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CORRECTIONS TO ERRORS IN THE PAPER
“HADAMARD-TYPE INEQUALITIES FOR s-CONVEX
FUNCTIONS I” AND NEW INTEGRAL INEQUALITIES OF
s~-CONVEX FUNCTIONS IN THE SECOND SENSE

JING-YU WANG, HONG-PING YIN, BO-YAN XI, AND FENG QI*

ABSTRACT. In the work, the authors correct some errors appeared in the paper
“S. Hussain, M. I. Bhatti, and M. Igbal, Hadamard-type inequalities for s-
conver functions I, Punjab Univ. J. Math. (Lahore) 41 (2009), 51-60” and
establish some new integral inequalities of s-convex functions in the second
sense.

1. INTRODUCTION

Let I C R be an interval. A real-valued function f : I — R is said to be convex
(or concave, respectivey) on I if the inequality

flte+ (1 —t)y) <tf(z) + (1 —1)f(y)
holds for all z,y € I and ¢t € [0,1]. Suppose that f : I C R — R is a convex

function on an interval I such that a,b € I and a < b. Then the well-known
Hermite-Hadamard integral inequality reads that

H(2542) <t [ s < 2020

In [Il 4], the concept of s-convex functions was innovated below.

Definition 1 ([T, 4]). Let s € (0,1] be a real number. A function f: R — Ry =
[0, 00) is said to be s-convex in the second sense if the inequality

fltz 4+ (1 =t)y) <t°f(x) + (1 —1)°"f(y)
holds for all z,y € I and ¢ € [0, 1].

It is easy to see that for s = 1 the s-convexity reduces to the classical and
ordinary convexity of functions defined on [0, o).

The Hermite-Hadamard type integral inequalities for s-convex functions in the
second sense are a very active research topic. We now recall some of them as follows.

Theorem 1 ([9]). Let f : I C Ry — R be differentiable on I°, the numbers a,b € I
with a < b, and ' € L1([a,b]). If |f'|? is s-convex on [a,b] for some fized s € (0, 1]
and g > 1, then
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flay+f) 1
5 —b_a/af(x)dx

b—a 1\ 21y QMO 1
<00 [ e irem

Theorem 2 ([II]). Let f : I C Ry — R be differentiable on I°, let a,b € I with
a <b, and let f' € L1([a,b]). If |f'| is s-convex on [a,b] for some s € (0,1], then

O

6‘5‘Irl +2x55t2 2% 35t2 49
6+2(s + 1) (5 + 2)

<! b —a)(If (@) +]f (®)])-

For some other related papers on Hermite-Hadamard type inequalities for convex
functions and s-convex functions, please refer to [3] [7], 13, [16]

In [5], Hussain and his two coauthors studied the Hermite-Hadamard type in-
equality of s-convex functions in the second sense, established several Hermite—
Hadamard type inequalities for differentiable and twice differentiable functions
based on concavity and s-convexity, and applied to construct some special means.

2. HERMITE-HADAMARD TYPE INEQUALITIES BY HUSSAIN AND HIS COAUTHORS

Hussain and his two coauthors introduced in [5] the following lemma.

Lemma 1 ([5, Lemma 3]). Let I C R denote an interval, f: I — R be a differen-
tiable function on I° (the interior of I), and a,b € I° with a <b. If f' € L1([a, b)),
then

f(a;b)—bl(z/:ﬂx)dx
_G-a /01(1_t)[f'<m+<1—t>“§b) wr(mea-0t) e @

Using LemmalI] Hussain and his coauthors established the following Theorems
to[6]in the paper [5].

Theorem 3 ([5, Theorem 4]). Let f : I C R — Ry be a differentiable function
on I° such that " € L1([a,b]), where a,b € I with a < b. If [f'|7 is an s-convex
function in the second sense on [a,b] for some fized s € (0,1] and g > 1, then

‘f<a+b) (> {Uf( a)|?+ (s +1)|f/ (/% THEE

[(s+1)(s+2))*

NEEDCUEaCUNAY
[(s+ 1)(s +2)]/

z)dz| <

Remark 1. If ¢ > 1, the factor (3) Vr g n [B, Theorem 4] should be modified to

(5)1 e, Otherwise, if ¢ = 1, the number p = q%l is meaningless.
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Theorem 4 ([5, Theorem 5]). Let f: I C R — Rg be a differentiable function on
I° such that f' € Ly([a,b]), where a,b € I with a <b. If |f'|? is a concave function

on [a,b] for ¢ > 1, then
,(3a+b ,(a+3b
Gl ()

a+b
()
1_
where 1 1t3= 1.
Theorem 5 ([5] Theorem 6]). Let f: I C [0,00) = R be a differentiable function
on I° such that " € L1([a,b]), where a,b € I with a < b. If |f'|7 is an s-convex
function in the second sense on [a,b] for some fized s € (0,1] and g > 1, then

a+b 1 b (b—a)? 1 \Ye
- <
(55) -5t [ 10 < st (s
a\ 1/4q
)[e a+b (a+b
Aol () (52
where % —|— = =1
Theorem 6 (|5, Theorem 7)). Let f: I C [0,00) = Ry be a differentiable function

on I° such that f' € Li([a,b]), where a,b € I with a < b. If |f'|7 is an s-concave
function on [a,b] for some ﬁmed s € (0,1] and ¢ > 1, then

()
o) ()]

where % + % =1.

We note that many typos in the above lemma and theorems quoted from the
paper [5] have been corrected.

In this article, we will modify and correct the conditions and errors in Theorems 3]
to[6l about s-convex functions in the second sense.

(b—a)?
)4] < 3y 5|

4 o) W] ,

ﬂQ(S*U/q
T Ap+ 1P

3. ERRORS AND TWO LEMMAS

We first give a counterexample of [ Lemma 3], that is, Lemma [1| mentioned
above in this paper.

Example 1. Letting f(x) = 22 for x € [a,b] and taking a = 0 and b = 1 in

Lemmall], then
f<a+b> a)2/()1(1—t){f'<ta+(1—t)a;b>
+f (tb+(1t) ;bﬂ dt = f%.

Therefore, we can be sure that Lemma that is, [B, Lemma 3], is not valid.
n [14, Remark 1], among other things, the invalidness of the integral identity
in [B, Lemma 3] has been pointed out and alternatively corrected.

Making use of [8, Lemma 2.1], we correct [5, Lemma 3] as follows.
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Lemma 2. Let f: I CR — R be a differentiable function on I° and let a,b € I
with a < b. If f' € L1([a,b]), then

f(“j”) —b_la/abﬂx)dx
:b;a/ol(l—t)[f’(ta—k(l—t)a;_b) f(tb+(1—t) ;b)]dt. (2)

Example 2. Let f(x) = 2° for x € [a,b]. Then |f'(x)|? is an s-convez function in
the second sense on [a,b] for s =1 and ¢ =1.
If setting a = 0, b =12.12, and s = q = 1 in Theorem |3| then
Pl A G A

‘f(a—kb)
6 6

If letting a = 0, b =106, and s = ¢ =1 in Theorem (3|, then

(b —a)? =12.2412

> 12,12 =

b
\f(““’) [ r@as| = 50— a? =3
oo LA G A7

These numerical computations reveal that Theorems[3 to[f are not necessarily true.

Remark 2. Comparing the factors (=2 ond Z’TT‘I on the right hand sides of the

integral equalities and , we can illustrate that Theorems [5| to |§| are not
necessarily true.

Now we establish the Jensen type integral inequalities for s-concave functions.

Lemma 3. Let ¢ : [a,b] = Rq be continuous and g,p : [a b] — R be integrable
functions with g(z) € [a,b], p(z) > 0 for x € [a,b], and f p(x)dx > 0. If ¢ is
an s-concave function in the second sense for some s € (0,1], then the Jensen type
integral inequality

(f plx)g(x >>f:[p<x>w<g<x>>dx )

— b s
I, p(x) /o plz) dz]
is sound.
Proof. Let zg < 1 < -+ < x, be a partition of [a,b] and denote Ax; = x; — x;_1
fori=1,2,...,n such that max;<;<,{Az;} < 1. In this way, we see that (Az;)® >
Ax; fori=1,2,...,n. By the s-concavity in the second sense of ¢ on [a, b], see [15]
Corollary 4], we obtain
¢<Z?—1p($i)g(1‘i)A$i) o 2imp@) Az e(g(e:))
Z?:l p(xz)Axl - [Zz 1 p Xy AI'L] °

S plo(ai)Ar,

B [Zi:1 p(l‘z)Al‘i]
Further taking the limit of n — co on both sides of the above inequality leads to
the inequality . The proof of Lemma |3[is completed. [
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4. MODIFICATIONS AND CORRECTIONS OF INTEGRAL INEQUALITIES OF
$-CONVEX FUNCTIONS IN THE SECOND SENSE

In this section, we modify and correct the conditions and errors in Theorems
to[6l about s-convex functions in the second sense.

Theorem 7 (Modifications and corrections of Theorem [3). Let f: I CR — Ry be
a differentiable function on I° such that f' € Li([a,b]), where a,b € I with a < b.
If | |2 is an s-convex function in the second sense on [a,b] for some fized s € (0,1]

and q > 1, then
—a 1 1*1/q
2

a+b

()

x Hf<a>|q+<s+1>\f'<a7+b>rq]“q [+ Dl (R + o)
/ [(s+ )(8+2)]1/q :

[(s + 1) (s +2)]1/9

+

Proof. Since |f’|? is s-convex in the second sense on [a, b], using Lemma [2| and by
the Holder integral inequality, we have

‘f(a—l—b>

b;a/ol(l—t){f’(ta—&—(l—t)a;_b)’+

<22 [aoa] [ [a-o(erer e a-o
[ [a-o(erom s a-ofr (450 q)dtr/q}

2
b—a(1>l_l/q [11"@)|7 + (s + D] F/(54)|) "
4 [(s + 1) (s +2)]*/

2
onir o)

IN

f’(tb+(1—t)a;b)u dt

,[a+b
"(*5)

q 1/q
)

[(s+1)(s+2)]1/a

The proof of Theorem [7]is completed. O

Theorem 8 (Generalization of Theorem. Let f: I CR — Rq be a differentiable
function on I° such that f' € Li([a,b]), where a,b € I with a < b. If |f'|? is an
s-convex function in the second sense on [a,b] for some fixed s € (0,1] and for ¢ > 1
and ¢ > £ >0, then

a+b 1 b
() it ) e
(a1 Y[ Dl (1)
1 \2q—(+1) s1011

[lf’ (%52)]" + sB(s, £+ 1) (b >|q]1/Q}

s+0+1
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where B(u,v) denotes the classical beta function defined by
1
B(u,v) = / 2711 —2)" "z, R(u) > 0,R(v) >0
0

Proof. Similar to the proof of the inequality in Theorem m using Lemma
employing the Holder integral inequality, and utilizing the s-convexity in the second

sense on [a, b] of |f’|?, we derive
1
U (1— 1)a=0/G-D) g
0

‘f(a+b)

x{[/ol(l—t)f ’(ta+(1—t) dt]l/q

+[/01(1—t)4 /(tb+(1—t)a2 >th}1/q}
()]

Sb;a<2qi’(_€1+1)>ll/q
()Y T/q}

X{[/ol(l‘t) (t Fl@)?+ (1 =)
b—a q—1 VA (TsB(s, 0+ )| f/ ()| + | £ (%52)|"1
o) N

1-1/q
x)dx <

- 4
+b

_|_
N

+ [/01(1 _t)e<f5|f’(b)|q o

4 \2¢—((+1 s+0+1
|f (2E0)|T + sB(s, £+ 1) f'(b)[27"/*
s+04+1 ’
The proof of Theorem [§ l is completed. O
Ifg>1 and =1-— 2, then m = (2'1;11)1_1/(1. Therefore, putting £ = 0

in Theorem yields

Corollary 1 (Modifications and corrections of Theorem [5). Under conditions of

Theorem [§ applied to ¢ = 0, we have
-1 1-1/q 1 1/q
<Gy )

a+b
()
+b 1/q +b\ | 1/q
. [(s|f'<a>|q n ( ! ) D ()] ) .
Next, we will study the Hermite-Hadamard type integral inequalities of s-concave

functions. We first establish an Hermite-Hadamard type integral inequality of s-
concave functions in the case of ¢ > 1.

Theorem 9. Let f : I C R — Ry be a differentiable function on I° such that
'€ Li([a, b)), where a,b € T with a < b. If |f'|? is an s-concave function in the
second sense on |a,b] for ¢ > 1 and some fized s € (0,1], then

a+b 1 b b—a s s/a
- < | =
’f( ) -t [rwar < oo ()

x)dz
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X{ ,((3s+21()2c21(1s)+1)b>’+ ,((s+12)(c;:i31ts)+1)b)u. 5)

120 Proof. Using Lemma [2] and employing the Hélder integral inequality, we obtain

1(550) - 5 [ e
<b;a/ol(l_t)[f'(taﬂl—t)a;rb>’dt+ ’(tb—l—(l—t)a;b)udt
Sb;a(/01(1—ﬁ)(it)l_l/q{[/ol(l—t) '(ta+(1—t)a;_b)thr/q
+[/01(1—t) ’<tb+(1—t)a;rb)th]l/q}_

11 Taking p(t) = (1 — t)Y/# for [0,1] in Lemma [3| utilizing Lemma |3} and using the
122 s-convexity of |f/|? in the second sense of [a, b], we derive

/01(1—15) ’(ta+(1—t)“‘2”’)q
<([a-ora)]s (fol—t1/9<ta+<1—t> !

[y —t)vsat
C\s+1
123 and

,((38+1)a+(8+1)b)
/01(1—t) ’(tb+(1—t)a;b>

2(2s+1)
q s
e ()
s+ 1
124 Substituting these two inequalities into the first inequality in this proof yields the
125 inequality . The proof of Theorem |§| is completed. O

dt

,((s+Da+ (3s+1)b\|*
f( 2(2s+1) )

126 If taking s = 1 in Theorem [9} we have

127 Corollary 2. Let f : I C R — Rqg be a differentiable function on I° such that
18 f' € Li([a,b]), where a,b € I with a < b. If |f'|? is a concave function in the

120 second sense on [a,b] for ¢ > 1, then
() el b))

130 Theorem 10 (Generalization of Theoremsand@. Suppose ¢ > 1 and g > £ > 0.
11 Let f: 1 CR — Rqy be a differentiable function on I° such that f' € Li(la,b]),
132 where a,b € I with a < b. If |f'|? is an s-concave function on [a,b] for some fized

13 s € (0,1], then
a+b 1 b b—a qg—1 =V g \s/a
()i e <t (tw) ()
((s+€)a (3s+€)b>H

|l (B 225+ 1)

(6)
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134 Proof. Using Lemma [2] and utilizing the Holder integral inequality, we obtain

‘f<a+b> —a/ f(z)dz —b_a(/ (1_t)(qe)/(q1)>11/q
G g
Uodtoon e

135 Taking p(t) = (1 — t)*/* for t € [0,1] in Lemma [3| and using the s-convexity of
136 |f’|? in the second sense on [a, b], we have

/01(1—t)f ’<ta+(1—t) ;b>

dt

<[ [ a-vral (0 }/S(f“iﬁ}s;f’ ay
T
- (sj—é) /((38 +2£()2as—:-(;)+€) >

137 and

/01(1—t)’z ’(tb—&-(l—t)a;b) "t < (Si»

138 Substituting these two inequalities into the inequality yields the inequality @
139 The proof of Theorem [I0]is completed. O

,((s+0)a+ (3s+0)b\|?
f< 2(2s+¢) )

140 If putting s = 1 and ¢ = 0 in Theorem [I0] we acquire

141 Corollary 3. (Modifications and corrections of Theorem Let f: T CR — Ry be
12 a differentiable function on I° such that f' € Li([a,b]), where a,b € T with a < b.
us  If|f'|? is a concave function on [a,b] for ¢ > 1, then
b
‘f < ot > x)dx
a a
< b—afqg—1 1-1/q
=71 \2¢-1

144 If letting £ = 0 in Theorem [T0} we obtain

,(3a+b ,(a+3b
() )]

145 Corollary 4. (Modifications and corrections of Theorem@ Let f: T CR — Ry be
us a differentiable function on I° such that f' € Li([a,b]), where a,b € I with a < b.
w7 If || is an s-concave function on [a,b] for some fized s € (0,1] and g > 1, then

(1)

(=)
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5. CONCLUSIONS

In this paper, we pointed out many errors appeared in the article [5], corrected
these errors, and established several new integral inequalities of s-convex functions
in the second sense.

For more information on recent developments of this topic, please refer to the
papers [2] 6, 10 12], T4, [I7] and closely-related references therien.
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