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STABILITY OF A NONAUTONOMOUS DELAYED PERIODIC
REACTION-DIFFUSION PREDATOR-PREY MODEL

LILI JJA AND CHANGYOU WANG

ABSTRACT. This article focuses on the stability of periodic solution of a delayed nonautonomous
reaction-diffusion predator-prey model. The fine combination of upper and lower solution meth-
ods and Lyapunov stability theory is used to transform the study of the stability problem of
delayed reaction-diffusion equations into the stability problem of their corresponding delayed or-
dinary differential equations. Some sufficient conditions are given to ensure the globally asymp-
totically stability of the periodic solution for this model. Unlike existing results, the stable
solution which are obtained in this article is a time-periodic solution rather than a constant
periodic solution or a solution for a steady-state system. We extend a stability theorem on
predator-prey model introduced by V. Ortega and C. Rebelo in 2023 to nonautonomous delayed
reaction-diffusion model. Finally, in order to show the application of the theoretical result-
s, the proposed conditions are numerically validated over a 2-periodic delayed nonautonomous
reaction-diffusion predator-prey model.

1. INTRODUCTION

The study of the properties of reaction-diffusion equations (RDEs) can be used to describe
many phenomena in the population and epidemic system, which has attracted increasing attention
from scholars [1-7]. Especially, the research on predator-prey RDEs has recently achieved many
excellent results. For example, in 2013, Ko and Ahn [8] studied RDEs with two competing preda-
tors and one prey and obtained some sufficient conditions to ensure the persistence and global
attractiveness for solutions of the system. In 2015, Yang et al. [9] studied RDEs with Leslie-Gower
functional response and gained sufficient conditions to guarantee the coexistence state and attrac-
tor existence of the model by using fixed point index theory. In 2017, Wang [10] studied RDEs with
Neumann boundary conditions and Holling Type III functional response and obtained sufficient
conditions to guarantee the existence of periodic orbits by using coincidence theory and bifurcation
methods. In 2020, Wu and Zhao [11] studied RDEs with the Allee effect and threshold hunting and
analyzed the asymptotic stability of the equilibrium point of the model by constructing a Jacobian
matrix. In 2021, Bentout et al. [12] studied an age-structured predator-prey infection model, and
explored the impact of predator maturity on interspecies interactions and infectious disease spread.
The findings reveal that the minimum maturation time of predators can influence the behavior
of the system’s solutions. In the same year, Djilali and Cattani [13] analyzed a superdiffusive
predator-prey system with a hunting cooperation functional response. The presence of superdiffu-
sion represents the fear effect of the prey and the organized hunting strategy of the predator. The
study indicates that superdiffusion leads to complex dynamical behaviors of the system’s solutions
and can influence the stability of certain equilibria. In 2022, Yan and Zhang [14] studied RDEs
with a Beddington-DeAngelis functional response and obtained stability and instability criteria
for the positive constant equilibrium point of the model. In 2023, Chen and Wu [15] studied the
spatiotemporal behavior of RDEs with a Beddington-DeAngelis functional response function by
using the Leray-Schauder degree theory and Poincare inequality. It is worth mentioning that the
above models are autonomous RDEs. Due to the fact that the birth rate, the death rate and the
interaction between population are not invariable, nonautonomous RDEs can better simulate the
interactions among species in predator-prey models. However, the methods used in the previous
literature are difficult to study multi-species nonautonomous predator-prey RDEs. More recently,
Jia et al. [16] has considered a 3-species nonautonomous predator-prey RDEs and has obtained
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2 LILI JJA AND CHANGYOU WANG

some judgment criteria to ensure the globally asymptotically stability of strictly positive homoge-
nous periodic solution for the system by using the upper and lower solutions method and Lyapunov
stability theory.

In a large amount of the real world, the state of a system is influenced not only by its current
state, but also often by their past state. Even in some phenomena, if you ignore the impact of
the system’s past state on its future state, the entire research is meaningless. Therefore, when
describe the impact of the interaction between time delayed feedback and spatial transfer on the
system state, scientists have proposed a new type of mathematical model-delayed reaction-diffusion
equations (DRDEs). Using these equations, many real natural phenomena are described and well
explained. In recent years, the research on DRDEs has attracted more and more attention of
scholars. Early research on DRDEs was mostly included in academic works [17,18]. In recent years,
some excellent achievements have been achieved in the study of periodic solutions to DRDEs. For
example, in 2016, Chen and Yu [19] considered a DRDEs with nonlocal delay effect and Dirichlet
boundary condition and obtained stability criteria for the positive equilibrium point of the model.
In 2017, Shi et al. [20] studied a DRDEs with distributed delay and Dirichlet boundary condition
and obtained stability conditions of the positive steady state for the model. In 2018, Yuan and
Guo [21] studied a nonlocal DRDE and achieved the the existence and stability of solutions for
the model with the help of monotone iteration methods. In 2019, Shen and Wei [22] studied a
mussel-algae DRDEs with Neumann boundary conditions and obtained the stability conditions for
the positive constant steady state. In 2021, Zuo and Shi [23] researched a general DRDEs with
spatiotemporal nonlocal delay effect and Dirichlet boundary conditions and obtained some criteria
to ensure the existence and stability of positive steady-state solutions for the system. In 2022,
Xu et al. [24] analyzed a general DRDEs with predator maturation delay and obtained global
asymptotic stability of the positive constant steady state. In 2023, Yuan and Guo [25] studied
a class of DRDEs with spatial nonlocality and achieved some criteria to ensure the stability of
positive steady-state solutions. In the same year, Djilali et al. [26] studied a class of spatially
heterogeneous DRDEs. By employing the Kuratowski measure of noncompactness, the existence
of a global compact attractor for the system is demonstrated. Furthermore, sufficient conditions
for the uniform persistence of solutions and the asymptotic stability of equilibrium solutions are
obtained. In 2024, Kumar [27] investigated a prey-predator DRDEs with Leslie-Gower functional
response and Smith growth functions and established sufficient conditions of the global stability
for the positive constant steady state. It is worth mentioning that the issues studied in the
above literatures are the stability of constant equilibrium solutions or steady-state solutions of
autonomous DRDEs. Moreover, the research methods in the previous papers, such as eigenvalues,
which cannot be used to study nonautonomous DRDEs. To the best of our knowledge, the results
about the stability of periodic solution to nonautonomous DRDEs rarely occurred.

Due to the fact that nonautonomous DRDESs can better simulate the interactions between species
in predator-prey models and the study of its dynamic properties has very important practical
significance. In this article, we focus on the following nonautonomous periodic DRDEs

Ouy(x,t) /0t — di () Auq (z,t) = uy(z, t)[r1(t) — ar1()ur(x, t — 71) — a12(t)us(x, t)],
8u2(m, t)/at — dg(t)A’LLQ(ZL', t) = 'LLQ(iL’, t)[—?"g(t) — agg(t)UQ((E,t — 7'2) + agl(t)ul(x, t— Tl)],
(1.1)

with the Neumman boundary and initial conditions
Ou;(z,t)/On =0, (z,t) € 00 x Ry, ui(x,t) = nio(x,t) >0, (x,t) € A x [-7, 0], i=1,2. (1.2)

Here 2 is a bounded smooth domain in R™ with boundary 02, A is a Laplace operator on €,
0/0n denotes the outward normal derivation on 9%, u;(x,t) represents the density of i-th species
at location = (z1, 22, -+ ,2,) and the time t. 71 and 75 are two constants representing delay and
7 = max{7m,72}. di(t) and da(t) denote the diffusion rates of the prey and the predator species
at time ¢ respectively. a;;(t) represent the interaction within i-th species, a12(t) is the capturing
rate of the predator, and as(¢) is the effective conversion rate of predator. rq(t) and ra(t) are
the reproduction rate of prey (in the absence of predator) and the natural death rate of predator.
All the coefficients of the model (1.1)-(1.2) are continuous and positive w-periodic functions. The
model (1.1)-(1.2) is an extension of the classic Lotka-Volterra model, and its degenerate model
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has been extensively studied, for example see [28—-30]. Amine and Ortega [28] obtained a stability
criterion on non-constant periodic solutions for the following model

{ Wy (1) (alt) — bEur (t) — c(t)ua(t)), (1.3)
B2l — iy (1) (d(t) — e(t)uz(t) + f()ur(t)),

in terms of the L> norm of the coefficients of a planar linear system associated to the model (1.3).
Ortega [29] gave another stability criteria in terms of the L' norm and Ortega and Rebelo [30]
obtained a new stability criterion which establishes a bridge between the stability criteria in [28]
and [29] in terms of LP norm.

The stability on time-periodic solution for nonautonomous DRDEs has not been studied before.
In this article, we intend to study the time-periodic solutions for the predator-prey Lotka-Volterra
models governed by nonautonomous DRDEs and generalize the stability result on (1.3) obtained
in [30]. Meanwhile, the methods obtained in this article can also be used to extend the permanent
result obtained in [31] to nonautonomous cooperative DRDEs.

The article organization are showed as follows. In Section 2, we will investigate the existence
of the time-periodic solution of the nonautonomous predator-prey DRDEs. In Section 3, we pay
more attention to the globally asymptotically stability of the time-periodic solution. In Section 4,
we will give a numerical example to show the application of the theoretical findings obtained in
this article.

Remark 1.1. The innovations and achievements of this article are listed as follows: (1) By
introducing the time delays and the variable coefficient into the known population models, a new
Lotka-Volterra predator-prey model (nonautonomous predator-prey DRDEFEs) that can more truly
depict the interaction among populations is proposed. (2) By considering of the upper and lower
solution methods and Lyapunov stability theory as well as fized point theory, some new theories and
methods have been creatively developed, the existence and stability of the positive time-dependent
periodic solution of the mnew predator-prey DRDFEs are obtained only a set of simplify verified
conditions are needed. (3) The technique of constructing Lyapunov functions for delayed differential
equations step by step can be used to study related problems, which will provide an effective method
to study the stability of solutions to delayed partial differential equations. (4) Compared with the
existing results, the stable solution obtained in this article is a time-periodic solution rather than a
constant periodic solution or a solution for a steady-state system, which will be more in line with
the objective law of seasonal cyclical changes in species density.

2. EXISTENCE OF SPATIAL HOMOGENEOUS PERIODIC SOLUTIONS
Set ¢(t) be a w -periodic function in R;. We denote

o™ =sup{p(t),t € Ry}, o' = inf {o(t),t € R, }.

Next, we study the functional differential equations corresponding to the model (1.1)

W) — oy ()1 (1) — any (8 (t = 11) — asa(E)us(t)], 1)
du%” = uz(t)[—r2(t) — aga2(t)ua(t — 72) + a1 (t)ui (t — 1)), ’

with the initial conditions
ui(t) = niO(t) >0, te [—T, O], 1 =1,2. (2.2)
Theorem 2.1. For any positive initial conditions, the solution of the models (2.1-(2.2) is positive.

Proof. Due to the continuity of the functions on the right-hand side of model (2.1) and its satisfac-
tion of the local Lipschitz condition, models (2.1)-(2.2) possesses a unique local solution, denoted
as u1(t) and uz(t), on a small interval [0,T") according to the existence and uniqueness theorem for
solutions of functional differential equations. Next, we prove that for any positive initial values,
this local solution remains positive and can be extended to the entire positive time axis.
According to the first equation of model (2.1), when wu;(¢) > 0 and us(¢) > 0, the sign of the
right-hand side of the equation depends on rq(t) — a11(t)us(t — 71) — a12(t)ua(t) £ Aq(t). If the
initial value results in A1 (¢) > 0, then the rate of change of u;(t) is positive, and since the initial
value 119(t) is positive, u1(t) will remain positive. If the initial values result in A;(t) < 0, then
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the rate of change of u;(t) is negative, and due to the positive initial value, the prey population
u1(t) will decrease. Based on the interaction mechanisms among populations in ecosystems and the
continuity of population dynamics. Subsequently, the predator population us(t) will also decrease
due to insufficient food. Since r1(t) > 0, as the populations of u; (t) and wus(t) decrease, eventually
A4 (t) will become positive, causing the population of u;(t) to increase before reaching zero. In
summary, regardless of whether the initial values make A;(t) > 0 or Ay1(f) < 0, uy(t) remains
positive.

Similarly, according to the second equation of model (2.1), when wu;(t) > 0 and ua(t) > 0, the
sign of the right-hand side of the equation depends on —ry(t) — aga (t)us (t — 7o) 4 agy (t)ui (t —11) =
Ao(t). If the initial values result in Ay(t) > 0, then the rate of change of uz(t) is positive, and
since the initial value 799(t) is positive, ua(t) will remain positive. If the initial values result in
As(t) < 0, then the rate of change of ua(t) is negative, and due to the positive initial value, the
predator population ug(t) will continuously decrease. Based on the interaction mechanisms among
populations in ecosystems and the continuity of population dynamics. Simultaneously, the prey
population u(t) will increase due to the reduction in predators. As us(t) decreases and wq(t)
increases, eventually As(t) will become positive (since aq2(t) > 0 ), causing the population of us(t)
to increase before decreasing to zero. In summary, regardless of whether the initial values make
Ao(t) > 0 or As(t) < 0, ua(t) remains positive.

Furthermore, since the local solution is unique and positive, we can utilize the continuous
dependence theorem for solutions of functional differential equations to extend the local solution to
the entire positive time axis while maintaining its positivity. Therefore, given the initial conditions
Mo(t) > 0 and n20(¢) > 0, the solutions of the predator-prey models (2.1)-(2.2) remain positive on
the entire positive time axis. O

For the model (2.1), set

i ayi My — 7k

My = —-exp {r{'n}, My = 1 ——2exp {(agiM1 —r3)m2}
aiq 22
rmo_ 6117?7«]\42
my = % exp {(rll — G,%MQ — ainiMl)Tl}a
1 m
as,miy —r
my = 2T oo {(abymy — 1 — alyMa)ro )

ags
Theorem 2.2. Assume the following conditions satisfy
(Hy) abymy > 3,
(Hy) rt > ai M.
Then the model (2.1-(2.2) is permanent.
Proof. By the first equation of model (2.1), it follows that
duit(” = (t)[r1(t) — a1 (t)ur (t — 71) — ar2()uz ()] < wr (B)[r7 — alyus (t — 7)) (2.3)

From the Lemma 2.2 in [31], one has

limsupu; (t) < rTl exp {r{"m1} = M. (2.4)
t——+o0 all

Moreover, from the second equation of model (2.1), it holds that
dud#t(t) < UQ(t)[—TQ(t) — agz(t)’UQ(t — Tg) + (Lgl(t)ul (t — 7’1)]
< ug(t)[—rh — aboua(t — m2) + aZt My].
By (H;), we have a%i M; > r}. Thus, by Lemma 2.2 in [31],
amt My — 7

lim sup ua(t) < ; 2 exp {(ahi My — rh) 2} = M. (2.5)
t——+oo CL22

On the other hand, by (2.1),

d%p >u ()l —aftuy(t — 1) — a3y Mo = uy (8)[r} — afs My — aiug (t — 71)].
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STABILITY OF A NONAUTONOMOUS DELAYED PERIODIC RDPP MODEL 5
By (Hz2) and Lemma 2.3 in [31],

l m
. T —a MQ
liminf uy (t) > +—22—=
t——+o00 a’ﬁ

exp[(rl — aM My — ot My)11] = my. (2.6)
Similarly, by the second equation in model (2.1), we have
2020 = uy()[~ra(t) — aza(H)ua(t — 72) + azy (Hur (t — 71)] > ua(t)[~r8" — aBhua(t — 72) + abymi]
= ug(t)[abymy — 5" — afyus(t — 72)].

By (H1) and Lemma 2.3 in [31],

aélml —ry
m
p)

lim inf us () >

l _.m _om _
t=>+o00 exp[(agmy — 75" — a5y Ma)7a] = ma. (2.7)

By (2.4)-(2.7), we see that the model (2.1)-(2.2) is permanent, see [Definition 2.1, [32]] for the
definition of permanent property. (|

Theorem 2.3. Assume that (Hy)— (Hs) hold. Then there is a strictly positive spatial homogeneity
w-periodic solution of (1.1)-(1.2).

Proof. Let V = C([—T, +o0), R%) be a Banach space consisting of continuous, bounded, w-periodic
and positive functions defined on [—7, +00), equipped with the infinite norm. Based on the exis-
tence and uniqueness theorem of solutions of the functional differential equations, see [Theorem
2.3, page 42 of [33]], we define a Poincaré mapping ¢ : V — V in the following form

’(/J(UQ) = U(t, w, Uo),

where U(t,w, Up) = (u1(t), u2(t)) is a positive solution of the functional differential equations (2.1)
subject to the initial conditions Uy = (n10(t), n20(t)),t € [—7, 0].

It easy to see that 1 is continuous mapping by using the continuity of solution of the functional
differential equations (2.1) with regard to the above initial conditions, see [Theorem 4.1, page 46
of [33]]. Assume that K is any bounded set in V. For any Uy € K, and let L = \/M? + M3.
From the permanence of solutions to models (2.1)-(2.2), we have ||[¢(Up)| = ||U(t,w,Uo)| =
|(u1(t), uz(t))]| = Vui(t)? +us(t)? < /M2 + MZ = L. Hence, ¢(K) is uniformly bounded.
Furthermore, according to Theorem 2.2, the derivative of the mapping 1 is also bounded, which
can then be used to prove that the ¢ (K) is equicontinuous. The Arzela-Ascoli theorem implies
that ¢ is completely continuous.

We define

S ={(ur(t),u2(t)) € V| m; <u(t) < My, i =1, 2}, (2.8)

then it is obvious that S is a closed bounded convex subset of the Banach space V. By Theorem
2.2 we have that ¢ is a mapping from S to S. Thus, by Schauder fixed-point theorem, see [Lemma
2.4, page 40 of [33]], the mapping ¢ has a fixed point (uj(t),u5(¢)). That is, the equations (2.1)-
(2.2) have a positive w-periodic solution (uf(t),us(t)) which is the spatial homogeneity w-periodic
solution for models (1.1)-(1.2), see [Definition 2.2, [34]]. O

3. STABILITY OF SPATIAL HOMOGENEITY PERIODIC SOLUTION

In this section, we provide some sufficient conditions to obtain the globally asymptotically stable
of spatial homogeneity w-periodic solution of (1.1) by using the method of upper and lower solutions
for the delayed parabolic partial differential equations and Lyapunov stability theory.

Theorem 3.1. Assume that (Hy) — (Hs) and the following assumptions hold.
(Hg) A1 = alu — (Lﬁ’]’l [T;n + a’ﬂMl + aﬁMz] - Ml(aﬁ)zﬁ - (Lgi(l + G%MQTQ) > 0,
(Hy) Ay = aby — aBomo[ri® + aiy My + ay My] — My (aly)?ms — (14 Myaim)aly > 0.
Then there exists a spatial homogeneity strictly positive and globally asymptotically stable w-periodic
solution (u(t),us(t)), that is, the solution (uy(x,t), us(x,t)) of (1.1)-(1.2) with any positive initial
values fulfills
75lim (ui(z,t) — uf(t)) = 0, uniformly for x € Q,i=1,2. (3.1)
e el
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196 Proof. By Theorem 2.3, (1.1)-(1.2) has a spatial homogeneity strictly positive w-periodic solution.
197 We prove the stability of the solution. Because the solutions and coefficients of model (1.1) are
198 positive, it is easy to see that the reaction functions of model (1.1) are mixed quasimonotone.

199 Let I; =  min Nio(xz,t), r; = _max Nio(z,t). Then 0 < I; < mo(x,t) < r;. Let
z€Q, te[—T, 0] z€Q, te[—T, 0]

200 (@1(t),u2(t)) and (G(t), t2(t)) be the solutions of (2.1) subject to initial values (n10(t),n20(t)) =

201 (r1,72) and (n19(t),n20(t)) = (ll,lg) respectlvely, then there exist upper and lower solutions

202 (1(t), az(t)) and (d1(¢), d2(t)) o 1)-(1.2). By Theorem 2.1 in [35], (1.1)-(1.2) has a unique

203 solution (uq(x,t),us(x,t)), (x, ) € Q X [=7, 400), which satisfies

(1 (t), t2(t)) < (ua(z,t), uz(x, 1)) < (@1(t), Ua(t)). (3.2)
204 We prove
i (@(¢) = () = Jim (3(8) ~ () = 0. (G = 1.2). (53)

205 We first prove the solution (uq(t),us(t)) for the functional differential equations (2.1) with any
206 positive initial (u1(t), u2(t)) = (n10(t), n20(t)) satisfies

lim (u;(¢t) —uj(t)) =0, i=1,2. (3.4)
t— o0
207 By Theorem 2.2, there exist five positive real numbers M;, m; and T such that
m; < u;(t) < M; when t > T.

208 Let
Vi1(t) = |Inwi () — Inuj(t)|.
We denote by DT Vi (¢) the right-side derivative of V31 (t), then

DV (t) = sgn(ua () — ui(t))[—a11 (8) (ur (t = m1) — ui(t — 7)) — ana(t)(ua(t) — uz(t))]

= sgn(u1(t) — ( NI=a () (ua(t) —ui(t)) — arz(t) (ua(t) — uz(?t))

+ann (1) [, (1 (0) — 5 (6))do]
= sgn(u1(t) — ( NI=an () (ua(t) —ui(t)) — arz(t)(ua(t) — uz(t))

+ann(t) [ {ua(0)[r1(0) — an (0)ur (6 — 1) — a12(0)ua(0)]

—ui(0)[r1(¢ ) — a1 (0)ui (0 — 1) — ar2(0)uz(0)] }do] (35)
= sgn(u1(t) — ui(t))[—an(t)(u1(t) —ui(t)) — arz(t)(ua(t) — u3(?t))

[~
tan (8) [ {(ua(0) — u(0))[r1(80) — a1y (O)ui (0 — 1) — ara(0)us(6)]
—u1(0)[a11(0)(u1 (0 — 71) — ui (0 — 71)) + a12(0) (u2(0) — u3(0))] }db)]
< —an(t )|u (t) —ui ()| + ar2(t) [ua(t) — us(t)]
+an(t) [, ([r1(6) + an (0)ui (6 — 71) + ara(0)u5 (0)] [ua (6) — ui (6)]
Fu1(0)[a11(0) [ui (0 — 71) — ui(0 — 71)[ + ar2(0) [uz(0) — us(0)[])do.
209 Let

Via(t) = [ [T ani(s + 1) ([r1(80) + a1 (0)ui (0 — 1) + a12(0)u3 (0)] [us (0) — ui (9)]
Fu1(0)[a11(0) [u1 (0 — 71) — ui(0 — 71)| + a12(0) [uz(0) — u5(0)[])dods.

210 By (3.5) and (3.6),

(3.6)

D+ Z Vii(t) < —an(t) [ur () — ui (t)] + a1z (t) luz(t) — uz(t)]

(
+ [ @i (s + ) ds(ra(8) + ana (g (t — 1) + ara(E)us ()] |us () — w3 (2)]
Fur (B)[ar1(t) [ur(t — 71) — ui(t — 7)[ + a12(t) [uz(t) — u3(?)]])
< —an(t) [ur(t) — ui(t)] + ar2(t) lua(t) — u3(t)]
+ [i . ani(s + m)ds[ry(t) + axa () My + ara(6) Mo] |ua (t) — ui (¢)]
M [ ari (s + 7)ds[any (8) [ua (E— 1) — wi(t — 71)| + ar2(t) |uz(t) — ub(t)]]
< (—dby +afim [ + afy My + afyMa)) |uy () — ui(t)]
+My(af})?r ur(t = m1) — ui(t —m)| + afs (1 + afy Mam) fug(t) — u3(t)] -
(3.7)
211 Let

Vaalt) = Mi(ai)Pr [ () = i) do (39
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212 and
Vi(t) = Vii(t) + Vaz(t) + Vis(t). (3.9)
213 By (3.7) and (3.8), we have

DHVi(t) < (—afy + afim [ 4 aft My + aly Ma] 4+ My (a7})?71) ua () — i (t)]

+(1 + MyaTim)aly |ua(t) — us(t)] . (3.10)

214 Similarly, we define Va1 (t) = [lnuz(t) — Inu3(t)], and we have

DFVor(t) = sgn(ua(t) — u3(t))[—aza(t)(uz(t — 72) — u3(t — 72)) + az1 () (u1 (t — 1) — ui(t — 71))]
= sgn(usa(t) —u2( D=az2(t)(u2(t) = u3(t)) + a1 (t)(ua(t — 1) — ui(t — 71))
tan(t) [, (ia(6) — @3(6))do]
= sgn(uz(t) — ( ))[ azz(t)(uz(t) — u3(t)) + a1 (t)(ui(t — 1) —ui(t — 1))
+asa(t) i {u2(0)[~72(0) — aza(0)uz (0 — 72) + an (O)us (6 — 71)]
—u3(0)[— 7“2(9)—a22(9)u§(9—T2)+a21(9) 1(0 —71)]}d6)
= sgn(uz(t) — u5(t))[—aze(t)(u2(t) — u3(t)) + azi(t)(ua(t — 1) — ui(t — 1))
+ana(t) [, {(u2(0) — u5(0)[~72(0) — aza(0)uz(0 — 72) + azi (O)ui (0 — 1))
—u2(0)[az2(0)(uz(0 — 72) — u3(0 — 72)) — a21(0)(u1 (6 — 1) — ui (6 — 71))]}db)]
< —ana(?) |ua(t ) —u2( )+ azi(t) [ur(t — 1) —ui(t — 1)
+asa(t) [, ([ra(0) + ana(0)us(0 — 72) + az (0)ui (0 — 70)] [u2(6) — u5(0)]
Fuz(6)[azz (0 ) |U2(9 —72) —u3(0 — 72)| + a21(0) [ur (0 — 71) — ui(6 — 71)[)db.
(3.11)

215 Let

Vaa(t) = [ [2 aza(s + 2)([r2(0) + aza(0)uz (0 — 72) + az1(0)ui (6 — m1)] ua(6) — u5(6)]
tuz(0)[aze(0) [uz(0 — m2) — u3(0 — 72)| + a21(0) [u1 (6 — 71) — ui (0 — 71)[])dOds.
(3.12)

216 By (3.11) and (3.12),

D 22: Vai(t) < —aga(t) [uz(t) — uz(t)] + a2 (t) [ur(t — 1) — ui(t — 1)

i=1

+ [ ana(s + m2)ds([ra(t) + a2 (b (t — 2) + a2y (H)ui (t — 1)) |ua(t) — ub(t)]
Fua(t)[azz(t) lua(t — m2) — u3(t — m2)| + a21(t) ur (t — 1) — ui(t — 7))

< —ag(t) |ua(t) —u3 ()] + a2 (t) [ui(t — 1) —ui(t — )|+
i, aza(s + 72)ds[ra(t) + aza(t) Mo + agy (£) My] |uz () — uj(t)]

< +M, ft - a22(8 + Tg)ds[agg( ) |UQ(t — TQ) — ’u;(t — T2)|
+f121( ) ur(t —71) —ui(t —m)l]

< (—aby + afbma[ry + afy My + abi M) Jua(t) — us(t)]
+ Mo (a5y)27o |us(t — 72) — us(t — m2)| + af (1 + afs Mots) |uy (t — 71) — wi(t — 1)

(3.13)
217 Let

Vas(t) = Maa)Pry [ I(uao) = w30 o+ a1+ apMom) [ () =i )] o

T1

(3.14)
218 and
Va(t) = Var(t) + Vao(t) + Vas(t). (3.15)
210 By (3.13) and (3.14),
Dt Vy(t) < (—aby + abymalry + abyMa + afi My] + My (a3h)? 7o) [ua(t) — us(t)] (3.16)

+azi (1 + a3 Mams) [us(t) — ui(t)].
220 We define a Lyapunov function as follows
Vi(t) = Vi(t) + Va(t).
221 By (3.10) and (3.16), we get
DTV (t) < —Apfur(t) — ui(t)] — Az ua(t) — u3(t)]. (3.17)
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Integrating from w to t on both sides of (3.17), we have
¢

Vi(t)+ Ol/ (lua(s) = ui(s)| + [ua(s) — uz(s)[])ds < V(w) < +o0, (3.18)
where @ = min{A;, A3} > 0. Therefore, V (¢) is bounded on [w, +00), and
[ ) = i) + huats) — us)as < L < . (319)
By (3.19), we have
(lur (t) = ui ()] + Jua(t) — uz(t)]) € LN (T, +00). (3.20)

From the uniform permanence of model (2.1), we have that |ui(t) — uf(t)] + |ua(t) — ui(t)]
and its derivative are bounded. Thus, |ui(t) — uj(t)| + |uz(t) — ub(¢)| is uniformly continuous on
[w, +00). By Lemma 8.2 in [36], we get

lim |u;(t) —uw ()] =0, =1,2).

t—+oo

From (3.2) and the squeeze theorem, (3.1) holds true. That is, (1.1)-(1.2) have a spatial homo-
geneity strictly positive and globally asymptotically stable w-periodic solution (uj(t),u5(t)), see
[Definition 2.3, [34]]. This completes the proof of Theorem 3.1. O

Theorem 3.2. Suppose that the w-periodic model (1.1) satisfies assumptions (Hy) — (Hy), then
the model (1.1) is permanent, i.e., the solution (u1(z,t),us(z,t)) of models (1.1)-(1.2) with any
nitial values fulfills

m; < ui(x,t) < My, uniformly for (x,t) € Q x [T, +00),i =1,2. (3.21)

Proof. By means of Theorem 2.3, there exist four positive real numbers m;, M;, (i = 1,2) such
that

m; <ul(t) =ul(t+w) < M;,te[—7,+00). (3.22)
Moreover, from Theorem 3.1, one has
. liin wi(z,t) = uf(t), uniformly for z € Q,i = 1,2. (3.23)
—1+00
Therefore, from (3.22) and (3.23), the model (1.1) is permanent. O

4. NUMERICAL SIMULATIONS

In this section, we provide a numerical example to show the application of Theorem 3.1. For the
convenience of calculation and numerical simulation, we choose 2-period functions as the coefficients
for the nonautonomous w-periodic DRDEs (1.1)-(1.2).

Example 4.1. Consider the following 2-species DRDEs. In view of the conditions (H;y) — (Hy)
of Theorem 3.1, with the help of some calculations we choose some special values of parameters
shown in models (4.1)-(4.2). It should be noted that, the selection of above parameters is not
unique.

% — Auy(z,t) = uy(z,t)[(24 4 cosmt) — (6 + sinwt)uq (z,t — 0.001)

) —(0.75 + 0.25 sin wt)ug(z, t)], 2w > x > 0,t > 0, (41)
% — Aug(z,t) = ug(z,t)[—(2 + cosnt) — (5 + sinwt)uz(x, t — 0.002)
+(1.2 + 0.2sinwt)uq (x,t — 0.001)], 27 > = > 0, > 0,
with the Neumman boundary and initial conditions
Qufed) — Quzled) — 0, ¢ > 0,2 =0,2n,
up(x,t) = (4 + 3t)[1 — sin(z + 0.57)], (4.2)

uz(x,t) = (0.6 + 5¢t)[1 + cos(x + 7)],
(z,t) € (0,2m) x [—0.002, 0].
By calculating, we have
M, = 7’% exp {r{"m1} =~ 5.1266,
a1y
a My — rl m
%exp {(aZi My — rh)m} ~ 1.5635,

M, =
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_ r’in - G‘%MQ l m m
e {(r — aly My — a3} My)71 } =~ 3.0185,
11
l m
as,mi — 1
my = % exp {(aélml —ry = a%Mg)Tg} ~ 0.0030,
22

abymy — Y = 0.0185 > 0,7} — as My ~ 21.4365 > 0,
A = alll — i [P 4 al My + aly M) — My (afh)?m — alt (1 + aby MaTs) =~ 2.8854 > 0,

Ag = aby — aymo[rY + alb My 4 alt My] — Mo(als )’ — (1 + Myalim)alh ~ 2.6166 > 0.

Based on the above calculation results, it is easy to see that that systems (4.1)-(4.2) satisfy the
conditions of Theorem 3.1. From Theorem 3.1 it is easy to know that the systems (4.1)-(4.2) has
a strictly positive spatial homogeneity 2-periodic solution (ui(zx,t),us(x,t)) which satisfies
lim |u;(t) — uw; ()] =0, (i = 1,2), uniformly for = € (0, 27).
t—+o00

By employing the software package MATLAB 7.1 and the finite differences method, we can obtain
some numerical solutions of the model (4.1) with the boundary conditions and initial conditions
(4.2) which are shown in Figure 4.1 to Figure 4.2. From Figures 4.1-4.2, it is not difficult to find that
the model (4.1)-(4.2) have a strictly positive globally asymptotically stable spatial homogeneity 2-
periodic solution. In model (4.1)-(4.2), the densities of prey and predator will oscillate periodically
with a period of 2 and distribute homogeneously in space when the time is long enough. In order
to verify that the periodic solution of the model (4.1)-(4.2) is globally asymptotically stable, we
selected different initial values and conducted extensive numerical simulations. The results showed
that the 2-periodic solution of the model (4.1)-(4.2) is asymptotically stable for any positive initial
value. Please refer to Figure 4.3 for details.

From the theoretical research in this article, we can clearly see the dynamic stability mechanism
of the predator-prey system. When the birth rate of prey species and the post-predation nutrient
absorption rates of predator species reach sufficient levels, predator and prey species can maintain a
long-term stable survival state, effectively avoiding the risk of population extinction (see Theorem
2.1 and 3.2). More interestingly, under the basic conditions mentioned above, if key factors such as
population diffusion rate, interaction strength, and predator natural mortality rate can also meet
specific criteria, then under minor time delays, the density of species in the predator-prey system
will exhibit periodic changes. This further reveals the beauty of dynamic equilibrium within e-
cosystems (see Theorem 3.1). This theoretical result has been thoroughly validated through precise
numerical simulations, providing a solid theoretical foundation for our understanding, evaluation,
and maintenance of ecosystem balance. It is worth noting that the sufficient conditions established
in this article are both concise and easy to verify. Specifically, the conditions proposed here are
formulated as a series of inequalities rather than strict equations, providing great convenience and
flexibility for the application of these theoretical results in practical ecosystem management.

Remark 4.1. The method obtained in this article can not only be used to study the dynamic
properties of solutions for various delayed reaction-diffusion predator-prey models, but also to study
corresponding cooperative and competition models. In addition, this method may also be used to
study the dynamic properties of solutions for time-varying delayed reaction-diffusion population
models and fractional-order delayed reaction-diffusion population models.
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FIGURE 4.1. Evolution process of the density for the species u(z,t) of model
(4.1)-(4.2)

FIGURE 4.2. Evolution process of the density for the species us(z,t) of model
(4.1)-(4.2)

FIGURE 4.3. Evolution process of the densities for the species u (z,t) and us(z, )
of model (4.1)-(4.2) with different positive initial values
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