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THRESHOLD BEHAVIOR OF A STOCHASTIC
SVI EPIDEMIC MODEL WITH JUMP NOISE
AND SATURATED INCIDENCE RATE

Haoran Geng!, Liang Wang®' and Daqing Jiang?

Abstract This paper analyzes a stochastic SVI epidemic model with jump
noise and saturated incidence rate. By applying Kunita’s inequality, we de-
rive the asymptotic pathwise estimation of the stochastic solution. We then
present the basic reproduction number of the model, P:(S), which determines the
extinction and persistence in the mean of the disease. Additionally, numerical
simulations are conducted to verify the theoretical results. Consequently, both
theoretical and numerical results indicate that the jump noise can hold off the
spread of the disease.
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1. Introduction

The impact of epidemics on human society cannot be underestimated. As glob-
alization advances, transportation has become increasingly developed. This has
facilitated frequent migration across regions, accelerating the spread of epidemics
on a global scale. Therefore, understanding and preventing the spread of infec-
tious diseases are particularly important [1]. To study the spread of diseases like
COVID-19, many researchers have developed various mathematical models [2—4].

To prevent epidemic outbreaks, vaccines are widely used in modern society, and
epidemic models with vaccination have been studied extensively [3,4]. Further-
more, many practical factors, such as media coverage, quarantine measures, and
population density, may affect the incidence rate. Therefore, researchers often con-
sider nonlinear incidence rates, such as the half-saturated incidence rate [5] and the
saturated incidence rate [6], in their epidemic models.

Liu et al. [7] considered the saturated incidence rate and analyzed the stationary
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distribution of an SVI epidemic model. They formulated the following model:

ds(t) = [A — (b+0)S(t) — ﬂs“”“’] dt,

1+nS(t)
AV (1) = [5(6) - 2R — (n+ V()] at, (1)
AI(t) = | 598 + X — (v + b+ a)I(1)] at,
where S, V and I denote the susceptible, vaccinated, and infectious individuals,
respectively. The saturating contact rates are assumed to be 7 fis and %, where

n is called the half-saturated constant in [7]. The saturated contact rates tend
to £ when the number of susceptible and vaccinated individuals tend to infinite,
respectively. It reflects the crowdedness effect and the behavioral changes of the
individuals. The parameters in model (1.1) are all assumed to be positive, and their
biological meanings are listed in the following Table 1:

Table 1. Biological meanings of parameters in model (1.1)

Notation Biological meanings
A constant recruitment rate
b natural death rate
0 fraction of susceptible individuals to vaccinated ones
B average contact rate of an infected person
03 average contact rate of a vaccinated person
n half-saturated constant
y recovery rate of infectious individuals
Y average rate at which a vaccinated individual acquires immunity
« death rate caused by disease

Liu et al. [7] showed that the basic reproduction number for system (1.1) is

S A%
5(1+7}§ 1+n‘7)

R =
0 Y+b+a

: (1.2)

A
b+6°

Ro < 1, and it has a disease-free equilibrium E; = (S,V,0), which is globally
asymptotically stable in the invariant set I' = {(S,V,I) e R} : S+ V 4+ 1 < %}
On the other hand, the disease will persist when Ry > 1, and it has an unstable
equilibrium FE; and a locally asymptotically stable equilibrium Ey = (S*, V* I*),
where §* > 0,V* > 0,1* > 0.

Many researchers have established that infectious diseases spread randomly due
to contacts between individuals and environmental fluctuations [8-11]. Therefore,

where S = V= %. They proved that the disease will die out when
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they often use stochastic differential equations with white noise to simulate infec-
tious disease dynamics. Motivated by these works, Liu et al. [7] incorporated white
noise perturbations into model (1.1) and established the following stochastic SVI
epidemic model:

ds(t) = [A — (b+0)S(t) — ﬁSW(”] dt + 01 S(H)d B (1),

T+15(0)
dv(t) = [95(75) — TR — (11 + b)V(t)} dt + ooV (1)dBa(t), (1.3)
dI(t) = [ﬁﬂ;gf(g + O — (v + b+ )l (t)} dt + o3I(t)dBs(t),

where B;(t) (i = 1,2,3) are independent standard Brownian motions defined on a
complete probability space (Q, F,{Fi}i>0,P) with the filtration {F;}i>0. o4 (i =
1,2,3) represent the intensities of the white noise. By studying the dynamical
behavior of the stochastic SVI model (1.3), Liu et al. [7] revealed the influence
of white noise on epidemic models. They proved that the solution of model (1.3)
is positive recurrent and has a unique ergodic stationary distribution when Rj =
posn s C(rrvrar)>o

(b+0+ 51 (A+b+0)  (b+0+355) (v +b+ ) (nOA+(b+0) (12+D))

However, white noise cannot account for discontinuous perturbations caused by

large incidental environmental shocks. So many researchers have begun to describe
large accidental fluctuations using Lévy noise [12-19]. Privault et al. [14] investi-
gated a stochastic SIR epidemic model driven by a multidimensional Lévy jump
process with heavy-tailed increments and possible correlation between noise com-
ponents. They first used Kunita’s inequality to estimate the asymptotic pathwise
behavior of the solution and demonstrated that the Lévy process can have a signif-
icant influence on the dynamical behavior of the epidemic system. Bao et al. [18]
considered the competitive Lotka—Volterra population dynamics with jumps. They
give an explicit solution for the one-dimensional model, and discuss the sample Lya-
punov exponent and extinction of the n-dimensional model. Zhu et al. [19] studied a
stochastic SIRS system with jump noise, saturated incidence rate, and vaccination
strategies. They proved through both theoretical and numerical results that the
jump noise can suppress disease outbreaks. Motivated by the research results from
Liu et al. [7], Privault et al. [14], Bao et al. [18] and Zhu et al. [19], we incorporate
jump noise perturbation into system (1.1) and get the stochastic SVI model with
jump noise as follows:

ds(t) = [A — (b+0)S(t) — 55(“”“} dt + S () dZy (1),

14+nS(t)
av(t) = [0S() — DD — (0 + V()] dt +V (¢7) dZa(0), (1.4)
dI(t) = [ﬁig;);(gg) + ) — (v+ b+ )l (t)] dt + 1 (t7)dZs(t),

where the left limits of S(t), V(¢) and I(¢) are denoted by S(¢t~), V(¢t~) and I(t™),
respectively. Z(t) = (Z1(t), Z2(t), Z3(t)), which models the random perturbation
of the system, is a three-dimensional jump process satisfying the Lévy-Khintchine
representation (Theorem 1.2.14, [20]):

—Eu u e W@ _j(u, n(z))—1)v(dz
s ant [ (1,1(2)) 1)),

E[eiulzl(t)+iu2Z2(t)+iu3Z3(t)] — exp(
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where u = (uy,u2,u3) € R? and A is a 3 x 3 diagonal matrix with ,/a; as its diagonal
elements. The process Z;(t) can be characterized by

Z;i(t) = 0By ( //m N(ds,dz), i=1,2,3, (1.5)

where N(dt, dz) is the compensated Poisson random measure defined by N (dt, dz) :=
N(dt,dz) — v(dz)dt. N(dt,dz) is a Poisson counting measure with characteristic
measure v on a measurable subset Y of [0, 00) with v(Y) < 0.

By substituting (1.5) into model (1.4), we obtain the following SVI epidemic
model with saturated incidence rate and jump noise:

dAs() = A — b+ 0)s(t) - %] dt + o1 S(£)dBs ()
+ / m(2)S(t7)N(dt,dz),
~ Y
av(t) = |os() — M o b)V(t)} dt + o3V (1)dBa (1)

+ / n2(2)V ()N (dt, dz),

OI)  BVOIE)
ar(e) = L+n5(t)+ T V()

/ S(2)I(E )N (dt, d2),

—(y+b+ a)](t)} dt + o3I(t)dBs(t)

where 7; : Y — R (i = 1,2,3) represent the effects of jump and are suppose to
be continuously differentiable and bounded. Moreover, for jump noise proposed in
(1.6), we always assume that

Assumption 1.1. [, 17 (2)]> v(dz) < oo (i = 1,2,3).

Assumption 1.2. n;(z) > —1,v(dz) — a.e., and [ |n;(z) — In(1 4 n;(2))|v(dz) <
oo (1=1,2,3);

Assumption 1.3. [, [In(1+ 7;(2))]*v(dz) < 0o (i = 1,2,3).

The study of transmission and extinction of epidemic is an important subject
for the control of disease due to its theoretical and practical significance. Compared
to the research of Liu et al. [7], we aim to investigate the sufficient conditions for
extinction and persistence of the disease in (1.6), and derive the threshold behaviors
for the stochastic model. Therefore, it is necessary to estimate the solution of
stochastic system (1.6). Generally, for continuous martingales, Zhao and Jiang [21]
used the Burkholder-Davis-Gundy (BDG) inequality to demonstrate the asymptotic
pathwise estimation of the solution for stochastic SIS epidemic model (Lemma 2.1-
2.2, [21]). In this paper, due to the introduction of jump noise, Kunita’s inequality
is utilized to estimate the asymptotic pathwise of the solution for stochastic system
(1.6) instead of the BDG inequality.

In the rest of this paper, the existence of a unique global positive solution is
proved in Section 2. The asymptotic pathwise estimation of the stochastic solution
of system (1.6) is obtained in Section 3. Furthermore, by constructing appropriate
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Lyapunov functions, the critical value that can fully determine the extinction and
persistence of the disease, i.e., threshold of the disease, is presented in Section 4.
Finally, numerical simulations and some discussions are provided in Section 5.

2. Existence and uniqueness of the positive solution

To ensure an epidemic model is significant, it is necessary to verify that the system
has a unique positive solution. In this section, we prove the existence and uniqueness
of the positive solution of system (1.6) to prepare for studying the dynamic behavior
of the stochastic epidemic system.

Theorem 2.1. Assuming Assumption 1.1 and Assumption 1.2 hold, for any
given initial value (S(0),V(0),1(0)) € R% a.s., the stochastic system (1.6) has a
unique global solution (S(t), V(t),I(t)) € R% for ¢ > 0, and the solution will remain
in R} with probability 1.

Proof. According to Theorem 2.1 in [19], under Assumption 1.1, it is easy to
prove that the coeflicients of model (1.6) satisfy local Lipschitz conditions. Conse-
quently, there exists a unique local solution (S(t), V (), 1(t)) € R3 for any ¢ € [0, 7),
where 7, is the explosion time. Next, to show that the solution is global, we need
to verify that 7. = 400 a.s.. In other words, S(t), V(¢) and I(¢) do not explode in
any finite time. Let ko > 0 be sufficiently large such that S(0),V(0) and I(0) all

lie within the interval [k—lo, k‘o]. For each integer k > kg, define the stopping time

7 = inf {t € [0,7.) : min{S(t), V(), I(t)} < % or max{S(t),V (1), I()} > k
(2.1)

According to (2.1), we set Too = klim 7 < T, a.8.. So it is sufficient to prove that
—00

Too = +00 a.s.. If not, then there exist constants 7' > 0 and € € (0,1) such that
P(1oo <T) > e

Consequently, there is an integer ki > kg such that

P(ry <T) >¢, for all k> k. (2.2)
Define
Vi(S(t), V(t),1(t)) =S(t)+ V(t) +I(t) —InS(t) —InV(t) — InI(t) + mj'(t)
s s L2
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By It6’s formula with jump noise (Theorem 4.4.7, [20]), we have

dVi (S(1), V(1) 1(1))
=LVidt + 01(S(t) — 1)dBy(¢) + o2(V(t) — 1)dBa(t) + o5(I(t) — 1)dBs(¥)
(1+0)p (1+0)8

Y+b+a Y+b+a
(1+0)p

(1+6)86
Grbrapre BT

(1+0)30 (149)p _ (1+0)8 _
+ [0+ 5 g + S m @S0 + (1 + A (v ()

(1+0)p
Yy+b+a

Ug[(t)dB3(t) + O'QV(t)ng(t)

Uls(t)dBl (t)

+(1+ n3(2)1(t7) —In(14n1(2)) —In(1+n2(2)) —In (1 + UB(Z))]N(dtvdZ%

where LV] is the generating operator of the stochastic system (1.6):

Bl (1+9)36 (1+0)p
405 T b0+ Ty tbral

Ly ::A—%—bS—i—b-l—G—i—

L 9B g (A4OB,. (146)80 ST
(v+b+a)(b+0) Y+b+a (y+b+a)b+60)1+nS
(1+6)8 0S  6pI 8S s8V

- HV — = — b b— -
Tibra TV oy T VA - s

(1+6)8 L o 1 5 1 5
<1+7+b+a (7+b+a)l+7+b+oz+201 +202 —1-203

+ /Y [m(2) = (1 +11(2)) +n2(2) = (1 +172(2)) + 93(2) — In (1 +93(2))}w(d2).

Since 7;(z) — In(1 + n;(2)) > 0 for n;(z) > 1, under Assumption 1.2, we obtain

L+)80 \ (1+0)8

LVi <A +
T b+ a)(b+0)  A+bta

A+3b+0+m+v+a

1 5 1 45 1 (1+5)ﬂ
+2(71 +202 +2O'3+(1+§)BI S ibta

+ /Y [m(2) = (1 +71(2)) + n2(2) — (1 +12(2)) + 93(2) — In (1 + n3(2))]v(d2)

(1+6)30 (1+0)8 1, 1, 1
<A A b+0 = - =
=~ Jr('y—l—b—&—a)(b—l—ﬁ) +’7+b+0[ + 3b+ +71+’Y+Oé+20'1 +202 +20'3

(y+b+a)l

+/Y[771(Z)*1n(1+771(2))+772(2) —In(1 +n2(2)) +13(2) — In (1 +13(2))] v(dz)

=K

3
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where K is a positive constant independent of S, V, I and t. Therefore, we have

dvi(S(t),V(t),1(t))
(1+4)B0 (1+9)B

S S —1|dB(t
01+ a)06+0)°  Frbta ) 1t

(1+6)8 (1+6)8
VTP v —1)dBy(t [+ T8
+02( T T htra? 2(t) + o3 Y i hta

(1+6)80 (1+9)8 .
+/P[<1+ G +b+a)b+0) +7+b+a>n1(2)5(t )

1) )
+ (1 + M) ne(2)V (") + (1 + m> n3(z)I (t7)

—In(1+n(2)) = In(1 4+ n2(2)) — In (1 4+ n3(2))]N(dt, dz).

SKdt+Ul <S+

I- 1) dBs(t)
(2.3)

Integrating both sides of (2.3) from 0 to 74 AT and then taking the expectation of
it, we have

EVi(S(me AT), V(1 AT), I(1x AT)) < V1(5(0),V(0),1(0)) + KE(1: A T).
Therefore,
EVi (S(m AT), V(re AT), I(me AT)) < V4 (S(0),V(0),1(0)) + KT. (2.4)

The remaining of the proof follows the lines of proof of Theorem 3.1 in [7]. Set
Qr = {mx < T} for k > k; and by (2.2), we have P(2;) > e. Note that for every
w € Q, there exists S(74,w), V(7k,w), or I(7y,w) that equals either k or 1. Thus,
Vi(S(re AT), V(i AT), I(1p AT)) is no less than either

k—1—Ink
o 1 1 1

So we get
Vi(S(mg,w), V(Tk,w), I (T, w)) > (k=1 —1Ink) A (]1 -1+ lnk:) .
By (2.4), we obtain
Vi (S(O), V(O),I(O)) + KT Z]E[lgk(w)vl (S(T}c,w),V(Tk,w),I(Tk,w))]

1
>e(k—1—1nk)A (k - 1—|—lnk)7
where 1g, () denotes the indicator function of §2;. Letting k — oo,
oo > V1(5(0),V(0),1(0)) + KT = oo,

which leads to the contradiction. Therefore, we must have 7., = oo a.s.. This
completes the proof.
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3. Asymptotic pathwise estimation of the stochastic
solution

In this section, we present preliminary results for the asymptotic pathwise estima-
tion of the solution to the stochastic system (1.6).

Similar to [14], we use the Kunita’s inequality(Theorem 4.4.23 [20], Theorem
2.11 [22]) instead of the BDG inequality [23] to estimate the asymptotic pathwise
for stochastic system (1.6). Kunita’s inequality is stated as follows:

Lemma 3.1. (Kunita’s inequality) For any p > 2, there exists C,, > 0 such that

su s)|P t s, 2)|2dsv(dz))?/?
B[ sup [Y(5)] <Cy{E( / / |H (s, 2) 2dsv(d2))P/?]

t (3.1)
+ B / / |H (s, 2)|Pu(dz))ds}),

where (s,z) € Ry x Y.

Theorem 3.1. Suppose Assumption 1.1 and Assumption 1.2 hold. If b —

1’2;102— %/\>0forp> 1, then

lim w =0, lim

t—oo t—o0

()

=0, lim —= =0,a.s..
t—oo

40
Tt

Proof. Let X(t) = S(t) + V(t) + I(¢t). Define
Va(X) = (1+X)?,
where p > 0 is a constant to be determined later. It follows that

AV (X (1)) =LVadt + p(1 + X (8))P o1 S(t)dB1 () + 0oV (£)dBa(t) + 01 ()dBs(t)]
+ / 1+ X(7) + m(2)SE) + ma(V(E) + ma(2) ()P

— (14 X(t7))P]N(dt, dz),
(3.2)
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where

LVy :=p(1+ X)P"'[A=bS — (1 +b)V — (v + b+ a)]]

+ p(p; 1)(1 + X)P2(6282 + 02V? + 021?)
+Am+x+m@wwv+m@wuv+m@Mrw—u+xv

— (m2)SE) +m(2)V (") +n3(2)1(t))p(1 + X)P~w(dz)
=p(1+ X)P""A=bS — (1 + D)V — (v + b+ a)]]

-1
+p(p2 )(1+X)p*2(0552+02v2+a3 I?%)

pr Lt X+ m)SET) +m()VET) +ns(IE7) 0 0
+/Y(1+X) [( 1—|—X(t) ) 1] (d )

<p(1+ X)PHA = bS — (1 + D)V — (v + b+ )]

-1
+p(p2 )(l-i-X)p 2( 52+0'2V2+0'3 )

+AG+X@VW+m@NWﬂ@Vm@V*UW®)
<p(1+ X)P2{[A = bS — (71 +b)V — (v + b+ ) I)(1 + X)

1 A
+ pTUZX2 0+ X))

gp(1+X)P2{[bp2102A} X2+<Ab+2>\>X+A+>\},

p p p

where A = [{ [(14m:(z ) Vn2(2) Vn3(2))? — 1] v(dz) and 0% = 07 V 03 V 03. Then
we set p=b— p2102 > 0. It follows that

2
LVy <p(1+ X)P~2[—pX? + (A—b+ ;) X+A+%]. (3.3)

According to (3.2), for any k € R we obtain
de"' Vo (X) =L[eMV (X)]dt + *p(1 4+ X)P~ o1 SdB) (t) + 02VdBa(t) + 031dBs(t)]
+ et /Y[(l + X)) +m(2)SE) +m()V({E) +ns(2)I(t7))°
— (14 X (t7))?]N(dt, dz).

(3.4)
After integrating both sides of equation (3.4) from 0 to ¢, we have

Jm+XV=@+X@V+/%JW+X@W+ﬁ%%@@M®
0
+ / e’“p(l + X (8))P " [o1S8(5)dBy (5) 4+ 021 (s)dBy(s) + o3 R(s)dBs(s)]

/ ks/ (14 X(s7) +7(2)S(s7) + 12(2)V (s7) + ()T (s7))P

(14 X(s7))?]N(ds,dz).
(3.5)
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Then we take expectations of (3.5), which yields
ME[(1+ X (1)) = (1+X(O))p+E[/O [ke® (14 X ()P + e LVa(X (s))]ds]. (3.6)

According to (3.3), we get that for any k < pp,

keks (14 X (s))P + e* LVa(X (s))

2
< kePS(14 X (s))P + emp(1 + X)P~2[—pX? + (A —-b+ p)‘> X +A+ é]

(3.7)
= B+ X (o~ KO+ (A= b+ 22X+ A+ )

S ekSpKl,

where K7 = (14 X)P~2[—(p — %)Xz(t) +(A—-b+ % + %)X(t) +A+ %], and
K € (0,00). Substituting (3.7) into (3.6), we obtain

MBI+ X)) < (14 XO) +pEs [ s
0

=(1+X(0)* + L;{lekt.

Therefore,
limsup E[(1+ X (t))?] < iy
t—00 k
Here we set M > 0, then
E[(1+ X ()" < M. (3.8)

For i = 1,2,..., t > i0 and sufficiently small § > 0, combining (3.2) and (3.3),
we integrate (3.2) from 0 to ¢ and obtain

(I+X@)P — (1+ X©0))P

<o [0 XX+ (A= 0 206+ A+ s

+ p/t(l + X(s ))p_l(als(s)dBl(s) + 09V (s)dBa(s) + 03I(s)dBs(s)) (3.9)
/ L0+ X6+ m@67) + mEVE) +mE10)
(1+ X (s7))P|N(ds, d2),
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Taking the supremum of (3.9), we get

sup (14 X())?
i0<t<(i+1)6

<1+ X))+ sup p|/(1+X(s))p’2[—pX2(s)+(A7b+%)X(s)
i9<t<(i+1)0 i p

+A—|—é]ds|+‘ sup p|/ (14 X(8)P" (015 () dBy(s) + 02V (s)dBa(s)
p i0<t<(i+1)0 i

tosI(s)ABs(s) |+ suwp | / / (14 X(s7) +m(2)8(s7) + m(=)V(s)

i0<t<(i+1)6
+n3(2)I(s7))” = (1+ X (s7))?|N(ds, dz) | -

After taking expectation of the both sides of above inequality and using (3.8), we

have
El sup (AI4+XO)P)I<EQ+X@PI+L+1I+1I3
i0<t<(i+1)6 (3.10)

<M+15L+ 1+ 13,

where

L=pE{ swp | [ (14X 2pX?(s) + (A—b+ 22)X(s) + A+ ]ds|}
i0<t<(i+1)0 Jio p

=pE{ swp | [ (1+X(s)" (018 (s)dBa(s) + 0V (s)dBas)

10<t<(i+1)60 30
+ 031(s)dBs(s)) [},

= s | [ [0 X6 mES6) + mE V) w60

i0<t<(i+1)0
— (14 X(s7))P]N(ds,dz) |}.
Using the same method as Zhu et al. (Theorem 3.1, [19]), we have

I <cbE{ sup (1+X)P},
0<t<(i+1)0

where ¢; > 0 is a constant. By using BDG inequality (Theorem 7.3, [23]), we obtain

I, < CQH%pUE{ sup (14 X)P},
i9<t<(i+1)0

where ¢y > 0 is a constant. By the Kunita’s inequality [20,22], it follows that

SB[ sp (1 XP] [0 V() V) 1 vlde).

Therefore, we have

E[ sup (1+X@)P]<M+E[ sup (1+X(1)")[c16+ c260%po
i0<t<(i+1)0 0<t<(i+1)6

+29/Y (147 (2) V(2) V()P — 1| v(d2)].
(3.11)
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Thus there exist a small positive 6 such that

N

c19+c29%pa+29/ | (14 m1(2) Vie(2) Vis(2))P — 1] v(dz) <
Y

From (3.10) and (3.11), we get

E sup 14+ X(¢)P] <2M.
[iegtg(iﬂ)e( ®)"] (3.12)

Using Chebyshev’s inequality and (3.12), for arbitrary € > 0 and all ¢ > 1, we
get
E[ sup (14 X(1))"]
) 10<t<(i+1)0
P sup 1+ X@)P > (i0)F) < -
{wgtg(mw( ()" > (i)} By
2M

< .
= (i6)1+

Applying Borel-Cantelli Lemma (Lemma 2.4, [23]), for all but finitely many 4, we
have

sup (14 X(1)P < (i)'
i0<t<(i+1)8

For almost all w € ), there exists ko(w) such that for any k& > kg, we get

In(1+ X (t))P < (1 + €)lnid
Int - In 6

=14+¢€e>0.

Then taking the limit superior of the inequality above, we obtain

p
i sup 20 X ()

<1+e¢€,a.s..
t—00 nt

By the arbitrariness of ¢, letting ¢ — 0, we have

In(1+ X (£))

lim sup <1,a.s..
t—00 Int
Then for p > 1, there exists
X(t In(1+ X (¢t 1
lim sup ®) < limsupM < —,a.s..
t—00 nt t—00 Int D

That is to say, for any m € (0,1 — %), there exists a finite random time T = T(w)
such that

1 _
InX(t) < (]; +m)lnt,t > T,

which implies
1
. X(t) .. tetm
lim sup ——= < lim sup
t—o0 t—o0

Combining with the positivity of the solution for system (1.6), we get tlirn @ =0,
—00

a.s.. Therefore,

lim X(@®) _ lim S() +1(t) + R(t) _ 0,
t—oo t t—00 t
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which means that

lim w =0, lim @ =0, lim RT(t) =0,a.s..

t—oo t—oo t—00
The proof is completed.

Theorem 3.2. Suppose Assumption 1.1 and Assumption 1.2 hold. If there
exists p > 2 such that b — 25102 1)\ > 0, then

Ju fym(2)S(s7)N(ds, dz) Ju fym2(2)V (s7)N(ds, d2)

lim =0, lim =0,
t—o00 t t—o0 t
ds,d
lim fo Ju (2 ( 5,d2) =0,a.s..
t—o00 t

Proof. For convenience, we denote

/ / n1(2)S(s™)N (ds, dz).

According to Kunita’s inequality [20,22] and (3.8), there exists C}, > 0 for any p > 2
such that

E[ sup |X1(s)["]

0<s<t

< ¢, B / / 71(2)8(s7)Pr(d2)ds)3] + G / [ m)s)rviasas

=G [ et E / 569 P09t + 0y [ ni’(z)v(dz»E[/otws)Pds]

< G| mw @ EEL s 1S+t [ f(w(az).

0<s<t

By (3.12) and the above inequality, we get

B[ swp  [Xi(0)7] gcp2M(<i+1)9)%[/ 2(2)u(d2)]% + C,M(i +1) 9/771 (dz).
10<t<(i+1)0

We use Doob’s martingale inequality, and suppose € > 0 be arbitrary. Therefore,
Plw:  sup  [Xi(OFF > (i6)+HE)

i0<t<(i+1)0

E[  sup  |Xi(t)[7]
10<t<(i+1)0

= (i9)1+e+%

2MC,((i 4+ 1)0)% - MC,(i+1)0 [
< B et + SR [aemas)

According to Borel-Cantelli Lemma [23], for all but finite ¢, we have

sup | X1(0)P < (i) as..
10<t<(i+1)0
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Thus, there exists ig(w) > 0 such that for all i > ig,

In|X; ()P _ (1+ e+ 5)n(i0) P
< - p ,
Wt~ (i) Ihetg,e>0

Taking limit superior of the inequality above, we obtain

In| X1 (¢)] < 1 n 1—}—6.

lim sup

t—s00 Int -2 P
Letting € — 0, we have
In| X4 (¢ 1
limsupM <-+—-,p>2
t—o00 lnt 2

Similar to the argument of Theorem 3.1, we get

t3ts

X (t »
lim sup H& < limsup —~ = 0.

t—o0 t—o0
Together with the positivity of the solution for system (1.6), it follows that
Xq(t
LX)

t—oo t

=0,a.s..

. . . . ¢ V(s™)N(ds,d
According to the same discussion, we can also prove thm o Jyn2(2) ES IN(dsdz)|
— 00

|Jd Jym3(2)I(sT)N(ds,d2)|
t

0 and lim
t—o0

=0, a.s..

Theorem 3.3. Suppose Assumption 1.1 and Assumption 1.2 hold. If there
exists p > 1 such that b — 25202 — %)\ > 0, then

lim 20 Jo - RN 0, lim =0,a.s..

t—00 t% t Tt 00

NS dBl) fO s)dBs(s 3 I(s)dBs(s)
t

The proof is omitted here because it is similar to Lemma 2.2 in [24].

4. Threshold behavior of the disease

One of the main concerns in epidemiology is how to regulate disease dynamics to
ensure that the disease becomes extinct or persists in the long term. In this section,
we aim to provide the critical value for the extinction and persistence in the mean
of the disease. Firstly, we quote the concepts of extinction and persistence in the
mean of the disease [25].
_1 T . 1 rt

For simplicity, we denote ( fo s)ds and (z(t))s = lim inf £ Jo x(s)ds.

Definition 4.1. z(t) is said to be extinct if tlim z(t) =0, a.s..

— 00
Definition 4.2. z(t) is said to be persistent in the mean if (z(t)). > 0,a.s..
Define
- 1 BS A% o3 /
R = = — = — —In(1 dz) ;.
Tt 2 s -+ me)v@s)}
(4.1)

0_7+b+a
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In order to study the sufficient conditions of extinction and persistence in the
mean of the disease, we consider the following stochastic system:

dS(t) = [A — (b+0)S(t)]dt + 01 S(t)dBy (t) + / m(2)S(t7)N(dt,dz),
Y

AV (t) = [0S(t) — (71 + b)V (t)]dt + o2V (t)dBa(t) + / n2(2)V (t7)N(dt, dz),
Y

with the same initial value S(0) = S(0) > 0, V(0) = V(0) > 0. Making use of the
stochastic comparison theorem (Theorem 3.1, [26]), we have

St) < S@),V(t) <V(t),a.s..

Moreover, we can get

[t A
lim— [ S(s)ds = —,
i L tf/( \d oA (4.2)
1 — S)as = ——————~.
t=oot Jo (n +0)(b+90)

Theorem 4.1. Suppose Assumption 1.1- 1.3 hold. Assume that there exists
some p > 2 such that p — p—;lJQ — %)\ > 0. Let (S(¢),V(¢),1(t)) be a positive
solution of system (1.6) with the initial value (S(0),V(0),1(0)) € R3. We obtain

(i) If Ry > 1, then
lim I(t) =0,a.s..

t—o0
It indicates the disease will die out in a long term.
(i) If By < 1, then

Yy+b+a)(R—1)
K,

t
liminfl/ I(s)ds > (
0

t—o00

> 0,a.s..

5B(b+20 Coe
Here Ky: = (v + b+ «) (b+9ﬁ-n/\ + (w1+£éb-t€)-)s-n0A> > 0. This implies the
disease will persist in a long term.

Proof. (i). By Itd’s formula with jump noise [20], we have

1_ff75 ; 1(548¥v C(ytbta)- T /Y[ns(z) —In(1+ ma(2) J(d2) pat

2
+osdBs(t) + /Y In(1 + ns(2)) N (dt, dz).

dInI(t) :{

It follows that

InI(t)—InI(0) / BS opvV
t _<1+ns>+<1+nv

>—(7+b+a)—a§

2
0]

— [ (a) — 1+ ()] vlde) + o0
Y

1/t ~
+;/0 /Yln(Hns(z))N(dt,dz).
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Define .
Hy(t) :/ /ln(l—l—ng(z))ﬁ(dt,dz).
o Jy
By Assumption 1.3, we have

Yd(Hy, Hy)(s)
/0 (l+sl)2 ds =173 /Y(ln(l +13(2)))?v(dz) < +oo.

According to the law of large numbers for local martingales (Theorem 1, [27]), we
have

Hq(t
lim & =0,a.s..
t—o00 t
Moreover, by the law of large numbers (Theorem 3.4, [23]), we have
Bs(t
lim ﬁ =0,a.s..
t—oo

Taking the superior limit of (4.3) and using stochastic comparison theorem [26],
combined with (4.2), we obtain

InI(t
limsupni()
t—o0

e ({5 N [ 88V Y %
e (25 () v

_ / [13(2) — In (1 + 13(2))] v(dz)

e | (B 1 B/ 1 B B 93
_htnfo%p[ (n<1+n5>+n<1+nV>>}+n+n (bt =5

_ /Y n3(2) — In (1 +n3(2))] v(dz)

B/ 1\ _ 9B 1 B B o 98
= n<1+n5> n<1+n‘7>+n+n (rbta) =5

_ / [13(2) — In (1 + n3(2))] v(dz)

A 580A o2
= — b _ 23
TS Wl e sy oy e W A )

2
_ /Y n3(2) —In (1 +n3(2))] v(dz)

=(y+b+a)(Ry—1) <0,a.s..

Therefore, it indicates that

lim I(t) = 0,a.s..

t—o0
Consequently, this means the disease will go to extinction exponentially in proba-
bility one.
(ii). Define a C2-function V3

B B 650
Va($V. ) == Inl= (b+9+n/\ e +b)(b+9)+779A) D
) () R

(71 +b)(b + 0) + noA
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Then
v
S BV o2
—(rbta) = i = 1o+ Bt [ ()~ 1+ m()]v(d)
s 6po SBVI
_<b+9+nA+(71+b)(b+9)+n0A> {A_(b”)sﬂmv_(wb*a)j
58(b + ) ST
— (%+b)(b+9)+n9A[9S—(m+b)V+1+ns—(7+b+a)l]
BS  §BV ol
<l+bra) = Tz~ 1o+ G [ ()~ ()] v(a2)
< BA 580 >+ b e
b+0+nA (1 +b)(b+0)+n0A)  b+0+nA
B 636 (b+0)(m1+b)
+<b+0+nA+(W1+b)(b+9)+n0/\>(7+b+a)l+(71+b)(b+0)+779/\56v
95(b +9) (Y +b+a)l

(11 +0)(b+0) +noA

o 2
<(ebra)t 2y / [ma(2) — In(L + 15(2))] 0(d=)

L BA SBOA )
b+0+nA (31 +0)(b+6)+noA
B 5B(b + 260)

Y(y+b+a)l

+ -
(b+6+nA (y1 4+ b)(b+ 0) + noA

= — (Y +b+a)(R— 1)+ Kal.

_ B 03(b+20)
Let K3 = ey R v ) T Consequently,

dVz(S,V,I) =LVsdt — 03dBs(t) — / In(1 +73(2)) N(dt, dz)
Y

8 N 630
b+0+nA  (y1+b)(b+6)+noA
58(b+0)

(71 + b)(b + 0) + noA

+ / 1o (2)V (t7)N(dt,dz)) — K3(o3IdBs(t) + / n3(2)I(t7)N(dt,dz)).
’ ’ (4.4)

—( )(015d B (1)

+ / m(2)S(t7)N(dt,dz)) — (02VdBs(t)
Y
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Integrating both sides of (4.4), we obtain

V3 (5(1),V(t),1(t)) — V5 (5(0),V(0), 1(0))
t

(bt ) (R — 1) + K1) — T2 "333 / /m 1+ 3(2)) N(dt, dz)

B N 540
b+0+nA (1 +0)(b+0) +noA

/ / m(2)S() N (dt, d))

6B(b+0) 1 [t
(’vl+b)(b+9)+n9A(t/ o2VdB,(t / /nz N(dt,dz))

1 t
~Ks( /O o3 IdBs(t / / 13 (2 N(dt, dz)).

In view of Theorem 3.1 to 3.3, we obtain

—(

)(]t- /0 UlsdBl( )

htrglorolf Ko (I(t))

(b )y~ 1) + it (SEDYOLO) 0. VO 10D
>(y+b+a)(Ry—1) > 0,a.s..

Therefore, we provide the sufficient condition for the persistence in the mean of the
disease. This completes the proof.

5. Conclusions

In this paper, we study the stochastic SVI epidemic model with jump noise and
saturated incidence rate. By using Kunita’s inequality [20,22], we complete the
asymptotic pathwise estimation of system (1.6). Moreover, we prove that the disease
will die out if RS < 1 and will persist in the mean if RS > 1 under certain conditions.
Comparing (1.2) with (4.1), we obtain R = Ry — Wﬁ %g + fy[ms(z) = In(1 +
n3(z))]v(dz)}. It is easy to prove that R§ < Ry, which indicates that jump noise
can slow down the transmission of the disease.

Then we present some examples and use numerical simulations to verify the
theoretical results obtained above. According to [9], the initial value of the sys-
tem (1.6) is given by (5(0),V(0),1(0)) = (0.3,0.3,0.2),A = 0.8,b = 5e=,0 =
0.5,8=0.35,7= 1,71 = 153365,7 = 0.1, = 0.05,6 = 0.06. According to [28], for
computational convenience, we choose v(Y) = 1.

Example 5.1. We suppose (0%, 03,03%) = (0.04,0.16,0.8), (11, 72,73) = (0.1,0.1,0.1),
which leads to Ry = 1.5746 > 1, R§ = 1.5428 > 1. From Theorem 4.1, it follows
that the disease is expected to persist regardless of whether the system has jump
noise or not. The simulation results are illustrated in Figure 1.

Example 5.2. We suppose (07,03, 03) = (0.04,0.16,0.8), (11,72,73) = (0.1,0.1,0.8),
which leads to Ry = 1.5746 > 1, R§ = 0.9546 < 1. In this case, the disease will
be persist in deterministic model (1.1) but die out in stochastic system (1.6). The
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Figure 1. The blue lines show the paths of S(t), V(t), I(t) with jump noise under the noise intensities
(01,03,03) = (0.04,0.16,0.8), (11, 72, n3) = (0.1,0.1,0.1). The black ones are the paths of deterministic

SVI model.
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Figure 2. The blue lines show the paths of S(t), V(t), I(t) with jump noise under the noise intensities
(01,03,03) = (0.04,0.16,0.8), (11, 2, n3) = (0.1,0.1, 0.8). The black ones are the paths of deterministic

SVI model.

simulation results are provided in Figure 2. Moreover, it is clear that the jump
phenomenon is shown in Figure 2.

The numerical simulation indicates that the disease will become extinct as the
noises 1;,¢ = 1, 2,3 become stronger. Jump noise curbs the spread of the disease.

Comparing with system (1.1), we derive a more general ES, which may enrich
the research of threshold behavior in epidemic model and help us better understand
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the dynamics in jump noise sense. In addition, some interesting questions deserve
further discussion. For example, we can consider the logistic growth [8,29] and
seasonality [30] in system (1.6). The research is carrying out.
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