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Abstract

This paper presents a general framework to derive the weakly nonlinear stability near a Hopf
bifurcation in a special class of multi-scale reaction-diffusion equations. The main focus is on
how the linearity and nonlinearity of the fast variables in system influence the emergence of
the breathing pulses when the slow variables are linear and the bifurcation parameter is around
the Hopf bifurcation point. By applying the matching principle to the fast and slow changing
quantities and using the singular perturbation theory, we obtain explicit expressions for the
stationary pulses. Then, the normal form theory and the center manifold theory are applied to
give Hopf normal form expressions. Finally, one of these expressions is verified by the numerical
simulation.

Key Words: Pinned solution; Hopf bifurcation; Breathing pulse; Center manifold expansion;
Normal form.

1 Introduction

In this paper, we consider the unfolding of a Hopf bifurcation in a linear reaction-diffusion equation
with strongly localized impurity, which was first introduced by Doelman, van Heijster and Shen
in [12] as:
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where (z,t) € R x RT, Ujg(z,t) : RxRT - R, 0 < ¢ < 1 is a sufficiently small parameter
measuring the degree of locality, a, 5 € R are parameters measuring the strength of the impurities,
G1, Gy are sufficiently smooth polynomial functions satisfying G12(0,0) # 0, and [ is a Dirac delta-
type impurity. Here, u is assumed to be positive to ensure the ground state 0 is stable. Actually,
the coefficients of Uy and U, in (1.1) can be assumed to be u; and uo separately. However, to

*School of Mathematics and Statistics, Huazhong University of Science and Technology, Wuhan, Hubei, 430074,
P.R. China, liji@hust.edu.cn

fSchool of Mathematics and Statistics, Huazhong University of Science and Technology, Wuhan, Hubei, 430074,
P.R. China, yuqing@hust.edu.cn

tCorresponding author. School of Mathematics and Statistics, Huazhong University of Science and Technology,
Wuhan, Hubei, 430074, P.R. China, gian_z@hust.edu.cn



further simplify the analysis, we assume that p; = uo = p > 0. Without missing any essential idea,
we assume exclusively I(§) = ﬁe‘g all over this paper. The reasons why we study this system
can be summarized into three parts. First, adding strongly localized impurities can turn the linear
system into a locally nonlinear one and in reality the linearity of the models may break down
under strong perturbations. Second, the system we present here avoids the difficulty in analyzing
the spectrum of differential operators with nonconstant coefficients. Instead, the spectral stability
problem is reduced to linear algebra by matching the changing quantities in fast and slow scales
with the methods of GSPT. Third, the spatial heterogeneities eliminate the translational eigenvalue
A = 0, which makes the center manifold analysis much easier.

As one of the most general pulse destabilisation scenarios [34], the mechanism of the unfolding
of a Hopf bifurcation can be developed by the local analysis of the associated center manifold. With
regard to the dynamic behavior near this bifurcation point, numerical simulations can reveal stable,
temporally oscillating pulses. Such breathing localized pulses are fascinating topics of research in
the fields of lasers [24, 36], optical media [16,23,25,33] and excitatory neural networks [3-5, 19, 20]
over the past few decades. These oscillating pulses are localized waves that periodically vary in
shape and amplitude. They often occur in the nonlinear dynamic systems. They are also excitatory
localized structures that can respond to external stimuli and change accordingly. Mathematical
analysis of breathing localized pulses are often complicated. The singular perturbation theory and
the center manifold reduction are required in helping analyzing their stability and bifurcations.
Their existence and formation mechanisms are not fully understood and are interesting research
topics in nonlinear dynamics.

Breathing pulses were initially found in one-dimensional reaction-diffusion systems by Koga
and Kuramoto [29], in which a stationary localized pattern destabilized around a Hopf bifurcation
leading to a “breathing motion”. Besides, it was found that multi-spike quasi-equilibrium solutions
could also undergo a Hopf bifurcation, resulting in oscillations in the spike amplitudes on an O(1)
time scale in [7,37,38]. With respect to those oscillating fronts in [4,19], they are denoted by the
terminology “breather”. In the field of optics, “breathing pulse” is used to describe the propagation
behavior of light pulses in optical fibers.

Recent studies [9,12,31] have explored the pattern formation processes in models with linear
or nonlinear structures outside the impurities based on [27,28]. It is worth noting that these sys-
tems can be viewed as the simplifications of some canonical singularly perturbed reaction-diffusion
systems like: Gray-Scott [8,14,22], Gierer-Meinhardt [13,21] and Klausmeier [2,6] models, due to
the existence of fast and slow scales. For these classical systems, the singularly perturbed struc-
ture induces the spatial scale separation, which gives explicit leading order expressions for the
patterns under consideration. Moreover, with the help of the Hopf eigenfunctions, explicit leading
order expressions for Hopf normal form coefficients can be obtained. As we have seen, [34] studies
the emergence of the breathing pulses in a slowly nonlinear Gierer-Meinhardt system [35], which
initially exhibits typical “subcritical” growth behavior and then a bounded temporally oscillating
pulse. Different from the pattern formation in Gierer-Meinhardt system [13,21], this additional
nonlinearity has a profound impact on both the stability analysis and dynamic behavior near the
Hopf bifurcation.

The numerical simulation in [12] also reveals such oscillating pulses. The addition of small non-
linearity —e3U3 to linear G prevents the profile from blowing up and forms a breathing pinned
1-pulse solution. This sheds some light on performing a center manifold analysis near spectral
configurations of co-dimension one and higher. Hence, the unfolding of a Bogdanov-Takens bi-
furcation [30] or controllable chaotic pulse dynamics [16,32] can be a natural next step. Besides,
the oscillating pulses around the Hopf bifurcation still need an analytical explanation. Hence, in



this paper, we focus on the conditions under which such breathing pulses arise for general linear
reaction-diffusion equations with the impact of spatial defects. To accomplish this, we need to cal-
culate the leading order expressions for the target pulses, then apply the Hopf normal form theory
to derive the normal form coefficients and finally determine the pitchfork bifurcation type. We
emphasize that the main differences with [34] is that we avoid the analysis of the direction spanned
by the translational mode in the Hopf center manifold and the computation of the inverse problems
associated with the scale separated structure.

The article is structured as follows. Section 2 introduces the relevant notations, hypotheses and
lemmas, mainly based on [26]. Section 3 is divided into five parts. In subsection 3.1, we briefly
review the basic mechanism of the existence and stability for pinned pulse solution in system (1.1)
and give explicit expressions of pulse solutions and corresponding eigenfunctions. In subsection
3.2, we study the local expansion of the center manifold when G; and G2 are both linear. The
linearities of G; and G3 do not generate nonlinear remainder terms involving U; or Us, which
prevents breathing pulses. In subsections 3.3 and 3.4, due to the difficulty in analyzing the Hopf
bifurcation conditions, we examine several simple situations and discuss the cases where G; and
(9 are separately nonlinear. Then in subsection 3.5, we calculate a specific example which ever
appeared in [12] and explain the pattern formations that emerged. Finally, in section 4, we conclude
with some remarks and suggestions for future research.

2 Notations, Hypotheses and Lemmas

We briefly introduce some required notations, hypotheses and lemmas in connection with the normal
form theory and the center manifold theory. As a general reference, we would like to mention [26].

Let X, ), Z be (real or complex) Banach spaces such that Z — ) — X, with continuous
embeddings. For a parameter-dependent differential equation in X of the form

d
= = Lu+ R(u, ), (2.1)

in which L is a linear operator and R is defined for (u, i) in a neighborhood of (0,0) in Z x R™.
Here p is a parameter to be small.

Definition 2.1. A linear operator L : Z — X is called a bounded linear operator, if L is continuous.
The set of bounded linear operator is denoted by L € L(Z,X).

Hypothesis 2.1. We assume that L and R in (2.1) have the following properties:
(i) L € L(Z,X);

(ii) for some k > 2, there exist neighborhoods V,, C Z and V,, C R™ of 0 such that R € C*(V, x
V.. ¥) and R(0,0) =0, DyR(0,0) = 0.

Hypothesis 2.2. (Spectral decomposition) Consider the spectrum o of the linear operator L,
and write 0 = o4 UogUo_, in which o4 = {\ € 0;ReA >0}, op ={A € 0;ReA =0}, o ={X €
o;ReX < 0}. We assume that

(i) there exists a positive constant v > 0 such that /\inf ReA > v, sup Rel < —v;
€o AEo_

(ii) the set oy consists of a finite number of eigenvalues with finite algebraic multiplicities.



As a consequence of Hypothesis 2.2(ii), we can define the spectral projection Py € L(X), cor-
responding to og, by the Dunford integral formula Py = 2%” Jr(AL— L)~'d)\, where T is a simple,
oriented counterclockwise, Jordan curve surrounding o¢ and lying entirely in {\ € C : |Re)| < 7}.
Then we define projection P, : X — X by P, = 1 — Fy. The spectral subspaces associated with
these two projections are denoted by & = RanFPy= KerP,C X, X) = RanP,= KerPyC X. Also,
we set Zp, = P2 C Z, YV, = P,Y C Y, and denote by Ly and Ly, the restrictions of L to & and Z},.
As an immediate consequence, the spectrum of Lg is o¢ and the spectrum of Ly, is o, = 04 Uo_.

Hypothesis 2.3. (Resolvent estimates) Assume that X = X xR, Y =Y xR™, Z = Z xR™
are Hilbert spaces, and there exist positive constants wy > 0, ¢ > 0 and « € |0, 1)~ such that for all
w € R, with |w| > wo, we have that iw belongs to the resolvent set of L and ||(iwl—Lp) || g2y < ﬁ,

where Ly, := Ly, + D, P,R(0,0).

Lemma 2.1. (Parameter-dependent center manifolds) (P.46 of [26]) Assume that Hypothe-
ses 2.1, 2.2 and 2.3 hold. Then there exists a map ¥ € C*(EgxR™, Z3), with ¥(0,0) = 0, D, ¥(0,0) =
0, and a neighborhood O, x O, of (0,0) in Z x R™ such that for p € O, the manifold Mo(pn) =
{up + ¥(ug, 1) : ug € &} has the following properties:

(1) Mo(p) is locally invariant.
(i) Mo(p) contains the set of bounded solutions of (2.1) staying in O, for all t € R.
Specifically, when the unstable spectrum o4 of L is empty, there is

Lemma 2.2. (Parameter-dependent center manifolds theorem for empty unstable spec-
trum) (P.59 of [26]) Assume that o = 0, Hypotheses 2.1, 2.2 and 2.3 hold. Then in addition to
the properties in Lemma 2.1 the following holds.

The local center manifold Mo(u) is locally attracting. More precisely, if u(0) € O, and the solution
u(t;u(0)) of (2.1) satisfies u(t;u(0)) € Oy for all t > 0, then there exists u € MoN O, and v >0
such that u(t;u(0)) = u(t; @) + O(e™ ") as t — oc.

Next, we give the hypothesis and lemmas about the normal form theorem in R™:
Hypothesis 2.4. Assume that L and R have the following properties:
(i) L is a linear map in R™;

(it) for some k > 2, there exist neighborhoods V,, C R"™ and V, C R™ of 0 such that R €
Ck(Vy x Vi, R™) and R(0,0) =0, D,R(0,0) = 0.

Lemma 2.3. (Normal form for perturbed vector fields) (P.110 of [26]) Assume that Hypothe-
sis 2.4 holds. Then for any positive integer p, 2 < p < k , there exist neighborhoods O1 and Oo of
0 in R™ and R™, respectively, such that for any p € Oz, there is a polynomial ®, : R" — R" of
degree p with the following properties:

1) The coefficients of the monomials of degree q in ®, are functions o of class C*7P, and
(i) gree q u I
D(0) =0, D,Py(0) =0;

(it) For v € Oy, the polynomial change of variable u = v + ®,(v), transforms equation (2.1) into

»dv

the “normal form” §¢ = Lv + N, (v) + p(v, it), and the following properties hold:

a. For any p € Oz, N, is a polynomial R™ — R™ of degree p and Ny(0) =0, D,No(0) = 0;



b. The equality N,(e'* v) = e'F" N, (v) holds for all (t,v) € R x R" and p € Oy;
c. The map p belongs to C¥(O1 x O, R™), and p(v, p) = o(||v||P) for all u € Os.

Lemma 2.4. (P.11 of [26]) Let f be a complex-valued function of class C*, k > 1, defined in a
neighborhood O of the origin in {(z,z) : z € C}, and which verifies

etz e™™tz) = e f(2, %) for any t €R and (z,%) € O.

Then there exists an even, complex-valued function g of class C*~1 defined in a neighborhood of 0
in R such that f(z,z) = zg(|z|). Furthermore, if f is a polynomial, then g is an even polynomial,

g(|z]) = ¢(|2|%) for a polynomial ¢.

Remark 2.5. Provided that an infinite-dimensional system % = Lu+ R(u, ) satisfies the assump-
tions in center manifold Lemma 2.1, then the reduced system satisfies Hypothesis 2.4, so the normal
form Lemma 2.8 can be employed.

3 Existence of Breathing Pulses

In this section, we study whether breathing pulses arise when GG; and G5 exhibit different linearity.
First, we recall the analysis of existence and stability in [9,12,31]. Therein, the explicit leading-
order expressions of the pulse solution and the corresponding eigenfunction are given. Then, we
discuss the dynamic behavior when G and G2 are linear or nonlinear separately. In order to avoid
the complexity of the discussion and the stacking of formulas, we make some simplifications. At
last, a concrete example which ever appeared in [12] is raised. The existence of those breathing
pulse can be interpreted theoretically within the framework of our previous analysis.

3.1 The Existence and Stability of the Pinned Pulse

In order to obtain the leading order expression of the pinned pulse solution and its eigenfunction,
which play an important role in analyzing the normal form, we first present the basic mechanism
of the existence and stability.

Consider the system (1.1), owing to the strong spatial localization of impurities, it can be
analyzed in two spatial scales, z versus £ := Z. More specifically, the spatial domain is divided into
three parts I := (00, —¢), I; := [—¢,¢] and I := (¢,00). In IF, the system (1.1) can be regarded
as a semi-coupled linear system, whose solution can be uniquely determined due to the exponential
decay at infinity. In Iy, impurities are dominant, and the impact of —uU; and —bU; —uUs are least.
Hence, the leading-order accumulated changes of % and % can be calculated from the value of
aG1 and SG9. Through equalizing these accumulated changes in these two different scales, we
derive the continuous solution we expect. The following stability analysis is completed in a similar
way because of the same structure of the eigenvalue system and the negative essential spectrum.
Actually, two different approaches to obtain the matching conditions of existence and stability are
given in [9,12,31]. One calculates the fast and slow manifolds separately, while the other gives the
explicit expressions of solutions by method of variation of constant.

To system (1.1), if

bCq
2/pCr = aGy | Ch,C + ————
Vi€l Oz1<1, 2+(—1+D)M)’

)2 bCl o ﬁ bCl
2 (ﬁc e +D)\/ﬁ> =p® (CI’CQ e +D)u>



admits non-degenerate solutions C; and Co, then (1.1) exists a nontrivial pinned pulse solution
Tp(a) = (T1p(2), P2p(2))" = (Urp(z) + O(e), Uzp(x) + O(e))" with

Crevir — gpel, 026\/E‘T f_le)Me\/ﬁx, rel,,
Urp(z) = § C1, v el Usy(r) =1 Cot $hm x € Iy, (3.2)
Cle_\/ﬁxv T E Is+a 026 \/gx (& \Fx T € Is+

)

As for the spectral (and nonlinear) stability of the above pinned pulse solution, we linearize (1.1)
around I',, and yield the eigenvalue problem

d2P1 (07 8G1 8G1
0= Tt = et WP+ SIC) (GO Uag)Pro+ G0 U Vgl )
d2P2 ﬁ 8CTYQ 8GZ
0=D—5 —bP—(u+ NP+ gf( ) (aU (U1, U2 p)Pr + 5= o0, 77 (Up, U2,p)P2) :

With 0ss = (—00, —p], consequently, the stability is fully determined by the locations of eigenval-
ues. Hence, if

(oG e ) 8G1< bCh ) bCs )
OO+ —2 gy O, 0+ —2 N (c
<mh<1 2 Tir o) e \ Ot T ) T Ty
=2/ + ACs,
8 (aca < bCh > FleX < e ) bCs >
O, 0+ —L e O 0+ —2 N (c
o \ T T ) e \ T T ) T Ty ey
o+ A bCs
Y Y e
( D ! @1+D%M+A>
(3.3)

admits solutions A (A € C/(—o0, —u|) which are all with negative real parts, then this pinned pulse
solution is stable. We denote this eigenfunction as (P;(z) + O(g), Pay(z) + O(e))T, whose expression
can be given as

Sy
CieVitre  ge ], CaeV 7" 4 ey eVr N, w ey,
Pi(x) = { Cs, vely, Par)=Ci+ i xel;, (3.4)
EN{TEDY + I AEDN
Cae vl Cae™ V0" 4 e VM, we I

3.2 (G4 and G4 are Linear

We can cut through our analysis from one of the simplest perspectives, i.e., we assume that G and
G4 are linear.

In this case, the existence condition can be verified easily because equations (3.1) are system
of quadratic equations. For the stability condition, i.e., the solutions of equations (3.3), through
analysis, they can be simplified as:

A0t N):  Cu(td) b BOn(ut N, BGn(utd)  BCuCalnt N)?

- . (3.5
aG13vVD Gis3vD  D++VD 2D aGi3D 2DG13 (3.5)




where G;; represents the jth coefficient of G; and G; = G;1 + G2U; + G3Uz with ¢ = 1,2. Denote
t:=+/p+ A, then Re ¢t > 0 and (3.5) is equal to

BGas af baGis

23 — (aG12 + 2+ G12Ga3 — G13Go2)t + ———— = 0. 3.6

(aG12 \/ﬁ) Q\F( 12G23 — G13G22) D+ 1 (3.6)

Denote A := —(aG12 + 6%3), B = 2\F(G12G23 — G13G92) and FE = f’/agﬁ, we rewrite equation
(3.6) as

H(t): =23+ A’ + Bt + E = 0. (3.7)

For B < 0, H(t) has a minimum at t = =A+VA*=6B Tf ip addition, E > 0 and H(=4+YA=08) <,

then (3.7) has two real-valued positive solutions. When the value H (=A+vA*=68 V6’42_63) becomes positive,
these two real-valued solutions merge and become complex-valued. As a result, we can tune p such
that ReA = 0. Hence, this pinned pulse solution can undergo a Hopf bifurcation, we denote this

bifurcation parameter as fji. Next, we discuss the center normal form. We transform the system
(11) by Uy =Uy =Ty p, Up =Uz — Doy, i =p— i, to

b
where N N
5 Uy 5o~ —p 1)
U=(~), RU,n)= =,
<U2) (U, ) (—uUz
I — dd;z M‘f‘ I( )8G1 (Fl,valp) , %I(E%)a(] (Fl,paFQ,p)
—b+ 82 ( )8G2 (Fl,pa F2,p) Dd(iz - ﬂ + gﬁzl(%)g% (Fl,zm F2,p)

Since G and Go are linear, actually, there is

2 ~
L (F-aeenE)eGers)
—b+ﬁ§2221(€%) D4 _ﬂ+BG23](%)

dz?

We give the following proposition:

Proposition 3.1. Assume Gy and Go are linear, then system (1.1) has precisely one equilibrium
I'p(p), which is stable when p > fi and unstable when p < fi. And, there exists no breathing
phenomenon near the pinned pulse solution.

Proof. We set X = (LQ(Rz))Q, y=2z2= (H2(R2))2, then there is L € L(Z,X). In the above,
R is linear with respect to U and fi respectively, so it satisfies R(0,0) = 0, D, R(0,0) = 0. With
bifurcation parameter ji be given, there are o, = o_ = ) and o has finite eigenvalues with finite
algebraic multiplicities. Moreover, L is a parabolic operator which satisfies resolvent estimate.
Hence, according to Lemma 2.1, W is linear with u-dependent coefficients. Therefore, there exists no

periodic orbit. Besides, the derivative of R with respect to U is —[1, which decides the in(stability)
of Iy, O

Remark 3.2. When D = 1, the expressions for (3.2) and (3.4) fail, the corresponding pulse
solution and eigenfunction become

CoeVir + reVir (1 42, /ix),  wel,
Usp(w) = Ca = 22, e
Che Vi 4 boLe=Vie (—1 -2 /i), w € I,
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and
CieViFhe 4 b eVithe (142 Ae),  well,

PQ((L‘): 04_m xGva
046—\/ma:+4(b03)6 Vit (_1_2\/mx), z eI}

Here C1, Co satisfy
2\/[701 = aGl (01,02 bCl) )
4p
bC' bC
(\Fcz + \;) = BGa <C'1,C2 4M1> .
Cs, Cy satisfy

2/ p+ AC3

el bCy aG, bC, bCs
<6U1 (Chc? m > R <01’02 m ) (Ca 4(M+)\))> ’

2 (Vi s )

B ﬁ OG> bC 0G4 bC4 _ bCs
<8U Cr,C2 — m 03+8U2 Cr,C2 — ym (Cy 74(M+)\)) ;

_ BGa2
aG13 13 2 2

which yields

(1+ )2 +
It equals to equation (3.5) when D = 1. Hence, we get the same conclusion as in Remark 3.1.

3.3 (4 is Nonlinear and G5 is Linear

Next, we examine the sub-simple situation, i.e., G; is nonlinear and G is linear. We further denote
G1 = G171 + G12Uq + G13Us + G14U12 + G15U22 4+ G16U1Us + .... In order to reveal the essence, we
shift our focus on the coupled case when there is only one nonlinear term, i.e., G = G11 + G15U22 .
In order not to bring in cumbersome formulas and complex expressions from Go, we discuss from
three situations.

3.3.1 Gy =Gy

First, we assume that Gy is a constant function with Go = G, then (1.1) becomes

ou,  9*U; o x 2
— e 7[ e

ot o2 nUy + -2 (62 (G111 + Gi5U3), (3.8)
AU, 0%Us BT '
T D o bU, — plUs + —EQI(—EQ)(Gm).

As before, system (3.8) admits the stationary pinned pulse solution like (3.2) if

2./ uCq1 = G Gi5(C —_—
ViCh a< 11+ 15(2+(—1+D),u))’

ﬁG21 o 1% bC1
D’ (\/;CQ+ (—1+D)\/ﬁ)

8




: _ : : _ 4aG15b BGa1 _ _abGiy
admits non-degenerate solutions C and Cy, i.e., A = 4u + (LD < i u(1+\/5)> > 0. Here,

we assume that D # 1. Unless otherwise stated, we adhere to this assumption in the following.
Then, under this assumption of existence, we consider solutions of the eigenvalue equation

d’P
0= =3 — (u+ NP+ 51(5) (2G5 2(2) P2),
dfﬂp e e (3.10)
=D="2_bp — P
0 d:(;2 b 1 (M+)\) 2,
i.e., the solutions of
bCy bCs >
2/ 11+ A\Cs = 2aGy5 [ Co+ ——— ) [y + :
pae 15( ? <1+D>u>< ARG E) [Ty
3.11
o=2( /" e, ¢ v o
D T (1+DWptr)

We solve it to get

2
bCl ) —Ole15 3
+A=1Cy+ )
8 < P14 D) 1+ VD
2
bCl —OébGLL; 3 \/g
+A=|{C2+ —= + —=1),
“ < (—1+D)u)1+x@ ot
bC G55, 1 V3
—a0l15 .
+A=|(Co+ : — - 229,
g < (—1+D)u>1+x/5 a5
2
where ’(C’g + (J’le)“) Eil%" ® is positive and real. This outcome implies that Hopf bifurcation

is impossible in this case regardless of p values.

Proposition 3.3. There exists no Hopf bifurcation in system (3.8).

3.3.2 G9 =Gyl

Next, we consider the case that G is simple linear in Uy, i.e.,

oUy 82U1 (0% € 2
— = —plh + sI1(=5)(G G15U.
ot o2 M 1+€2 (82)( 1+ G15U3), (3.12)
oUs 82U2 I3 T ’
— =D —bU; — =I(—= .
ot 2 Ur—nla+ g2 (52)(G22U1)
Provided that
BGa2 b ?
(Al) A= 4,u — 4a2G15G11 ( — > 0,
2vpD  p(1+ VD)
then system (3.12) exists a unique pinned pulse solution.
Under this assumption, the eigenvalues can be calculated by
3 bCq ) <ﬁG22 1 b )
+ A2 =aG Cy + +A)2 — . 3.13
e 15( " (-1+ D 2\/D(M VD (3.13)

9



Similarly, denote B := %\”FG” (C +m) E, = % (C’ er), we rewrite
(3.13) as

Hl(t) = t3 + Bit+ E1 = 0.

If £ >0, By <0 and Hl(\/ =B L) < 0, then there exist two real-valued positive solutions. These

two real-valued solutions merge and become complex-valued when Hj(y/ =2 3+) > 0. Hence, if

(42) abGs (02+ (_Z)C&)#> > 0:;

1++vD 1+D
(A3) aBG15G2 <Cg + (—1bf1D)/~L> > 0;
3
an (P2 (e ) )+ (@ o)
— afG15G22 <02 + (—1ble),u) (aﬁG;5G22 <C'2 + (—1ble),u>>; > 0,

then there exists a pair of conjugate imaginary roots. According to the Shengjin formula [17] of
the cubic equation, this pair of conjugate imaginary solutions can be calculated to be

tio= é ((/; <9Cl /8107 + 123§> + i/; (901 - m»
+ ‘(/f ({’/2 (901 +1/81C7 + 123%) — i/g (901 —4/81C% + 123?)) i

Denote

ny é <\/ 9C, + 4/81C% + 1233> \/2 <901 8102 + 1233 )
n; = \/g <\/2 (901 +1/81C% + 1233) \/3 (901 8102 + 1233>)

2

then setting 4 = n2 — n? can give A = +2n,m;i. This equals to the condition

—9abG15 ( Co + _b01 —9abG15 | Co + a .
(45) ou =272 Ghdc ) VARE (o Hm) _ 5
2 1++vD 2 1++vD
27abGs (C ’ 27abGys ( C: bCh ’
1‘ —2(x 15<2+W> §\/K _15 —zl 15(2+(1+D),&L)_3\/Z
2 2+ 92D 2 2 2+2vVD 2

admits positive roots u, where

. bCl abG15 2_ bCl OéﬂGQQGlg, 3
s=si(ar 75 1) (e o) s )

As a result, there is

10



Theorem 3.4. Assume that (A1), (A2), (A3), (A4) and (A5) hold, then there exists a Hopf

bifurcation for system (3.12), where we denote this bifurcation parameter value by fi.

Based on this, we proceed to study the existence of breathing pulses. First, we transform the
system (3.12) and get

d 3 B
dg — LU+ R(T, i), (3.14)

where

7 (U . —;101+a%151<%)~§> el I (C 1
U=(-"), RU,p = €2 e . L= dz 2 \e2)i2p )
<U2> 0.4 ( —iUs b+ %212y DL g
(3.15)

We still use the function space X' = (LQ(RQ))Q, y=2= (HQ(RZ))Q, and L: Z=) — X. Since
the operator L is real, and the fact that its point spectrum is given as A = £2n,n;i, we know
the associated two-dimensional spectral subspace & is spanned by the eigenfunctions P, P. And
P = (P, P)7 satisfies

9*P . a_,x
0= 83:21 _ (n% — n? + 2n,n1) Py + —2[(72)(2(;15{‘%71)]32)7
d*P,
0=D a$2 —bP — (n _n + 2n,n;t )PZ‘FEI( )(G22P1).

According to the parameter-dependent center manifolds Lemma 2.1, we have
U =Us+¥(Uo, i), Up € &, U(Uo, i) € 2 = Vh.

Then, by applying the normal form Lemma 2.3, we find Uy = Vy + ®5(V5), Vo € O1 C &, which
transforms equation (3.14) into the normal form

dV; N
d—f = LVy + NaVo + p(Vo, /i),
We therefore have
U=Vo+U(Vo,p), U(Vo,n) =@a(Vo) + U (Vo + ®a(Vo), 2). (3.16)

Since Vi (t) € &, it is convenient to write Vy(t) = A(t)P + A(t)P, A(t) € C, then equation (3.16)
can be transformed into an “amplitude equation” dA = i2n,n;A + Nu(A, A) + p(A, A, i), which
can be simplified further by Lemma 2.4 to be

dA
dt

= i2n,m; A+ AQ(|A)?, i) + p(A, A, u). (3.17)

Here, Q(|A|?, i) = aji + b|A|> + O((|fz| + | A|*)?). Hence, equation (3.17) equals to

dA - _
—r = i2mmiA + afid + blAI2A + O(|A|(|a] + |AP)?).
We neglect the higher order terms p, which has no impact on our final analysis. Then, by introducing
polar coordinates A = re'?, we obtain
dr do

pr + 1 TE 12n,n;r + rQ(rz, i),
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whose real and imaginary parts satisfy

d
o = anfir by + O(r ([l +72)2),
(3.18)

d
£ = 2n,n; + ;i + bir? + O((|il +1*)?),

in which the real coefficients a, and b, represent the real parts of ¢ and b, whereas a; and b;
represent the imaginary parts of @ and b. The key property of system (3.18) is that the radial
equation for r decouples, which corresponds to a pitchfork bifurcation occurs at i = 0. If the
bifurcation here is supercritical, then there exists an oscillating solution near I',,, which is called a
breathing pulse. Therefore, figuring out the values of coefficients a and b should be the next step.

For this, differentiate (3.16) with respect to ¢ and replace %{ and % respectively. There is

Dy, W (Vo, i) LVy — LY (Vy, i) + NaVo = Q(Vo, 1), (3.19)

where
QUVo, ) =T, (R(Vo + B(Vo, i), i) — Dy ¥(Vo, i)NaVp )

Here II, represents the linear map that associates to a map of class CP the polynomial of degree p
in its Taylor expansion. We then write the Taylor expansions of R and ¥ as follows:

RU,a)= Y Ra(UP70)+o((|U] + a])"),
1<gH<p

(Vo) = Y Ta(Ve? i) +o((IVoll + l)7),
1<q+I<p
with B B 3 ~
qu(U(q)vﬂ(l)) = Uqﬂqulv \I’ql(vo(q)aﬂ(l)) = ﬂl Z Aqlqu\I’qwﬂ-
q1+q2=q
By identifying in (3.19) the terms of order O(u), O(A2), and O(AA), we obtain

—LVo01 = Ror,
(’L4TLT’/LZ’L - L)\Ifgoo = RQQ(P, P),
—LWy 1 = 2Ry (P, P).

Since oy = {£2n,n;i}, the operators L and (i4n,n;i — L) on the left sides are invertible, so that

Woo1, Y200 and Pygg can be uniquely determined. Similarly, we identify the terms of order O(uA)
and O(A2A) to find

(L — i2nrni)\11101 = CLP — Rll(P) — 2R20(P, \1’001), (320)
(L — i2n,mn;) V919 = bP — 2Roq(P, ¥119) — 2R (P, Uaoo) — 3R3o(P, P, P). (3.21)

We already known that i2n,n; is a simple isolated eigenvalue of L, the range of (L — i2n,n;) is of
codimension 1, therefore we can solve the above two equations if and only if the right-hand sides
satisfy one solvability condition. According to the Fredholm alternative theorem (P.28 of [28]), it
demands that the right-hand sides of (3.20) and (3.21) are orthogonal to the kernel of the adjoint
operator (L* + i2n,n;). It is easily to find that the kernel of the adjoint operator (L* + i2n,n;)

12



is one-dimensional just as the kernel of (L — i2n,n;). Moreover, L* is real. So we introduce the
eigenfunction P* by L*P* = —i2n,n;P*, which gives

_ (R11(P) 4+ 2R20(P, Ygo1), P*)

(P, P*) ’
- (2R20(P, W110) + 2Ro0(P, Wano) + 3R30(P, P, P), P*)
(P, P*) '
aG x
According to (3.15), Rog1 =0, R11 = —1, Reo(U,V) = ( (62)U2V2> , R3p =0, then
<_P7 P*>
— ) " T
TP ’
b— Jr (4|P2|2(%)2—7(5%)?2(—[/)1_11[(5%) + 2(%)21(5%)?2(2%% — L)' I(%)P3) Pida

(P, P*) ’

where subscript 17 represents the location in this operator matrix and P* satisfies (L*+i2n,n;)P* =
0. By using the same method, P* can be solved as:

A—i2nrn,;

CreVimimmm (_bfie%)(ﬂ—zm;)’ z €1, C’Ge\/@x, zel;,
Pi(2) = § C5 + oy v €Iy, Pj(x) =1 Cs, velp,
Cye~VA—iZnmiz 4 bCse_ %w xelt Cee %z’ welf.
(—1+35)(A—i2nrn;)’ 57
Here, C5 and Cg are likewise required to satisfy existence constraints of the solution. Then we
divide the calculation of b into six parts as b = %, where
n= [ (URPEGR AL ) + 2GR Palinn, — D ()P ) P
aG15

I

+e «a
/ (41P|< s 1 By 1) + 2

—&

I Painns — L 1(5)P8 ) P

aGis. 9
o2

z
2

+00 Qa
= [ (ARPCGRE D) + 2GR

1T L3
» VP (idn,n; — L)111[(82)P22> Py dr;

L= / PP (@) + Poa) Pi(x)de,

For I}, the operator (—L);}' and (2iwg — L);]" are bounded, the function P and P* are bounded,
I(%) is exponentially small. Hence, I; = 0 to leading order. Likewise, we also have I3 = 0 to
leading order. For I3, something different happens. () is not exponentially small. However, to

leading order, P, = Cy + (71+D)lﬁgi¢2nmi) and P; = Cs + (_H%)b(cf_ﬂnmi), which facilitates our

calculation. For Ly, P and P* are constants, so we have Ly = 0 to leading order. For L; and Lg,
since the integration interval is symmetric and the integration function is an even function, we get

L1 = L3 to leading order. In summary, b = 21T21

13



Theorem 3.5. Assume that the real part of b is not equal to 0, then for the system (3.12) a
supercritical (resp. subcritical) Hopf bifurcation occurs at p = fi when b, <0 (resp., b, > 0). More
precisely, for u sufficiently close to i:

(i) If b, > 0 (resp., b, < 0), the differential equation has precisely one equilibrium U(u) for p < fi
(resp., > fi). This equilibrium is stable when b, < 0 and unstable when b, > 0;

(ii) If by > 0 (resp., by < 0), the differential equation possesses for p > [i (resp., p < fi) an
equilibrium U(p) and a unique periodic orbit U*(u) = O(|u — ﬂ]%) which surrounds this
equilibrium. The periodic orbit is stable when b, < 0 and unstable when b, > 0. Moreover,
there exists a stable oscillating solution I'yse near I'y, which is given by

B

- ez’2nrmtpﬂ + c.c. + O(|u)).
.

Fo.sc = Fp + ’

Proof. The weakly nonlinear stability of the pinned pulse solution I', near a Hopf bifurcation is

determined by

d

—d:; = —fr +brd + O(r (|| +7%)?),
d

—df = 2n,n; + O(|| + 72),

where O-terms originate from the nonlinearity of R. The trivial equilibrium r = 0 of the first radial
equation is stable when i > 0 and unstable when i < 0. Moreover, the radial equation has a

.. . e . . 0. - . 1
nontrivial leading order equilibrium if and only if 72 = }- exists a positive solution r* = O(|f12).
r* has opposite stability to r = 0, i.e., r* is stable if 4 < 0, while 7* is unstable when g > 0.
Moreover, according to (3.16), U = A(t)P+A(t)P+V(A(t)P+A(t) P, 1), which yields the expansion
expression for I',s. as

r,. — bﬁ e“rtp 4 c.c. + O(|fi]).
A
Uy =U; — Ty,
Back to the original system, i.e, reversing the transformation { U, = Uy — I'y,, we come to the
po=p—f
conclusion. O

Remark 3.6. Similar to Remark 3.2, when D = 1, the expressions need to be modified. Not only
this, P needs to be rewritten as

CreVimimmie 4 oMo eVAZnmie (] 1 9/ = Bnemir), @ €I,

(f—i2n,ym;
* bC
Pi(x) = Cs — s—mem velp, (3.22)
Cse™VA—iZnrniz 4 74@}5?”%)e*V“ﬂQ"T"i‘”(—l -2y —i2n,n;x), x €I},

which leads to the change of all calculations.
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3.3.3 Gy = G23U2

When G, is simple linear in Us, i.e., Go = Go3Us, the system admits the pinned pulse solution,
provided that

2

2 VD - D
A6) A = 4y — 40*Gn G o
( ) n a"G11 15<(_1+D)\/ﬁ2\/w—5G23>

Analogous to (3.13), we can obtain a univariate cubic equation about v/u + A. In order to ensure
the existence of Hopf bifurcation, we impose the following assumptions:

(A7) A > 0;
(A8) BGa3 — \/ —(BGa3)3 +3VD(~B + VA) — ¢ —(BGa3)3 +3VD(~B —VA) <0;

(A9) 36Dp = —;€/<—(ﬁG23)3 +3VD(-B + \/Z)f - ;f/(—(5023)3 +3VD(-B — \/Z)>2

+ (BGa23)* + BGhas W —(BG)? +3VD(~B+VA) + {/~(8Cas) + 3VD(~B - ﬂ))

+2{/(8G2)? + 8VD(~B + V&)Y~ (3Gs)* + 8VD(~B — V) admits positive roots p with
b DG (Cy 4 BT —2abv/DG15(Cy + 25
( 15(Ca (—1+D)u)) (324D< 15(Ca (—1+D)u)> +12(ﬁG23)3>'

1++vVD 1++vD

Theorem 3.7. Assume that (A6), (A7), (A8) and (A9) hold, then the system considered here
exists Hopf bifurcation when p = ji.

Now, there are

~T7 ~ 2 “
R(U, i) = <—MU1 + a?21~5[<e%) 22) I % -y 22048(515](6%2;1“24, '
—iUs -b D4 _ i+ 55223 (E%)

1o

Hence, a still equals to -1 and the calculation of b can be simplified to the same expression b = 3F

Theorem 3.8. Assume that the real part of b is not equal to 0, then we get the same conclusions
as Theorem 3.5 with i satisfies Theorem 3.7.

Besides, o = @ gives the following remark according to Lemma 2.2:

Remark 3.9. The local center manifold Mo(p) = Vo + U(Vo, u) considered in this subsection is
locally attracting.

Remark 3.10. Proposition 3.3, Theorem 3.5 and 3.8 deal with three simple situations, which
involve only one nonlinear term and the simplest linear terms. For other nonlinear G1 and linear
G2, we can also ascertain the conditions for the occurrence of breathing pulses by using the same
analytical approach.

3.4 (49 is Nonlinear and G, is Linear

Then, we consider the case when (G5 is nonlinear and (; is linear. Since we are interested in
mutually coupled systems, we may wish G1 = G11 + G13Us and Gy = G + GogUq + GozUs +
G24U12 + G25U22 4+ G9gU1Us + ... Similarly, we study three simple situations.
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3.4.1 Gy = GyuU?

First, we assume Gy is a function about UZ, i.e., G2 = Go4UZ. Then the pinned pulse solution can
be uniquely determined by the existence of non-degenerate solutions, i.e., the assumption

2
D OéGlgb 2

Al10 — | 2u+ — > 2 G11G13G

( M’M(” (ﬁD_i_l)\/ﬁ) a”fG11G13G24

holds. Moreover, we propose hypothesises:

(All) 27D\/5b2 > 2(1013(5G2401)3(1 + \/5)2;
(A12) abGis > 0;

(A13) 72Du:_\/< 3\F<180<D‘?G13+\/Z>)2 \/( S\F<18anG13 ﬂ))z

1++vD 1+vD
180&DbG13 1804DbG13 . Lo
421 —3vV D ( + v ) —3vD ( \/A) admits positive Toots i,
\/ 1+VD 1+VD :
18anG13>2 3
where A = | ———————— | — 24V D (aB8G13G24C1)" .
( 1+ VD (afG13G24Ch)

Therefore, there is

Theorem 3.11. Assume that (A10), (A11), (A12) and (A13) hold, then the system considered
above exists parameter [i such that Hopf bifurcation takes place.

Here,

o~ 2 N aG T
o — il > < 72 1(%5)
R(U, i) = - , L= dz € e,
U, i) ( s + 6G24I(7) 2 ( b+ QBGMI(%)FLP Ddf? —H

Hence, we derive

a=-—1,
Ji (AP I(E)PH(-L)3 1(%) + 255 21(5)Pi(idn,m: — D)3 1(%) PE) Pda
(PP ‘

Now, the operator (—L)y, and (i4n,n; — L)5, are bounded, and we can obtain b = 2% by the
similar analysis as before.

Theorem 3.12. Assume that the real part of above b is not equal to 0, then for the system abowve,
we get the same conclusions as in Theorem 3.5.

3.4.2 Go=GoUs

Then, we assume G is a function about U2, i.e., Go = Ga;U3. For this system, its pinned pulse
solution must satisfy

4\//7G11 4\/5G13u 2b(G13)2(D — \/E) ? 16,u 2 2\/7G11G13
(414) ( a apGas - 5\//7(—1+D)G25> o <(G11) BGas )

16



Also, we propose hypothesises:

b0~ vD)\" _ 8D - VD) b \Y,
(A15) 27D ( -1+ D > ” aGi3(—1+ D) <5G25 <02 " (1%“)> ’

bC
(A16) 26G25 <02 + M) <

3 28G5 bCy ° 3D 186D
con (- Cogzien ) + 282 G )

o/ (2BGas bCh 5 3vD 186D -
+\/_ < aGhs (Co+ (—1+ D),U,)> + aGhs <aG13(\/5—|— 1) ﬂ)) ’
where A — < 180D >2_ 96bv/D <5G25( bC, )>3‘
- \aGi(VD+1) VD+1\aG * " (=1+D)u’)

a2(G13)2 . 1 3 2BG25 bCl 3 3\/E 18bD 2
(A417) 36D | 2\] <_ < aGi3 (Ca+ (—1+ D)M)> * aG13 (aGlg(\/ﬁ—i— 1) * ﬁ))
1, 928Gl bCy 5 3D 186D ?
- 2\] <_ ( aGis (Ca+ (—1+ D)M)> M aGi3 (OéGlg(\/B—F 1) ﬂ))

28Gas bCy 3 3vVD 18D
" ¢_ ( aGrs 2 F (=1+D)u )) " aGn <aG13(\/5+ 1) i \/K>

26Gs bCy 3vD 186D
‘ \/_ < aGis (G2 + (—1 +D)u)> aG1s <aG13(\/>+ 1) \/Z>

_l’_
2
. (2 +2 (gg?z (Cy + )) +4 (ggiz 9+ (—1ble)H)> admits positive roots .

1 + D
Hence, we derive

Theorem 3.13. Assume that (A14), (A15), (A16) and (A17) hold, then the Hopf bifurcation takes
place with the bifurcation parameter u = fi.

In this case, there are

T 2 ~ oG z

- —" > 4 i 13 (%)

R U, - ~ s L = dz N & & ,
0. ( il + 551 (%) 072 ( b D& iy BGsr(zr,,

which give

a=-—1,
Je (PS8 1 (2 Po(~ L) T(5) + 22521 (&) Py(idnems — L)) 1(%)P}) Fida
(P, P) '

Theorem 3.14. Assume that the real part of above b is not equal to 0, then for this case, we get
the same conclusions as Theorem 3.5.

17



3.4.3 G9 = G Uy

Finally, we consider the case when G9 = GogU1Us, whose pulse solution can be given if
bC1
2/pCi=a |G +Gi3 | Co+ ————1 ],
iy = (G G (G 7y )

m by/fi e bCy
2 (\FDC?+ 1 +D)ucl) =D (02+ (—1+D)u>

admits non-degenerate solutions C and C5. Correspondingly, the existence condition of eigenvalue
function is that

(3.23)

2/ +ACs = a (G13 (C4+ (_1+g‘°’(ﬂ+/\)>),

BG2Cs ( bCi > BGaCh ( bCs ) At A 2bCs
PG (¢ c PN LY
o \*"Cirow) T D T Dt b T Dy
(3.24)

admits non-degenerate solutions. Assuming that the existence assumptions about (3.23) and (3.24)
hold, then there exists a parameter [ such that this system undergoes a Hopf bifurcation. We omit
the exact expression here due to its verbosity.

Note that in this case

ST 2 ~ G x
T~ —[Uy > A — “H2 (%)
RU, ) = o~ ~ ~ |, L= dx G € ,
.8 <—MU2 + 28 1(%) 00U, (—b + BB (502 Dy — i+ B2 1(5)T,

2

ie.,

Ro1 =0, Rip =1, Ryo(U,V) = <5G2

), R3q = 0.
2e2

S 1(%) (U1 Vs + Vi)

In this case, we can still calculate a and b. However, the calculation of b requires many lengthy
equalities so we will not delve into more detail here.

Remark 3.15. Theorem 3.12 and 3.14 study the situations where Go exhibits the simplest nonlin-
earity. When G involves more nonlinear terms, we can still analyze in a similar way.

Also, 0 = @ gives the same remark:

Remark 3.16. The local center manifold Mo(u) = Vo + ¥ (Vo, 1) considered in this subsection is
locally attracting.

Remark 3.17. In the subsection 3.8 and 3.4, we use the assumption that the real part of b is
nonzero, which can be removed if we consider the higher order terms like O(A|A|*) etc.

3.5 A concrete example

To illustrate the above Remark 3.10, we present a specific example, which was previously proposed
in [12] to analyze the Hopf bifurcation. The system we are considering is

8U1 (92U1 2 X 3
= = - ZI(= 1

5 922 uU1+82 (52)(U2+ +vUy),
OUs _482U2 V3

ot 922 3

(3.25)

2 =
Up — pUz + ?I(?)(Ul +2).
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For this system, if polynomial equations

&
\/;701 Cg-i— +1—|—I/01 ,
3\/§u
i & (3.26)
= Ko~ 1
Ci+2=4|=—C
1+ < 5 2 + 3 ﬁS,u)

admit non-degenerate solutions C, and C,. Its pinned one-pulse solution, to leading order, can be
given as

i L VE G _
C’1e\/m, xel,, Cae™2 ~+ S%MG\/ﬁx’ velg,
Uy p(z) = { C, vely, Upple) =4 Cot 00, z €Iy,
=/ + 5 VR C -
Cie , welf, Coe™2  + 3\/§N6 VAT e TE

By calculation, equations (3.26) equal to

3vV3u—2— 6\/3/;;16;

~ 3
C 1 =0. 3.27
vy/uCi + N 1+ 1+ (3.27)
If we consider the small nonlinearity as perturbations to the linear G1, we may as well assume
v < 1. Then (3.27) can be solved as: C) = %, Cs ngjfg/%;i%Q’ to leading

order. The eigenvalue problem about this pinned 1-pulse solution Tp(z) = (T1,,T2p)T = (Upp(x)+
O(e), Uzp(w) + O(e))"

d’p
= (Nt T2+ 3T ),
f” (3.28)
o4k V3 +—I( (),
dz2 3 b1 24 P2 b1
and its eigenfunction
- 5 Vpfiz C. Ty v _
CyeVitde g ey, Cpe 2 + WEMG prAz xel;,
P1($): C:'?” {I,‘EIf, Pg(l‘): C4+ﬁ, .%'GIf,
036_\/mx7 S Ijv 0467 ;;+>\I 73\/§?ﬁ+ )efmx, T e I;ra
must satisfy B
- Cs -~ 9~
Vit +AC3 =Cy + —————— + 3vCy Cs,
H 3 4 3V3(1+ ) 1 C3 a0
Co— 4 Vit C,y n C~'3 '
’ 2 ENCNES YA

To leading order, the equation (3.29) is equivalent to (v/u + )% — ¥ = A \f = 0. Its solutions
are

L UEVBGEERVIS =z

2.3} 2-23(3(~/3 + V3)}
1 3 11 1

t3 = — - *'f‘\/g 3 5

R 3263+ VB



Therefore, when ji = 1—12 4 — {Q’/ 3+2vV2— {7’/ 3—2v2 2), Hopf bifurcation takes place and o, = 0¢ :=
{tiwg} = {:I: \/3 +2v2- V3 - 2v/2)i}. We denote the eigenfunction at the Hopf bifurcation
as (Py, Py)T. Then, in order to unfold this bifurcation, we transform system (3.25) to

Ul>
Us) (s -+ 3053013, 31(%) (@) N <—ﬂU1 + 2150} + 3VU12F1’p)>
dt By 2(s) 4L 5 ) \Us —pUz ’

€ g2 dz?

(3.30)

6v T \T 2v z
where Ro1 = 0, Ry = =1, Roo(U, V) = (#1170 g, v, w) = (2161 - There-
fore, to leading order, we have

—LW¥gp1 =0,
6 B2
(2iwg — L)Wgpp = EREINt
O )
LW 16221'[(%)[714;151151
110 0 )

Owing to the fact that 2iwy and 0 do not belong to (L), we can derive the leading order expressions
for Wygp and ¥qqg as

C7€‘ /u+21sz

W200,1(2) = § Cr, x €Iy, Wagoa(z) =< Cs+ 73(3;{5801;}1), z €Iy,
N —+vV[it+2iwgx + ~ 30, e~ VAT2iwge
Cre » TE IS ’ \086 2 + f3g§u+8sz) » TE I‘j’
CoeVir g e]7, 0106 i \[07 eVie, relg,
W110,1(z) = 4 Co, w €I, Wiga(r) = Cio+ ‘657, x € Iy,
Coe Viz g ¢ If, C’loe_éﬁm + 7\/95?7 e VT pe If
I‘L ) )
with 6'7 and C’g satisfy
- e~ 3C .
2/ i + 2wy Cr = 6vC3C7 + 2 +§[—7, + 6vCq|Cs)?,
3(341 + Siwg )
3 . (3.31)
1o o ViCs N V3C/i+ 2iwy
27 2 3(34 + 8iwg) |
Co and Cp satisfy
N o~ - 3C [
2\/iCy = 6vC2Cy + 2 ( \/;ﬂ 9) + 120C|Cs)?,
(3.32)

L0y =2 (B0 52
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f2,1+f2,2+f2,3

Therefore, we can derive the expression of b as b = % , Where
. 120 - 44/3C,
2.1 =/ - 010309 Cs — # dx,
(i — iwn)
R 120 ~ 44/3C
I, :/ - 010307 Cs — ﬂ dx,
(i — iwn)
Tl 44/3Cs
I C Cs| Cs — d
2,3 = / 3 3( 5 97 _MH)> T,
~ iatiw T
—€
L= 2/ eV ﬂJrinxéSe\/ﬂ-i-inI — 4\/§C:66 . :
e 9 — iwrr)
1 Vit 1 __ . Jitiwge
(VAT o - A,) T A,emw) Coe "5 da
(< : 3V3(i + iwrr) 3V3(fi 4 iwpr)

When p = 0.1 < i, v = —0.001, € = 0.1, by numerical calculation, a =1, b ~ —1.49318 + 3.7192s.
By Theorem 3.5, system (3.25) admits a stable periodic solution, whose numerical simulation is
shown in Figure la. This result is consistent with the numerical simulation in Figure 5(b) [12]. If
we change v to 0.001, then there are a = 1, b ~ 1.49318 — 3.7192¢, which leads to an unstable
equilibrium like Figure 1b. If we set bifurcation parameter p to be 0.2, i.e., u > fi, then we have
Figure 1c¢ when v = 0.001 and Figure 1d when v = —0.001.

(d) br <0, p>fi

Figure 1: numerical simulation of stationary solutions around Hopf bifurcation

4 Discussion

This paper presents a research inspired by numerical simulations in a linear reaction—diffusion
system with strong spatially localized impurities [12] and the technical approach of Hopf normal
form advocated in [34]. It demonstrates that introducing a small nonlinearity to the fast variables
can stabilize the stationary pulses that would otherwise blow up, and create new stable oscillating
pulses when the stationary pulses undergo a Hopf bifurcation, which is exhibited above and numer-
ically verified in subsection 3.5. This confirms once again that the Hopf bifurcation could be the
birthplace of breathing pulses [18]. Besides, subsections 3.3 and 3.4 present a series of simple non-
linear cases in which the breathing pulses may emerge around the Hopf bifurcation when specific
conditions are satisfied.
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Furthermore, the center manifold associated with the Hopf bifurcation can be expanded not only
up to third order as we already emphasized in Remark 3.17. Thus, our next step is to implement
the fifth order expansion around the generalized Bautin point. Correspondingly, the non-zero
assumption for b, will be replaced, and the normal form will be changed to

% = iwg A+ (agft + a1 fi*) A+ (bo + b1 ) A|A]> + cA|A|* + o(|af?, |A]%).
It involves more calculations and more inverse problems, while the descriptions for the dynami-
cally modulated pulse amplitudes are available, whose amplitude may be quasiperiodically or even
chaotically modulated [35].

Moreover, a detailed unfolding of a Bogdanov-Takens bifurcation [1,30] or a Dumortier-Roussarie
—Sotomayor bifurcation [15] of a localized pinned pulse solution is expected to be continued based
on our paper and the analysis in [34]. In this case, the multiple eigenvalue A = 0 must be analyzed
separately. In turn, these results may serve as a first analytical step towards understanding the
pattern formations [11]. As stated earlier, oscillating fronts also play an important role in under-
standing these phenomena analytically, as shown in [10]. However, whether explicit expressions for
pinned fronts (and, more importantly, their eigenfunctions) can be given is an important prerequi-
site. According to [9] and [31], it can be solved easily and the normal form expansion parameters
can therefore be evaluated. In particular, the analysis procedure is also valid for multi-pulses in [9],
which are composed of piecewise periodic solutions with explicit expressions. Especially, the even-
ness of the eigenfunctions can bring great convenience in calculating the normal form expansions.
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