Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume *, Number *, * * 1-27 DOI:10.11948 /***

DYNAMICS OF AN SIRS EPIDEMIC MODEL
WITH TIME DELAY AND FREE BOUNDARIES

Yindi Zhang! and Meng Zhao®'

Abstract In this paper, an SIRS epidemic model with time delay and free
boundaries is studied. At first, we prove the global existence and uniqueness of
the solution. And then we obtain criteria for spreading and vanishing. More-
over, the long-time behavior of the solution is given by a spreading-vanishing
dichotomy. Finally, the numerical simulations are provided to illustrate our
results. Our results indicate that the time delay can slow down the spreading
of epidemic.
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1. Introduction

Recently, people have attached great importance to the spread of epidemics. The s-
tudy of epidemic models plays a crucial role in controlling and preventing epidemics.
During the past several decades, many epidemic models have been widely proposed.
In 1927, Kermack and McKendrick [20] studied the classical SIR model. However,
for certain infectious diseases (such as, plague and cholera), the recovered individ-
uals may experience a loss of immunity and become susceptible individuals again.
This process can be described by the SIRS models, which have been investigated by
many researchers from various aspects in recent years. For example, Anderson and
May [2] proposed an SIRS model to study the dynamics of the infection and pre-
sented some numerical analysis. In 1992, Mena-Lorcat and Hethcote [25] considered
five SIRS epidemiological models for populations of varying size.

The above models can already describe the spreading process of diseases well.
To describe the effects of disease immunity, we can introduce temporal delays into
those models. In [36], Wen and Yang considered the following time-delayed SIRS
model with a linear incidence rate:

HI(t) —~I(t) — kI(t), (1.1)

where S, I and R represent the susceptible, infectious, and recovered individuals
respectively; b is the constant birth rate, k is the natural death rate, 8 represents
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the contact rate, v is the recovery rate, these parameters are positive constants. The
term vI(t — 7)e™*" indicates that an individual has survived from natural death
in a recovery pool before becoming susceptible again, where 7 > 0 is the length
of immunity period. They found a positive constant Ry such that the disease-free
equilibrium is globally asymptotically stable for any time delay if By < 1, and the
endemic equilibrium is locally asymptotically stable for any time delay if Ry > 1
and v < k. Subsequently, Xu et al. [38] replaced 35T by a saturation incidence
rate 8ST/(1 + o) in model (1.1) and considered the modified model. The results
in [38] showed that there exists a positive constant Ry such that the disease-free
equilibrium is globally asymptotically stable for any all 7 > 0 when }Nio < 1, and
the endemic equilibrium is globally asymptotically stable under some conditions if
Ry > 1. And numerical simulations indicated that the solutions are represented by
small amplitude oscillations near the endemic equilibrium for Ry > 1 and a certain
7, and the amplitude of these oscillations is increasing in the immunity period .
Furthermore, when 7 increases to a certain value, the oscillatory dynamics return
to the stable steady-state form. For other problems related to time delay, we can
refer to [3,7,8,13,18,26] and references therein.

Due to the fact that individuals can diffuse randomly, then spatial diffusion can
not be ignored during modeling. Based on [17], Sounvoravong [28] et al. studied the
following diffusive SIRS epidemic model with time delay and nonlinear incidence
rate:

S; —dAS =b—kS — Bf()S +~I(t—T,2)e ", t>0, z€Q,

I, — dAI = Bf(I)S — 71 — kI, £>0, zeQ,

Ry —dAR =~ —~I(t — 7,2)e " — kR, t>0, ze€Q,

95 _ oI _ 9k t>0, €00 (1.2)
on — On ~ On’ s )

I(va) = IO(Q,SU), b€ [*7—7 OL T e ﬁa

S(0,7) = So(z), R(0,z) = Ro(z), x €9,

where S(t,x), I(t,z) and R(t,x) stand for the population densities of the suscep-
tible, infectious and recovered individuals at ¢ > 0 and = €  respectively, the
constant d > 0 is the diffusion rate. While, a nonlinear incidence rate is denoted by
the function f(I), which satisfies the properties:

f(0)y=0, f(I)>0, f'(I) <0, Ili_>m f(I)=c< oo, VI >0.

The results in [28] showed that there exists a positive constant Ry such that the
disease-free equilibrium is globally asymptotically stable and the disease will die out
if Ry < 1, and the endemic equilibrium is locally asymptotical stability if Ry > 1.
However, the results of all the above work indicate that diseases always spread
regardless of the initial condition, which contradicts the observed phenomenon of
the spreading of diseases. Moreover, above works can not describe the spreading
front well, which is important in studying the spreading of diseases. To overcome
this shortcoming, free boundary conditions are first introduced by Du and Lin
[10] to study the spreading of invasive species. Subsequently, many researchers
used this free boundary problems to analyze the related mathematical models. For
example, Kim et al. [19] considered an SIR epidemic model with free boundary, they
proved the global existence and uniqueness of the solution and provided sufficient
conditions for the disease vanishing and spreading; Huang and Wang [15] studied the
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reaction-diffusion system for an SIR epidemic model with a free boundary. For other
problems related to free boundary, we can refer to [1,4,9,11,14,22,23,30,35,37,40,41]
and references therein.

During using mathematical models to describe some biological problems, the
time from birth to maturation can be not ignored since it may significantly affect
the dynamics of the systems. There are some works considering free boundary
problems with time delay, such as, [5,6,24,27,29]. In [29], the authors investigated
a Lotka-Volterra weak competition model with time delays and free boundary, they
obtained the long-time behavior of the solution and the spreading-vanishing criteria,
and they estimated the upper and lower bounds of asymptotic spreading speed using
the corresponding semi-wave theory.

Inspired by the above works, we investigate the following SIRS epidemic model
with time delay and free boundaries:

S; — dSpr = b—kS—BSI+~I(t—T1,x)e "™, t>0, z € R,

I, — dl, = BST —~I — kI, t>0, z € (g(t), h(t)),
Ri—dRye =~ —~yI(t —1,2)e " — kR, t>0, z € (g(t),h(t)),

I(t,z) = R(t,z) =0, t>0, z € R\(g(t), h(t)),

9'(t) = —nle(t,9(t)), 9(0) = —=ho, t>0, (1.3)
W(t) = —pL(t, h()), h(0) = ho, 10,

S(0,z) = So(x), xz €R,

1(0,z) = In(0, ), g(0) = —h(0), —7<6<0,9(0)<z<h(d),
R(0,z) = Ro(z), —h(0) < & < h(0),

where © = ¢(t) and x = h(t) are the moving boundary to be determined, u is the
expanding capability of the free boundary. Assume that the initial functions Sy(z),
Iy(0,z) and Ry(x) satisfy

So(z) € CY2(R) N L>®(R), So(z) >0, v € R,
Ip(0,x) € CV*([=7,0] x [=h(8),h(B)]), Ro(z) € C*(—h(0),1(0)),
Io(0,£h(0)) = 0, VO € [-7,0], Ro(£h(0)) =

Io(0,2) > 0, vw z) € [-7,0] X (—h(8), h(B)), (1.4)
Ro(z) > 0, x € (—h(0), h(0)),

Io(0, ) = W € [-7.0], = ¢ (—h(0),h(0)),

Ro(z) =0, = ¢ (=h(0 ) h(0)),

as well as the compatible condition

[=h(0),h(0)] C [~ho, ho, O € [-7,0]. (1.5)
Denote 5
Ro = m (1.6)

The main results of this paper are as follows.

Theorem 1.1 (Global existence and uniqueness). For any given hg > 0 and Sp(x),
1y(0, z) and Ry(x) satisfying (1.4) and (1.5), problem (1.3) admits a unique solution
(S(t,x), I(t,x), R(t, ), g(t), h(t)) defined for all t > 0.
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Theorem 1.2 (Spreading-vanishing dichotomy). Assume that the conditions in
Theorem 1.1 hold. Let (S,I,R,g,h) be the unique solution of (1.3). Then one of
the followings must hold:

(i) Vanishing: If hoo — goo < 00, then

. b . .
lim S(t,z) = — in Cioe(R), tlggo I1(t,z) + R(t, z)llcge).new)) = 0

t—00 ]{;
(ii) Spreading: If hoo — goo = 00(Ro > 1), and k > (1 — e~*7), then

lim (S(¢t,x),1(t,z), R(t,x)) = (S, L, Ry) locally uniformly in R,

t—o0
where (Sx, L., R.) is given (4.1).

Theorem 1.3 (Spreading-vanishing criteria). In Theorem 1.2, the dichotomy can
be determined as follows:

(i) If Ro <1 and ||No|los < 2, then disease will vanish.

(ii) If Ro > 1, then there exists h* > 0 independent of (So(x), Lo(0,x), Ro(x))
such that spreading happens when hg > h*, and if hg < h* and ||Nolleo < %,
then there exists u* > p. > 0 depending on (So(z), Io(0, ), Ro(z)) such that
spreading happens when p > p*, and vanishing happens when p < p, and
o=t

The rest of this paper is organised as follows. In Section 2, we prove the global
existence and uniqueness of the solution of problem (1.3). The criteria for spreading
and vanishing will be established in Section 3. Then, we will show the long-time
behavior of solution (S, I, R, g,h) for problem (1.3) in Section 4. In Section 5, we
give some numerical simulations for the spreading and vanishing of diseases. The
last section is a brief discussion.

2. Existence and uniqueness

In this section, we first prove the local existence and uniqueness of the solution.
Then we use some suitable estimates to show that the solution is defined for all
t> 0.

Theorem 2.1. For any given o € (0,1) and (So(x), Io(0, x), Ro(x)) satisfying (1.4)
and (1.5), there exists T > 0 such that problem (1.3) admits a unique solution

(5.1, R,9,h) € Cr x [0 5200 (T x [0V (0, T])%,
moreover,
HS”CH—%‘Q-HX(CT) T ||I||Cl+%‘2+”(f7-) + HR”Cl+%,2+a(fT)

+ ||g||C1+%([O’T]) + ||hHCH%([0,T]) <G

where Cr = L ([0, T] x R)NC2*1+2([0, T] x R), T = [0, T] % (g(t), h(t)). Here C
and T depend on h(O), 9(9), h(e), «, ||SOHCZ(]R), ||SO||LOO(R), ||IOHC2([g(9),h(6)]) and
[Bollc2 (- n(o).n(0)))-
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Proof. The proof of the local existence and uniqueness of the solution is similar
to that in [29, Theorem 2.1] and [16, Theorem 2.1]. For the sake of completeness,
we give the details as follows.

Step 1: We first straighten the free boundaries. Let

2z — h(t) — g(t)

YT TR )
and
S(t,) = s, HOZIOWENOLIN,) 1), 150,00 <y < 4o,
Ht0) 10, POZIOWHHOL00) _ ycycs
it — g, SOIOW IO 450, o gy
10,2) = 16, MO ZIOWENO 9O, _ ) 7 <p<0 1<y<t,
we have

St = up + uyyr = ug — p(t,y)ty, Sze = P(t)Uyy,
Iy = v +vyye = v — p(t, y)”w Iy = @(t)vyyv
Ry = wy + wyys = w — p(t, y)wy, Rew = o(t)wyy,

_ WO=g (), | Kt)td _
where p(t,y) = HE=20Y + RO (0 = GEsmr-
3

¢
t)—g(
Then problem (1.3) becomes the following problem:

—dp(t)uyy — p(t,y)uy = b — ku — fuv

+yv(t —T1,y)e *,  0<t<T, yER,
—dp(t)vyy — p(t,y)vy = Puv —yv — kv, 0<t<T, |yl <1,
— dp(t)wyy — p(t, y)wy = v — kw

—yo(t—T1,y)e ", 0<t<T, |yl <1,

g'(t) = —pup(t)vy(t, —1), 9(0) = —ho, 0<t<T, (2.1)
R'(t) = —pyp(t)vy(t, 1), h(0) = ho, 0<t<T,
v(t,y) = w(t,y) =0, 0<t<T, |yl >1,
u(0,y) = uo(y), y €R,
v(0,y) = vo(0,y) >0, —7<60<0, ~1<y<1,
w(0,y) = wo(y), “1<y<1,

where (t) = 7h(t)zg(t).

Let g* — —IU,I(I)(—h())7 h* = —,LLI(/)(hO), T1 = min {’T, m} For0< T S
T, we define Qp = [0,7] x [-1,1] and
Dir ={v e C(Qr) :v(t, £1) = 0,v(0,y) = vo, [v — vollciar) < 1},
Dor = {w € C(Qr) : w(t, £1) = 0,w(0,y) = wo, |[w — wolc(ar) < 1},
Dar = {g € C([0,T)) : g(0) = —ho, ¢'(0) = ¢, lg' = ¢"[lco.y) <13,
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Dyr = {h € C*([0,T]) : h(0) = ho, ' (0) = h*, ||/ — P\l eqo,my < 1}
It is easy to see that Dy := D1p X Doy X D3 X D47 is a bounded and closed convex
set of (C(Q7))? x (C([0,T]))%.

In view of the choice of T, for any given (v,w,g,h) € Dr, we can extend
(v,w,g,h) € Dr to new functions, denoted by themselves, such that (v,w,g,h) €
D1, = Dip X D3y x D3p X Dir , where

Dip, ={v e CQrn) :v(t, £1) = 0,v(6,y) = vo, [[v — vollcr,) < 2},
D2T1 = {w € C(QT1) : (t7:|:1) = O7w(07y) = Wo, ”w - wO”C(QTl) < 2}7
Dip, = {g € C'([0,T1]) : 9(0) = —ho,¢'(0) = ¢, lg' — g*llcqo,r)) < 2}
Dip, = {h € C([0,T1]) : h(0) = ho, h'(0) = h*, |h" = h*[lco.mv) < 23

Therefore, for (g,h) € D3y X Dyr, we can extend it to D3y, x Djp and

ho
l9(t) + hol + [h(t) — hol < Ti(lg" leo,my) + 9 leqo,m)) < >
then
ho < h(t) — g(t) < 3hg, Vt € [0,T1].

For any given (v, w, g, h) € Dr, we first extend it to D7, . Then we consider the
following problem

up — dp(t)uyy — p(t,y)uy = b—ku—Buv +yv(t —T,2)e ", 0<t<Ty, yeR,
u(0,y) = uo(y), y R

Applying the standard partial differential equation theory in [12], this problem has a
unique solution v € L ([0, T3] x R)QCHTQ’HO‘([O, T1] xR). For above (u,v,w, g, h),
we consider

de( )~ p(tay)’ﬁy:ﬂuv_’yv_kva 0<t§T13 |y| <]-7

yy
— dip(t)iyy — p(t, y)iy = v — kw
—ywt—1,x)e ", 0<t<Ty, |yl <1,

2.2
o(t,y) = w(t,y) =0, 0<t<Ty, |yl >1, (2:2)
0(0,y) = vo(0,y) > 0, —-T7<0<0, -1<y<1,
w(0,y) = w(0,y), —-1l<y<l.

By LP theory and Sobolev embedding theorem, problem (2.2) admits a unique
positive solution (7, @) € [C*F* 1+ (D, )]?, which satisfies

< O ollwreg,, ) < CH(TLTY.

—1 ~ —1
ny < CATNBl w2, < CTL T,

”{}”CHTQJJF“

(Qry)

||U~)||CHT‘1,1+(V

where C) is a constant depending on T1, Ty ', «, h(6), p, B, b, 7, lluo || o= (R),

[vollcr2 (=0 x [=h(6),h(0)) and [|wollc2((n(0),h(0)))- Obviously, when 0 < T < Tr,
14+

52140 (Dyp)]? and

we have (0,10) € |

”f}HCHTa*l*a(QT) < 017 (2.3)
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||1D||CI+TO‘,1+@(QT) S Cla (24)

where (7 is independent of T'.
For 0 < T < T3, defining

t t
() = —ho —/ 1y (5, —1)ds, h(t) :ho—/ iy (s, 1)ds, 0< ¢ < T.
0 0
We have
G (t) = —udy(t,—1), h'(t) = —pudy(t,1), —g(0) = h(0) = ho,
and then §'(t),h(t) € C5([0,T)),

Hg/HC%([O}T])’ ”hlnc%([o)T]) < uCh = Cy, (25)

where C5 depends on u, hg, Cj.
Now, for any given (v,w,g,h) € Dr, we can define the mapping F : Dy —
[C(Qr)]? x [C([0,T])]* by

f(v"l,l)’g,h) = (’i}’w7§’ h)'

It is clear that (v,w,g,h) € Dr is a fixed point of F if and only if it solves (2.1).
At first, we prove that F is a self-mapping on Dp for T > 0 sufficiently small. By
(2.3), (2.4) and (2.5), we know that F is continuous and compact, and

||§I - g*”C([O,T]) < HfJ/HC%([O,T])Tf < CoTz,

||h/ - h*HC([O,T]) < Hh/”C%([O’T])TE < C2T§7

~ ~ lta 1ta
17 =vollc@r) < Mol 2ge 0, T2 <CIT>,

~ ~ 1ta 1ta
Hw - wOHC(QT) < HwHClga,o(QT)T z <Y1z

If we take

2 2
0<T§min{7‘,T1,C2 «,C 1+a},

then F maps D7 into itself. It follows from the Schauder fixed point theorem that
F has at least one fixed point (v, w,g,h) € Dp. Therefore, (2.1) has at least one
solution (u,v,w,g,h) and

we Lo([0,T] x R) N C =50, T] x R), v,w € C = 1T2(Qy),

g,h € CYF3(]0,T)), ¢'(t) <0, K'(t) > 0 in [0,T].

Hence, problem (1.3) has a solution
(S,I,R,g,h) € Cp x [C5514(Tp)]? x [C5 ([0, T)))2.

Step 2: Let (S;, I;, R;, gi, hi)(i = 1,2) be the solution of (1.3), which is defined
for t € [0,T] with 0 < T <« 1. Making the same transformation as in Step 1, we
have

(h(t) — g(t))y + h(t) + g(t)
2

Si(t,x) = S;(t, ) =:ui(t,y), (t,y) € [0,T] x [—o0, 0],
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L(t.) = 1, POZIOWENO IO, 1) (1) € 0,17 % [1,1),

_ (h(t) — 9(1)y + h(t) + 9(t)
Rl(t,ZL’) = Rz(t, 9

) = wi(t,y), (ty) €[0,T] x [-1,1].
Letting
U=wu —us, V=vy—vy, W=w; —we, G=g1 —¢go, H=hy1 — ho,
we have that (U(t,y),V(t,y), W(t,y),G(t), H(t)) satisfies

Uy — dp1(t)Uyy — p1(t, y)Uy + [P + kJU
= (p1(t,y) — p2(t, y))uzy + d(p1(t) — @2(t))uzyy
AV (t — 7)e *T — BusV, 0<t<T, yeR,
—dp1(t)Vyy — p1(t,y)Vy — (Bur — v = k)V
= (p(t, y) p2(t,y))vay
+d(p1(t) — p2(t))vayy + Bual, 0<t<T, |yl <1,
Wi — dor () Wyy — p1(t,y) Wy + kW
Yy

= (p1(t,y) — p2(t,y))way + d(p1(t) — pa(t))wayy
AV = AV (t — T)e k7, 0<t<T, |yl <1,
U(0,y) =0, y € R,
V(t,+1) =0, W(t, £1) =0, 0<t<T,
V(9,y) =0, —7<60<0, |yl <1,
W(Ovy) = 07 |y| <1,
and
G'(t) = —ph1 () Vyy (¢, =1) — (1 (t) — a(t))vay (t, —1), 0<t < T,
H'(t) = —pp1 ()Vy (£, 1) — (b1 (1) — 2(t))vay (¢, 1), 0<t<T,
G(0) = H(0) = 0,
where
_ hi®®) —gi(®) | hi(t) +gi(t)
P9 =50 =00 ha®) =gt
4 2 .
pi(t) = Rl W AL

(hi(t) — gi(t))

In terms of T' < 7, we can derive V(t — 7,y) = 0 for (¢t,y) € Q. Applying the LP
theory, we can derive that

Ul o 0,mxr) < C3(IG, Hllcr o, + IV le@r)),
||V||W;’2(QT) < Cu(|G, Hl e o,y + U Loe (jo, 71 xR) )
W12 < Cs(IG, Hllorgo,m + 1V ler)),

where 03, 04, 05 depend on Cl, 027 d, b, Y, ﬂ, h(@), ||w0||c2 h(0),h(0)])> Hu0||L°°(R)

and [[volcr.2((—r,01x [~ h(6),h(0)])-
By similar arguments in the proof of [32, Theorem 1.1], we can obtain that

Vg e @ry Milog e @on = GllViwg2@r)
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where Cg is independent of T~1. Therefore,
Vileg ey < CaCs(lG Hller o) + U e o,11xm))-
Combining with the definition of G’(¢t) and H'(t), we obtain
[G/, H/}C%([O,T]) < M[¢1Vy(t7 il)]c%([oj]) + :u[(wl - ¢2)v2y(t7 ilﬂc%([oj])
< C:(|G, Hllcr o,y + U | Loe (0,11 xR))»

where C7 depends on Cy, Cg and p.
Due to G(0) = G'(0) = 0 and H(0) = H'(0) = 0, it follows that, for T < 1,

IG, Hllerqory < 1+ DTHG H o5 0.,

< (1+T)C:T% (|G, Hllcr(o,r)) + U L= (jo,11xR))
< 20712

Ullzo([0,7]xR)-

Meanwhile,

IVlicwr < TFV]gs 0@, < CiCeTE (I, Hlor oy + 11Ul (o.11x2)
< 2C5T% Ul 2 (po.1)xm);

where Cg depends on C4, Cg and C%. Therefore,

U || po.11x) < C3(|G, Hllcrqo,my) + 1V o)) < CoT 2 U] Loe (0,7 xR)»

where Cg depends on C7 and Cg. Therefore, for 0 < T <« 1, we have u; = us.
Consequently, v1 = v, w1 = we, g1 = g2 and hy = hs.
Step 3: By the Schauder estimates, we have additional regularity for the solu-

1ta 14

tion (u, v, w, g, h) of (2.1), namely, v € L*=([0,T] x R)NC, 2 ([0, T) xR)w,w €

loc

C1*3:242(Qr) and g,h € C*+%(]0,T)). Hence, (u,v,w,g,h) is a unique local clas-
sical solution of the problem (2.1), and then (5, I, R, g, h) is a unique local classical
solution of the problem (1.3). This proof is completed. O

Lemma 2.1. Let (S,1, R, g,h) be a solution to problem (1.3) defined fort € (0,Tp)
with Ty € (0,+00). Then

0<S(t,x) <M, 0<t<Ty xR,
0<I(t,z),R(t,x) < My, 0 <t<Ty, g(t) <z <h(t),
— My < g'(t) <0,0<h(t) < M, 0<t<Tp,

where M;(i = 1,2) is independent of Ty and will be determined later.
Proof. Applying the strong maximum principle, we obtain that S(¢,z) > 0 in

(0,Tp) x R and I(t,z), R(t,z) > 01in (0,Tp) x (g(t), h(t)). Let N(t,x) = S(t,z) +
I(t,z) + R(t,z). By the direct calculations, we have that N (¢, x) satisfies

N; — dN,, = b— kN, 0<t<Ty zeR\{A),g(t)}
N, (t,g(t) = 0) < N.(t,g(t) +0), 0<t<To,

N(t, h(t) —0) < N(t,h(t) +0), 0<t<Tp,

N(0,z) = Ny(z), z €R,
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where Ny(z) = So(z) + Io(z) + Ro(x). Let N(t,z) be the solution of

N —dNy, =b—kN, 0<t<Ty, z€R,
N(0,2) = No(z), z eR.

It follows from the comparison principle that we have
— b
N(t,xz) < N(t,z) < max E7||NO||oo =: M.

Therefore,

0<S(t,x) <M, 0<t<Ty, z€eR,
0<I(t,z),R(t,z) < My, 0<t<Ty, gt) <z <h(t).

By the Hopf boundary lemma, we have ¢'(t) < 0, h'(t) > 0, t € (0,Tp). In the
following, we will prove that h'(t) < M, for all t € (0,Tp), where M, is independent
of Ty. Inspired by the arguments in [29, Lemma 2.2], we define

Qu = {(t,x): =1 <t < Ty, h(t)— M~ <x <h(t)},
2(t,x) = My[2M (h(t) — z) — M?(h(t) — 2)?], (t,z) € Qur,

where M will be determined later. Direct calculations show that, for (¢,z) € Quy,
2y — dzge — BST +~1 + kI
= 2M MK (t)(1 — M(h(t) — z)) + 2dM M? — BST + (v + k)I
> 2dMM? — BM2.

If M > /2% then

2zt — dzge — BST +~I + kI > 0.

It is easy to check that

2(t, h(t) = M™Y) = My > I(t,h(t) — M™1),
2(t, h(t)) = 0 = I(t,h(t)), t € [-7,Tp).

In the following, we choose some suitable M independent of T such that
Io(0,7) < z(0,2) for (0,z) € [~7,0] x [A(0) — M ", h(0)] (2.6)
holds. In fact, for (0,x) € [—-7,0] x [R(8) — M~1, h(0)],
2(0,2) = My[2M (h(0) — x) — M?(h(0) — x)?]
> MiM(h
= M M(h
Since Iy(8, h(6)) = 0, we have

h(0)
Iy(0,2) = — 1), (0,y)dy < —(h(0) — i 1) (6, x).
02) == [ 0Oy < ~(0) =) min (1), (6.)
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If

1 1
M > —_— i 10).(0,2) b,
- max{[ma%{] 9)” M,y [fr,o]]gxn[gh(e)]( 0)al x)}

then we can have that (2.6) holds.
Let

BM; 1 1 )
M = gL - 10).(0,2) 5.
max{ 2d "2 h(0) M, {—r,ofrxu[g,h(en( 0)z (0, )

By the maximum principle, we have that I(¢,z) < z(¢,z) in Q. It follows that
I.(t, h(t)) > z.(t, h(t)) = —2M1 M.
Therefore,
W (t) = —pls(t, h(t)) < 2uMi M = Ms.

Similarly, we have ¢’(t) > —Ms. This proof is completed. O
Proof of Theorem 1.1: This proof can be done by the similar arguments as
in [10, Theorem 2.3] and [27, Lemma 2.2]. We provide a detailed proof as follows.

Let [0,Tinqz) be the maximal time interval in which the solution exists. By
Theorem 2.1, T4, > 0. Arguing indirectly we assume that T,,, < co. By Lemma
2.1, there exist M7 and M, independent of T;,4, such that

0<S(t,z) < My, (t,2) € [0, Thnaz) X R,
0<I(t,z),R(t,x) < My, (t,z) € [0, Thaz) X [g(t), h(1)],
- M2 S gl(t) < 07 _hO - M2t S g(t) S _h07 te [OaTmaw)a
0 < h'(t) < My, hg < h(t) < hg+ Mat, t €[0,Taz)-
We now fix 09 € (0,Tmas) and M > T,,4.. By standard LP estimates, the

Sobolev embedding theorem, and the Holder estimates for parabolic equations, we
can find M3 > 0 depending only on dy, M, M; and My such that

1S, )l e210,00)5 G )29, 1RE lezge),new) < M3, t € [60, Tmaz)-

Then it follows from the proof of Theorem 2.1 that there exists a € > 0 depending
on M;(i = 1,2,3) such that the solution of problem (1.3) with the initial time be
Trnaz — 5 can be extended uniquely to the time Tnap — 5 + € = Tinas + 5. But this
contradicts the assumption, thus 7}, = co. This proof is completed.

3. Criteria for spreading and vanishing

This section will be divided into two cases: Ro < 1 and Rg > 1.

3.1. The case of Ry <1
Lemma 3.1. If Ry <1 and || Nolleo < %, then heoo — goo < 00.

Proof. It follows from || Np||o < 2 and the proof of Lemma 2.1 that

b

S(t,x)ggfort>03ndx€R.
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In view of Rg < 1, we have

d h(t)
— / I(t,z)dx
dt g(t)

h(t)

N / ® L(t, x)dz + I () I(t, h(t)) — g’ (£)I(t, g(t))

A,y + BSI — I — kI dz

h(t)

[(BS —~ —k)I]dx + /( ) dl,.dx
g(t

h(t) b h(t)
< / [(ﬁ -y - k:)I] dx + / Al dx
g(t) k g(t)

h(t) h(t)
< / (v+k)(Ro—1)Idz + / dl,.dx
g(t) g(t)
h(t)

d
<d [ hade= =2 - 0] <o
g(t) H
which implies
pofl
h(t) — g(t) < 2ho + 3/ Io(0, z)dz < oo for ¢ > 0.
—ho
Thus we finish the proof. O

Lemma 3.2. If hoy — goo < 00, then tli)m S(t,x) =b/k in Cipe(R), and

i ([1(, ) + R(E @)ooy = 0- (3.1)
Proof. By [21, Lemma 3.3], we have
Jim 12, 2) e qgw.nen = 0-

Thus, for any given €1 > 0, there exists 77 > 0 such that I(¢,z) < &; for ¢t > T} and
x € [g(t), h(t)]. For above e1, we can use the comparison principle to obtain that

R(t,z) < 7751 for t € [T1,00) and z € [g(¢), h(t)].
By the arbitrariness of €1, we have
A {[R(, 2) |l oge),n = O-

Therefore, (3.1) is proved.
Let N(t,z) = S(t,x) + I(t,x) + R(t,x), then N satisfies

N, — dN = b— kN, t>0, z € (g(t), h(t)),
N(t,g(t)) >0, N(t,h(t)) >0,  t>0,
N(0,z) = So(z) + Io(z) + Ro(x), x € [~h(0),h(0)],
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it follows from [39, Lemma 2.6(iii)] that
b . . .
lim N(t,xz) = — =: N* locally uniformly in R.
t—o00 k
Clearly,
thm S(t,x) < % locally uniformly in R. (3.2)
—00

Noting that I(t,z) = 0 for ¢ > 0 and = € R\(g(t), h(t)), it follows that I(¢,z) < &y
for t > Ty and z € R. For Ty € [T + 7,00), we have S satisfies

St—dSmZb—kS—leS, t>T2,£L’€R,
S(Ts,x) > 0, r eR.

Let S be the unique solution of

§t_d§mm:b_k§_5€1§7 t>T2,.’E€R,
S(To,x) = S(Ty, ), x eR.

It is obvious that tlim S(t,x) = ﬁbﬁgl in R. By a comparison argument and the
—00
arbitrariness of €1, we have litm inf S(t,z) > b/k in Cjoc(R). Combining with (3.2),
— 00

we have 1tli>m S(t,xz) = b/k in Cjoe(R). The proof is completed. O

3.2. The case of Ry > 1

We first give the following comparison principle, which will be used later.

Lemma 3.3 (Comparison principle). Suppose that T € (0,00), g,h € C1([0,T])
and g < in [0,T], S € C([0,T] x [0,00)) N C¥2((0,T] x (0,00)), I,R € C(T7) N
CH2(T%) with T = {(t,z) e R?: 0<t < T,g < x < h}, and

gt—dgmzb—kg—ﬁﬁ—l—wﬂt—r,x)e—’”, t>0, x €R,
Iy —dly > BST— (v + R)I, t>0, x € (g(t),h(t)),
R —dRyy >~ —yI(t — 7,7)e *" — kR, t>0, z € (g(t),h(t)),
I(t,x) = R(t,z) = 0, t >0, x € R\(g(t), h(t)),
g'(t) < —ul.(t,3(t)), g(0) = —h(0), t>0,
B (t) = =T, (t,R(1)), 7(0) = R(0) t>0,
S(0,2) > Sp(x), z €R,
10, 2) > Io(6, z), 7 <0<0,5(0)<z<h(6),
R(0,2) > Ro(), —h(0) < z < R(0).

If [9(0), h(0)] C [g(0), h(0)] in [—T,0], then we have

S(t,x) < S(t,x), G(t) < g(t), h(t) < h(t), t € (0,T],z € (0,00),

and
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Proof. The proof is the same as that of [30, Lemma 4.1] and [34, Lemma 3.1].
We omit the details. O

Consider the following eigenvalue problem:

o(~L) = $(L) = 0, (3.3)

where d and a are positive constants. We denote the principal eigenpair by (A, ¢(x)).
Then

{ﬂw":a¢+x¢ v € (-L,L),

2
A= df? —aand ¢(z) = cos(%x).
Let (A1, ¢(x)) be the principal eigenpair of (3.3) with a« = 8b/k — v — k. By
Ro > 1, we have a = Sb/k — v — k > 0. Then there exists some h* > 0 such that
A(L)>0for L <h*, A\(L)=0"for L =h*and \(L) <0 for L > h*, where

.
S 2\ Bb/k—y -k

Lemma 3.4. If hoo — goo < 00, then hoo — oo < 2h*.

Proof. Assume on the contrary that 2h* < heo — goo < 00. By Lemma 3.2 and
Ro > 1, for any € > 0 satisfying 8(b/k —e) — v — k > 0, there exists T' > 1 such
that S(t,z) > b/k — ¢ and

d
hT) —g(T) > ﬂ-\/ﬂ(b/k: s g for (t,z) € (T,00) x [g(T), h(T)].

Therefore, I satisfies

I —dl, > (B/k—e)—v—k)I, t>T, z<(g9(T),h(T)),
I(t,g(T)) >0, I(t,h(T)) > 0, t>T, (3.4)
1(0,2) >0, z € (9(T),h(T)).

Let (A1, ¢(z)) be the eigenpair of (3.3) with L = M and a = Bb/k—y—k—fe,
then A1 (L) < 0. We define

I(t,x) =m¢ (x— g(T)—;h(T)) , t>0, zelg(T),h(T)),

where m will be determined later.
Direct calculations yields that

L~ dL, ~ (57~~~ k= 6o
= —dmg’ —m(B] 7~k e

= m (82— — k= B)6+ Mio| —mlk? —y — k — Be)o

= mA1¢ < 0.
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It is easy to check that
I(t,9(T)) = L(t, (T)) = 0.

If we choose some sufficiently small m such that
1(0,z) > 1(0,z) for x € [g(T), h(T)],
then we can apply the comparison principle to get that

I(t,z) > I(t,x) for t > T and x € [g(T), h(T)].

Hence,
Jim ([ 1(E @)l a6y nw) > 0,
which is a contradiction to (3.1). We complete the proof. O

Corollary 3.1. If hg > h*, then spreading always happens.

Lemma 3.5. If hg < h*, then there exists u° > 0 such that spreading occurs if
p> .

Proof. This lemma can be proved by similar arguments in [33, Lemma 3.2]. We
give the details below. Consider the following auxiliary free boundary problem

Vi —dVyw = —(v+ E)V, t>0, r(t) <z <s(t),

V(t,x) =0, t>0, x=r(t) or s(t),

r'(t) = —uVi(t,r(t)),r(0) = —hg, t>0, (3.5)
$(0) = —uVi(t,5(0)),5(0) = ho, £ >0,

V(0,2) = Ip(z), z € [—h(0), h(0)].

The proof of the existence and uniqueness of problem (3.5) is similar to that of
problem (1.3), it is easy to show that (3.5) admits a unique global solution (V,r, s),
and §'(t) > 0, r'(t) < 0 for ¢t > 0. To clarify the dependence of the solutions on the
parameter p, we write (I#, g*, h*) and (V# r# s*) in place of (I, g, h) and (V,r,s).
By using Lemma 3.3, we have

IM(t @) = VH(t, @),

3.6
h* > st (t), g" < r#(t) for t > 0 and x € [r*(t), s"(¢)]. (3.6)

In the following, we will prove that for all large p,
s*(2) —r#(2) > 2h™. (3.7

We first choose the smooth functions s(t) and r(¢) such that s(0) = —r(0) = h(0),
s'(t) <0, r'(t) > 0 for t > 0 and s(2) — r(2) = 2h*. We next consider the following
initial-boundary value problem

Vi—dV,, =—-(v+k)V, t>0, rt) <z <s(t),
V(t,r(t)) =0, V(t,5(t)) =0, ¢t=0, (3.8)
K( .%‘) (m)7 T < [—h(O),h(O)],

where

0 < Vy(e) < Io(a), Vo(=h(0)) = Vo(h(0)) = 0 for all = € [~h(0), h(0)].  (3.9)
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It follows from the standard theory for parabolic equations that problem (3.8) has
a unique positive solution V (¢, ). By the Hopf lemma, we have V (¢, s(¢)) < 0 and
V. (t,r(t)) > 0 for all t € [0,2]. By the choice of s(t), r(t) and V(z), there exists
10 > 0 such that, for all g > 0,

s'(t) < —pV, (t,s(t), r'(t) > —uV . (¢t,r(t)) for all t € [0,2]. (3.10)

In addition, for system (3.5), we can establish the comparison principle analogous
with lower solution to Lemma 3.3 by the same argument. Noting that s(0) = ho <
s#(0), r(0) = —hg > 7#(0), it follows from (3.5), (3.8), (3.9) and (3.10) that

VE(t,z) > V(t, ), s*(t) > s(t),r*(t) < r(t) for t € [0,2] and z € [r(t), s(t)],

which implies that s*(2) — r#(2) > s(2) — r(2) = 2h*. Thus, (3.7) holds. It follows
that

hoo — Goo = tli}m [s(t) — r#(t)] > s"(2) — r*(2) > 2h™.
Hence, we obtain the desired result by Corollary 3.1. We complete the proof. [

Lemma 3.6. If || No|leo < b/k and ho < h*, there exists j19 > 0 such that vanishing
happens when p < po.

Proof. By ||[No|loo < b/k and the proof of Lemma 2.1, it is easy to see that
0< S(t,z) <b/k for t > 0 and z € R. Then I satisfies

I — dl, < (Bb/k —~v —k)I, t>0, € (g(t),h(t)),
(t) = 7,U'Iz(tag(t))v g(O) = *h()a t> 0,

W(t) = —pls(t h(t)), h(0) =ho, t>0,

10, z) = Io(z), z € (—h(0), h(0)).

(3.11)

In the following, we construct an upper solution of (3.11). Let (A1, ¢(x)) be the
eigenpair of (3.3) with L = hg, a = 8b/k — v — k, then A;(L) > 0. Inspired by the
arguments in [31, Lemma 3.4], we define
a(t) = ho(1 +2m — me™ ™), t >0,
- h
I&w)=Ké’m¢<:ﬁ),t207xekvﬁhdﬂL
o

where positive constants K and m will be determined later.
Direct calculations show that, for (¢,z) € (0,00) x [—0o(t), o(t)],

T, —dl — (57 — 7~ K)T

he oS o
ool I

{ me + — l:(ﬂ]l:;_’y_k)ﬁb-’- A@} —(ﬁZ—ry_k)qg}_Ke—mt ZO;E:),W

U IS
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B —m b h3 h3 —mt ROz’ ,
= Ke ™ [—m+ (Bk—'y—k) (a2(t) —1) +/\102(t)] — Ke t02(t)¢'

By Ke™™ 7’202?5)/ ¢’ <0, we have

T~ dles — (B~ — BT
2 2
> Ke ™¢ [—m—i— (BZ —’y—k) (02&) — 1> +)\10£L€t)] =:A; >0.

If we choose small enough m such that

b h3 h3
—mt (57— 0) (- 1)+ gt s

then A; > 0. Now we choose K sufficiently large such that

1(0,2) = K¢ <:Fé”)> > Io(0, z) for o € [~h(0), h(0)].

Obviously, I(t,—o(t)) = I(t,o(t)) = 0. A simple calculation shows, for ¢ > 0,

T (¢ o(t)) = *%K(W(ﬁ/(ho) < —pKe ™ (ho) < hom*e ™ = o (1)

provided that p < 7% := pip. Similarly, we can obtain —o”(t) < —ul,(t, —o(t))

for t > 0. By Lemma 3.3, we have
g(t) > —o(t), h(t) <a(t), I(t,x) <I(t,x) for t >0 and z € [g(t), h(t)].

It follows that hoo — goo < 2tlim o(t) = 2ho(1 + m) < co. We have finished the
—00
proof. O
From Lemma 3.5 and Lemma 3.6, we can obtain the following criteria for spread-
ing and vanishing.
Lemma 3.7. If | No|jeo < % and ho < h*, then there exists p* > p,. > 0 such that
spreading happens if p > p*, and vanishing happens if p < py and p = p*.

Proof. This proof is similar to that of [34, Theorem 5.2] and [10, Theorem 3.9].
We omit the details. O
Proof of Theorem 1.3: This theorem can be obtained by Lemmas 3.1 and 3.7.

4. Long-time behaviors

Lemma 4.1. If hoo — goo = 00, then heo = 00 and goo = —00.

Proof. This lemma is proved by the similar arguments in [22, Lemma 3.10]. We
give the outline of the proof below.

Assume on the contrary that goo = —00 and he < oo. At first, by using [21,
Lemma 3.3], we have

tllglo HI(t, ')”C([—L,h(t)]) = 0 for any given L > 0.
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Then, by applying the argument in the Step 3 of the proof in [22, Lemma 3.10], we
can have that for any given constant L > 0 and small £ > 0, there exist 77 > 0 and
[y < ly < 0 satisfying lo — I; = L such that

S(t,z) >

We choose [; and [y satisfying lo —1; > 74/ m, for small € > 0 and large
T > Ty, we have

—cforallt > Ty and z € [I1,12].

> o

It_dIa:mZ(ﬁ(b/k_E)_ry_k)Ia t>T7 .TE[ll,lz},
I(t,z) >0, t>T, v =1 or I,
I(O,ZL’) Z 0, x € [ll,lg].

Bylo—l1 >m WM, we can argue as in the proof of Lemma 3.4 to obtain

that
liminf I(t,z) > 0 for x € [I1, 2],

t—o00
which is a contradiction.
Therefore, if hoo — goo = 00, then hoo = 0o. Similarly, we can prove g, = —o0.
This proof is completed. O

Lemma 4.2. Let (S,I, R, g,h) be the unique solution of problem (1.3). If spreading
happens and k > v(1 — e7*7), then

lim (S(t,x), I(t,x), R(t, z)) = (S«, L, Rx) locally uniformly in R,

t— o0
where
y+k  Bb—k(y+k) y(l—eFT) )
S, I, Ry) = ( , , L |. 4.1
( U BT -y
Proof. Step 1: Let N(t,x) = S(t,z) + I(t,z) + R(t,z), then N satisfies
Nt_dew:b_kNy t>0, I‘E(g(t),h(t)),
N(t,g(t)) >0, N(t, h(t)) >0, t>0,
N(0,z) = So(x) + Io(x) + Ro(z), x € [=h(0),h(0)],
it follows from [39, Lemma 2.6(iii)] that
. b . .
lim N(t,x) = — =: N, locally uniformly in R.
t—o00 ]{
Clearly,
b
lim S(t,z) < — =: 5 locally uniformly in R.
t—o0 k
For any small € > 0 and large [, it follows from h,, = —go = oo that there

exists 77 such that

g(t) <=1, h(t) >1, N(t,z) < N,+efort>T, and z € [-1,1].
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By the second equation of (1.3), we have I satisfies

I —dl, <[B(Ni+e)—y—k-=8II, t>T, x€[-1,1],
I(t,z) >0, t>Ty, e<—-lorx>I
1(0,2) > 0, we[-1,1].

It follows from [34, Proposition 8.1] that

limsup I(t,z) < BN.+e) =y -k
t—o0 B

for x € [-1,1].
By the arbitrariness of € and [, we have

N, —~v—k k
limsupl(t,x)gﬁ 7 s
t—o0 B ﬁ

By the third equation of (1.3), it follows from [39, Lemma 2.6(ii)] that

(Rog — 1) =: I; locally uniformly in R. (4.2)

—kT
)Il =: R; locally uniformly in R. (4.3)

1—
lim sup R(¢, z) < y(1 =)

t—o0 k

Thanks to Rg > 1, we have I; and R; are positive.
By (4.2), for any small ey > 0 and large [, there exists T > T} such that

I(t,z) <I)+e¢ fort > Ty and = € [-1,1]. (4.4)

Therefore, by the first equation of (1.3), we have S satisfies

Sp —dSze > b—kS — B(I1 +¢€1)S, t>Ts, x €[,
S(Tz,z) >0, x € [=1,1],

then

liminf S(t, x) > ;
t=ro0 k+B(I1+e1)

By the arbitrariness of €; and [, we have

for x € [—-1,1].

litm inf S(¢t,z) > =: 5, locally uniformly in R.

oo T k+ 860

Step 2: For any small €2 > 0 and large [, it follows from ho, = —¢goo = 00 that
there exists T3 such that

g(t) < —1l, h(t) >1, N(t,x) > N, —ey for t > T3 and z € [-1,1].
By (4.3), for above e and large [, there exists Ty > T5 such that
R(t,z) < Ry + &3 for t > Ty and z € [-1,1].
By the second equation of (1.3), I satisfies

I —dly > [B(N, —22) — B(Ry +€2) —y —k— BII, t>Ty, z€[-1,1],
I(t,xz) >0, t>Ty, x<—lorx>lI,
1(0,z) > 0, x € [=1,1].
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It follows from [34, Proposition 8.1] that

liminf I(¢,2) > BN —e2) _5(;31 teo) =y —k

By the arbitrariness of €5 and [, we have

N, —BRi—v—k - = . .
> 8 PRy = = I;— Ry =: I, locally uniformly in R. (4.5)

for z € [-1,1].

htrgggfl(t,x) > 3

By the third equation of (1.3), it follows from [39, Lemma 2.6(i)] that
1 — e k7
liminf R(t,z) > 22—

t—o0 k

I, =: R, locally uniformly in R. (4.6)

Since k > (1 —e™*7) and R > 1, we have I, and R, are positive.
By (4.5) and (4.4), for any small e5 > 0 and large [, there exists T5 such that

I, —e3 <I(t,x) <I;+e3zfort>Tsandze|[-11]. (4.7)
Thus by (4.7), S satisfies, for T > T5 + T,

St — dSm <b- kS — 6(11 — 63)S+’Y(T1 +53)67k7—, t> TG, S [*l,l],
S(Ts,x) > 0, zel-11),
then

. b+’}/(71 +€3)€_kT
1 S(t <
msup S(2) < BT, — o)

By the arbitrariness of €3 and [, we have

for x € [-1,1].

b T —kT
limsup S (¢, z) < oty 7

=: S5 locally uniformly in R.
t—o0 k + Bll ? Y Y

Step 3: By the similar arguments in Step 1, we can obtain

N, — —~v—k = -
limsup I(t,z) < b 6%1 i = I; — R, =: I locally uniformly in R.
t—o0

By the third equation of (1.3), it follows from [39, Lemma 2.6(ii)] that

1— —kT
limsup R(t, x) < yd=e)

t—o00 k

I, =: Ry locally uniformly in R.

Due to k > (1 — e_’”) and Rg > 1, we have I, and Ry are positive.
By the first equation of (1.3) and the similar arguments in Step 1, we can obtain

b+yLie

— =: S, locally uniformly in R.
K+ gL, o2 Y

liminf S(t, z) >
t—o0
Step 4: By the similar arguments in Step 2, we can obtain

N, —BRy—vy—k - . .
B PR —v = Iy — Ry =: I, locally uniformly in R.

llglogf I(t,z) > 5
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By the third equation of (1.3), it follows from [39, Lemma 2.6(ii)] that
y(1—e™*7)
k

Since k > (1 — e *7) and Rg > 1, we have I, and R, are positive.
By the first equation of (1.3) and the similar arguments in Step 2, we can obtain

litm inf R(t,z) > I, =: R, locally uniformly in R.
—00

b T —kT
limsup S(¢,z) < ot ylae 7

=: S5 locally uniformly in R.
t—o0 k + BlQ ? Y Y

_ Step 5: Repeating above arguments, we can obtain six sequences {S.}, {S,.},
{In} {1}, {Rn}, and {R,} satisfying

S, < 1itm inf S(t,z) < limsup S(¢,z) < S, locally uniformly in R,
hde el

t—o0

I, < litm inf I(t,r) < limsup I(¢,x) < I, locally uniformly in R,
— 00

t—o0

R, < 1itm inf R(t,z) < limsup R(t,z) < R,, locally uniformly in R,
—00

t—o0

where

T b+yl,—1e *m _ BN.—v—k—-pBR,_,4 R o= ’7(1—6_’”)7

n k+5ln_l b n ﬁ b n k mnH
N, —v—k— 771 1— e k7 b T —kT
[ o BNk BBy 9z g bl
B k k+pI,

Moreover,

S, <8y < <8, < <S8, << 8y < Sy,
11<12<"'<ln<"'<7n<"'<72<71a
R <R,<--+<R,<--<R,<-+<Ry <Ry,

then we have

Y BN, —~v—k—BR B ’y(lfe#”)j = b+ yloe™*"
oo T 5 bl oo T k o0y oo T k + 5100 b
N* N b _ AR 1— —kT T —kT
B k k+ Bl
By direct computations, we have (S ,I..,R..) = (Seo, oo Roo) = (Si, L, Ry).
Therefore, this lemma has been proved. O

Proof of Theorem 1.2: This theorem can be obtained by Lemmas 3.2 and 4.2.

5. Numerical simulation

To support theoretical results in previous sections, we will use MATLAB to make
some numerical simulations in this section.
Now we assume that the coefficient and initial functions in (1.3) are as follows:

21(0)

d=1, h(h) = hoe?, Iy(z) = COS(LSL’), Ry (z) = cos(

21 () z)-
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Example 5.1 (The case of Rg < 1). Letb=1, §=0.5, k= 0.6, v = 0.5, hy = 1.5,
then we have that Ry = 0.7576 < 1 by (1.6).

The simulation results are showed in Figure 1 and 2, we can observe that the
disease will die out and ho, — goo < o0 if Rg < 1.

Figure 1. The profiles of 7 = 0.5 and 7 = 0.8.
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Figure 2. Vanishing of the free boundary h(t) and g(t).

Example 5.2 (The case of hg > h, and Ro > 1). Let b =1, 8 = 1, k = 0.5,
v = 0.6, hg = 1.8. By direct calculations, we can obtain that h, = 1.6558, and
Ro = 1.8182 by (1.6). Then hg > h, and Rg > 1. Moreover,

(1.1,0.7112,0.1888), 7= 0.5,

(S*a I*a R*) =
(1.1,0.6449,0.2551), 7 =0.8.

Figure 3. The profiles of 7 = 0.5 and 7 = 0.8.

The simulation results are showed in Figure 3, it is easy to see that the solution
I(t,x) keeps positive and tends to an equilibrium I, if Ry > 1 and hg > h..
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Moreover, we can observe that the equilibrium I, is decreasing with the increasing
of immunity 7.

Example 5.3 (The case of hg < h, and Rg > 1). Let b =1, 8 = 1, k = 0.5,
v = 0.6, hg = 1.5. By direct calculations, we can obtain that h, = 1.5279, and
Ro = 1.8182 by (1.6). Then hg < h, and Rg > 1. Moreover,

(1.1,0.7112,0.1888), 7= 0.5,

(S, I, Ry) = {
(1.1,0.6449,0.2551), T =0.8.

The simulation results are showed in Figure 4 and 5. From Figure 4, we can
find the solution I(t, z) keeps positive and tends to an equilibrium 7, for some large
=10 if Rg > 1 and hy < hs. And we can observe that the equilibrium I, is
decreasing with the increasing of immunity 7. From Figure 5, it is easy to see that
the disease will die out for some small y =1 if Ry > 1 and hg < hs. This means
that, when Ry > 1 and hy < h,, whether the disease spreads or not depends on the
expanding capability p of the spreading front.

:mimnmnmnmnmuunmmH ‘ _ mmunmumnm,,,,,,,,mw

Figure 4. The profiles of 7 = 0.5 and 7 = 0.8 with p = 10.

Figure 5. The profiles of 7 = 0.5 and 7 = 0.8 with u = 1.

Example 5.4 (The effect of 7 on the spreading speed of h(t) and g(t)). Let hg =
1.8, h(0) = hoe?, Iy(x) = cos(#w):c).

The simulation results are showed in Figure 6. From Figure 6, we can observe
that the spreading speeds of the spreading fronts h(t) and g(t) are decreasing with
the increasing of delay 7, which implies that the time delay can slow down the
spreading of epidemic.
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free boundary h(t)
free boundary g(t)
8

time 4 x10° time 4 x10°

Figure 6. The profiles of 7 = 0.5 and 7 = 0.8 with p = 1.

6. Discussion

This paper considers an SIRS epidemic model with time delay and free bound-
aries. We first prove the global existence and uniqueness of the solution. Then
we show the long-time behavior of the solution can be determined by the following
spreading-vanishing dichotomy:

(i) Vanishing: If hoo — goo < 00, then

. b . .
lim S(t,7) = 7 o Cioc(R), i 11(t, ) + R(t, )|l cg(e),ne)) = O-

t—o0
(ii) Spreading: If ho — goo = 00 and k > (1 — e~*7), then
tlim (S(t,x), I(t,x), R(t,z)) = (S«, L, Rx) locally uniformly in R.

Furthermore, we obtain the following criteria for spreading and vanishing hold:

(i) if Ro <1 and || No|ls < 2, then disease will vanish;

(ii) if Rp > 1, then there exists h* > 0 such that spreading happens when hy > h*,
and if hg < h* and |[No|ls < 2, then there exists p* > p, > 0 such that
spreading happens when p > p*, and vanishing happens when p < p, and
o=

Finally, some numerical simulations are provided to illustrate our results.

Since it is difficult to establish the corresponding semi-wave theory, we do not
give the precise estimation of the spreading speed of the spreading front if spreading
happens. We will study it in the future. However, the numerical simulation in
Example 5.4 shows that the spreading speeds of the spreading fronts h(t) and g(t)
are decreasing with the increasing of delay 7, which implies that the time delay
can slow down the spreading of epidemic. Furthermore, our results in figure 3 and
4 indicate that time delay can affect the value of equilibrium point. Moreover,
the results in figure 6 show that the region (g(t), h(t)) of infectious individuals is
decreasing with the increasing of time delay.
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