E(G) is convex in X x X.

More examples of E(G) being convex can be found in references [23,24]. Next,
we will establish some properties of the T—Krasnoselskij iteration processes through
convexity.

Proposition 2.4. Let (X,d, W, G) be a graphical convex metric space. Choose ug €
V(G) such that (ug, Tug) € E(G) and let the sequence {u,} be a T—Krasnoselskij
sequence. Suppose that

(1) the mapping T : V(G) — V(Q) is edge-preserving, that is, (Tu,Tv) € E(Q)
for all (u,v) € E(G);

(2) E(G) is convez.
Then (un,Tuy) € E(G) and (un, untp) € E(G) for any n,p € N.

Proof. By the convexity of E(G) and (ug,uo) € E(G), (ug, Tug) € E(G), we get
(ug, W(uo, Tug; \)) € E(Q), that is, (ug,u1) € E(G). Since T is edge-preserving,
we get (Tug,Tur) € E(G). By the transitive property of G, we get (ug,Tu1) €
E(G). Combining this with (T'ug, Tu1) € E(G) and the convexity of E(G), we get
(u1,Tuy) € E(G). Using a similar argument, we can conclude that (u,,u,y1) €
E(GQ) and (uy, Tu,) € E(G). By the transitive property of G, we also get (ty, Un4p) €
E(G), for all p € N (for more details see Figure 1). O

Figure 1. The T—Krasnoselskij sequence associated with Proposition 2.4
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Remark 2.2. If T is edge-preserving and E(G) is convex, then T} is also edge-
preserving.

The following definition is that of weak enriched contraction, which generalizes
enriched contraction and weak contraction.

Definition 2.3. Let (X,d, W) be a convex metric space. A mapping T : X — X
is said to be a weak enriched contraction if there exists A € [0, 1) such that for all
u,v € X, the following inequality holds:

d(Tyu, Tyv) < d(u,v) = n(d(u,v)),
where 7 : [0,00) — [0, 00) is continuous and nondecreasing function satisfying n(t) =
0 if and only if ¢ = 0.

We also present the definitions of weak enriched G—contraction, which generalize
weak enriched contraction and G—contraction, as follows:

Definition 2.4. Let (X, d, W, G) be a graphical convex metric space. A mapping T
is said to be a weak enriched G—contraction if the following conditions are satisfied:

(1) Ty is edge-preserving, meaning that if (u,v) € E(G), then (Thu, Thv) € E(G)
for all u,v € V(G);

(2) there exists A € [0,1) such that for all u,v € V(G) with (u,v) € E(G) , the
following inequality holds:

d(Thu, Thv) < d(u,v) — n(d(u,v)),

where 7 : [0, 00) — [0, 00) is continuous and nondecreasing function satisfying n(t) =
0 if and only if ¢ = 0.

Example 2.3. Any weak enriched contraction mapping is a weak enriched Go—
contraction, where the graph Gy is defined by V(Go) = X and E(Gp) = X x X.

Weak enriched G—contraction is not necessarily a weak enriched contraction.

Example 2.4. Let X = [0,2] equipped with the usual metric d. Assessing the
graph G with V(G) = X and E(G) = {(v,u) : 0<u <2} U{(3,u): 0<u<1}U
{(3,u): 1 <u<2}. Define W(u,v;A) = Au+ (1 — A)v for all u,v € V(G) with
(u,v) € E(G) and A € [0,1). Tt is clear that (X,d, W, G) is a graphical convex
metric space. Define the mapping T': X — X by

l—-uw0<u<l1

Tu =
3—u l<u<?2,
take \ = %, then
10<u<i1
T%u:
Sl<u<?2

It is clear that if (u,v) € E(G), then (Tw,Tv) € E(G) (and also (T%u,T%v) €
E(G)). Note that d(Tiu,Tyv) = 0 for all u,v € V(G) with (u,v) € E(G),
thus d(Tyu,Tiv) < kd(u,v) for any k € [0,1), that is, T is a weak enriched
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G—contraction with n(t) = k¢ for any ¢ > 0. However, T is not weak enriched

contraction, as let u = % v = %, we have
2 2 4 4 2 2 2 4
AW (=, T=; ), W(=,T=;\)==2=X>=-=d(=,=).
( (3’ 37 )’ (37 37 )) 3| |>3 (3’3)

Clearly, we have the following relations.

Banach contraction = enriched contraction = weak enriched contraction

= weak enriched G — contraction

Motivated by the ideas of Basha [25,26], we introduce the concept of a G—proximal
mapping in a graphical convex metric space as follows.

Definition 2.5. Let (X,d, W, G) be a graphical convex metric space and A and B
are two non-empty sets of V(G). A mapping T : A — B is said to be G—proximal
if T' satisfies

(Ul,’Ug) S E(G)
d(uy,Tvy) = d(A, B) ¢ = (u1,u2) € E(GQ)
d(UQ, T’UQ) = d(A, B

~—

for all uy,us,vy,v9 € A.

Now, we will provide the definitions of weak proximal enriched G—contraction
of type (I) and type (I1).

Definition 2.6. Let (X, d, W, G) be a graphical convex metric space, and let A and
B be two nonempty subsets of V(X). A mapping T : A — B is said to be a weak
proximal enriched G—contraction of type (I) if , there exists A € [0,1) such that
(1)171)2) € E(G)
d(ul, TUl) = d(A, B
d(UQ, T’Ug) = d(A, B)

= d(W(v1,u1; A), W(va,u; X)) < d(v1,v2,)—n(d(v1,v2,)),

~—

for all uy,ug,v1,vy € A, where 7 : [0,00) — [0, 00) is continuous and nondecreasing
satisfying n(t) = 0 if and only if ¢ = 0.

Definition 2.7. Let (X, d, W, G) be a graphical convex metric space, and let A and
B be two nonempty subsets of V(X). A mapping T : A — B is said to be a weak
proximal enriched G—contraction of type (IT) if , there exists A € [0,1) such that
(Ul,’Ug) S E(G)
d(uy, W (v, Toi; N)) = d(A, B) ¢ = d(u1,u2) < d(vi,ve,) — n(d(vi,ve,)),
=d

d(UQ, W(UQ, T’Ug; )\)) (A7 B)

for all uy, ug,v1,v2 € A, where 7 : [0,00) — [0, 00) is continuous and nondecreasing
satisfying n(¢) = 0 if and only if ¢ = 0.
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Remark 2.3. (1) In Definition 2.6, if T' is G—proximal and E(G) is convex, we
obtain the definition of weak enriched G—contraction when A = B.

(2) In Definition 2.7, if Ty is G—proximal, then we obtain the definition of weak
enriched G—contraction when A = B.

Now, we present our first main result.

Theorem 2.1. Let (X,d,W,G) be a complete graphical convexr metric space and
E(G) is conver. Let A and B be two nonempty closed subsets of V(X) such that
Ag is convexr. Assume that T : A — B is a continuous weak proximal enriched
G—contraction of type (I), if it satisfies the following conditions:

(1) T is G—proximal with T(Ag) C By;

(2) there exist elements ug,zo € Ao such that (uo,z0) € E(G) and d(zo,Tug) =
d(A, B).

Then T has a best proximity point in A. Furthermore, if for any two best proximity
points u*, u** € A, we have (u*,u**) € E(G), then T has a unique best proximity
point in A.

Proof. Let ug and zg in Ag be such that (ug, 29) € E(G) and d(zo, Tuo) = d(A, B).
Let uy = W{(ug, z0; A), since Ag is convex, then u; € Ag. From the fact that
T(Ap) C By, there exists z; € Ag such that d(z1,Tu1) = d(A, B). From (ug,ug) €
E(G), (ug, 20) € E(G) and the convexity of F(G), we have (ug,u;) € E(G). Since
T is G—proximal, we get (z20,21) € E(G). By using the transitive property of G,
we have (ug, z1) € E(G), by combining this with (2o, 21) € E(G) and the convexity
of E(G), we obtain that (u1,21) € E(G). Using a similar argument, we can obtain
two sequences {uy} and {z,} in Ag such that d(z,,Tu,) = d(A, B) with (un, z,) €
E(G), (up,unt+1) € E(G) and upy1 = W(un, 2,3 A) for any n € N. Moreover, by
using the transitive property of G, we can deduce that (u,, un1p) € E(G) for any
p € N (for more details see Figure 2). If there exists ng € N such that un, = tng+1,
we have
d(uno’ Zno) = d(uno+1a Zno) < (1 - /\)d<un07 Zno)

which implies d(un,, 2n,) = 0, it follows that
d(A, B) < d(tng, Tng) < d(tng, 2ng) + d(2ng, Ttin,) = d(A, B),

thus d(tn,, Tun,) = d(A, B), that is, u,, is a best proximity point of 7. Hence,
we suppose that d(uy,u,+1) > 0 for all n € N. Since T is weak proximal enriched
G —contraction of type (I), we have

AW (Un—1, Zn—1; ), W(tn, 2n; A)) < d(tn—1,un) — n(d(tn-1, un)),

it follows that d(un, tnt1) < d(Un—1,un) — N(d(Up—1,uy)) < d(tp—1,u,), this gives

that {d(un,un+1)} is a decreasing sequence of nonnegative real numbers. Assume

that lim d(un,uny1) =t > 0. If t > 0, then 7(t) > 0. For any n € N, we have
n—oo

t= lm d(un,un+1) < lim d(up—1,u,) —n( im d(up—1,uy,)) =t — n(t),

n—oo n—oo n—oo
a contradiction. Hence, lim d(uy,tn+1) = 0. Now, we show that {u,} is a Cauchy
n—oo

sequence. On the contrary, suppose that {u,} is not a Cauchy sequence. Then
there exist € > 0 and two sequences {my},{ny} of positive integers such that

ng > my >k, d(Umy, Un,) =€ and d(Um,, Un,—1) < €.
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We have
3 § d(umkaunk) S d(umkyunk—l) + d(unk—lvunk),

let £ — oo, we deduce that klim d(Umy,, Un, ) = €. Further, from
—00

d(um,k ) unk) S d(umk ) u7nk+1) + d(umk-‘rla u7lk+1) + d(unk—i-ly unk)

and
d(ukarl’ unk+1) < d(ukarlv umk) + d(umk ) unk) + d(unk ) unk+1)7
we get klim A(Umy,+1, Un,+1) = €. Since T is weak proximal enriched G—contraction
— 00

of type (I) with (tm,,un,) € E(G), it follows that

d(umk+1’ unk+1) < d(umk ) unk) - n(d(umk ’ unk))’

by letting k — oo, we get € < & — n(e) which yields n(¢) = 0, a contradiction.
Therefore, the sequence {u,} is Cauchy sequence in A. Since A is a closed subset
of V(X), there exists a u* € A such that u, — u*. Further, using the triangle
inequality, we get

d(zna un) S d(Zna unJrl) + d(un+1a un) S )\d(zna un) + d(unJrla un)v

which implies 1i_>m d(zp,un) = 0, thus 2z, — u*. Since T is continuous, we have
Tu, — Tu. By the continuity of the metric function d, we have d(u,,Tu,) —
d(u*,Tu*). Then

d(A, B) < d(up,Tuy) < d(un, 2n) + d(zn, Tup) = d(un, 2,) + d(A, B),

Let n — oo, we obtain that d(u*,Tu*) = d(A, B), that is u* is a best proximity
point of T. Let us suppose that T" has another best proximity point v** in A with
(u*,u™) € E(Q), that is, d(u**,Tu**) = d(A,B). Since T is a weak proximal
enriched G—contraction of type (I), we have

d(U*7 U**) = d(W(U*a U*; A)7 W(U**7 U**; )‘)) < d(U*7 U'**) - n(d(U*7 U'**))a

which implies u* = u**. This complete the proof. O

Figure 2. The graph of {u,} and {z,} in Theorem 2.1

In order to remove the continuity assumption, we need the following condition.

Definition 2.8. [20] For any sequence {u, } in X, if u, = v and (upn, unt1) € E(G)
for all n € N, then there is a subsequence {uy, } of {u,}, such that (u,,,u) € E(G)
for all k € N. We say graph G satisfy the property (P).
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Remark 2.4. If u,, — v and (up, up+1) € E(G). Suppose that G has the property
(P), by the transitive property of G, we have (u,,u) € E(G) for all n € N.

Definition 2.9. [25,26] Let (X,d) be a metric space, and let A and B be two
nonempty subsets of X. A is said to be approximatively compact with respect to B
if any sequence {u,} in A satisfying the condition that d(u,,v) — d(A4,v) for some
v € B has a convergent subsequence.

Theorem 2.2. Let (X,d, W, G) be a complete graphical convex metric space. Sup-
pose that G has the property (P) and E(G) is convex. Let A and B be two nonempty
closed subsets of V(X)) such that Ag is convex and B is approzimatively compact with
respect to A. Assume that T : A — B is a weak proximal enriched G— contraction
of type (I), if it satisfies the following conditions:

(1) T is G—proximal with T(Ag) C By;

(2) there exist elements ug, z0 € Ay such that (ug,z0) € E(G) and d(zo, Tug) =
d(A, B).

Then T has a best proximity point in A. Furthermore, if for any two best proximity
points u*,u** € A, we have (u*,u**) € E(G), then T has a unique best proximity
point in A.

Proof. Proceeding as in the proof of Theorem 2.1, it is guaranteed that there are
two sequences {uy} and {z,} in Ay such that d(z,,Tu,) = d(A, B) with (un, z,) €
E(G), (un,uns1) € E(G) and upy1 = Wy, 2n; A) for any n € N. By using similar
arguments as in the proof of Theorem 2.1, we can conclude that {u,} is Cauchy

sequence in A and lim d(z,,u,) = 0. Due to the fact that A is a closed subset of
n—0o0

V(X), there exists an element u* € A such that u, — u*. By property (P), we
conclude that (u,,u*) € E(G) for all n € N. Further, using the triangle inequality,
we get

d(zn,u*) < d(zn, un) + d(up, u*),

which implies z,, — u*. Besides, we have

d(u*, B) < d(u*,Tuy)
< d(u*, zp) + d(zn, Tuy)
=d(u*, z,) + d(A, B)
<d(u*,z,) + d(u*, B),

let n — oo, we have lim d(u*,Tu,) = d(u*, B). Since B is approximatively com-
n—oo

pact with respect to A, it follows that the sequence {T'u,, } has a subsequence {T'uy, }
converging v in B. Then we obtain

d(u*,v) = lim d(up,Tu,) = d(A, B),

n—oo

which implies that u* € Ay. Again, since T(Ag) C By, there exists an elemen-
t z € Ag such that d(z,Tu*) = d(A, B), since T is a weak proximal enriched
G —contraction of type (I), it follows that

AW (Up,, 2n; A), W(u*, 2;0)) < d(up, u™) — 1 (d(un,u*)).
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We obtain
du*, W(u*, z; \)) < d(u”, uni1) + d(uns1, W(u, z; X))
=d(u* unt1) + AW (tn, zn; X)), W(u*, z; \))
< d(u”, up1) + d(un, %) — 0 (d(un, u*)),

let n — oo, we have d(u*, W (u*,z;A)) = 0, which implies that u* = z. There-
fore d(u*,Tu*) = d(A, B) and u* is a best proximity point of 7. Let us suppose
that T has another best proximity point «** in A with (u*,u**) € E(G), that is,
d(u**, Tu**) = d(A, B). Since T is a weak proximal enriched G—contraction of type
(I), we have

d(U*7 U**) = d(W(U*a u*; A)7 W(U**7 U**; )‘)) < d(“’**7 U'*) - n(d(U*v U'**))a

which implies u* = u**. This complete the proof. O
Next, we will give an example to support Theorem 2.2.

Example 2.5. Let X = R? and define d(u,v) = |u; — us| + |ugz — uy| for all u =
(u1,uz),v = (uz,ug) € X. Consider the graph G with V(G) = X and E(G) =
{((u1,u2), (us,uq)) : ur < us,uz < uqg}. Define W((uy,ua), (ug, us); A) = (Aug+(1—
Aug, Aug+(1—X)uy) for all (uq, uz), (us, us) € V(G) with ((u1, uz2), (us,us)) € E(G)
and A € (0,1). Clear, (X,d,W,G) is a complete graphical convex metric space.
It is easy to show that G is reflexive and transitive, and E(G) is convex. Let
A = {(0,u1):0<wu; <1} and B = {(1,u2):0<wuy <1}. Then A and B are
nonempty closed subsets of V(G) and A = Ay, B = By, then B is approximatively
compact with respect to A. Let T': A — B defined by T'(0,u) = (1, §). Note that
d(A,B) = 1 and T(Ag) C Bp. Assume that e, es,es,eq be elements in A such
that d(ey, Tes) = d(A, B),d(es, Tey) = d(A, B). Take e; = (0,71),e4 = (0,72) and
r1 <rp. Then e; = (0, %) and ez = (0, ). It is easy to show that (ez,e4) € E(G)
and (e1,e3) € E(G). Hence T is G—proximal. Moreover,

A(W (er, e2; \), Wes, eas ) = d((0, Ay + (1 — )\)%1), (0, \rg + (1 — /\)%2))

= A1 —r2) + (1= N =2
—)\+1|r — 1o
=3 1— T2
A+1
=22 (0~ 0] -y — 7a)
A+1
:Td(eg,e4).

Since A < 1, thus T is a weak proximal enriched G—contraction of type (I). There-
fore, all hypotheses of Theorem 2.2 is satisfied, we obtain that 7" has a unique best
proximity point (0,0).

We present the convergence plots of the sequences {u, } and {z,} for the initial
value ug = (0, 1) in Figure 3.

Remark 2.5. Let T defined as in Example 2.5 and the averaged mapping defined
by Thu = W(u,Tu; A) for all w € V(G) and X € (0,1). It is worth noting that the
best proximity point of 7" is not a best proximity point of 7. Indeed, T5(0,0) =
W((0,0),(1,0); A) = (0, (1 — X)), then d((0,0),75(0,0)) =1 - < d(4,B) =1.
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n n+1

7,=(0, ) z,=(0, ) (0—)

Py

=01 =0 ) =0, —)

n+1
n+1

th 4

Figure 3. Graph associated with Example 2.5

Theorem 2.3. Let (X,d,W,G) be a complete graphical convex metric space and
G has the property (P). Let A and B be two nonempty closed subsets of V(X)
and B is approximatively compact with respect to A. Assume that T : A — B is
a weak prozimal enriched G— contraction of type (II), if it satisfies the following
conditions:

(1) Tx is G—proximal with Tx(Ao) C By;

(2) there exist elements ug,uy € Ao such that (ug,u1) € E(G) and d(uy, Thug) =
d(A, B).

Then Ty has a best proximity point in A. Furthermore, if for any two best proximity
points u*,u** € A, we have (u*,u**) € E(G), then T\ has a unique best prozimity
point in A.

Proof. Let up and uy in Ay be such that (ug,u1) € E(G) and d(u1,Thug) =
d(A, B). In view of the fact that Ty(Ap) C By, there exists us € Ag such that
d(ug,Tuy) = d(A, B). Since Ty is G—proximal, we get (u1,u2) € E(G). Continuing
this process, we can obtain a sequence {u,, } in Ay such that d(u,11, Thu,) = d(A, B)
and (up,un4+1) € E(G) for any n € N. By using the transitive property of G, we
can deduce that (uy,untp) € E(G) for any p € N (for more details see Figure 4).
If there exists ng € N such that u,, = u,,+1, we have

d(uan/\uno) = d(uno-‘rla T/\uno) = d(A7 B)

which implies u,,, is a best proximity point of 7. Hence, we suppose that d(u,, w,+1) >
0 for all n € N. Since T is a weak proximal enriched G—contraction of type (II), it
follows that

d(uny Un+1) < d(“n—l, Un) - n(d(un—la Un))

By using similar arguments as in the proof of Theorem 2.1, we can conclude that
{un} is Cauchy sequence in A. Due to the fact that A is a closed subset of V(G),
there exists a u* € A such that u, — w*. By property (P), we conclude that
(un,u*) € E(Q) for all n € N. Besides, we have
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Let n — oo, we have lim d(u*,Thu,) = d(u*,B). Since B is approximatively
n—oo

compact with respect to A, it follows that the sequence {Thu,} has a subsequence
{T»un, } converging v in B. So we obtain

d(u*,v) = lim d(up, Thu,) = d(A, B),

n—oo

which implies that u* € Ay. Again, since Ty(Ag) C By, there exists an elemen-
t z € Ag such that d(z,Thu*) = d(A4, B), since T is a weak proximal enriched
G —contraction of type (IT), it follows that

A(tnt1,2) < d(tg, u™) — 5 (d(un, u*)).
Let n — oo, we have d(u*, z) = 0 which implies that «* = z. Therefore d(u*, Thu*) =
d(A, B) and u* is a best proximity point of T. Let us suppose that T has anoth-
er best proximity point u** in A with (v*,u**) € E(G), that is, d(u**,Thu**) =
d(A, B). Since T} is a weak proximal enriched G—contraction of type (I7), we have
A u) < d(u,w) = p(d(u ),

which implies u* = w**. This complete the proof.

O, 0,0 . 0.0 .

Figure 4. The graph of {u,} in Theorem 2.3

Example 2.6. Let X = R? and define d(u,v) = |u; — usz| + |us — uy| for all u =
(u1,u2),v = (ug,us) € X. Consider the graph G with V(G) = X and E(G) =
{((u1,u2), (us,uq)) : uy < ug,us < uqg}. Define W((uy,us), (ug, uqs); A) = (Aug+(1—
Auz, Aug + (1 — Nuy) for any (ug,uz), (us,us) € V(G) with ((u1,us2), (ug,uq)) €
E(G) and X € (0,1). Clear, (X,d,W,G) is a complete graphical convex metric
space. Let A = {(0,u):0<u<1},B = {(u,v):1<u<3,0<wv<1}. Then 4
and B are nonempty closed subsets of V(G) and A = Ag, B = By, then B is
approximatively compact with respect to A. Define the the mapping T': A — B by
T(0,u) =T(3,1 —u) for u € [0,1]. For A = %, we have T%(O,u) =W((0,u),(3,1—
u); %) = (1, 3u + 3). Note that d(4, B) = 1 and T%(AO) C By. It is easy to show
that G is reflexive and transitive. Assume that e, es, e3, e4 be elements in A such
that d(e1, T2e2) = d(A, B),d(e3, Tze4) = d(A, B). Take ez = (0,71),e4 = (0,72)
and 71 < ry. Then e; = (0, %Tl + %) and ey = (07%7‘2 + %) It is clear hat
(e2,e4) € E(G) and (e, ez2) € E(G). Hence Ty is G—proximal. Moreover,

1 1 1 1
d(e1,es3) = d((0, 3" + g)a (0, 372 + g))

2 |

=—|rh—r

3Im 2
1

(10=0[ +[r1 = 7r2f)

wl
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1
=d ) )
gdle2, ea)
thus T is a weak proximal enriched G—contraction of type (II). Therefore, all
hypotheses of Theorem 2.3 is satisfied, we obtain that 7" has a unique best proximity

point (0, 2)

We present the convergence plot of the sequences {u,} for the initial value
ug = (0, 1) in Figure 5.

e e e

=09 =0, ) -, ) u, :(o,%x(ngi”)) u,. (olx(1+

1
3n+1 ))

Figure 5. Graph associated with Example 2.6

Taking A = B in Theorem 2.1, we obtain the following fixed point theorem.

Corollary 2.1. Let (X,d,W,G) be a complete graphical convex metric space and
E(G) is convex. Let T : V(X) — V(X) be a continuous mapping that satisfies the
following conditions:

(1) T is edge-preserving;

(2) there exists A € [0,1) such that for all u,v € V(G) with (u,v) € E(G) , the
following inequality holds:

d(Thu, Thv) < d(u,v) — n(d(u,v)),

wheren : [0,00) — [0, 00) is continuous and nondecreasing function satisfying n(t) =
0 if and only if t = 0. Then T has a fized point. Furthermore, if for any two fized
points u*,u** € X, we have (u*,u**) € E(G), then T has a unique fized point.

Taking A = B in Theorem 2.2, we obtain the following fixed point theorem.

Corollary 2.2. Let (X,d, W, G) be a complete graphical convex metric space. As-
sume that G has the property (P) and E(G) is convex. Let T : V(X) — V(X) be a
mapping that satisfies the following conditions:

(1) T is edge-preserving;

(2) there exists A € [0,1) such that for all u,v € V(G) with (u,v) € E(G) , the
following inequality holds:

d(Thu, Thv) < d(u7 v) — n(d(u,v)),

wheren : [0,00) — [0, 00) is continuous and nondecreasing function satisfying n(t) =
0 if and only if t = 0. Then T has a fixed point. Furthermore, if for any two fized
points u*,u** € X, we have (u*,u**) € E(G), then T has a unique fized point.

Taking A = B in Theorem 2.3, we obtain the following fixed point theorem.

Corollary 2.3. Let (X,d,W,G) be a complete graphical convexr metric space and
G has the property (P). Let T : V(X) — V(X) be a weak enriched G—contraction,
then T has a fized point. Furthermore, if for any two fized points u*,u** € X, we
have (u*,u**) € E(QG), then T has a unique fized point.
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Note that any weak enriched contraction is a weak enriched Go—contraction, we
obtain the following fixed point theorem.

Corollary 2.4. Let (X,d, W) be a complete convex metric space and T : X — X
be a weak enriched contraction. Then

(1) F(T) = {u}, for someu e X ;

(2) there exists X € [0,1) such that the sequence {u,}.., defined by

Un+1 = W(Una Tuny; )‘)

converges to u.
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