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Abstract In this work we study the existence of nontrivial solutions for a
Caputo-Fabrizio-type fractional integral boundary value problem. We first
construct a new linear operator, which can include the integral boundary con-
dition, and then under some conditions involving the spectral radius of the
linear operator, we use topological degree methods to obtain some existence
theorems for our considered problem.
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1. Introduction
In this paper we study the Caputo-Fabrizio-type fractional integral boundary value
problem
CERDaz(t) + f(t,2(t)) =0, 0 < t < 1,
1
2(0) =0, 2(1) = [; g(t, 2(t))d(t),

where is the Caputo-Fabrizio-type fractional derivative with o € (1,2) and
the functions f, g,y satisfy the conditions:

(HO) f,9 € C([0, 1] R, R),

(H1) ~(¢) is a nondecreasing and nonconstant function on t € [0, 1].

(1.1)
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Fractional calculus is a major research field, and many physical problems have
been expressed using fractional calculus. The main reasons for using fractional
derivative models are that many systems show memory, history, or nonlocal effects,
which can be difficult to model using integer order derivatives. Caputo and Fabrizio
presented a new definition of fractional operator without a singular kernel based
on the decay exponential law, the Caputo-Fabrizio fractional-order operator, and
for recent results we refer the reader to [1-21] and the references therein. For
example, in [1] the authors studied the following system of nonlinear fractional
derivative equations of the COVID-19 mathematical model involving the Caputo-
Fabrizio fractional derivative

CERDaS(t) = (w + )8 — uZS,
RDV(t) = vS — (1 — )V,
CFEDL(t) = uST — (n+w)Z,

CERDOR(t) = vS + 0T,
CFRDeD(t) =
with the initial conditions

S0) =38y, V(0)=Vy, Z(0)=1Zp, R(0)=Rge, D0)=Dy.

They investigated the existence, uniqueness, and stability of the solution for the
above system by means of fixed point theorems.

In [2] the authors studied the nonlinear coupled system of fractional g-integro-
differential equations involving the derivation and integration of fractional Caputo-
Fabrizio

CERDu(t) = 1 (1, u(t), SR o(t), TR u(t), (1)) ,t € (0, 1],
CRDR0(t) = o (1, 0(8), TRD (D), TRI0(2). Iu(t) . € (0.1],

(I—qg1)M E diu(dh) =c1, A€ (0,1],
(

ql2A2) = C2, )‘2 S (07 1]7

and they used some fixed-point methods to obtain the existence, uniqueness, and
continuous dependence of solutions for their problem.

In [3] the authors used the consecutive interval division and the midpoint ap-
proach to study a problem involving the Caputo-Fabrizio derivatives

CERDy(t) = f(t,y(t)), if t € (0,1],
y(0) = yo, if t =0,

where f : [0, 1] xR — R is a continuous function. In [4] the author discussed positive
solutions for (1.1) with nonnegative nonlinearity f and v(t) = 0,¢ € [0, 1], and using
the Guo-Krasnosel’skii fixed-point theorem, the author obtained existence theorems
under the following growth conditions:

(HWangl) lim, o mlntG[O 1] fz) -

(HdegQ) hmz_>0 maXtE[U 1 f( Z)

f(t z) 0

= 400, lim, 4o max;co,1) ,

8

=0, 11mz—)+oo mlntE[O 1] ( -~ ) =+
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Motivated by the aforementioned works, in this paper we use topological degree
methods to study the existence of nontrivial solutions for the Caputo-Fabrizio-
type fractional integral boundary value problem (1.1). We first study a new linear
operator, which can include the integral boundary condition, and then using some
conditions concerning the spectral radius of the linear operator, some existence
theorems are derived. Our nonlinearities f, g need to satisfy some growth conditions
(see (H2)-(H5) in Section 3), but they can be sign-changing, and in addition they
are more general than (Hwang1)-(Hwang2)-

2. Preliminaries

In this section, we only present the definitions of the left Caputo-Fabrizio-type
fractional derivatives in the left Riemann-Liouville sense. For more details, we refer
the reader to [5,6].

Definition 2.1. Let f € H'(a,b) with a < b, and « € [0,1]. Then the a-order
left Caputo-Fabrizio-type fractional derivative in the left Riemann-Liouville sense

is defined by:
Bla) d [*. | [-at=]
o) 2 / f(@)e dz,

(AP f) () = 1

where B(a) > 0 is a normalization function satisfying B(0) = B(1) = 1.

Definition 2.2. Let n < a < n+ 1 and f be such that f") ¢ H'(a,b),
B8 =a—n. Then 8 € (0,1] and the a-order left Caputo-Fabrizio-type fractional
derivative in the left Riemann-Liouville sense is defined by:

(CRDy) (8) = (TRDAF™) (@),

Lemma 2.3(see [4]). Let h,V € C0,1], and « € (1,2). Then the boundary
value problem

CERDez(t) + h(t) =0, 0 <t < 1,
2(0) =0, 2(1) = Jy V(£)dy(t)
has a solution in the form:

z(t) :/0 G(t,s)h(s)ds—i—t/o V(t)dv(t),

where

G(t’s):ﬁ(g) 20— B)t(1—s)+Bt(1—5)20<t<s<1, B=a— L

Proof. From Lemma 1 in [4] we have

1 {2(1—6)5(1—t)+ﬁt(1—s)2—B(t—s)2,0<s<t<17

=cC C —ﬂ t — S SS—L t —82 s)as
() = e +eat = o [ (= shs)ds = s [ (o= o2ns)as

where ¢; € R, i =1,2. Since z(0) = 0, we have ¢; = 0. Consequently,

—c—ﬂ 1 -5 ss—L 1 — 5)%h(s)ds = 1
) == g [ = heis— g [ -9 = [ viae,
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and hence we obtain

t) = t/o V(t)dvy(t) + ;zﬁf/o t(1 — s)h(s)ds + QB‘im/o t(1 — s)*h(s)ds

*ﬂ ' — S SS*L t *52 S)as
B(ﬁ)/()(t hs)d 23(@/0@ Y2h(s)d

:/0 G(t,s)h(s)ds+t/0 V(t)dy(t).

This completes the proof. [

Lemma 2.4(see [4]). Let 0 = min{a—1,2—a} and ¢(s) = B~1(B)(1—s), 0(t) =
Zt(1 —t),t,s € [0,1]. Then G has the followmg properties:

(i) G(t,s) > 0,t,s € [0, 1];

(i) 000 (s) < G(t,5) < (s), t,5 € [0, 1.

Let E := C[0,1], ||z]| := max,c[o,1) [2(t)] and P :={z € E : 2(t) > 0,Vt € [0,1]}.
Then (E, ||-||) is a real Banach space and P is a cone on E. Moreover, the conjugate
space of E, denoted by E*, is {~y : v has bounded variation on [0, 1]}. From [22] we
obtain the dual cone of P and the bounded linear functional on E can be expressed
by

1
P* :={v € E* : 7 is non-decreasing on [0, 1]} and (v,z) = / z2(t)dvy(t),z € E,v € E*.
0

In view of Lemma 2.3, we define an operator ¥ : E — FE as follows

1 1
(T2)(t) = /0 G(t,s)f(s,2(s))ds —|—t/0 g(t,z(t))dy(t),z € E,t €]0,1]. (2.1)

It is easy to see that if ¥ has a fixed point z* in E\{0}, i.e., Uz* = z*, then this z*
is a nontrivial solution for (1.1). To study our problem, we define a linear operator
as follows:

1 1
(Liy e 2)(t) = 171/0 G(t,s)z(s)ds—i—ngt/o z()dy(t), z€ E, n; >0,i=1,2. (2.2)

Lemma 2.5. Let r(L,, ,,) be the spectral radius of L,, ,,. Then it satisfies

1

1
771/ o(t dt+n2/0 tdy(t) < r(Ln, ) <771/ (1) dt+772/ dy(t). (2.3)

Proof. Define two linear operators as follows:

(Lyz)(t / G(t, s) s, (L2z)(t) = t/o1 z(t)dy(t),z € E.

Then L; : P — P(i =1,2) and for all n € N we have

(L)t / / Gt 51) -+ G(Sn_1,50)2(50)ds1 - s, (L3z><t>=t(/oltdv<t>)nl
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Therefore, the Gelfand theorem implies that

Ly)=1 f > i f. (LM
r(Ly) im 1n YILE 1m1n /trél%}i
zliminfy\l/maxﬁ()</ > /1/)
n— o0 t€(0,1] 0
1
— [ e
0

r(Lg) = hmmf VL5 > liminf ./ max (L51 / td~(t)
n— o0 te[0,1]

where 1(¢t) = 1,¢ € [0, 1].
On the other hand, we know that

and

1 1
< g, [ Gt neiis< [ ot < gy (1 [ 20000) = [0

From the relations of Ly, ,, and L;(i = 1,2) we have that (2.3) holds, as required.
This completes the proof. [
Note that (2.3), r(Ly, n,) > 0. Then the Krein-Rutman theorem [23] enables us
to obtain that there exist (;,, », € P\{0} and o), ,,, € P*\{0} such that
Ly 028 me = (L 102) S s Lf]lﬂ]Q Onims =T (L na) O s (2.4)

where L} .+ E* — E* is the conjugate operator of Ly, ,,, denoted by

t 1 1
(Ly, ) (t) := 7)1/0 ds/o G(T,s)dﬁ(T)Jrngfy(t)/o tdi(t),0 € E*.
Lemma 2.6. Let P, = {z € P : fo £)don, ma(t) > wyy mull2ll}. Then

Ly, 1, (P) C Po, where wy, ,, = fo t)don, 5, (1)
Proof. Note that if z € P, we have

1
Loy 2)(H) <1 / v)x(s)ds - [ =) (0).
0
From Lemma 2.4(ii) we obtain
1 1
(L, ma2)(t) > 771/ 9(t)1p(s)z(s)ds+7729(t)/ z(t)dv(t)
0 0
> 0| Ly, o 2|)-
Hence, we find that
1 1
| )= [ 0020 1Oy a2l

This completes the proof. [
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Lemma 2.7(see [24]). Let E be a Banach space, Q2 C E a bounded open set,
and T : @ — E a continuous compact operator. If that there exists zg € E\{0}

such that
z =Tz # pzo,Vz € 00, u > 0,

then the topological degree deg(I — T, £2,0) = 0.

(2.5)

Lemma 2.8(see [24]). Let E be a Banach space,  C E a bounded open set

with 0 € 2, and T : Q — E a continuous compact operator. If
Tz # pz,Vz € 0Q, u > 1,

then the topological degree deg(I — T, 2,0) = 1.

3. Main Results

We list our hypotheses on f, g:
(H2) There exist & > 0(¢ = 1,2) with r(Lg, ¢,) = 1 such that

lim inf f(t,2) > £, and limsupM
z

z2—r+00 z z——00

< & uniformly in ¢ € [0, 1],

and

t t
lim inf 9t.2) > &5, and limsup 9t.2) < & uniformly in ¢ € [0, 1].
zZ—r+00 A 2——00 z

(H3) There exist & > 0(¢ = 3,4) with 7(Lg, ¢,) < 1 such that

t
lim sup £(t.2)] < &3 uniformly in ¢ € [0, 1],
|z|—0+ |2
and .
lim sup lg(t, 2)| < &4 uniformly in ¢ € [0,1].
|z|—0+ |2
(H4) There exist & > 0(¢ = 5,6) with 7(L¢, ¢,) < 1 such that
lim sup £ 2)] < &5 uniformly in ¢ € [0, 1],
|z| =400 ‘Z|
and .
lim sup l9(t,2)| < &6 uniformly in ¢ € [0,1].
|z| =400 ‘Z|
(H5) There exist & > 0(¢ = 7,8) with (L, ¢,) = 1 such that
lim inf M > &7, and limsup M < & uniformly in ¢ € [0, 1],
z—07+ z 20— z
and
t t
lim inf 9t 2) > &3, and limsup 9t.2) < &g uniformly in ¢ € [0, 1].
z—0*t z z—0— z

(2.6)
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In this section, we use Lemma 2.7-2.8 to obtain our main results. The basic idea
in the proof of Theorem 3.1 is as follows: by means of (H2) we show that (2.5) holds
in an open ball with a large enough radius, and using (H3) we show that (2.6) is
satisfied in an open ball with a small enough radius. Then we obtain the existence
of fixed points from properties of the degree.

Theorem 3.1. Suppose that (HO0)-(H3) hold. Then (1.1) has at least one
nontrivial solution.

Proof. Note that (H2) implies that there are € € (0,1) and Cy > 0 such that

fglt2) 2 &(1+e)z—Cr, 22 0,t€0,1], i = 1,2,

and
fag(taz) Zfi(lie)zfch ZSO,tG [031]7 i:]-aQ'

This shows that
frgt,2)>2&(14+e)z2—C1>2& (1 —e)z—C
if (¢,2) €10,1] x RT, and
frgt,2) 26 (1—-e)z2—C1>2& (1 +e)z—C
if (¢,2) € [0,1] x R™. Consequently, we have
frgt,2) > & (14+e)z—Cq, zeRt€[0,1], i=1,2, (3.1)

and
frg(t,z) >&(1—e)z—Ch, ze Rt €[0,1], i=1,2. (3.2)

Note that from (2.4), there exist (¢, ¢, € P\{0} and g¢, ¢, € P*\{0} such that

Le, 6,Cer 60 = 7(Ley 65)Cer 600 i, £,060.60 = 7 (Ley ) 061 - (3.3)

From Lemma 2.6 we have
<€1,E2 € b,. (3.4)

Let My :={z€ E:2=Uz+ X, ¢, > 0}. Then we claim that M; is bounded in
E. Indeed, if zy € My, there is a Ay > 0 such that

20(t) = (Vz0) (t)HoCsl,gz(t):/o G(t’S)f(S,ZO(S))dSH/O 9t 20())dy (£)+A0Cey 2 (1)

(3.5)
From (3.1) we have

1 1
wolt) > / Gt 5)[x (1 +€) z0(s) — Cuds + 1 / (€2 (1 +€) z0(t) — Cldn(t)
0 0 (3.6)

> 6 (11e) / G(t, 5)z0(s)ds + & (1+2)1 / 2o(t)dr(t) — C.
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where Cy = C4 fo s)ds + fo dv(t)]. Multiplying by dog, ¢,(t) on both sides of
(3.6) and 1ntegrat1ng over [0, 1], from (3.3) we have

/Olzo(t)dgfl7£2() (I+¢) / doe, &, (t {fl/ G(t,5)20(s )d8+€2t/ zo(t)d(t ] 02/ doe, &, (t
:(1—1—5)/0120 [51/ dT/ G(t, 7)doe, ¢, (t) + E2v(s )/0 tdoe, ¢, (t ] Cg/ dog, ¢, (t

= (1+¢)(L§, ¢, 061 .65 %0) — 02/0 dog, ¢, (1)
1
= (1+¢)(r(Leg) 061,605 %0) — C?/O doe, &, (t)

=(I+@1;%@M&@AU—C&A¢wm&@

This implies that

1
[ wttdee ey < % [t (3.7

Note that (3.5) is equivalent to

%@—u—akACW@%@w+wAzmwwﬂ
+a /1 G(t, 5)ds + cg/l i (t)
— 20(t) — (1 - &) (Les ey 0) (1) + (Lew e 1)(0)

1
:Acwww@%@w@ﬂf@%@+am

+ t/o [9(t, 20(2)) — &2 (1 =€) 20(t) + Ch]dy () + AoCey e (B)-

Note that (3.2) implies that f (s, 20(s)) — &1 (1 —¢€) 20(s) + Cy € P and g(¢, 20(t)) —
&2 (1 —¢€)29(t) + C; € P. Then we can use a similar method as in Lemma 2.6 to
prove that

1 1
/0 G(t,s)[f (s,20(5)) =& (1 =€) Zo(S)+Cl]d8+t/0 [9(t, 20(1)) =& (1 = &) 20(t)+Ch]dv (¢) € Fo.

Combining this with (3.4), we have

20 — (1 — E) L51)52Z0 + Lchcll c b,.
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Therefore, we find

1 1
llzo0 — (1 =€) Lg, .20 + Loy oy 1| < e / [20(t) — (1 =€) (Lg, 6,20)(t) + (L0, 1)(t)]dog, ¢, (t)
1,62 JO
1 1
— = [ olt) + (Lev.c D(Oldog, (0
We,¢2 Jo
1—e [ s 1 1
-2 [ et [a [ dr [ Gterdee, )+ 60 [ tdoe. (t)}
WeyL,é Jo 0 0 0
1 /1[ () + (Loy e, 1) (O)doe, e () — —= (L )
= 20 C1,C1 0¢1,&2 - 1,60061,€25 %0
Wep,¢2 Jo Wey &0 Gt
1 ! 1—¢
= [20(t) + (Lcy 0, 1) (t)]doe, 6, (1) — (r (Le, &) 01 625 20)
Wep,¢2 Jo Weq, &
€ 1 1
= = [Caldene 0+ —— [ (Le.oD0des, (1)
WerL,é2 Jo Weq,62 Jo

where we, ¢, = fol 0(t)doe, ¢, (t). Note that (3.7), we have

A (Ley o) (B)doe, e (1):

Cy 1
l20—(1 — &) Le, en20+ Loy o, 1| < / doe, e (1)+
Wep,é5 Jo

Wey &2
Since (1 — &)r(Lg, ¢,) < 1, I — (1 —¢) Lg, ¢, has the bounded inverse operator
(I —(1—¢) L g,) . Hence, there exists a @ > 0 such that [|2]| < Q. This proves
the boundedness of M;. Take Ry > sup M7, and then we have
2 A Wzt ez € OBy, A 2 0,
where Bg, :={z € E : ||z]| < R1}. Lemma 2.7 implies that
deg (I — ¥, Bg,,0) =0. (3.8)
From (H3) there exists a sufficiently small r; € (0, Ry) such that

[f(t,2)] < &lzl, [g(t,2)] < &lzl, 2] <1, €0, 1.

Consequently, we have

1 1
(T2)(1)] = / G(t, 5)f (s, 2(s))ds + t / g(t,z<t>>dw<t>\

1 1
< / G(t, )| (s, 2(s))lds + t / l9(t, 2(8) (1)
1 1
<& [ Gkl +et [ =0l
0 0
= (L§3,€4|Z|)(t)a S §T17 te [07 1]7
where B,, :={z € E: ||z|| < r1}. In what follows, we claim that

z2# AUz, z € 0B, A€ [0,1]. (3.9)
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Suppose that the contrary. Then there exist z; € B,, and A; € [0,1] such that
z1(t) = M (¥z1)(t),t € [0,1].
Let w1 (t) = |z1(t)|, ¢t € [0,1]. Then we have
wi(t) = |21 (8)] = M|(921)(8)] < (Legeswn) (0), t € 0, 1].
The nth iteration of this inequality shows that
wy < LE, cwi,m=1,2,---.
This implies that

Jwr ] < [ILg, ¢, lll[wr ]l and thus 1 < [[Lg, ¢ ||

L<liminf {/[ILg, ¢ | =7 (Les ) -

This contradicts 7 (Le, ¢,) < 11in (H3). As a result of this, (3.9) holds, as required.
Lemma 2.8 gives

This means that

deg (I — U, B,,,0) = 1. (3.10)
From (3.8) with (3.10) we have

deg ([, \II,BRl\ETl,O) =deg(I — V,Bg,,0) —deg(I —¥,B,,,0) = —1.

Therefore the operator ¥ has at least one fixed point in Bg,\B,,, and thus (1.1)
has at least one nontrivial solution. This completes the proof. [J

Theorem 3.2. Suppose that (HO0)-(H1) and (H4)-(H5) hold. Then (1.1) has at
least one nontrivial solution.

Proof. Note that (H5) implies that there are € € (0,1) and 73 > 0 such that

f,g(t,z) Zfz (1+5)Za z € [07T2]at€ [071],i:7a8,

and
fi9(t,2)>&(1—¢e)z, z€[-r0),te]0,1],i=7,8.

Note that

fr9(t,2) > & (1 +e)z> 6 (1-¢)z
if (¢,2) € [0,1] x [0, 73], and

f9(t,2) 2 &(1—e)z> & (1+e)z
if (t,z) € [0,1] x [—rg,0]. Hence, we have

frgt,2) > & (14+¢€)z, z€[—rg, ], t€[0,1],i=17,8, (3.11)

and
frgt,2) > & (1 —¢€)z, z€[—rg,r],t €[0,1],5=17,8. (3.12)

Note that from (2.4), there exist (¢, ¢, € P\{0} and ¢, ¢, € P*\{0} such that

L€7758<E77€8 = T(Lfmﬁs)cfwfzw szsg Otr .65 =T (waﬁs) IV (313)
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From Lemma 2.6 we have

Ceres € . (3.14)

Now, we claim that

z# Uz + Aer 660 2 € 0B;,, A > 0. (3.15)
Indeed, if the claim is false, then there are zo € 0B,, and A2 > 0 such that
= Wy + Aaler e

Using (3.11) we find

1 1
t)z/o G(t,s)g7(1+a)zz(s)ds+t/o €6 (14 2) 2a(8)dA(2). (3.16)

Multiplying by doe, ¢, (t) on both sides of (3.16) and integrating over [0, 1], from
(3.13) we have

/ ea(deer e (1) > (142) / doer (1) & Gt s)ea(s)ds + &5t / 1 (0 (0)

=<1+e)/01zZ [57/ dr/ Gtrdeg7sg(>+§sv<>/01td@s7,ss<t>]

= (1 + 6) <LZ7,£8 957;58’ Z2>
= (1 + 5) <T (L§7,§8) 0¢7 ¢8> 22>

1
= (+0) [ adeg )
This implies that
1
/ 2o (t)dog, ¢, (£) < 0. (3.17)
0
On the other hand, we note that

2(t) = (1= &) (Lgr g22)(1) = (W22)(F) — (1 — ) (Lir 522) (1) + Aaler 5 (2)

/ Gt 8)[f (5, 22(5)) — &0(1 — £)za(s))ds + ¢ / [9(t, 25(1)) — &(1 — )22 (B)]dy (1) + AaCe, 4 (1)

From (3.12), f(s,22(s)) — &7(1 — €)z2(s) € P and g(t, 22(t)) — &s(1 — €)22(t) € P.
By a similar method as in Lemma 2.6 and (3.14), it can be proven that

29 — (1 - E)L£7)£822 e R.
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Hence, from (3.17) we have

llz2 = (1 = &) Lgy g 22| <

/0 [2a(t) — (1 — &) (Liey 022) (1)) doey 4 (1)

Wer, &8

1 1 1—e [1 s 1
- / 2a(t)dgey ¢ (1) — / 2a(s)d | & / dr / G(t,7)doe, ¢, (1)
Werés Jo Wer és Jo 0 0

+§8V(5)/0 td@f77§8(t)‘|

1 /1 1_¢
= Zg(t)dg ’ (t) _ <L* oe,. ’22>
Wer,88 Jo t7.ks Wer £s £7,68 867,88
1 1 1—¢
— 2(t)dog, & (t) — (r (Le, 2) Oe ca» 22)
Wer,88 Jo We, g4
c 1
- = [ 20decs
Wer ks Jo

<0,

where we, ¢ = fol 0(t)doe, ¢ (t). Note that (1—e)r (Le, ¢5) < 1,16, I—(1—¢)Le, g4
has the bounded inverse operator (I — (1 —¢)Le¢, ¢,) ' As a result, we have zo(t) =
0,t € [0,1], contradicting zo € 0By,, 72 > 0. Thus (3.15) holds, as required. Lemma
2.7 implies that

deg(I — ¥, B,,,0) =0. (3.18)

From (H4) there exists C's > 0 such that
|f(t,2)] < &lz| + Cs, |g(t, 2)] < &lz| + Cs, z€ R, t€]0,1]. (3.19)

Let My :={z€ E:z=A¥z0 < X <1}. Now we shall show that M is bounded
in E. Indeed, if there exists z3 € My, then z3 = A\3Wz3 for some A3 € [0, 1]. In view
of (3.19), we have

|23(t)] < [(Wz3)(t)]
< [ sl + s + 1 [ Teseatv) + Colarty
= (L e623)(t) + (Ly,051)(1)
Let w3 (t) = |z3(t)| and w(t) = (Le,,c,1)(¢),t € [0,1]. Then ws, w € P, and
w3 < Lg, ¢,ws + W.
On iterating this inequality, we find
ws < LEHws + LY @+ -+ + Le, g0 + W

Note that 7 (Le¢, ¢,) < 1, we have

n
: n+1 _ : % ~ —1~
lim L&nfewg =0, nhHH;o ZLfséew = = Leyg)” W

n— oo ;
=0
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Thus, we have
w3 < (I_ LE&EG)_I&}'

This proves the boundedness of M;. Choose Ry sufficiently large such that Ry >
max{sup Ms, 72} and
z2# AWz, z€ 0BR,,0 <A< 1.

Now Lemma 2.8 implies
deg (I — ¥, Bg,,0) = 1. (3.20)
From (3.18) with (3.20) we have

deg (I — V¥, Bg,\By,,0) =deg (I — ¥, Bg,,0) —deg (I — ¥, B,,,0) = 1.

Therefore the operator ¥ has at least one fixed point in Bg,\B;,, and thus (1.1)
has at least one nontrivial solution. This completes the proof. [

In what follows, we provide some examples to verify our main results. Choose
a; >0(i=1,---,m—2,m > 3) and let

0,t e [071/1),
ai,t e [Vl,llg),

a1 + ag,t S [1/2, 1/3) ,

m—3

Z a;,t € [VWL737 Vm72) y
i

Z aiyt S [VWL727 1] )

i=1

where {Vi}?;Q with 0 < 17 < g < -+ < Vy,_2 < 1. Then this function v satisfies

(H1). Moreover, by Lemma 2.5 we know that it is appropriate to choose some

positive constants &i,&s, -+ ,&s such that the spectral radius r(Le, ¢,), 7(Ley.e,)s

r(Leg ¢o) and 7(Le, ¢, ) satisfy the appropriate conditions in (H2)-(H5), respectively.
Example 3.3. (i) Let

14+ Y (=1)io; — |2|Y/?, 2z € (—o0,—1],t €]0,1],
ft,2) =4 n ="
> o2t z € [-1,400),t € ]0,1],
i=1
and N
1+ E(_l)jéj - |Z|1/2a z € (—OO, _1]at € [07 1]7
g(t,2) =< » 7"
027, z € [-1,+00),t € [0,1],
j=1

where 0;,0; € R, 4,j=1,--- ,n,n € Nwithn > 1, 01 € (0,£3),61 € (0,&41),0n,0n >
0. Then

n n .
5> 0ist > 5,20
S {75 I R o Lgltz) = B

lim inf = liminf ——— = 400, liminf = liminf = +o0,
z—~+00 z z——+00 z z——+00 z z—~400 z
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n . n .
£t 2) L+ (Do - (t,2) b2
lim sup =~ = lim sup =1 =0, limsup 92 fim sup =
z——00 z z——00 z zZ——00 z Z——00 z
and
n ) n 5 j
(t.0) 2 9(t.2) =
lim sup = limsup — =01 <& limsup = limsup =01 < &4,
2|0t 2] |z|—0+ || 2o+ 2] |z|—0+ 2]

uniformly in ¢ € [0,1]. Therefore, (HO) and (H2)-(H3) hold, as required, and by
Theorem 3.1, (1.1) has at least one nontrivial solution.

(ii) Let
EEi|Z|1/ia z € (—OO,—l],tE [07 1]7
i=2
f(t,Z): 261|Z|17 z € [7170}7t€ [Oa 1]7
i=2
n )
SRzt 2 €[0,+00),t € [0,1],
i=2
and
S Gilz|Vi, 2 € (—oo,—1],t € [0,1],
i=2
g(t,Z): 251|Z|15 z € [7130]at€ [071]3
i=2
n )
SRz 2 €]0,4+00),t €[0,1],
i=2
where 7;,0; € R, K;, f; € RT,i=2,---,n € N with n > 2. Then we have
N1/
NI
lim sup <limsup — =0< &5
z—+o00 |Z| z—+o00 z
and
£t 2) X =
limsup 22 < limsup =2 =0 < &,
Z——00 |Z| Z——00 |Z|
uniformly in ¢ € [0, 1]. Moreover,
N1/
)
liminf —— = liminf —— = +00 > &7
z—07t z z—07t z
and
f(t.2) 5
limsup 2222 = limsup =2—— =0 < &
z—0~ z z—0~ z

uniformly in ¢ € [0,1]. Therefore, f satisfies the condition (HO), (H4)-(H5). Sim-
ilarly, g also satisfies these conditions. As a result, from Theorem 3.2 we see that
(1.1) has at least one nontrivial solution.
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4. Conclusions

In this paper, we studied the existence of nontrivial solutions for the Caputo-
Fabrizio-type fractional integral boundary value problem (1.1). We first use the
Gelfand theorem and the Krein-Rutman theorem to investigate a related positive
linear operator, which can include the integral boundary condition. Then under
some conditions concerning the spectral radius of the linear operator, we obtain our
main existence theorems.
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