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Abstract In this paper, we study two types of Euler-Lagrange functional
equations that map 7 from normed spaces to S-normed spaces using quartic
functional equations. We will investigate the inequality under various trans-
formations and perturbations using both fixed point and direct methods, to
establish the Hyers-Ulam stability of quartic Euler-Lagrange functional equa-
tions.
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1. Introduction

The original stability problem was first articulated by S.M. Ulam [35] in a math-
ematical discussion conducted at the University of Wisconsin. The discussion ad-
dressed several unresolved issues, including the stability of group homomorphisms.
One of the key questions posed was:” Given an approximately linear mapping, when
does a linear mapping estimate exist?” In 1941, D.H. Hyers [7] provided a favorable
response to S.M. Ulam’s question and offered a partial answer to the inquiry. Hyers
introduced the Banach spaces V and W along with ¢ > 0. When the mapping 7
satisfies

la(s +1) = 3(s) =2 <&, (1.1)

there exists a unique linear transformation K(s), such that K(s) = lim ](gﬁ and
n— oo

it holds that ||3(s) — K(s)|| < &, where K(s) is the unique linear transformation that
satisfies this inequality.
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The approximate linear transformations originally defined by D.H. Hyers were
based on a fixed error bound (1.1). T. Aoki [36] generalized the stability results of
D.H. Hyers concerning additive mappings, particularly in dealing with unbounded
Cauchy differences. T. Aoki introduced parameters p and N, allowing the error
bound to vary with the p-th power of the norm of the input vector as

la(s +1) = a(s) =@ < N (IslI” + [1£l]7)

where 0 < p <1 and N > 0. Subsequently, T. M. Rassias [37] introduced a weaker
inequality

2(s + 1) = 3(s) = s (@) < OllsP[IE]1%,

where § > 0 and p + q # 1, and proved a generalization of D.H. Hyer’s result
by means of unbounded Cauchy differentials. In particular, J. M. Rassias [18, 19]
introduced Euler-Lagrange quadratic functions

%(ZU@%)%’ Z %(ajsi—aisj):ng(si), SiEV,O'i#O,Z'EN
i=1 =1

1<i<j<n

and solved the Hyers-Ulam stability problem for quadratic multi-dimensional map-
pings. Based on these studies, J.M. Rassias [6,9,17-20,29] discussed different types
of Hyers-Ulam stability and responded to S.M. Ulam’s question from different an-
gles. Many scholars have further generalized the Hyers-Ulam stability problem and
made important contributions to the development of stability theory (for exam-
ple, [1-5,8,11,12,24,30-33,39])

J.M. Rassias [16] was the first to propose and solve the earliest quartic functional
equations

(s +2t) + (s — 2t) = 249(t) + 4[s(s + t) + 3(s — t)] — 67(5). (1.2)

Next, J.K. Chung [15] succeeded in deriving a generalized solution of (1.2) through a
method that does not depend on arbitrary regularity assumptions for the unknown
function. Despite the fundamental nature of this method of solving the quartic
functional equation, it cleverly draws on an important result of M. Hosszi [28],
which played a key role in determining the general solution of (1.2). Subsequently,
many experts in the field of functional equations and inequalities have proposed
and solved various quartic and equations (see [16,22,26,27, 38]).

This paper introduces two classes of Euler-Lagrange quartic functional equa-
tions that map from a normed space to a B-normed space, namely the General
Quartic Functional Equation (GQFE,) and the Differential Analogue of the Quar-
tic Functional Equation (DAQFE.). For simplification of the expression we define
the mapping 7 : V — W, where ) is defined by the functions

®,9(s,t) =2[9(os +t) + (s + ot)] + o(o0 — 1)%3(s — 1) 13
=2(0? = 1)" [1s) + ()] — oo + 1)(s + 1) ‘

and
Qe(s,t) =2[3(s +<t) — 5(ss — )]

(@)D =D 21— )] Y
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to describe the FEuler-Lagrange quartic functional equation. We study the Hyers-
Ulam stability of the quartic functions (1.3) and (1.4) under various 3 conditions
and explore the general solutions of related quartic functional inequalities using the
fixed point and direct methods.

2. Basic Notations

This paper examines two types of Euler-Lagrange quartic functional equations:
the GQFE and the DAQFFE. These equations map from a real linear space V to
a completely S-normed space W. Consequently, we have carried out a review of
certain definitions related to abstract spaces by relying on [13,14,23].

Definition 2.1. [23] Let V be a nonempty set and let r,s,¢t € V. A function
0:V? — [0,00] is designated as a generalized metric on V provided that o fulfills
conditions

(iti) or,t) < olr,s) + o(s.1) -

Then, (V, p) is designated as a generalized complete metric space provided that for
every Cauchy sequence {s,} -, CV, it converges to an element s € V.

It is important to note that the only difference between generalized metric and
traditional metric is that generalized metric cover the concept of infinity.

Definition 2.2. [13,14] Let V is a real vector space. Let s,t € V and 8 € R be
given. Suppose that a function || - || : V — [0, +00) satisfies condition

(i) ||sl]l = 0 if and only if s = 0;
(i) lssll = 1l 1], where i € R;
(iid) [[s + ¢l < [Isll + 112l

then ||| is referred to as a S-norm. In this case, V is a S-norm space of the function
-1l (W, ]|-]]) is complete if every Cauchy sequence {s,},-; C V converges to s € V.

Definition 2.3. The GQFE, for o € R with the conditions 0 < |0 < 1 and |o| > 1
is defined by

2[)(os +t) + (s + ot)] + o(o — 1)%)(s — 1)
=2 (6® = 1)* [§(s) + 3(t)] + (o + 1)%)(s + 1),

that is, ®,5(s,t) = 0.

(2.1)

Definition 2.4. Given 0 < |[¢| < 1 and || > 1, and ¢®* + ¢ —2 # 0 and ¢ € R.
Assuming 3(0) = 0, the DAQFE. is defined by

2[5(s +st) = g(ss — 1)]
=c (1) (s +1) —a(s — )] +2 (1= <) [1(s) = 5(0)],
that is, Qcy(s,t) =0
Clearly, 5(s) = s* serves as a real-valued solution to GQFE, and DAQFE..

(2.2)
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3. Stability of Euler-Lagrange quartic functional equa-
tions:Fixed point theory

In this section, we utilize the theoretical proposed by L. Cadariu and V. Radu
[25] and apply fixed point theory to investigate the Hyers-Ulam stability of two
distinct classes of Euler-Lagrange quartic functional equations under the specified
constraints of 0 < 8 < 1.

Lemma 3.1. [10,13] Let (V,0) be a generalized complete metric space, r,s € V.
Let Lipschitz constant 0 < @ < 1 be given. Suppose that A :' V — V be a strictly
contractive function, that is, o(Ar, As) < po(r,s), then a positive constant i exists
such that o (A”ls, Ais) < 0o. Therefore

(i) the sequence {A"s},~ | converges to a fized point s € V of A;
(ii) s’ is the unique fized point of A € M, where M = {t eV:p (Ais,t) < oo};
(iil) o(t,s") < %pg(t,/\t) for allt € M.

We first study the Hyers-Ulam stability of GQFE, by using the fixed point
method.

Theorem 3.1. Suppose 1 : V2 — [0, +00) is a given function and satisfies

i Y0"s,0™)

n— o0 ginp

=0, (0s,0)<c*Ppiy(s,0), s,te), (3.1)

where 0 < p < 1. Additionally, let 3:V — W be a function satisfies 7(0) = 0 with
[®os(s,t)| <W(s,t), s,teV. (32)

Then, there exists a unique quartic function ¥ :V — W satisfies

Ia(s) = 3(6)1 € =gy s 0 s€V. (33)

Proof. Let T ={g:V — W}. We define ¢ : Y2 — [0, +-oc] by
o(g, ) = inf {h € [0, +o00] : [lg(s) — £(s)|| < Ip(s,0),s € V}. (3.4)

Consider a Cauchy sequence {j,} C (T, 0). Given that € > 0 is arbitrary, and there
exists a non-negative integer IV, associated with e, then by applying the Cauchy
sequence and (3.4), we obtain

[7m (s) = 2n(s)|| < ev(s,0), m,n>N. seV. (3.5)

If s is an arbitrary point in V, then according to (3.5), the sequence {3, (s)} forms
a Cauchy sequence in W. Given that W is complete, {,(s)} C W is converges for
each s € V. Consequently, we define 7: )V — W by

J(s) = lim g3,(s), seW.

n—oo

If let m — oo, then by applying (3.5), we get

[2(s) = gn(s)ll < e¥(s,0), s€V, n=N,
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that is, 0 (Jn,J) < e. Hence, the sequence {3,} C W is converges. Consequently,
(W, p) is a complete space. We define A : T — T by

(Ag)(s) = 142 e, (3.6

Subsequently, we prove the following inequality o(Ag, Al) < po(g,£) for all g, ¢ €
T. Given g,¢ € T with o(g,¢) < co and an arbitrary € > 0, we conclude that

lg(s) = £(s)|| < hep(s,0), s€V, (3.7)
where h = o(g,£) + ¢. Tt follows from (3.1),(3.6) and (3.7), we get
. Hg(as)  los)

[Ag(s) — Al(s)

o g e < hpy(s,0), s V.

‘ < I (os,0)
By applying (3.4), we have

o(Ag, Al) < ph = p(e(g,£) +€).
Since € > 0 is arbitrary, this leads us to

o(Ag, Al) < po(g, ).

Thus, A is a strictly contractive map on Y with Lipschitz constant .
By substituting ¢ = 0 into in (3.2) and then dividing both sides by (20%)%, we
obtain

1As(s) = a(s)ll <

By applying (3.4), we get

1
o(Ag,9) < @o1yF <

0
n=1

Based on the conclusion of Theorem (3.1), it follows that the sequence {A"7}
converges to a fixed point & € T of A. Consequently, we define &: V — W by

. J(0"s)
S = o

, S€EV. (3.8)

Therefore, by Theorem (3.1), S is the unique fixed point of the set M :={ge T :
0(g,7) < co}. This leads us to the following conclusion

o 1
0(2,9) < HQ(A%J) < Q2eHP(1—p)

It is obvious from (3.4) that we can verify the validity of inequality (3.3). By
combining applications (3.1), (3.2), and (3.8), we conclude

H2[%(03 +1)+ (s +ot)] + a0 —1)°S(s — 1)

—2(0* - 1)2 [S(5) + ()] — oo+ 1)*I(s + t)H
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~ lim H2 [J(U”(Gs—i—t)) +j(0”(8+0t))] PTG CE))

n=00 0-4n 0-477. 0-471
2 2 [1(0ms) | g(0™) 2 (0"s +0"t)
~2(o 1) |15 200 oo )
= 1im [|ey(0"s, 0")]|
n n
< qim PO o ey,
n—o00 0’4”ﬁ

Thus, S is a solution of (2.1). This proves the existence of .

Let us consider the following scenario: s : V — W is another solution of (2.1)
that also satisfies (3.3). In this case, we can assert that H; represents the unique
fixed point of the set M :={g € T : o(g,7) < co}. This conclusion aligns with the
one presented in Theorem 3.1, which states that & = H;. As such, the uniqueness
of & is proven.

O
Corollary 3.1. Suppose 1) : V2 — [0, +00) is a given function and satisfies

t
MMWMS)ﬂ,WWMSWCM@mu
g

)
n—00 o’ on

where 0 < p < 1. Furthermore, let 3:V — W be a function that satisfies 3(0) = 0
with

||q)gj(57t)|| Sw(s?t)a s,t € V.
Then, there exists a unique quartic function S :V — W satisfies

I55) = SO < Gompr =gt 0, s €V,

Next, we study the Hyers-Ulam stability of DAQF E. using fixed point theory.

Theorem 3.2. Suppose 1 : V2 — [0, +00) is a given function and satisfies

1m&%fﬁ=&wcwsmﬁm,mma (3.9)

b
n—o00 gnogn

where 0 < p < 1. Furthermore, let 3:V — W be a function that satisfies f(0) =0
and

[Q(s, )| < v(s,t), s, teV. (3.10)
Then, there exists a unique quartic function ¥ : YV — W satisfies

I9(5) = S < g =0 sEV. (3.11)

Proof. We apply the proof method related to (T, ¢) in Theorem 3.1 proof. There-

fore, we conclude that (T, p) is a complete generalized metric space. Then, we define
A:T— T by

Ag(s) = ¢*g (‘9) , sEV. (3.12)
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It follows from (3.9) and (3.12) that

¢ty (5) -t <5> H <y <S,0> < phi)(s,0), seV,
S S S

where h = 0(g,¢) + ¢, that is, o(Ag, Al) < ph. Thus, we obtain

[1Ag(s) — Al(s)|| =

o(Ag, Al) < po(g,€), g,€T.

Therefore, A is strictly contractive with Lipschitz constant p on Y.
Thereafter, if we set s = £,¢# =0 in (3.10), and then divide by 26 we get

oo - () <=5 < 5

for all s € V, which implies

%
o(5,Ag) < 2547 < oo.

By Theorem 3.1 we conclude that the sequence {A" ]}Zozl converges to a fixed point
S € T of A. Therefore

F:V =W, (s)= lim ¢* ](gs), seV. (3.13)

Accordingly, Theorem 3.1 indicates that < is the unique fixed point of M :={g €
T : 0(g,7) < oo}. Furthermore,

1 <)
() I —
o(Ag,9) < B —p)’

gives rise to the inequality (3.11). Using (3.9), (3.10), and (3.13), we get

0(2,9) <

1—p

H2[%(<s + 1)+ (s + 1) + (s — 1)2S(s — t)

—2(¢% - 1 + (1)) §(<+1)2%(s+t)H

-l {c R
ey o (2 ()] e (2

< lim ¢*Py) (SW) =0, s,tel.

M

This indicates that < is a solution to (2.2). As with the proof of uniqueness in
Theorem 3.1, we can similarly demonstrate the uniqueness of &. Therefore, the
uniqueness of & is proven. O

Corollary 3.2. Suppose 1 : V2 — [0, +00) is a given function and satisfies

n nt
lim M*Mf) =0, (ss,0) < Mp(s,0), steV, (3.14)
S

n—oo
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where 0 < p < 1. Furthermore, let 3: V — W be a function that satisfies 3(0) = 0
and

[Q(s, )| < v(s,t), s, teV. (3.15)

Then, there exists a unique quartic function S :V — W such that

1
(26)%8(1 - p)

Remark 3.1. If y is an even function, the above theorem and inference can be used
to consider the case of ¥(0,¢) and still get a similar result.

ll2(s) = S(s)Il < ¥(s,0), seV. (3.16)

4. Stability of Euler-Lagrange quartic functional equa-
tions:Direct method

In this section, we study the Hyers-Ulam stability of two classes of Euler-
Lagrange quartic functional equations under parity of 8 by direct method.

Theorem 4.1. Let ¢ > 0 be given. Suppose 3 :V — W is a given function and
satisfies

|1Ps9(s,t)|| <&, s, teV (4.1)

where 0 < |o| < 1 and |o| > 1. Then there exists a unique mapping S :V — W
such that

2[I(os +t) + (s + ot)] + o(0 — 1)°S(s — 1) (42)
=2 (6% —1)%[3(s) + S(t)] + o (0 + 1)°S(s + 1) '

and
o) 4 (g2 —1)8 )
%5, B is odd (even), |o| > 1 ;
o2)P 2 B .
[2(s) = S(s)l| < W&, B isodd, 0<|o| <1;
(26%)P+(c%2-1)" .
o) @7 & B is even, 0 < |o| <1,
with
J(c"s) 1
S(s) = lim Sp(s) = lim ¢ 7™ 7 o] > 1, se€V, neN.
n—o0 n—o0 O'n_j(s), 0<|ol <1,

Proof. Letting s =¢ =0 in (4.1), we get

£
1200)]| < | =1

Letting ¢t = 0 in (4.1), we get

l7(os) = o*(s) = (0* = 1)*5(0)|| < 2%, seV. (4.4)
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By employing the triangle inequality in (4.3) and (4.4), we obtain

[s(o5) = a*s(s)]| < lla(as) = a*s(s) = (0° = 1)*5(0)| + [|(o® ~ 1)%5(0)|

1P 4.5)
(20%)7 + |o% — 1| (
< [402)P e, sSEV.

Case 1. When S is odd ( or even) and |o]| > 1, we obtain

(20%)° + (0% — 1)

4
||j(as) —0 j(s)H < (402)? e, seV.
Therefore
J(os) (20%)F + (0 = 1)°
— < . .
H](s) o ‘ < (10°)? e, seV (4.6)

Substituting o”s for s in (4.6) yields

(" Hs)
4

e, s€V, nelN (4.7)

(20%)7 + (o* = 1)°
’ = (40%)?

Applying the inequality (4.7), we obtain

n i jO’iS
oo~ 252 <2 s o1 - 252)
. (20%)° + (0%~ 1)° )
1 J4n5 20 + (0?2 -1
1 GM (405)P e, seV.

Thus, the sequence {7(;7;f )} is a Cauchy sequence, and by W being complete,
n

we get that the sequence {J(;#} is convergent. Then, we define the function
n
S:V—>Why

7(a"s)
Jm =, 8 ev. (4.9)
Therefore

52)8 o2 —1)8
las) - 3l < S

seV. (4.10)

Replacing s with 0”s,t with 0™t in (4.1), dividing the resultant inequality by o4"
we obtain

[@ay(c"s, 0"t)]| < W, s,t€V, neNl. (4.11)

By applying (1.3) and (4.9)and by setting n — oo in (4.11), we obtain

2[S(os +t) + %(s +ot)] + oo —1)23(s — t)

S (4.12)
=2 (0 — 1) )+ S+ oo+ 1)°SI(s + 1)
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Therefore, the existence of & is completed.
Next, let us prove the uniqueness of &. Let Hg1 : V — W be another mapping
satisfies (4.10) and (4.12), we get

13(s) = Har ()]

IN

19(s) = 2 + la(5) — Har (5)]
2((20%)7 + (62 — 1)P)
(0 —1)(02)F

seV.

Therefore

13(s) = Har (s)]| < n% {IS(ns) = s(ms)ll + l2(ns) — Har (ns)||}
)

2{(202)% + (02 — 1)}
nP(c*B —1)(402)P

e, s€V, neN.

Letting n — oo, the proof of the uniqueness is completed.
Case 2. When 3 is odd and 0 < |o| < 1. Substituting < for s in inequality
(4.5) yields

HJ(S) — o'y (g) H < (202)6(402‘;; — Uﬁs, seV. (4.13)

By replacing s with -2 in (4.13), we get

on

HJ (%n) —a% (UTLSH)H = (QUQ)B(%S)T; - 1)B€, seV, neN.  (414)

By using a similar method as (4.8), we obtain the following conclusion

o= Gl <o b () o ()|
=1

1 — 0% (202)% — (02 — l)ﬂ5
1ot (402)8 ’

(4.15)

seV.

By Case 1, it is clear that the sequence {04" 7 (ﬁ) }n is converges, then the function
SV — W is defined by

3(s) == lim o7y (i) seV. (4.16)

Therefore

(20%)° — (o2 — 1)

I9(s) = S(s)|| < o) @mp = 5 € V. (4.17)

In addition, substituting % and -t for s and ¢ in (4.1) and multiply the resulting
inequality by o*"?, we obtain

|®,9(c™s,0™t)|| < o¥Pe, s,teV, neN (4.18)

By applying (1.3) and (4.16) and by setting n — oo in (4.18), which gives a equation
(4.12). Therefore, the existence of & is completed.
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Next, we prove the uniqueness of &. Let Hgo : V — W be another mapping
satisfies (4.12) and (4.17), we conclude

15(8) = Haz(s)[| <NIS(s) = a()ll + [l2(s) — Haz(s)]l

Sﬂ%@ {I8(ns) = 3(ns)ll + lls(ns) — Haz(ns)[[}

(4.19)
2((2 2\8 __ 2 1 B
2@ @) oy,
(1 — o%P)(402nt)P
Letting n — oo, the proof of the uniqueness is completed.
Case 3. When § is even and 0 < |o| < 1,
2\8 2_1)8
4 (20%)7 + (07— 1)
|s(os) — o j(s)H < (402)? e, se. (4.20)
By replacing s with £ in inequality (4.20), follows
4 (S (20%)P + (62 — 1)
H](S) —0% (;) H < (102)7 e, seV. (4.21)

S
on

Hj (oin) —a' (Jrirl)H = (202)/3(:05)7; - 1)667 seV, nel. (4.22)

Substituting

for s in inequality (4.21) yields

Using the same method as (4.8), we obtain the followings

bt - ()] <55 b (2) o)
1=1

ing 2\8 5 5 (4.23)
1— 0% (202)P + (02 — 1)
< , ; .
T (4027 g, seV
Similarly, by (4.16), we obtain
20%)8 2_1)8
() =) < G H D7y, (4.24)

(1—o%)(40?)? *

By Case 2 to prove in the same argument, we obtained the equation (4.12), and
the uniqueness of the &. We can easily get the thesis. O

Theorem 4.2. Let € > 0 be given. Suppose 3 : V — W, is a given function and
satisfies ||7(0)|| < e and

[Qc(s, )| < e, s,teV, (4.25)

where 0 < [¢| < 1 and [s| > 1. Then, there exists a unique mapping S :V — W
satisfies

2[S(s+6t) = S(ss — )] =< (> +1) [S(s+1) — (s — )] +2 (1 —¢*) [S(s) — 3(1)]
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and
ang B .
W (2% + (g4 — 1) )e, B is odd (even), |s| > 1 ;
_A4nB B .
12(5) =S < 4 o (55 — ("= 1)) &, B is odd, 0 <|s| <1;
% 2%+(§4—1)ﬂ g, B is even, 0 < [¢] <1,
with
2(s"s) 1
S(s) = lim Sp(s) = lim Zf;" . s> sEV.
n—00 n—oo | ¢ ](5)7 0< |§| <1

Proof. Letting t = 0 in (4.25), we obtain

W@@—&ﬂ@+@4—nﬂmH§§@ sEV. (4.26)
By employing the triangle inequality in (4.26) and ||7(0)]] < &, we obtain

[la(ss) = <*y(s)|| < <21ﬁ + ¢t - 1|5> e, seV. (4.27)

Case 1. When f is odd ( or even) and |¢| > 1. By dividing both sides of (4.27) by

¢*8. we obtain
1 1\”
< W + 11— §74 e, seV. (4.28)

Replacing s by ¢"s in (4.28) gives

B
1 1
‘§<W+<1—§4>>5, selV, neN. (4.29)

Similar to (4.8), we obtain the followings

j(§n+1s)

Hﬂgns) S

R (G (0 S SO | R Col)
HJ(‘”) T T n ‘ = Z cai-1p |/ (k's) — A
! ; (4.30)
- <4'n,ﬂ -1 1 ) 1\ y
<ty \we t 1) o ey

Thus, the sequence {] (ci;s ) } is a Cauchy sequence, and by W being complete, the
n

sequence {](54#} is convergent. Then, we define the function &:V — W by
n

7(s"s)
4n

(@3 — 1
S(s) := n11_>H;O .

, seV. (4.31)

Then, we have

§4n6_1 (1

I2(5) = S < =T 2ﬁ+(<4—1)5)g, sev.
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Moreover, replacing s by ¢s, t by <"t, and dividing the resultant inequality by ¢*"#,
we obtain

H2 [J(C"(H—ct)) J(C"((s—t))} (2 41) {J(€”(s+t)) 2s™(s — 1))

<4n §4n §4n §4n

4 [a(s™s)  a(s™t) £
_2(1_§)|: §4n - §4n §§4nﬁ

for all s,t € V, where n € N. Letting n — oo, we obtain

2[S(s + st) — S(ss — 1))

4.
(1) (S48~ St 12 (1- ) B - 5. )

Therefore, the existence of & is completed.
Case 2. As 3 is odd and 0 < [g[ < 1, by replacing s with 2 in (4.27), we obtain

Substituting =% for s in inequality (4.33) yields

T

1
H] (i) -ty (:H) H < (2[3 — (§4 — 1)ﬂ> e, s€V, neN (4.34)
S S
Similar to (4.8), we obtain the followings
o(e) _ Ang [ S - AG=0B ||, ( Sy 4 S
por - (@) =B b (5) - ()]

1_g4nﬂ 1 A 3
SW ﬁ*((*l) e, seV.

(s) — k% (j) H < (216 —(¢* - 1)’3) g, seV. (4.33)

(4.35)

By Case 1, it is obvious that the sequence {g‘“‘] (qi) }n is complete, so & : YV — W
is defined by

J(s) := lim ¢y ( > > sEV. (4.36)

n— oo g7
Then, we obtain
1—¢'f (1 B
I5(5) = S < T (26 @ -1))e sew.

S

Moreover, replacing s by =, ¢ by (%, and multiply the resulting inequality by ¢*™?,
we obtain

s () ()] oo e (59
e (3) ()|
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for all s,t € V, where n € N. Similarly, letting n — oo, which gives you equation
(4.32). Therefore, the existence of & is completed.
Case 3. When f is even and 0 < [a| < 1, replacing s by £ in (4.27), we obtain

Wwﬂ%CN%(;+w—nﬂaseu (437)

By replacing s with = in (4.37), then

S
N

HJ (;) - (<”S“>H < (21ﬁ+ (<4—1)’3) e, seV. (4.38)

Applying a similar method to (4.8), we get the following conclusions

ey An [ S - 4G, (5 ) _ 4 S
H](g) S (Sn,) SZC J <gn) S (gnJrl
i=1

1—¢n8 /1 4 8
SW 27“!‘( —1) e, seV.

(4.39)

Using a similar method to (4.8), we come to the conclusion
1—¢¥8 /1 8
o) = 3 = = (5 + (60 1)°)

By Case 2 to prove in the same argument, we obtained the equation (4.32). This
proves the existence of &, and the proof of the uniqueness of & is omitted because
it is similar to the proof of Theorem 4.1. O
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