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Abstract

The exact solution to a neutral delay differential equation is generally non-
smooth. Some possible loss of accuracy is usually found if certain high-order
numerical methods are applied. The discontinuous Galerkin (DG) methods are
introduced to numerically solve neutral delay differential equations so as to
handle the difficulties. Convergence of the numerical method is investigated.
Theoretical results indicate that the p-degree DG approximate solution has
an accuracy of p-th order. No superconvergence results are found. This is in
sharp contrast to the previous convergence results. Numerical experiments are
presented to confirm the effectiveness and performance of the DG methods.
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1 Introduction

We consider to apply discontinuous Galerkin (DG) methods for solving nonlinear
neutral delay differential equations (NDDE) with a constant delay or a proportional



delay, having the form

2'(t) = f(t,z(t),z(p(1), 2" (p(1)), to<t<T, 1)
z(t) = o(t), t <to,

where ¢(t) =t — ¢ (¢ > 0) being the constant delay case or p(t) = mt (0 < m < 1)
being the proportional delay case, and ¢(t) is a given initial function.

Many natural phenomena are widely modeled as NDDE in scientific fields such as
physics [1, 2], biology [3], ecology [4], control systems [5, 6], etc. Over the past few
decades, a great deal of attention has been devoted to the numerical solution to NDDE
by a certain numerical method, such as linear multistep methods [7, 8], Runge-Kutta
methods [9, 10], one-leg methods [11] and so on [12-14]. The major emphasis rests
on the stability analysis for specific numerical method. Cong et al. [15] established
a sufficient condition of weak delay-dependent stability of multistep Runge-Kutta
methods for NDDE. Wang et al. [16] obtained sufficient conditions of delay-dependent
stability of a class of Runge-Kutta methods for NDDE. The convergence and stability
of finite difference method for nonlinear neutral functional differential equations have
been studied intensively in [17]. The convergence of the fully geometric mesh one-leg
methods for NDDE with a proportional delay has also been investigated in [18]. To
the best of our knowledge, few research has been conducted in convergence analysis
of the DG methods for solving problem (1). One of the reasons is that the global
solutions to NDDE are generally not so smooth (e.g., [3, 4, 19]). Some possible loss
of accuracy is usually found if some high-order numerical methods are applied. As
a result, a major concern today is to continue to develop an efficient and effective
numerical method for numerically solving the problems.

DG methods have been recognized as eflicient and effective methods for numer-
ically solving a diversity of differential equations with discontinuous solutions. For
ordinary differential equations (ODE), readers can consult the study by Estep [20],
Delfour et al. [21]. In particular, for ODE with non-smooth solutions, Schotzau and
Schwab [22, 23] investigated the hp-version regarding to the DG methods. The authors
derived a priori error estimate explicit in time step and in approximation orders. The
DG methods also have been intensively investigated for time-dependent partial dif-
ferential equations, e.g., nonlinear dispersive equations [24], KAV type equations [25],
hyperbolic conservation laws [26], semilinear parabolic problems with time constant
delay [27, 28], etc. For more details, we refer to [29-31] and references therein. So
far, the DG methods have been proven to be high-order accurate and stable methods,
and generally some superconvergence results are available [32-34]. Consequently, it is
reasonable to bring in the DG methods for solving delay differential equations (DDE).

Brunner et al. [35] studied the DG methods for pantograph type DDE in 2010.
They obtained some superconvergence results. Furthermore, for the same problem,
Huang et al. [36] in 2011 obtained superconvergence result at ¢ = 0. They also studied
hp DG methods for DDE with nonlinear vanishing delay [37]. At the same time, Li et
al. considered nonlinear stability and convergence of DG methods for different kinds
of DDE in [38-40]. Recently, Tu et al. [41] introduced a new postprocessing method
aimed at improving the numerical errors of DG approximation for DDE. For NDDE,
the equations’s behavior (e.g., well-posedness, continuity, asymptotic boundedness)



are markedly different, see, e.g., [42]. Especially, Brunner et al. [35] showed that the
analysis of the convergence of the DG methods for NDDE with proportional delay
remained an open problem. Given the aforementioned, the study of the DG methods
for NDDE is a far more challenging issue, yet to be adequately addressed.

In the first content of this study, we investigate the DG methods for solving NDDE
under a constant delay case. It is proved that the p-degree DG approximate solutions
of the NDDE can be p-th order accurate. Therefore, the method can be high-order
accuracy. Furthermore, we apply the DG methods for NDDE with proportional delay.
By an equivalent transformation, the equations become the NDDE with a constant
delay. Then, the convergence analysis follows from the previous mentioned results for
NDDE with a constant delay. We would like to mention that the convergence order
of the DG methods for NDDE is quite different from that for the DDE investigated
in [35-37, 40, 43]. Because of the effect of neutral delay term, the accuracy order
is at least one order lower. Meanwhile, we also test some convergence orders at the
nodal points. No superconvergence results are found. Finally, all the conclusions are
illustrated by several numerical examples.

We organize the paper as follows. In section 2, a detailed analysis as well as imple-
mentation of DG methods for solving NDDE under a constant delay case is presented.
Also, we apply the DG methods for solving NDDE under a proportional delay case.
Experimental studies are shown in section 3. Finally, conclusions are summarized in
the last section.

2 The constant delay case

This section centers around DG methods for solving NDDE under a constant delay
case and the method’s convergence results.

2.1 DG methods

Take a positive integer k. Let h = ;. Consider the following uniform mesh:
Th: to<ti <...<tn,

where t,, = nh, n = 0,1,2,--- , N, and the index N satisfies ty_1 < T < ty. Let
JIp = (tn—1,tn) and T = [to, T]. Define

SHTh, pRY) == {v e LX(T;RY) : vy, € Q,(Jn;RY),n=1,2,--- N},
of which @, (J,,; R?) is the set of polynomials whose degrees are no more than p. Define
vp =lim, ,;+ v(t) and v, =lim, ,,- v(¢). Define the jump by [v], = v — v,

Multiplying by v € Q,,(Jn;Rd) and integrating over the element J,, under the
constant delay case (¢(t) =t — ), then problem (1) turns into

/ 2 (t)vdt = / ft,z(t), x(t —<), 2’ (t —¢))vdt, n>1, 2 € R (2)
In In



With this, we could define the p-degree DG solution X € S*(T", p;R?) as

/ (e )d”z( w0+ (X507 3)

XN:/ ( (t, X, X (t — <), X'(t — <)), v)dt—i— (x(O),vg), Y e Q,(JnRY.

Mz

We could also rewrite the above DG methods as a time-stepping scheme, i.e.,
| (X0 = 5 XX (= 0. X (= ), v}t (X070 ) = (Xl ) ()
Jn

for all v € Q,(Jn; RY).

2.2 Error estimates

The main convergence result is revealed in the following theorem under the following
assumption

I1f(t, ur,v1,w1) — f(t ug, v, wa)|| < L([Jug — uzl| + [lvr — vzl +

wy —wz|), (5)

where L > 0 is a constant.
Theorem 1. Suppose assumption (5) holds and the exact solution x to equation (1)
is smooth in each interval ((i — 1), is), i = 1,2,.... Then it holds that

|l — X|loo < Ch”
where X is the DG approzimate solution defined in (3), p is the degree of the DG
methods and C' is a constant independent of h.

In the above theorem,

r— Xl = t)— X(t
lz — X| max |z(t) — X (¢)]

and || - || is the usual norm, which is deduced form the inner product.

In order to prove Theorem 1, we introduce the following several lemmas.
Lemma 2. ([40]) Let J = (¢,d). It holds that

IALREEF =Y / sy + 3 @ ou- oo,

where PY(t) = (P1(t), ..., Ya(t)) € Q,((c,a);re), P € No with Ny being a given positive
integer.



Lemma 3. (/22]) For any p € Ng and J = (¢,d), it holds

d
19113, oc < Clog(p+ 1)/ [ ()17 (t = e)dt + Cllv(d) |

for every ¥(t) = (Y1(t), ..., va(t)) € Q,((c,a);r), where C denotes a constant and

111,100 += max [(2)

n

Lemma 4. ([{0]) Let II;, : C(0,1) — S"(T") be an interpolation operator which is
the unique function in S™. Suppose that

Myx(t,) = x(t,), / I zvdx :/ zvdr, Yo € Q, 1(J.;RY), p>1, (6)
In JIn

where x denotes a smooth function in a given interval. Then, it holds
lz = z|l1, 00 + hll(2 = ) |1, 00 £ CR 2] 1, 41,00 (7)

Now, let e :=ax — X =z — Iz + 1z — X := £+ 6. Then, one can check that for
the difference 6, it holds that

| (00, o) (0 1ut) = (0 w) + Q
| (#tmatt =0t = ) = F(6 XX (0= ), X't =), o)t
JIn
for all v € S*(T", p;RY). Equivalently, we have
/J" (e(t), v’)dt+ (9;,1;;) = (9;,1,1);,1) + (9)
/J (f(t,x,z(tfg),x/(tfc)) X, X (E— <), X (t— <)), U)dt.

As a result, we have the following results from formulae (8) and (9).
Lemma 5. It holds

1012 < 167 4]?+5L /] 16(t) 2de+ L /J lE(0)|Pde+ L / le(t)|2dt (10)

Jn—k

L / €' ()2,
Jn—k

/ 10|20t — £ _1)dt < 6L2h/ |\§(t)||2dt+6L2h/ 16(t)|2dt (1)
Jn J’IL Jn



+3L%3/ |kunﬁdt+3L%g/ €' ()]t
Jn—k J

n—k

d
Z(/ 0:(t)dt)? < 2h2||e;||2+4L2h3/ \|§(t)||2dt+4L2h3/ l0()|2dt (12)
=1 Jn JIn JIn

wﬁﬁ/'|ﬂwauaﬁm/ €' (1)]|2dt.
k

n— n—k

Proof. To show (10), we take v = 0(¢) in (8) and (9). Then, by summing the two
equations, we have

10711 + 116+ 117

Q/J (F(t,(t=c),a'(t=0)) = F(t, X, X (t=<), X' (¢=<)), 6(1) )t +2(0,_1,67_,)

n

IA

2L/ (le(t =+ lle@ll + ll€'(t = MNOW Nt + 10—y [I* + 1651

n

IA

2L/J (O@+ @I+ llet = I+ lle'(t = ) DNOEdt + 16,12 + 107 11

IA

s [ lelPaerL [ le@Pdes [ - olFde L [ - ol
Jn Jn JIn In
O+ 185

st [ owPar [ lewPaen [ jeoPar [ )R

JIn In— Jn—k

a2 [ A

where we have used the inequality 208 < a? + 52
Eliminating the term ||6;_,||?, one can get (10).
In order to prove (11), we let v = €'(t)(t — t,—1) in (8) and then find

16" (I (¢ — tnr)dt
JIn

= /J (f(ta (E,l’(t - C)vx/(t - C)) - f(taXaX(t - §)7Xl(t - C))v Ql(t)(t - tn—1)>dt

IN

L (@ + et = 1+ 11t = )18/ = t-s)

L/;kwwﬂwmﬁ%mﬂﬁ+LﬁJMﬁﬂﬂW@WU—%qﬂt
+gﬂ|wa—omwama—mAMt



l 1
()2 (t — ta_ 1dt ? / 16/ ()2 (t — 1)dt)2
Jn

+L (/J et = )Pt — tu-1)dt)” /||9 WAt =t 1)dt)%

n

1 / €= I — tav)it) / 0O~ o))

n

[N

Hence,
[ 1@t
< (B 1@ = a4 20 et =Pt
L[ 11 i)
< 322 [ JeIPe = tuode 322 [ et = )P~ )i
+3L2/ € (¢ 2t —tp_p)dt
<

GLQh/J (le@1* + \Iﬂ(t)llz)dt+3hL2/ (le(t = I+ ll€' (¢ — )1 dt

Jn

GLZh/J (l@1* + \Iﬂ(t)IIQ)dt+3hL2/ (le@II* + 1€’ @)1 dt

JIn—k

In order to obtain (12), we take v in (8) as (0---0,t,—1 —¢,0---0) , of which
tn_1 — t denotes the usual i—th component. It holds that

0;(t)dt — h(0;); = | filtn1 — t)dt

In Jn

with f; being the usual i—th component of the nonlinear function f (¢, z,z(t—¢), 2’/ (t—
§)) - f(ta Xa X(t - C),Xl(t - C))
Then, by the widely used Cauchy-Schwarz inequality, it holds that

23
/9 dt <2h292 +2/ fgdt/ _1 —t)2dt < 2h%(6%);; h/f%zt.

Summing over for ¢ from 4 to d, we have

.zd: (/J 0,1t hZL2 / (Il + et = )l + 1€t = <)1) e

Jn

20210, + 252> [ (eI + et = I + 1€ - 9|

JIn

IN

2h2 10,11 +

IA



< 2h2||9,;\|2+4L2h3/ |\§(t)||2dt+4L2h3/ l0(t)|2dt
Jn

Jn

Lor2p? / le(t)|2dt + 222k / €' (1)]|2dt.
k

n— n—k

This finishes the proof of Lemma 5. O

Thanks to the above lemmas, we are ready to prove Theorem 1.

Proof of Theorem 1. By mathematical induction, we can prove the main result.
First of all, we will show that the required error estimate holds on the interval I.

By (12) and Lemma 2, it holds that

d
So([ ooy < 2wor P+ ati [ feolPa+azn [ o)
Jl Jl

i=1 7/

yEIE / le(t)|2dt + 222K / €' (1)) %t
Jl—k Jl—k

d

2h2|\9;||2+4L2h3/J lewlae+azn ([ o.wary
1 i=1 1

IA

+2L2%R% [ ||0/(1)]|?(t1 — t)(t — to)dt
J1

+2L213 / lle(t)]|?dt + 2L2Rh? / 1€/ (t)||>dt
Jl—k Jl—k
d

2h2|\6f||2+4L2h3/ let)2dt+ 42202 3 [ 6:()dn)?
J1 i=1 J1

IA

+2L%h* J 16" (t)||2(t — to)dt
1

+2L2h3/ ||e(t)H2dt+2L2h3/ 1€ ()12t
1—k

Ji- J1k
which further implies that

d
S([ o <crioriiornt [ leeianornt [ @ Pe-twa 13
J1 J1

i=1 7N

Lonz / le(t) 2t + CL20? / €' (6)2dt.

Ji—k Ji—k

Meanwhile, by (10), (11) and Lemma 2,

167117 (¢ — to)dt + [167 |1 < H96||2+(L+6Lh2)/ IIE(t)llzdt+(5L+6Lh2)/ 16t)]1*dt
J1 J1 J1



—HL+3L%)/

quWa+mL+3L%)/ €' ()| 2t
Ji—k

Ji—k

5 d
< g PsoLe?) [ a0 [ aary

J1
5Lh + 6Lh*
e e AR
J1

s [ P s [P

J1,k Jl—k

=1

Substituting (13) into the above equation, we arrive at

/ 10712t — to)dt + 67 |2 < CL / ()2t + CL / le(t)2de (14)
Jv J1

Ji—k

+CL [ elde CIh( [ 101 - e+ 167 7).
J1k J1

where we noted that 6, = 0. It further implies that, when A is sufficiently small, it
holds

/] 1012t — to)dt + 65 |1
JJy

gCL/HﬂﬂWﬁ+CL/ \MﬂWﬁ+CL/ € @)I2de. (15)
JJy JJi—k

JJ1_k

Together with lemma 3 and (15), it holds that
Ol < [ WIRCE = to)at + Clor P (16)
1

< CL ||§(t)|\2dt+CL/ ||e(t)||2dt+CL/ €' ()%dt.
J1 Ji—k J

1—k

Thus, together with lemma 4, we have
101l.71,00 < 1€l 51,00 + CR
Applying the triangle inequality, we get
el .00 < CRZ

Meanwhile,

1€ oo = |[£ (st =)'t = ) = (1, X, X(t =), X'(t = <))

Ji,00



IN

L(llell s 00 + et = 6)l11,00 + 1€/t = 6)11,00)
Ch'

IN

Second, assuming that, for 1 <n <n —1,
llell 7,00 < Ch? 20 1l llm 00 <CRT (18)

We are going to show that the convergence results hold for i = n.
Combining (12) and Lemma 2, we have

d

>/

0;(t)dt)? < 2h2|\9;||2+4L2h3/ ||§(t)|\2dt+4L2h3/ 0(t)||>dt
=1 Y In Jn

+2L2h3/ |\e(t)\|2dt+4L2h3/ €' ()| 2dt
Jn—k Jn—k
d

2h2|\9;||2+4L2h3/J ||§(t)|\2dt+4L2h2Z(/ 0;(t)dt)?

i=1 7 Jn

IN

+2L2h3/] 10/ (O)|2(tr — £)(t — to)dt

+2L2h3/J |\e(t)\|2dt+4L2h3/ € ()12t
n—=k

In—k

IN

d
2h2|\9;||2+4L2h3/J ||§(t)|\2dt+4L2h22(/J 0,(t)dt)?
n i=1 n

+2L2h4/J 10/ (0112 (¢ — to)dt

+2L2h3/ |\6(t)\|2dt+4L2h3/ €' @) 11dt,

Jn—k Jn—k

which further implies that

d

S/ owan<crie, Prernd | Jew)Pancznt | 8@ et 19)
=/, Jn Tn

+CL2h3/ |\e(t)\|2dt+CL2h3/ €' (t)]|2dt.

Jn—k Jn—k

Meanwhile, by (10), (11) and Lemma 2, we can find

[ WPty + o P
JIn

<60+ (L o+ 6Lk [ lolde+ L+ oLk [ oo
JIn JIn

10



+(L + 3L%h) /

In—k
5L + 6Lh?)
< 107+ (L) [ eoPar+ G / Oi(tydn?

5Lh + 6Lh>
Pl s / 16 (0))1?

e(t)12dt + (L + 3L2h)/ €' ()1 2dt

In—k

(t — to)dt

+(L—|—3L2h)/ lle()] dt+(L+3L2h)/ €’ (1)]|>dt.

Jn—k Jnfk
Substituting (19) into the above equation, we find that
[ W =ty + o
< )2+ CL /J le(t)2at + CLh( /J 1012t — to)d + 16,1
+CL/ ||e(t)||2dt+C’L/ e ()|2dt.
Jnfk Jnfk

Now, iterating the estimate (20) yields

/ 1012t — to)dt + 10 1

<cry | venpa+ oy J 1012~ wgar+ 16717
+CLZ/ ||2dt+CLZ/ €' (0)]12dt

< on ey ([ 112~ tw)de+ 16 1),
— Ji

where we use the assumptions (18).
By the Gronwall’s lemma, it holds that

[ 181~ )+ 107 < o
JIn
Then, by Lemma 3 (i.e., ¥ = ), it holds that

1017

Jp,00 =

</ 16112t — to)dt + 161> < ChP.

Jn

11

(20)



Moreover, by Lemma 4, it holds that

111,00 < CRIFE.

Note that ¢ := & — X =« — I + Iz — X := £ + 0, it holds that
lell oo < 16113, o0 + €N, 00 < CR

which further implies that Theorem 1 holds. This completes the proof.

Remark 1. In order to solve the NDDE with proportional delay conveniently, we use
the following transformation, which is widely used to investigate the stability of the
continuous problems, e.g., [4, 44-46]. Let z(t) = x(e'). Then, z(t) satisfies

{ 2ty =elfet, z(t), 2(t — <), e 92 (t — <)), logty <t <logT (22)

2(t) = z(e?), t < logto,
where ¢ = —logm. Now, we only have to solve the NDDE with a constant delay. Not-
ing that the DG solutions are expressed by the p-degree polynomials, the numerical
solution z(t) at every point can be obtained. Therefore, by using the inverse transfor-
mation x(t) = z(logt), the numerical solutions can be easily recovered. Clearly, the
stability and convergence analysis follow from the previous mentioned results. And
p-degree DG approzimate solutions for the NDDE can be p-th order accurate.

3 Numerical examples

We give three numerical experiments to confirm the effectiveness of the DG methods.
Example 1. As a first example, we consider the NDDE

2'(t) = —2x(t) + z(t —¢) +0.52'(t =), 0<t <8, (23)
z(t) = sin(nt), —¢<t<0.
Take ¢ = 2, then the neutral solution of (23) reads
sin(nt)/2, 0<t<2,
) sin(mt)/4, 2 <t <4,
=(t) = sin(nt)/8, 4<t<6, (24)
sin(nt)/16, 6 <t <8.

One can check the derivative of z(¢) owns a jumping discontinuity for the time
t = 0,2,6,8. The exact solution of Equation (24) is approximated by applying the
DG methods under different stepsizes. The L°°-norm errors are showed in Table 1,
where the stepszie h = 2/N. The results imply p—order convergence result of the DG
methods.

We also try to find some possible superconvergence results of DG methods for
solving NDDE. Some statistics of the errors and orders at ¢ = 5 are listed in Table 2.

12



Although the analytical solutions are smooth in the time interval [4, 6], p-degree DG
approximate solution is p-th order accurate. No superconvergence results are found.

Table 1 The numerical error and convergence order for equation (23)

p=1 p=2 p=3
N errors orders errors orders errors orders
10 2.79E-2 - 1.75E-3 - 9.42E-5 -
20 1.33E-2 1.07 3.99E-4 2.13 1.03E-5 3.19
40 6.52E-3 1.02 9.46E-5 2.08 1.21E-6 3.09
80 3.25E-3 1.01 2.31E-5 2.03 1.47E-7 3.05
160 1.62E-3 1.00 5.69E-6 2.01 1.83E-8 3.00

Table 2 The numerical error at ¢ = 5 and convergence order for equation (23)

p=1 p=2 p=3
N errors orders errors orders errors orders
10 6.64E-3 - 2.47E-4 - 1.85E-5 -
20 3.67E-3 0.86 7.13E-5 1.79 2.56E-6 2.85
40 1.93E-3 0.93 1.90E-5 1.90 3.37E-7 2.92
80 9.88E-4 0.96 4.91E-6 1.95 4.34E-8 2.96
160 5.00E-4 0.98 1.25E-6 1.98 5.37E-9 3.01

Example 2. Secondly, we solve the following NDDE with a proportional delay
2/ (t) = —6z(t) + 4z(mt) + 0.1sin(z’'(mt)) + f(t), (25)

where the initial condition and f(¢) is specified so that the exact solution is z(t) =
sin(t). Now, let z(t) = z(e'). Equation (25) becomes

2 (t) = —6elz(t) + 4etz(t — <) + 0.1m L sin(2/(t — <)) + e’ f(eh), (26)

where ¢ = —logm, the initial condition and exact solution are determined by the
exact solution z(t) = sin(e?).

We firstly set m = 0.9, the time stepsize h = ¢/N and solve the problem on the
time interval [0,10¢]. The numerical solution x(t) is recovered by x(t) = z(logt) on
the interval [1,m~!°]. The L®-norm of errors and convergence orders are showed in
Table 3. The results demonstrate that p-degree DG approximate solution is p-th order
accurate.

13



Table 3 The numerical error and convergence order for equation (25)

p=1 p=2 p=3
N errors orders errors orders errors orders
10 1.38E-4 - 4.93E-7 - 2.35E-9 -
20 6.07E-5 1.19 9.36E-8 2.39 1.72E-10 3.77
40 2.82E-5 1.11 1.99E-8 2.24 1.39E-11 3.63
80 1.36E-5 1.05 4.87E-9 2.03 1.25E-12 3.46
160 6.66E-6 1.03 1.21E-9 2.01 1.30E-13 3.27

Example 3. To illustrate the stability of the DG methods, we consider the
following nonlinear NDDEs with different initial conditions: [47]

bl(x1<t71)+b2$/l(t71)>

x)(t) = sin(t) — axy + by; + o O = =20
bi(y1(t—1)+boy; (t—1
yi(t) = cos(t) + bar —ayy + BN, 20, (0)

x1(t) = cos(x) y1(t) =24 cos(z), t <0,

by (zo(t—1)+bozh (t—1

rlz (f) ( ) —az + by? + 1;((:1:2((t71))+b§;1:f_((t71))))2’ t>0
b1 (y2(t—1)+boys(t—1

Ya(t) = cos(t) + bz — ayz + 1+((yjz((t71>)+b2yj§<(t71>)>)2’ t 20,

2

(t) = 2(sin(t) + cos(x)) ya(t) = 2(sin(t) — cos(x)), t <0.

0 1 2 3 4 5 6 7 8

-1 | | |

t
Fig. 1 The differences 1 — z2 and y1 — y2 to (27) and (28) computed by 2-degree DG method

The equations were used to describe a line array of several mutually coupled lossless
transmissionlines which are interconnected by a common resistor [48]. It is also used
to investigate the dissipative of numerical methods for NDDEs [47]. Here in order to
test effectiveness of the DG methods, we set a = —6, b = 1, by = 0.1 and by, = 1
We get the numerical approximations by using 2-degree DG methods with stepsize

, = 0.1. The differences are plotted in Fig. 1. Clearly, the differences of the numerical
approximations decay in time. These results further confirm the stability results of
the DG methods and the DG methods are effective for the kind of the problem.
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4 Conclusions

The DG methods are introduced to numerically solve several typical NDDE. The
attainable convergence order of the DG methods is quite different from that of DG
solutions to the other type of differential equations. We show that, due to the effect
of the neutral term and discontinuous of the solutions, the p-degree DG solution of
NDDE has p-th order accuracy. No superconvergence results are found.
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