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ON THE STUDY TO A TYPE OF
SINGULARLY PERTURBED BOUNDARY
VALUE PROBLEM WITH TWO DOUBLE

ROOTS OF THE DEGENERATE EQUATION*

Ruixiang Li', Mingkang Ni'%1

Abstract This paper addresses a singularly perturbed boundary value prob-
lem where the degenerate equation has three distinct roots: two double roots
and one simple root. It is shown that for a sufficiently small parameter, the
solution of the problem switches between the two double roots in a neighbor-
hood of the transition point. As a result, the inner layer can be divided into
multiple regions. An asymptotic expansion is constructed, and the existence
of smooth solutions is established. Additionally, an estimate for the remainder
term is provided.

Keywords Singular perturbations, Asymptotic theory, Multiple roots.
MSC(2010) 35A21, 35B25, 35C20.

1. Introduction

This paper discusses the important topic of singularly perturbed problems, specif-
ically contrast structures. The Tikhonov school in the former Soviet Union first
introduced the concept of contrast structures in the late 1990s. A contrast struc-
ture occurs in singular perturbation problems where the degenerate equation has
distinct roots, known as critical manifolds in geometric singular perturbation theory.
As the solution switches between these isolated roots, a complex solution structure
forms.

Currently, most research focuses on steptype contrast structures. The main
challenge in this area is that the position and timing of the switching are unknown.
Moreover, the switching happens over a very short time scale. Since the 1970s,
Nefedov and Ni [1-4] have conducted numerous studies on singularly perturbed
problems involving contrast structures. However, all of their studies assume that
the critical manifolds are normal hyperbolic manifolds of saddle type. This raises
an important issue: whether contrast structures exist when the critical manifold
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2 Ruixiang Li, Mingkang Ni

is non-normal hyperbolic, or where the degenerate equation has repeated roots.
Butuzov [8] was one of the first to investigate such types of problems

{523?;:]‘(71,35,5), 0<z<l, (1.1)

qu(0,e) =0, 9%(1,e) =0,

where

flu,@,e) = (u—1(2)*(u = 2(2))(u — 3(2)) — efr(u, z,€).

In [8], authors established a new method for studying singularly perturbed prob-
lems with repeated roots, which we call the non-standard boundary layer method.
This approach successfully addressed the limitation of Vasil’eva’s method [5], which
cannot be applied to non-hyperbolic manifolds. As a result, problems involving
multiple roots have become a major focus in the study of singularly perturbed
problems. Butuzov [7,9-11] not only conducted extensive research on double roots,
but also expanded his work to include triple roots and elliptic problems [17-19].
Yang [14-16] studied piecewise-smooth systems based on equation (1.1), where

f(u,z,8), 0< 2 < a,

f(u7‘r’€) :{

Both f(7)(u,z,¢) and f(*)(u,x,¢) contain repeated roots. Yang [12,13] had also
extended the research to reaction-diffusion equation.

In this paper, we consider the problem (1.1), where
flu,z,e) = —(u—p1(2))*(u — 2(2)) (u — @3(2))* — e fr(u, z,¢).

In this paper, following Butuzov [8], we study a singularly perturbed boundary
value problem where the degenerate equation has three distinct roots: two double
roots and one simple root. The key difference between [8] and our study is that
we focus on two double roots, whereas Butuzov studied a single root and a double
root. The difficulty arises because the degenerate roots can “jump” from one non-
hyperbolic manifold to another, making the existence of a smooth solution more
uncertain.

This problem can be treated as two separate sub-problems, referred to as the
left and right problems. We construct the formal asymptotic solution using the
boundary layer method and solve it term by term. Finally, the solutions to the left
and right problems are smoothly matched using the seaming method, leading to a
smooth solution for the original problem.

We show that when the degenerate equation has repeated roots, i.e., when the
critical manifolds are non-normal hyperbolic, there exists a contrast structure be-
tween the roots. Unlike the case where the critical manifold is normal hyperbolic,
not only is the formal asymptotic solution expanded in terms of fractional powers
of the small parameter, but a non-standard method is also used to solve the in-
ternal layer functions. These internal layer functions exhibit complex variations,
transitioning from exponential decay to power-law decay.
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Singularly Perturbed Boundary Value Problem 3

2. Problem statement

We consider singularly perturbed problems with Neumann boundary conditions

d2
Zd—;:f(u,x,a), 0<z<l, (2.1)
du du
a(O,E) = 0, @(1,5) = O7 (22)

where £ > 0 is a small parameter. Here f(u,z,¢) has the form

Flu,z,e) = —(u—p1(2))*(u — 2(2))(u — ¢3(2))* — e fi(u, ,¢).

We will call a multivariable function smooth if it is infinitely differentiable with
respect to all arguments.
Assume that the following conditions are hold.

Al. The functions ¢;(z),7 = 1,2,3, are smooth and satisfy

p1(7) < pa(r) < ps(z)

for0<z<1.
Condition A1l guarantees that the roots of the degenerate equation are distinct.

A2. The function fi(u,z,¢) is smooth, not identically equal to zero for 0 <z < 1,
and satisfies

A7) = filer(a),2,0) >0,
AP (@) = fi(ps(2),2,0
A3. The equation
w3(zo)
I(z0) == / F(u, 20, 0)du = 0,
w1(zo)

has the root xg € (0,1), and I’(zg) # 0. The root z is called the transition
point.

The boundary layer method is commonly used to solve such singularly perturbed
problems. The general process involves expanding the solution as a power series
form with respect to small parameters €, and then finding each coefficient iteratively.
This process is known as constructing asymptotic solutions.

3. Construction of asymptotic solutions

To determine the steptype asymptotic solution of the problem (2.1)-(2.2) , we treat
the original problem as two separate problems, namely, the left and right problems.
The solutions of the left and right problems are then smoothly matched using the
seaming method, yielding a smooth solution of the original problem. The asymp-
totic for function u(z,€) has the form

u(z,e), 0<z <z
= T . 3.1
u(aﬁ,S) { U(+)(5E,€)7 2, <z <1. ( )
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4 Ruixiang Li, Mingkang Ni

The left and right problems can be written as follows.
Left problem is defined for 0 <z < x, as

d2u ()
du d (3.2)
e 0,6) =0, ul) (x4, ) = pa(x,).
Right problem is defined for z, <z <1 as
d2u ()
g2 u2 = f(uP), z ),
da Jul) (3.3)
)z, e) = . 1 0
u (x 75) QOQ(x )v dz ( 75) ;
where
ul ) (2,6) = a ) (2,6) + Q1) (1) + T (& ), (34)
uM (z,e) = 0P (z,6) + Q) (1,¢) + T (€, ¢), (3.5)

Here functions @(*) (2, ) are the regular parts of asymptotic, QW) (r,¢) are the
asymptotic inner layer, and TI(=) (&, ), IIH) (€, ) are the boundary layer functions.
We represent these functions in power series expansion as follows:

i (z,e) = ulP(x) + e2aP (@) + - +eralP (@) + - (3.6)

QP (e =@ (M) +F QP (M) + - +efQP (M) 4 T= =, (37

M (g, e) = (I () + 3T (@ 4+ L€ 4 ), €= 7, (38)

Mg, ) =I5V + AP @) 4+ D@ 40, E= T (39)
Functions Q) (1,¢), II(7)(€,e) and ) (€, ) are expanded in terms of /4 |
because the degenerate equation contains repeated roots. Then, the refined algo-
rithms for accurate searching coefficients must be used. For @(*)(x,¢) the order
€!/2 is enough.

The denominators in series expansions for &, € and 7 are different due to the
difference in boundary conditions. For inner layer we have only Neumann boundary
conditions. We multiply the power series in equations (3.8),(3.9) by 1 to balance
the boundary conditions due to specific choice of £&. By z, we denote the transition
point, which can be also expressed in the form of power series:

x*:x0+€%x1+-~-+5ixi+~--. (3.10)

Then, we find the coefficients of asymptotic expansions (3.6)-(3.9) for right and
left problems. We also prove that there exists z. € (0,1) where

du=) du)
dz T &)= dx
The value x, is used by seaming method for matching solutions of left and right
problems.

Finally, we prove that the solution of problem (2.1) - (2.2) is also the solution
of (3.2) - (3.3) with contrast structure near = = ..

(24, ). (3.11)
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» 4. The asymptotic of the right and left problems
% solution

Let us consider the left problem (3.2). Substituting series (3.4) to (3.2) , we get

d2a-) @z a2
2 3 — 7 4 O I
S P e A

da(=) d1r¢-)
1(;{)3‘ (076) + E% (075) = 07 ﬂ(i)(x*“c:) + Q(i) (0’6) = 902(‘:6*)?

where

O =@ (w,e),x,e),
OO f = f@ (et ) + W (7,0), 6%, ) = f(@l (g% e). €61 2,
QU f = f(u' ) (s +7e,8) + QU (1), s + 7€, €)

— f(@ ) (s + 7, €), T4 + TE, ).

The regular part of asymptotics can be found from the equation

2P0 fOo<z<
dz?2 ’ TS D
the inner layer from
QU
Lz =Q7 <0,
and boundary layer from
AL
g2 Tg =11 f,g > 0.

100 The right problem (3.3) is solved similarly.

w  4.1. The regular part of asymptotics

102 Let us consider the regular part u(_)(x, ¢) of asymptotics for left problem solution.
w3 It satisfies

d2a(—)
2 = = f(@),x,e). (4.1)
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6 Ruixiang Li, Mingkang Ni

Substituting series (3.6) to equation (4.1), we get

de(*) 5 d27(*) 4 d2—(*)
W), g PiE o daE
dx
)
)

a) — 303(9(:))2 — afl(a(_), x,€)

(a5 — ps(@)*+

+et (=@ — o1 (@)%a 7 (@l — ps(@))?)

+el= (@) (@§ ) — pa(@)(af” — @s(2))? — (@) — pr(@))?as ) @S — ps(a))?

— (@5 = o1 (@)@ — pal@)) (@ )2 — fi(@s ), 0)] + -
2i4+2j4+2h+21<k

= — (@) — @)@ ~ pala

k (=) _(— (- ~ (- ~ (- ~ —( —
et ST D a T @ gy — @) — Gap) (A — Gan) — FL @)+
i>0,7,h,1>0
+ .
where
@ - 903(1‘)7 .7:07 ()5 _ 903(‘]:)7 h:O7
7o, j#0, T o, h#0,
. Jpe(x), k—2i-2j=0,
27 o, k— 2 —2j 40,

By equating the coefficients of the same powers of € on both sides of the equation,
for ﬂ(_)(x) we obtain
—(@5) — (@)’ (@) — e2(0))(@) — pa(@))* = 0.
For solution we can take ¢1(x), i.e

)

a5 = p1(x).

Then ﬁg_) is determined from the equation
RO @)@ (@) = fi7 @) =0, (42)

where B
WO (@) = ~(p1(2) = ¢3(2))*(p1(2) — 92(2)),

A7@) = filei(), 2,0).
According to condition A2, the solution of equation (4.2) must exist. Then, we
can take a positive root of

(4.3)

7(=)
(=) _ 1 (@)
i) =25 (4.4)
as solution for (4.2).
Similarly, the higher order terms ﬂ(_)(x) of series (3.6) can be obtained from

algebraic equations
2h O (@)ay” @)y (@) - (@) =0, k> 1, (4.5)

where f,gf)(x) is the known function that depends on 11;7)(:10), (j < k). Hence, the

solution of (4.4)-(4.5) is unique and equal to ﬂ(f)(x).
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s 4.2. The inner layer of asymptotics

Now let us consider the inner layer term, namely, Q(~) (1,€). Recall that it satisfies
the following equation and boundary conditions

20(-) (r
deiﬂ(ﬁ) — QO f = @O (@ +em2) + Q) () + o7 )
—f@ ) (zy + €7, 8), 24 + €T, €), (4.6)

QU(0,8) = pa(as) — a7 (24,6). Q) (—00,e) = 0.

To find the coefficients of power series expansion for Q(~)(r, ), we follow the Bu-

tuzov’s nonstandard method from [11]. For convenience, for QZ(-_) we mention only
dependance on 7. We have

WO (u,2) = —(u— @a(2)(u — p3(2)), p1(2) = ().

Substituting series (3.7) into (4.6), we obtain the the following equation for
Q)

dz%ff;(ﬂ Lot dQ%(l;(ﬂ et dQ%f(cT_;(T) .
— (a® >+Q< —e)? (@7 + Q) — ) (@) + Q) — 03)® — i@ + Q7 w,6)~
— (@) — 1)@ = ) (@) = p3)? — efo (@, z, )]
— (a >+Qo — o) (T >+Qo 3)2(Q57)+
Z{—2Q Q7@ + o) - )(*(’)+Qé’)—<ps)2
— @7 @) + Q5 —9a)? + 2007 @S + Q5 — )@y + Q5 — sl + -

Yool + Q7 =)@y, + Q) - ¢n)x

{ 2i4+25+2h+21<k
,5,1,h>0

x (@ 21:)2@ 2j—21—2h /2+Qk 2i—2j—21—2h 952)( J/z Q( i )(’%/%*Q — ¢3)]—
2i4+2j4+2h+2i<k

Y A @, — e — )@ — Gan)] - ka}
i>0,5,h,1>0
_|_ P
where
~ ©1 (.’17* + 57—)’ 1= 5 —(-) a((;;), if o is Odd7
901 = . ua = . .
0, 1#0, 0, if av is even.

According to Butuzov’s nonstandard method, we get the following equation and
boundary conditions that determine ( (()_)(T))I

— = h (e (@) + Q5T ) (QY) +2vEr ) (2)Q5 )], (4.8)

Q5(0) = pa(z.) — ) (2,), Q5 (—00) =0. (4.9)
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This problem can be reduced to the first-order boundary value problem

(=) 1
0

-) i
49y~ _ [2 / R () () + 5, 2.) (5% + 2v/EuS 7 (z)s)ds| ,  (4.10)
0

dr
Q5 (0) = pa(.) — (). (4.11)

It is challenging to find the solution to the above boundary value problem di-
rectly. However, it can be estimated using a differential inequality. Since the
function k(=) (o) (z,) + s,,) is bounded for 0 < s < Qé_), let a; denote its
minimum value and s its maximum value. Thus, the solution Qéi)(T) admits the
following estimate

Q) (M) < Q7 (1) < QL) (7). (4.12)

where

Q) =

125087 (2.) (1 + O(V/4))es ko

{1 . {1 B (m(of)u t )ap((x*))(:c*)> Fes 0(51/2)} eewakof}? )

Here we denote kg = [2ﬂ(_)(x*)]% > 0.

According to the different decay behaviors of Qé_)(’]’), the inner layer can be
divided into three regions. Here, we discuss only the left problem, i.e., when 7 < 0.

Specifically:
1. If —E% <7<0, where 0 <y < i, then Q((f)(T) decays according to a power
law as 7 — oo.
2. If —5 <7< —2%, the decay of Q47 (r) changes from a power-law decay to
an exponential decay.
3. Ifr < —51%, then Q((f)(T) exhibits exponential decay with respect to the new

variable 0 = 7.

There are also three analogous regions when 7 > 0.

For higher order coefficients of QEJ) (1) we have boundary value problem

Q. () ()
P B(_)(T, )@y +aq (1,e), (4.14)
_(9) . .
_ —uy, '(zy), i kisodd, _
Q\7(0) = 5 o Q) (#00) =0, (4.15)
0, if k is even,

where

B (r,e) = K (M(QS (7)? + 2vea () Q5 (1)]+
)

+ 20 (1)[QG 7 (7) + veuy (2.))-
oh

W () = g0 (@) + Q67 (1), 2., 0),

O (7) = KO (o) (20) + Q5 (1), 2., 0),

(4.16)
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and q,g_) depends on the known functions Q§_)(T), j < k. In particular,

¢\ (re) =0,
)

and for qé_ we have

a7 (r, ) = VE( ) (1) = B (@)@ ()2 + 2vEh ) (m)as ) (@)@ (1) +
+15) ()l @) (RS (1) + 2vEay ) (2.)Q5 ) (7)) + vEQS i,

where Q((f) f1 is the boundary layer part of fi(u, x,e) power series expansion at .
Therefore, for the solution of (4.14) we have

) = (0@ (1)@ (0)] 7 + o)(7) / @O )2 )y, (417)

where

n ()
i () = / B (s, O = )y

— 00

Moreover, for all functions Q,(g_)(T)(k > 0) we have the following estimate:

QL) (n)l < eQ(r), TER (4.19)

4.3. The boundary layer of asymptotics

Now we consider the left problem for boundary layer of asymptotics, namely, the
functions II(-)(£,e). For this functions we have the following boundary value
problem:

217(-)
fdndf) _ OV f = faO (e ) + T e et o)
_f(a(i) (53575)75%575)7 (420)
7 (=) (=)
%m,ewe%dﬂ (0,6) =0, T (+00,¢) =0. (4.21)

Substituting (3.8) to (4.20), for H,(;)(g) we get the equations
S L) s A1 ()
+ 4 4+ d —
dg? dg? dg?
=— (@) +1) — 2@ + 1) — ) (@) + ) — p3)2 —efy () + 1) 2, 0)—
= [@ = )* (@7 = )@ — p3)? — i@z, 0)]
==t -2y a () — )y — )]+
2i+2j+2h+20<k

3

st () ()05 ()70 () .
te { Z =@y 0 I ) Uy o I ) (U L0 o1oni3y2 T MiZai—oj—a12p, — $2)X

i,,1,h >0

(=) =) _ = \=(=) (=)
(@itaye H 17 = P3)(Qg g0 T 11,7 — @3)—
242§+ 2h420<k
_ 1 () =) () R G N G R I
> [ "ty (g gy — P2)(U; " — @ay) (@, " — Gsn)] + 1Lk o+
1>0,7,h,l>0
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10 Ruixiang Li, Mingkang Ni

By equating the coefficients of the same powers of € on both sides of the equation,
for H;c_), k=0,1,2... we get

aent) _ _ _
dg’; —2h a7 + 770 @©), €>0, k=0,1,... (4.22)
it dﬂé}%o if k is odd (-)
= 0=1 "% (0),  ifkis odd, I, (+00) = 0, (4.23)
0, if k is even,

(=)
J
Since the equations (4.22) are linear, the solution H(()_)(f) can be written as
_ _ (=) (= _1 Z(2) oy (— 1
() = ¢ ()25 )ay ) (0)] Fexp( — (2RO (0)u; ) (0))%¢).  (4.24)
We also have the estimate:

M@ <ce ™, €>0, k=0,1,.. (4.25)

where 7r,(€_) depends on known functions II; ’(£),j < k. In particular, wé_) =

Currently, each term of the asymptotic expansion for the left problem has been
determined and satisfies the exponential decay estimate. The right problem can be
analyzed in the same way, so we skip the details here.

4.4. Proof of existence of solution to the problem (2.1)-(2.2)

In this section, we will prove the existence of a smooth solution to the original
problem (2.1)-(2.2) using the sewing method.

Theorem 4.1. Suppose we have the boundary value problem (2.1)-(2.2) and the
conditions (A1)-(A3) are met. Then for sufficiently small € > 0, there exist a
smooth solution u(x,€) in the asymptotic form

w(ac) = U (@,e) + 0™, 0< 2 < (2,)2n4s,
’ ,(L+)(:v,5)+05 :

n+
(e77), (T4)ongs <z <1.

2n+5

where n € N, (&4)anis = . €1y, the functions U,(Li)(:ms) can be found from
k=0

(4.27) with 7 =[(z — zx)2n+s]/¢.

To prove this theorem, we first introduce two lemmas.

Lemma 4.1. If (A1) and (A2) are satisfied, then for sufficiently small € > 0, the
solution u'=)(x, ) of the left problem (3.2) and the solution u*)(x,€) of the right
problem (3.3) are respectively:

W (@, e) =U (x,e) + 0™ ), 0<a<a,, (426)
W (z,e) =UM (z,e) +0(E™), =z, <z<l .
where
n . 2n+1 . . 2n .
U (z,e) = Zafaéf)(x) + Z EZQI(;)(T) +e1 ZEZ/H](;)(f%
n . 2n+1 2n . (427)
, . , .
U (z,e) = Zefﬁ,(j)(a:) + Z eiQ () &t Zszﬂgj)(f).

k=0 k=0 k=0
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The proof is analogous to the one in [8] and skipped here.

Lemma 4.2. For the derivative W(m,e T (x,€) , the asymptotic repre-
sentations O
du™) AU~ .
(@9 = ——(@,9) +0(cF), O0<w<a,
* z (4.28)
du+) dust -
g @e) = (r,e)+0( ), z.<z<l
are true.
The proof is also analogous to the one in [8].
Now, we prove the original theorem.
We rewrite the smooth seaming condition (3.11) as
du(f) du(+)
I(zy,e)=¢ e (zs,6) — € g (x4,€) =0. (4.29)

Substituting expansion (3.10) for z, in at 7 = 0, we get
d
7620 (0) = I7)(xo +Z€4

where

2

2(z0)
I(i)(xo) = |:2/LP f(uax070)du:| )
©

(=) (z0)
and g;(z) is sufficiently smooth functions that depend on g,k < . Similarly for
the right problem solution, we have

dQ(+) (Jr) +oo i (+)
GO = 100 + Y etV o)

where .
3

2(0)
7 (z0) = [2 /W f(u, a:o,O)du}

() (z0)

Substituting power series expansion of (3.4) and (3.5) with respect to €3 to
(4.29), we obtain

_ (e sy Qi . pdQ”

dr

dp™+) L da{™ aQ{™ L dQ{
—E(dx(fﬂ*)‘i‘f dr (x*)-i-)—( dr (0>+€4d7'(0)+>_
dQi” Qg (Ao o deit
n ( dr (0) - dr \O)) +64< dr (0) - dr \O)> T
= [T (wp) — I (w0) +ei (I (wo)ay — I (o)) + - - J+--
= H(xo) + e [H'(wo)a1 +ma] + - -+ + &% [H' (z0) g +my] + - -+ = 0.

(4.30)
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12 Ruixiang Li, Mingkang Ni

Here H(z) = I7)(2) — I'*)(2). Then, according to (A3), 2 = 2 is the root of the
equation H(z) = 0.

Since H'(xg) # 0, the higher order coefficients zp,k > 1 can be uniquely
determined from the following linear algebraic equations

H'(zo)zp +mp =0, k>1, (4.31)
where my depend on the known numbers z; ;<. Note that
my = [H(zo) H(JF) — ). (4.32)

Since q(f) = 0, we have m; = 0 and then z; = 0.

To prove the existence of a solution with contrast structures for the problem
(2.1)-(2.2), we reconsider the left (3.2) and right (3.3) problems and modify z. to
the following form:

2m+1

zo=a =gt eim 4 e T (T £0), (4.33)

where ¢§ is an arbitrary real number, and § is bounded as € — 0. Lemma 1 shows
that the solutions of the left and right problems exist and have uniform asymptotic

expansions. It only requires replacing the variable 7 with 7 = =25 and the
estimate in (4.19) still holds.
2m+1
Rewriting (4.29) and taking n = in (4.28), we have
+ + +
I(x((; ),5 == :cf; )78, )—EW(CL‘((; ),5,(5)
2m . _— I
=H(To)+ Y _e*[H'(To)Zx +my] + & H'(Zo)(£5) + O + ).
k=2
(4.34)

where z¢ and z can be determined by (A2) and (4.31). The last two terms on the
right-hand side of (4.34) depend on ¢ and are uniformly small as § — 0. Thus,

2m—+41

T (H' (20)(£6) + O(e%)). (4.35)

I(mgi),e) =¢

Since H'(Zp) # 0, the sign of (4.35) depends on §. Therefore, there exists a §, such
that
(H'(Z0)6 + O(e7))(—H'(Z0)d + O(7)) < 0.

According to the intermediate value theorem, there exists § = 6(¢) = O(e'/*) such
that (4.35) is equal to 0 when ¢ is sufficiently small. So, we have

du(f) 5 du(+)
€ dl‘ (IS’€7 )78 dCC

It means that the function

(o, e {u(_)(x,s), 0<z <z,

(5,€,0) = 0.

u)(x,e), x. <x <1,

is the solution of (2.1)—(2.2) with contrast structure near x,. This completes the
proof of the theorem.
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5. Example
In this section we consider the following boundary value problem:

d%u

2 — = —(u—2)?(u—8)(u-2)2-¢e¢ —u x
g = (0 P2 e, 0o <l .
5(0,5):0, a(l,s)zo.
Here 6
pr(e) =7 =2, pa(a) = 2, wslw) = oM =2,
RO(@) = (2 = 2 - 2), AP @) = (- 22~ ),

< 6 - 4
A@=z -z fP@)=—3

2
It is easy to verify that the conditions (Al) and (A2) are satisfied. Then o = E is

the root of the equation

u%y=/i4u—mfw—§xu—mmu=m

0

where I'(Zg) # 0. Therefore, condition (A3) also holds.
From (4.4), we have

(- 1 _ -1
D= Y = — (5.2)

We have the following equations for determining Q(()i)(T) and their boundary con-
ditions:

(=) ((,7) 2
@ = {2/ —(zs +5— g)(x* +5—2)%(s* + 2\/gs)ds] ,
0

dr 2—zx
_ 6
0= -
and
) 1
dQé+) % 2 6., o 2VE 2
— |2 24 s— )22+ 5 — 2)(s2 — ,
I {/0 (2+s—x)%(2+s 5)(5 2_x5)d5]
4
Q0=

It is difficult to obtain the analytical solutions for these Cauchy problems, so we
provide only numerical simulation.
For H(()i)(ﬁ) we have

(-)
dily * _ 24,
d 507
™
d¢

0)=-1, T (+o0) =0,
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and -
+

dHO o %HH—)

— =k
d§
™

d¢

Here, we can solve these Cauchy problems analytically, and the solution is

157 (€) = /5/24exp(—\/24/5¢), TP =o.

At fig.1 you can see the results of numerical simulation for zero approximation
Up(z, €) of the solution.
The whole solution can be get from theorem 4.1 and has the form

0 =0, 17 (+o0) =0.

24T (M) + IS (€ + 0(eF),  0<a < (2.)204s,
u(z,e) = H B
24+Qy (1) +0(e2), (®u)onys < <1

2.5 T
€=0.01
=0
2k
151 1
1k 4
05r 1
0 | | | | | | | | |

Figure 1. zero order approximation Ug(z,¢) of problem (2.1)-(2.2)

6. Conclusion

In this paper, we discuss the singularly perturbed boundary value problem for a
degenerate equation with two double roots. The formal asymptotic solution is
constructed using the modified boundary layer function method. The existence
of multiple inner layers is established, and the existence of smooth solutions to the
problem is proven. Moreover, the obtained results are illustrated through numerical
simulation for particular right hand part of the equation. The theoretical results
can be extended to handle the contrast structure between repeated roots.
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