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ABSTRACT

In this article, we study discrete multi-Galerkin and iterated discrete multi-Galerkin methods
for solving the derivative-dependent nonlinear Hammerstein type Fredholm integral equations,
where the nonlinear function within the integration is dependent on the derivative, and the ker-
nel function is of Green’s type. We achieve the error bounds by substituting all integrals in the
multi-Galerkin method with numerical quadrature and obtain the superconvergence results for
derivative-dependent Fredholm-Hammerstein integral equations using piecewise polynomials as ba-
sis functions. By applying the numerical quadrature rule, we prove that the iterated discrete multi-
Galerkin method provides superior convergence rates over the discrete multi-Galerkin method with
Q(pmin(d+1, m+2my, m+2m2)) - where h represents the norm of the partitions. Numerical results are
presented to validate the theoretical findings, with figures illustrating a comparison of the error
analysis between the proposed methods and those discussed in [22].
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1. Introduction

Nonlinear BVPs arising in ordinary differential equations are prevalent across various fields such
as mathematical models [1], diffusion problems [5], chemical reactions [9], Stellar Structure [12],
engineering [14], nuclear physics [16], heat conduction [23], physiology [24], etc.
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This paper deals with the following two-point boundary value problems (BVPs):
(2'(1)" = ¥(t, 2(t), 2/ (1)), (1.1)
with the boundary conditions
2(0) = &1, prz(1) +X2'(1) = &. (1.2)
The reformulated integral equation is expressed as follows:

(&1 — 0\

_ o[ /
z(t) =01 + e —i—/o K(t, s)¢(s, z(s),2'(s))ds, ¥t €|0,1], (1.3)

with kernel

K(m):{ 145, 0st<s,
s(1— ), s<t<
where 01, 1 > 0, A1 and & are constants.

In most cases, BVPs are often difficult to solve analytically. Therefore, we need to use some nu-
merical approximate methods for their solution. The numerical methods to solve the BVPs, such
as the decomposition, Adomian decomposition, and modified decomposition methods are well doc-
umented in the literature (see [2,9,10,18,19,39]), in which the researchers considered the BVP (1.1)
with nonlinear function v independent of derivatives. Although these numerical methods provide
several advantages, they require substantial computational effort mainly due to the calculation of
indeterminate coefficients in more complex transcendental or nonlinear algebraic equations, which
adds to the overall computational work (see [16,24,25]). Moreover, in some cases, the undetermined
coefficients may not have a unique solution. This is a significant drawback of using these meth-
ods for addressing nonlinear BVPs. Hence instead of directly solving BVPs, it is feasible to solve
an equivalent integral equation that leads to a derivative-dependent nonlinear Hammerstein type
Fredholm integral equation:

1
z(t) = g(t) +/0 K(t,s)y(s, 2(s),2'(s)) ds, (1.4)

where the functions g(.), Green’s kernel K(.,.) and (., z, ') are known, while z(-) is the unknown
function to be determined in the Banach space X.

In general, integral equation (1.4) represents the regenerate form of nonlinear BVPs. Several authors
have discussed Hammerstein type second kind Fredholm integral equations, where the nonlinear
function ¢ is independent of derivative (see [20,26,27,29,32]). Atkinson et al. [6-8] explored the
spectral and iterated spectral methods for solving Fredholm-Hammerstein integral equations with
certain classes of kernels. Recently researchers studied the Volterra-Fredholm and systems of inte-
gral partial differential equations using hybrid functions [37,38]. They also investigated the solutions
of various types of partial integro-differential equations [33-36]. Chakraborty et al. [11] introduced



the spectral methods for solving Volterra-Hammerstein integral equations of the second kind. In
[31], Nigam et al. developed discrete spectral methods for Fredholm-Hammerstein integral equa-
tions. Meanwhile, Allouch et al. [4] proposed spectral methods to address the derivative-dependent
nonlinear Hammerstein type integral equations with Green’s kernels.

In [28], Mandal et al. studied the Galerkin method and its iterated version to solve derivative-
dependent Fredholm-Hammerstein integral equations, utilizing piecewise polynomials as basis func-
tions, and they achieved convergence results in infinity norm. However, the authors excluded con-
siderations of errors arising from the inner product and integral operators. To address these types
of errors, Kant et al. [22] presented the discrete Galerkin method and its iterated version for solv-
ing derivative-dependent Hammerstein type Fredholm integral equation with Green’s kernel and
achieved better convergence. Hence the primary objective of choosing these methods in this article
is to obtain superconvergence results, including better convergence rates and improved accuracy by
accounting for errors arising from integrals and inner products. These improvements are made in
comparison to the discrete Galerkin and iterated discrete Galerkin methods presented in [22] and
studied with collocation and multi-collocation methods [30].

The main motivation of this article is to achieve superconvergence results by addressing errors aris-
ing from integrals and inner products in derivative-dependent nonlinear Hammerstein type integral
equations. Recently in [21], the authors obtained superconvergence results for derivative-dependent
Fredholm-Hammerstein integral equations of the second kind using modified Galerkin and iterated
modified Galerkin methods, which demonstrated enhanced performance compared to the Galerkin
and iterated Galerkin methods. Motivated by this, our aim is to achieve a higher rate of conver-
gence with reduced computational complexity for the same, thereby improving upon the discrete
Galerkin and iterated discrete Galerkin methods discussed in [22].

In this article, we study the discrete multi-Galerkin method and its iterated version using piecewise
polynomials to solve derivative-dependent nonlinear Hammerstein type Fredholm integral equations
with Green’s kernel defined by (1.4). We achieved order of convergence Q(h™(d+1, mtma, mtms))
and @(hmi“(dH’ mt2ma, m+2m2)), respectively, where h represents the norm of the partitions and d is
the degree of precision of the quadrature rule. Further, m = min{r+1, &1}, m; = min{r+1, k1, u+
2}, me = min{r + 1,k — 1,4 + 1}, where r represents the degree of the piecewise polynomials,
k1 is the smoothness of the solution, and k; > pu > —1. Hence, it shows that the iterated discrete
multi-Galerkin method exhibits superior convergence rates compared to the discrete multi-Galerkin
method.

This paper is structured in the following manner: In Sec 2, we develop the mathematical formula-
tion of the discrete multi-Galerkin method and its iterated version for solving derivative-dependent
nonlinear Hammerstein type Fredholm integral equations defined by (1.4). In Sec 3, we analyze the
superconvergence results obtained by discrete multi-Galerkin and iterated discrete multi-Galerkin
methods. In Sec 4, we provide numerical examples to confirm the theoretical findings. For the rest
of the paper, we will use C' as a generic constant.



2. Discrete Multi-Galerkin Methods: Derivative-dependent nonlinear Hammerstein
type Fredholm integral equations

Consider the derivative-dependent nonlinear Hammerstein type Fredholm integral equations

1
z(t):g(t)—l—/o K(t, 5)ib(s, 2(s), 2/ (5)) ds, (2.1)

where ¢(.), K(.,.) and (., z,2") are known sufficiently smooth functions, whereas z(-) is the un-
known function to be found in the Banach space X = IL°>°[0, 1].
Take a certain t € [0, 1], consider

Kit(s) = Ki(s), Vtelo,s], (2.2)
Kot(s) = Ki(s), Yte]ls1]. (2.3)

For each t € [0,1], we assume K1; € CF[0,#], Ko € CF[t,1] and Ky(s) = K(t,s) € CF(0,t) N
CF(t,1) N C*(0,1), where k; > 1 and k; > p > —1. In general, consider g € C*[0,1]. From
Atkinson et al. ([7], Theorem 4.1 and Corollary 4.2), implies that z € CF1([0,1]). The Green’s
kernel, in the context of two-point BVP of (1.1) defined by

t(1—-25-), 0<t<s,
]C(t,S) —{ ( H1+>\1) -7 =
S

_ _t
1— ), s<t<1,

with =0 and k; > 1.
Denote

1218y 00 = max{|2"™Jloo : 0 < m < Ka},

h

where (™) represents the m!" - order derivative of z.

In this paper, we assume the following conditions for g(t), K(¢,s), and (s, z(s), 2/(s)):
(i) g € C[0,1).
(ii) K(t,s) € CF([0,1] x [0,1)).
(iii) A1 = sup |K(t,s)] < oo, Ay = sup |I(t,s)] < oo.

t,s€[0,1] t,5€(0,1]

(iv) The nonlinear function (s, z,2’) is Lipschitz continuous in z and 2/, ie., for each
21,22, 21, 25 € X, 3 a constant C7 > 0 such that

[¥(s, 21, 21) = ¥(s, 22, 29)| < Cr{l1(s) — 22(s)] + |21(s) — 25(s)[}, ¥ s € [0,1].

(v) The partial derivatives (19 (s, 2, 2') € C([0,1] x X x X), @00 (s, 2, 2/} € C([0, 1] x X x X)



of 1 exists and Lipschitz continuous w.r.t the second and third variables, i.e., for each 21, 29, 2], 2 €
X, d constants Csq, Cs > 0 such that

[P0 (s, 21, 20) = 9010 (s, 22, 2)] < Cof|z1(5) — 2a(s)| + |24(s) — =
[0V (s, 21, 20) — OOV (s, 20, 25)] < Ca{|z1(5) — 20(s)| + |21(s) — 2

(s)I},
(s)I},

N~ N>

where V s € [0, 1].
(vi) Let A = A; + As and C; hold the properties such that AC; < 1.
For each z € X and ¢ € [0, 1], let

1
Ka(t) = /O K(t, 5)2(s) ds,

and

1
Lz(t) = %(Kz)(t) = /0 I(t,s)z(s) ds,

where §(s) = I(t,s) = %K(t, s) satisfies I(t,s) € CF~1(0,£) N CH~1(¢,1) N C+~1(0, 1).
We consider

[K]loe < A; and [Lilo < Ao, (2.4)

where K and I are compact operators.
To approximate Eq. (2.1), we use the approximation approach proposed by Kumar and Sloan [27].
To begin, we let

n(s) = ¥(s, 2(s), 2 (s)), s €[0,1]. (25)
Let if ¥(.,.,.) € C*([0,1] x [0,1] x [0, 1]), then applying the product rule of differentiation implies

that n € C*1[0, 1].
Then the Eq. (2.1) can be expressed in the following as

1
2(t) = g(t) +/0 K(t,s)n(s)ds, tel0,1]. (2.6)

Consider the operator K : X — X defined by

The Eq. (2.6) is reduced in operator form as

z =g+ Kn. (2.8)



Further, introduce the nonlinear operator €2 : X — X defined by
Q(2)(s) = (s, 2(s),2'(5)). (2.9)
Hence the Eq. (2.5) becomes
n = Qg+ Kn). (2.10)
Now assuming that T(z) = Q(g + Kz2), 2z € X, from Eq. (2.10), we have
n="Tn. (2.11)

Using the assumption, we have AC] < 1 such that the operator T is a contraction mapping on the
Banach space X, then using the principle of the Banach contraction theorem, it proves that the Eq.
(2.11) has an isolated solution 79 in X.

Let X}, be the approximation subspaces defined by

Xy, = Pm,A = {Z : Z|[t],_1, t] eP,, 7=1,2, ...,n}, (2.12)

where the space P, includes all polynomials of degree not exceed m (m > 1). Consider the partition
of [0,1] asII,, : 0 =19 < t; <--- <t, =1, and h = max hj, represents the norm of partition defined

n
as hj = {tj — tjfl, ] = 1,2,..,7’L}. Let Aj = {[tjfl,tj] 1< j < n}, and define CA = H C(A]),
j=1
where Ca constitutes a Banach space in the uniform norm, represented as [|z||A oo = max||2;||oc-
J

Further, we define useful notations as
L={1,2,...,.M}, T ={t1,to,...,tr}. (2.13)
Then there exists integer p > 0 such that
T <p<2T, (2.14)

where 7 represents total number of quadrature points in [0, 1].
The introduction of index sets can be expressed as the form:

Hj=j+(@—1)r, where 1<i<m, 1<j<T. (2.15)
Consider the collection {I';}, C I satisfying the following condition

ti ey ={tht?,.. ¥}, VjeH,

10710

max{[t —t;|; t € Ty, j € H;} < s,

here s is a provided constant (typically s < 2).

Now introduce the notation ! for ¢ = 1,2,...,p, denotes the elementary Lagrange-polynomials



corresponding to the nodes in T';.

Hence we have
(Liy)(t) = Yy (@), (2.16)
q=1
denotes as Lagrange-interpolation polynomial for the function y at these nodes.

Define the collection of indices {B;}/"; such that

HiCBi:{il,iQ,...,ip}CH, Hi:{tqZQGBi},
tg:tiq, 1=1,2,...,m,andg=1,...,p.

Then Eq. (2.16) can be expressed in the form of Newton interpolation polynomial:

p—1

L)) =D yltd, . 77— t]) . (= t]). (2.17)

q=1

Now use nested multiplication for the evaluation process. To do this, we use Eq. (2.17) to create
K;, and LL;, as discrete analogues of K and L, respectively.

Defining some functions in the following manner:

0, t<TI'i
) ={t-Tiy, Tia<t<T, . (2.18)
Jio Ti<t
fio t<Ti
A6y ={ri—¢t, Li,<t<D; , (2.19)
0, T;<t

shi(t) = Ti + 7 ()65,

S50 =Ti+ 72 (1) — 1,
where 1 <t <mand 1 <5< 7.

As introduced earlier notations, the discrete operators Ky, : C[0,1] — C10,1] and Ly, : C[0,1] —
C[0, 1] defined as

2 m
(Rn)(t) = D2 3w (6) D Kolt, sty (1) (Lim) (s55(1), (2.20)



and

T

2 m
Lo () =33 7P ij () (Lin) (L (1)) (2.21)

v=1 i=1
For ease of computation, simplify the definition for ¢t € A; as follows:

2

(Knm)(t) =Y (Lin) AY (¢ Z 3 Kt t) (2.22)

v=1 n=1n#ijeH,

where
AL (t) = ij , 8% () (L) (5 (1)) (2.23)

Proposition 1. Consider 9y € C%*1[0,1] as the unique solution of nonlinear Fredholm integral
equations defined in (2.8), then there hold:

1K = K)ollee = O(RTH),
1Ly = L)nollee = O(RTH),

here h represents the norm of partitions and d is the degree of precision.
Now define the inner product in discrete form as:

(. B)n =Y wlaly))By)). (2.24)

i=1 j=1

Consider r = j+(i—1)7,foreach 1 <i <m, 1 < j <7, als0t,—j 1)y = yg and wy—j 4 (j_1); = W
and set M = mr.
We define

(o, B)n = Zwra(yr)ﬁ(yr)- (2.25)

Discrete Orthogonal Projection Operator:- Consider Q : X — C,, as the discrete orthogonal

projection operator such that

T

Qz = Z<9€, €5)As 1 €55 (2.26)

j=1



where
(a, B)A,, = Z w;a(x;)ﬁ(a:z) (2.27)
j=1

For convenient, define discrete projection operator Q : X — Cp by

th == (Qzlv QZ27 cee 7an)7 (228)

where Qz; denotes the discrete orthogonal projection operator that projects z; € C(A;) onto the
subspace of polynomials with degree at most r defined on A;.
We can also define the above operator Qp, : X — X, as

M
Qpz = Z(z, ej)mej, z€X, (2.29)
j=1
where
th = (Qzla QZQ7 cee 7an>7 (230)
and Q, satisfies such that
(th,zh>M = <Z,Zh>M, S X, zn € Xp. (2.31)

Lemma 1. Letny € C%*1(0,1] be a unique solution of nonlinear Fredholm integral equations defined
n (2.8), the following result hold

KA (T = Qn)lloc = O™) and |[Lp(I = Qn)llec = O(R™),

where h represents the norm of partitions, my = min{r + 1,ky, u + 2} and mg = min{r + 1,k —
L+ 1},

From Sloan [41] and Chatelin [13], we present some essential properties of Qj,, which are indis-
pensable for our convergence analysis.
(i.) VzeX,

(z — Qrz,z2 — Qpz)pr = m%gn(z — 8,2 —S)M- (2.32)
SEAR

(ii.) V z € X, 3 a constant p > 0 such that

[Qnlloo < p < 00, (2.33)



and
1Qnz — 2|0 gwiggh |z — ¥]looc = 0 as h — 0. (2.34)
(iii.) In general, z € C"[0, 1],
1Qnz — 2[loc < CRT[|2" |0, (2.35)

here C represents a generic constant independent of h.
To solve Eq. (2.10), using the discrete multi-Galerkin approximation, we aim to achieve the ap-
proximate solution n,]LVI € X such that

m! =Ty ("), (2.36)
where the operator T : X — X defined by (see [15,17])
T;' (u) = QuQ(g + Knu) + (I — Qn)2(g + KnQnu). (2.37)
The iterated discrete multi-Galerkin method approximates as follows:
i’ = Qg + Knny"). (2.38)
From Eq. (2.8), corresponding approximate solutions z;’b\/f and 2,]24 of z defined as:

2 =g+ Kp(nhh), (2.39)
2 =g+ Kn(iph). (2.40)

Now applying Qp, and (I — Qp) to the Eq. (2.36), we have

Qunn' = QS +Knp'), (2.41)
(I = Q" = (1 - Qu)Qg + KnQun"). (2.42)

Eq. (2.42) can be expressed as
M = Qunp’ + (1= Qu)g + KnQup”)- (2.43)

From Egs. (2.41) and (2.43), we obtain

Q" = QuA(g + Kn (Quy” + (T - Qn) (g + KnQump")))- (2.44)
Let MhM = th;jy, we find M,]l/[ € Xj,, then above equation becomes

My = QuQ(g + Kn(Mp + (I— Q)9 + KnMi"))). (2.45)

10



Now find n} from the Eq. (2.43) as
m! = MY+ (1- Q)9 + K M. (2.46)
Note that Fréchet derivative of ThM at ng is defined as

T (o) = QuO10 (g + Kpno)Kp + (I — Q) Q%10 (g + K, Quno)KrQp
+ QOO (g + Kpymo) Ly, + (I — Q)00 (g + Ky Qpno)LaQy.- (2.47)

3. Superconvergence results

This section focuses on the study of the existence of the discrete multi-Galerkin technique and its
iterated version for addressing derivative-dependent nonlinear Hammerstein type Fredholm integral
equations given by (2.1) and achieves their superconvergence results. For this, we will commence
with the theorem from [42], which provides conditions that if one equation is solvable, then another
related equation must also be solvable.

Theorem 1. ([42]) Let X and X be the continuous operators and ® be the open set in the Banach
space X. Let 79 € ® be the isolated solution of = ¥n. Then the given condition holds

(a) The operator X is Fréchet differentiable in a neighborhood of the point 7y, and the linear
operator (I — % (7)) is continuously differentiable.

(b) Consider some § > 0 and constant 0 < ¢ < 1, the given conditions hold (assuming 4 is sufficiently

small such that ||n — 7p||< ¢ contained in ®)

o - X (710)) " (¢ () = X' (o))l < 4, (3.1)
B = 11— X' (1)~ (R (7o) — X () < 5(1 = q). (3.2)

Then the equation 7 = Y7 possesses an exact solution 7y within ||n — 7o||< 0. Furthermore, the
inequality

B L B
T <l = ol < —2—, 3.3
<l < (33)

holds.

Next, we will investigate the existence of discrete multi-Galerkin solutions and their convergence
analysis.

Lemma 2. Let 19 € C*[0,1] be a unique solution of nonlinear Fredholm integral equations defined
n (2.8), then there hold:

I(KrQp — K)nolloo = @(hmin(d+1, m+m1))’

11



and
|(LrQn — L)nollec = @(hmin(dJrl, m+m2))’

where d denotes the degree of precision and m = min{r + 1,k1}, m; = min{r + 1, k1, u + 2} and
mo = min{r + 1,k — 1, u+ 1}.
Proof. (p.9, [22]), follows the proof of this Lemma. O

Theorem 2. Consider 79 € C*[0,1] as the exact solution of (2.10) and T2 (no) be the fréchet
derivative of T at 1 given by (2.47). Assume that the operator T’ (19) do not have an eigenvalue.
Then for small h, the operator (I — T (1)) exists and uniformly bounded on X. Then there exists
a constant £ > 0 such that

I = T3 (0)) oo < £ < 0.
Proof. From the Eqs. (2.11) and (2.47), we obtain

ITA" (10) = T'(10) oo

= |QuQ 19 (g + Kpno)Kp, + (I — Q)01 (g + K, Qu10) KrQp,

+ Q0% (g + Kymo) L, + (I — Q4)QON (g + K, Quro) L Qp

— Q019 + Kno)K — 2%*V (g + Kno) L oc. (34)

From Eq. (3.4), we obtain

{QOL) (g + Kpno)Kp} = {08 (g + Kuno)Ky — QOB (g + Kno)Ky, + QO (g + Ko ) Ky, }
Co[{(Kp, — K)o} Ky, + {(Lp, — LYno YKp] + QOO (g 4+ Kig) Ky, (3.5)

IN

similarly,
{Q©@OD (g + Kpmo)Lp} < C5[{(Kp — K)mo}La, + {(Ly — LYo} La] + Q@D (g + Kno)Ly,.  (3.6)
Also, we have

{2010 (g + KpQuo)KnQn} ={Q10 (g + Kj,Qpno) KnQp, — Q0 (g + Kio) K, Qs
+ QOO (g + Kno)KpQy }
< Co[{(KnQn — K)o} KnQp 4 {(LnQn — L) 70 } K, Q4]
+ QOO0 (g + Kno) K, Qp, (3.7)

similarly,

{009 (g 4+ Kp,Quo)LaQn} < Cs[{(KnQp — K)o }LnQp + {(LnQp — LY7o s Qy)
+ Q0 (g + Ko )Ly, Qp,. (3.8)

12



Substituting estimates (3.5)-(3.8) in Eq. (3.4), we obtain

ITH" (m0) — T'(n0) e < p(C2A1 + C3A2)[||(Kn — K)molloo + | (L, — L)7o]lsc]
+ p(1+ p)(C2A1 + C3A) [ (KpQr — K)nolloo + [[(LaQp — L)molloo]
+ 19019 (g + Ko) (Kn — Koo + 129 (g + Kno) (L — L)oo
+ 11219 (g + Kno)KnQnloo + 1201 (g + Kno) Lt Qn | o

Next, using boundedness of [|Q010) (g + Kng)|so, ||V (g + K1)/, Proposition 1 and Lemma
2, we obtain

ITA" (n0) = T (m0)lleo — O as h — 0. (3.9)

This implies T (19) is norm convergent to T’(1g). According to Ahues et al. [3], (I — T (ng))~*

is invertible and uniformly bounded for small h, i.e., 3 a positive constant £ independent of h such
that [|(T—Ty" (10)) oo < £ < o0
Hence Proved the Theorem. O

Theorem 3. Let 1y € C* [0, 1] be the unique solution of derivative-dependent Hammerstein Fred-
holm integral equations defined by Eq. (2.10). Assume that the linear operator T " do not have
an eigenvalue 1, where ']I‘hM " represents the Fréchet derivative of T;‘f , then for sufficiently small
h and parameter § > 0, the Eq. (2.36) possesses isolated discrete multi-Galerkin approximation
€ B(no,d) = {n:|In — nollc < J}. Additionally, there exists a constant 0 < ¢ < 1, independent
of h, such that

Bh
14¢

Bh
1—¢q’

< ||77]]1V[ _770||oo <

with B, = (L= T3 (10)) = (T} (m0) — T(10))ll -

Proof. For every n, 1o, u € X, we consider

TR (o) — TA ()]ulloo = I{QRQCHO (g + Kpno)Kp + (I — Qu)QOM0 (g + Ky Qio) K Qs
+ Q@0 (g + Kpmo) L + (I — Q)Y (g + KpQuno) L Qs }
—{Qr QO (g + Kp)Kp, + (T — Qp)Q0H0 (g + K, Qun) K1, Q
+ Q0D (g + Kpyn)Ly, + (I — Q)% (g + KpQpn)LpQp 1] ||
< Qa0 (g + Kpno) — QOO (g + Kpyn) Ko
+ 1@ = Qu) QO (g + KnQpmo) — 2O (g + Ky Qum) K Qnt oo
+ | Qu Q0D (g + Kpo) — Q00D (g + Kpn)|Lyul o
+ /(1= @)D (g + KnQuno) — 2O (g + Ky, Qum)| L Qute oo
(3.10)

13



From Egs. (2.4) and (2.33), we get

IKnnlloo < Atlln]oo, (3.11)
ILnnllee < Aoln]loo- (3.12)
Also
IKnQrnlloo < A1plI7]loo, (3.13)
ILAQrnloe < A2pl|n]|oo- (3.14)

Then using the estimates (3.11)-(3.14) in the Eq. (3.10), we get

TR (n0) = TH" (M)]ulloo < pC2l{ KA (0 — 1)lloe + 1La(m0 = 1)lloo HIK ]| oo]
+ (14 p)C2[{lIKaQnr (1m0 — ) [loo + ILaQn (10 — 7)lo0 HIKrQuuf|o0]
+ pC3[{1IKn (10 = 1)lloo + L (m0 = 17)lo0 } [ Lnte]oc]
+ (14 p)C5[{[[KnQn(n0 = m)lloo + [ILrQn (10 — m)lo0 }HILrQrul|o]
< p(Ca + C3)(A1 + A2)* |10 — l|ool|ullso
+ (14 p)p*(Ca + C3)(A1 + A2)* [0 — 1llool|tt/loo
= [p(Cy + C3) (A1 + A2)* + (14 p)p*(Ca + C3) (A1 + A2)*] [0 — lloollt]l o
= [p(C2 + C3) A% + (1 4 p)p*(C2 + C3) A%]|10 = 1] oo || ulloo
= [p(Ca + C3) A(1 + p+ p*)]lImo — nlloolullo- (3.15)

Hence

ITA" (10) = T3 (m)lloe < [p(Ca2 + C3) A% (L + p + p°)] 10 = nlloo- (3.16)

From the Theorem 2, we obtain

H SUIﬁ<6||(]I = T3 (10)) " (T3 (m0) = T (Moo < L[p(Ca + C3)A* (1 + p + p*)]6 < g,
N—Noll>

now we take ¢ such that 0 < ¢ < 1, ensures the validation of (3.1) according to Vainikko’s Theorem
1 of [42].
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Consider

B = (L= T3 (10)) ™ (T4 (110) — T(n0))lloo
< LT3 (n0) = T(m0) oo
= L[|Qn2(g + Kpmo) + (I — Qn)2(g + KrQrmo) — g + Kno) [0
= L[| Qn2(g + Kpno) + g + KrQrmo) — Qu€2(g + KrQrmo) — (g + Kno) || o
= LI{g + KpQnrno) — g + Kno) } — {Qu2(g + KnQnrno) — Qrs2g + Kn1o) }Hloo
< LCH{KrQn — K)no + (LnQp — L)no} — Qu{(KrQn — Kp)mo + (LaQp — Ln)no }Hleo
< LG (T = Qu){(KpQp — K)mo + (LrQp — L)mo} + Qr{(Kp — K)no + (L, — L)no}tloo- (3.17)

Using Proposition 1 and Lemma 2 in above equation, we obtain

Bn < LO(1+ p){I(KpQn — K)ol oo+ (| (LnQp — L)nooc }
+ L p{|(Kn — K)nolloo+[[ (L — L)nollec} — 0 as h — 0. (3.18)

Taking sufficiently small h such that 5, < (1 — ¢), ensures the validation of (3.2) according to
Vainikko’s Theorem 1 of [42] hold.
Hence from Theorem 1, we have

B M Bh
< — <
< = il < T2
with B, = [[(T—="TA" (10)) =" (T4 (10) — T(10)) o
Hence proved the Theorem. ]

Theorem 4. Let 19 € C*1[0, 1] be the unique solution of equation defined by (2.10) and assume that
the linear operator TQ/[ " do not have an eigenvalue 1, where ThM " represents the Fréchet derivative
of TM. Let Qp, : X — X, be the discrete orthogonal projection operator defined by (2.29) and 7}/
be the discrete multi-Galerkin approximation of 7ng. Then there holds

I — o]l = O(Amin(+h ks, mm))

9

and if z}]LV[ is the corresponding approximation of zy, Then the following holds

)

2 — 2olloo = @M1, b, b))
where d denotes the degree of precision and m = min{r + 1, k1}, m1 = min{r + 1, k1, u + 2} and
mo =min{r + 1,k — 1, u+ 1}.

Proof. By using the Theorem 3, we have

Bh
14+g¢

Bh
1—q’

<l = molloo <
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with B, = [|(T— T (170)) = (TA (m0) — T(10))lloo-
Consider

lmn" = 1m0lloe < 1ﬁ_hq < 1iq||(]I — T4 (10)) ™ (T3 (n0) — T(n0)) I
< O =TR" (1)) oo (T3 (m0) = T(10)) 00
= CL||Qn2(g + Kpmo) + (I — Qn)(g + KnQnrno) — (g + Kno)llo
= CL||Qn2(g + Kpno) + Qg + KrQprno) — Qu (g + KpQrno) — g + Kno) oo
= CLI{2g + KnQpmo) — 2(g + Kno)} — {Qn2(g + KrQrmo) — Qrn2(g + Knno) Hloo
< CLCH{(KRQn — K)no + (LpQp — L)no} — Qp{(KnQpn — Kp)no + (LaQr — La)mo} |
< CLC (T - Qu{(KrQr — K)no + (LpQp — L)mo} + Qu{ (K, — K)no + (Lp, — L)no}Hloo
< CLC(1 + p){II(KnQp — K)nolloo+[[(LrQpn — L)nolloo
+ CLC1p{|(Kp — K)moloo+[|(Lr — L)nolloo }- (3.19)

Now using the result of Proposition 1 and Lemma 2, we obtain

I — ol = {D(R™RETE mEm)) 4 (R M)} | {O() + ()
_ @(hmin(d+1, m+my, m—l—mz))‘ (3‘20)

From Egs. (2.8) and (2.40), we have

28" = 20lloe = I Knmp" — Knolloo
< Kpn — Kpno + Kpno — Kiollo
< |IKu(p" = n0)lloo + [|(Kn — K)nolloo

< Ayllmy" = nolloo + [(Kp — K)moloo
_ @(hmin(d—I—L m+m, m+m2)) + @(hd+1)

= Q(Rmin(@+1, mtmi, mima)y (3.21)

Hence Proved the Theorem. ]

Next, we will investigate the superconvergence analysis for iterated discrete multi-Galerkin ap-

proximation.

Theorem 5. Let g € C¥1[0,1] be the exact solution of equation (2.10) and assume that the linear
operator ThM " do not have an eigenvalue 1, where ThM " represents the Fréchet derivative of ThM . Let
Qp : X — X, be the discrete orthogonal projection operator given by (2.29) and ﬁfy be the iterated
discrete multi-Galerkin approximation of 79. Then the following holds

9

175" = oloo = @(pmInEEL rtzm miE2m2))
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and if E;ZLV[ is the corresponding approximation of zg, Then the following holds

||§]Jl\/[ — ZOHoo — @(hmin(d—I—L m+2mq, m+2m2))’

where d denotes the degree of precision and m = min{r + 1,k;}, m; = min{r + 1,k;, u + 2} and
mo =min{r + 1,k — 1, u+ 1}.

Proof. We consider

m' —=no =T (n") — T(mo)
= Tp (") = T (o) — TH" (m0) (mi" = m0) + TR (mo) (" — o) + T4" (o) — T(no)-
(3.22)
This implies that

(@ —Ty" (o)) (" —m0) = Tp (i) = Th (mo) — TH" (mo)(mp" = mo) + T' (mo) — T(mo).  (3.23)

Now applying the Mean Value Theorem, we obtain

=m0 = (T="Th" (o)) [TA (") = TA" (o) — TA" (o) (ma" = mo0) + T2 (no) — T(1mo)]
= (I—="T3" (n0)) " [TA (") = T  (m0) — T4 (o) (my" — 0]
+ (I —="T3" (n0)) "[T5 (m0) — T(m0)]
= (T="T3" (m0)) " [TA" (mo + 61.(m," = m0)) — T2" (o)) (mi" — mo)]
+ (I = T4 (m0)) " [TA (o) — T(no)], (3.24)

where 0 < 07 < 1.
Operating K}, on both side of Eq. (3.24), we have

KA (5" — 10)lloo = KR (T = T5" (10)) " llso I [TA" (110 + 01 (4" = m0)) — TH" (10)) (ma" — 10) |
+ 1K (@ = T3 (m0)) "[T5 (10) — T(10)] | oo- (3.25)

From Theorem 2, we have

1K (T = T2 (110)) Ml oo < A1]|(T— T (1))~ utl|oo
< A= TR (10)) ™ lloo llulloe
< A1 L]|uf]oo- (3.26)

Now using the above estimate in Eq. (3.25), we obtain

IKn(mh" = 10)lloe = ALLI[TA (o + 61(mp" = n0)) — TA" (10)] (12" = n0)llos
+ |Kn (T = T3 (n0)) [T (10) — T(10)]llos- (3.27)
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Using the identity (I— T (n9)) ™! =T+ (I —TM (n9)) ~*TM (1), in the second term of Eq. (3.27),

we get

1K (T = T4 (70)) " TA" (10) — T(m0)] oo
= IKp{T+ (T = TA" (0)) " TA" (o) }TA (m0) — T(10)]llow
= | KA[TH! (10) — T(10)]lloo + KA (T = TA (m0)) ™ T4 (10) [T (m0) — T(10)]lloc
< IKA[TA (70) = T(10)]lloo + ALLITR (70)[TA" (m0) = T(10)]|oo- (3.28)

Since

Th (n0) — T(m0) = Qu2g + Kpmo) + (I — Qu)g + KrQrmo) — Qg + Kno),

and

T (n0) [T (n0) — T(no)]
= [QuQ 1 (g + Kpno)Kp + (I — Q) Q1Y (g + KpQpno) K Qp + Q%Y (g + Kpno) L,
+ (I — Q)% (g + Ky Qpio) L Q) x {QrQg + Knmo) + (I — Qr)Q(g + KnQuio) — (g + Kno)}
= {Q Q1Y (g + Kpno) Ky, + QO0V (g + Kpro) L) + (I — Qp) [0 (g + Ky Qurmo) KrQp

+ QOO (g + K, Quo)LaQu) x {[2(g + KnQurmo) — g + Kno)] — [Qu(g + KnQumo) — Quf(g + Knmo)]}

< [p{1QCL0 (g 4+ Kpmo)Kp, 4+ QOO (g + Kpmo)Lalloo } + (1 + p) {12O19 (g + Ky Qnio) KrQp
+ QOO (g 4 K, Qo) LaQploo }] X [C1 (1 + p){II(KRQu — K)o loo+ | (LaQh — K)ol oo }
+ C1p{||(Kp — K)noloo+ || (L, — L)nol[oo }- (3.29)

Hence using the estimates (3.28)-(3.29) in Eq. (3.27), we obtain

IKn(mh" = 10)lloo = ALLI[T" (o + 01(mp" — n0)) = TA" (10)] (" — 10) |
+ KA [T (n0) = T(n0)]lloo + ALLITA (n0) [T3 (110) = T(0)] |0
< CALL|nR" = nollZe + 1K (T — Qu)[(KnQn — K)o + (LpQp — L)no] [l
+ [[KnQu[(Kn — K)o + (L — L)no]lloo + A1 LI{QA[QOH) (g + Kpno) Ky
+ QOO (g + Kymo) L] + (I — Qp) [ (g + Ky Qpno)KrQp
+ Q0D (g 4+ K, Qumo)LpQn]} x {[(g + KnQuno) — Qg + Kno)]
— [Q@n2(g + KnQnrno) — QrS2(g + Kn1o) | }Hloo
< CALLImp" = mollZe + KA — Qi) oo | [(KnQn — K)o + (LaQn — L)mo]flo
+ |KhQn[(Kp, — K)o + (Li, — L)mo] oo + A1 Lol[[2010 (g + Kpo) K,
+ QOO (g + Kpno) Ll lloo + A1L(1 + p) [ (g + K Qpno) KnQp

+ QOO (g + K, Qumo)LaQa) oo x [C1(1 + p){[|(KnQn — K)nolloo+ ]| (LaQn — L)oo }

+ Crp{ll(Kn — K)nolloo+[| (L, — L)molloo }]- (3.30)
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Operating L, on both side of Eq. (3.24), we have

ILn (73" = m0)lloo = 1L (T — TR (110)) ™ oo TR (0 + 81" —10)) — T4 (o) (4" — 10)lloo
+ L (L= T4" (70)) " [TH (110) — T(10)]lloc- (3.31)

From Theorem 2, we have

L (= T3 (m0)) " tefloo < A2l (L= T3" (110)) ™ ulloo
< A (1= T3 (170)) ™ oo lulloo
< Ao L]|ul|oo (3.32)

Now using the above estimate in Eq. (3.31), we obtain

L = 10)lloo = A2L|[TN (no + 01.(np" — n0)) — TAL (10)] (" — 10) |
+ |Ln (T = T3 ()~ [TH (m0) — T(10)]llo- (3.33)

Now using the identity (I — T (n9))~! = T+ (I — T (n0))~*TM (1), in the second part of Eq.
(3.33), we get

L (T = T3 (10)) " T4 (0) = T(m0)]lloo
= |Lp{T + (T — T4 (10)) " TA" (o) HTA" (m0) — T(10)]lloo
= ILATH (10) = T(10)]lloo + Nen (T = T4 (10)) " T3" (120) HT A" (m0) — T(170)]loo
< LA[TH (n0) = T(10)]lloo + A2LI T (n0)[TH" (n0) — T(10)]lloo- (3.34)

Since we have

T3 (no) — T(mo) = QuQg + Kuno) + (I — Q)9 + KrQrmo) — Qg + Kno),

and

T (n0) T4 (10) — T(mo)]

< [p{12O0 (g + Kpno)Kp, + Q%D (g + Kpno)Lalloo } + (1 + p) {12019 (g + Ky, Qpno) K Qp,

+ QOO (g + KpQuno)LnQnllse } % [C1(1 + p){II(KnQn — K)olloo+ | LrnQ@n — K)rolloo }

+ C1p{|(Kn — K)no|loo | (L — L)no[oc }- (3.35)
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Hence using the estimates (3.34) and (3.35) in Eq.(3.33), we obtain

i (i = n0)lloe = A2LII[TH" (0 + 61 (mh" = n0)) — T" (m0)] (ma" — 10 lloo
+ [LaTH (m0) = T(n0)]lloe + A2LITA" (n0)[TA" (70) — T(10)]lloo
< C ALy = moll3e + M (T — Qn) [(KnQn — K)o + (LnQn — L)7o]|loo
+ [ILa QA [(Kn — K)o + (Ln — L)no] oo + A2LI{Qu) (g + Kuno) Ky
+ QOO (g 4+ Kyo)lL] + (1 — Qa)[210) (g + Ky Qumo)Kn Qs
+ QOO (g + K, Qumo)LpQn]} x {[(g + KnQuno) — Qg + Kno)]
— [Q@n€2(g + KnQnno) — Qr82g + Knmo) | }Hlo
< CAL|mp" = moll30 + 1La (T = Qi) oo | [(KnQn — K)o + (LaQn — L)no]lloo
+ ILrQu[(Kp — K)o + (Lo — L)o][lse + A2Lpl [0 (g + Kpuno) K
+ QOO (g + Kpno)Lallse + A2L(1 + p) [0 (g + Ky Qo) KnQp
+ QOO (g 4+ KpQuno)LaQnl oo % [C1(1 + p){Il(KrQp — K)nolloo+ | (LaQp — L)70lloc
+ Crp{[[(Kn — K)molloo+[|(Lr — L)no|loo }- (3.36)

From the Egs. (3.30) and (3.36), we get

178" = mollse = 1192(g + Knmp") — Qg + Kno) [l
= [12(g + Knnp") — Qg + Kamo) + g + Knno) — (g + Kno)lo
< Cil{IKn (1" = 10) oo + L (m8" = 10)lloo} + {I| (K — K10l co+1| (L = LYno]loo })
< C(A1+ A) LI = ol + KR (I — Q) llooI[(KaQp — K)o + (LnQp — L)n0][loo
+ KnQn[(Kp — K)no + (L — L)no]lloo + [|ILn (I — Qn) ool [(KrQn — K)o
+ (LaQn — L)mo]lloe + LA QA[(Kp — K)no + (L, — L)1o][loo
< CAL|my" = moll3e + IKa (T — Qn) ool [(KpQn — K)o + (LnQn — L)o][loo
+ 1KnQn[(Kp — K)no + (L, — L)no]lloo + [|ILn (I — Qp) ool [(KrQn — K)o
+ (LaQn — L)mo]lle + [ILAQA[(Kp — K)no + (L, — L)10] | 00- (3.37)

From the Lemma 2, we have

| (KnQp — K)o lloo+|| (LnQn — L)no]lee = @(hmin(d+1, m+m1)) + @(hmin(d-i—L m-l—mz))
— Q(pmin(d+L, motmi, mima)) (3.38)

And by Proposition 1, we have

(K — K)ol oo+ (Lt = LYnolloo = O(R) + O(A™)
= O(hdtY). (3.39)
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Next using the estimates (3.38)-(3.39) and Lemma 1 in Eq. (3.37), we obtain
||ﬁ£/[ — 10l = @(hmin(d—l—l, m+2my, m+2m2))' (3.40)
Now from the Eqgs. (2.8) and (2.40), we get

122" = z0llo0 = IKniin" — Knolloo
= ||(Kafiy" — Knmo + Kuno — Knolloo
< [|(Kn(in" = o) + (Kp = K)1oloo
<N Kn (7" = 10)lloo + 1| (K — K)ol
_ @(hmin(dH, m+2m., m+2m2)) + O

— @(hmin(dJrl, m+2my, m+2m2))

Hence Proved the Theorem. ]

Remark 1. According to Theorems 4 and 5, it is clear that by selecting a quadrature rule with
d+1 > max{m+2my, m+ 2ma}, then we achieve the convergence rates in discrete multi-Galerkin
and its iterated version as form:

B T )

)

||2,]1W — ZO”oo — @(hmin( m+2my, m+2m2))‘

The iterated discrete multi-Galerkin method exhibits superior convergence rates than the discrete
multi-Galerkin method.

Remark 2. When employing linear piecewise (r = 1) polynomials for approximation, the choice
of the Gauss two-point quadrature rule becomes crucial, as it ensures a precision degree d = 4.

4. Numerical results

Here, some numerical aspects are given to validate our theoretical outcomes. To tackle this problem
using discrete multi-Galerkin methods, initially, we choose linear (r = 1) piecewise polynomials as
approximation subspace Xj,. For mathematical simulation, we use a PC equipped with an Intel(R),
8.00 GB-RAM, Core i5 — 3470 CPU@2.10 GHz processor, 64-bit operating system, and Matlab
(R2015a). The solutions acquired through the discrete multi-Galerkin method and its iterated
version are given in the infinity norm, along with their associated errors and convergence rates. If
we consider the approximation in the discrete multi-Galerkin method and its iterated version as
M and ZM| respectively, then we assume that ||z} — zg|le= O(h%) and [|ZM — 2|l = O(KP),

where z( is the unique solution.
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Example 1. [40] Let us consider the given derivative-dependent BVP

(Z' (1) = =" 2(Ate*2 + A\ — 1)),

with boundary conditions
1 1
2(0) = ln(i) and z(1) = ln(g), A >0,

gives the corresponding Hammerstein integral equation as

z(t) = ln(ﬁ) and kernel

Since we are assuming (n + 1) dimensional linear (r = 1) piecewise polynomials as approximation

subspaces. Then, for the discrete multi-Galerkin method, we get the expected convergence rates as

2 — 2olloe = (BT s, mima))

)

and the iterated discrete multi-Galerkin method, we get the expected convergence rates as

Hg}]lw o ZOHoo _ @(hmin(d—i-l, m+2my, m+2m2))

)

for p = 0 and k1 > 2, we get m = 2, m; = 2 and mo = 1. Since the degree of precision d = 4.
Hence for r = 1, then the obtained convergence rates are a« = 3 and 8 = 4, shown in Table 1.

Table 1.: Error bounds and corresponding expected order of convergence in zM and 7 when \ = 2.

no | 2" =20l | @ | IZY =20l | B

2 | 1.32 x107* | - 3.11 x107% | -

4 | 1.59%x107° |3.05| 1.92x107° | 4.01
8 | 1.81x1076 | 3.13 | 1.22x107% | 3.97
16 | 2.21x1077 | 3.03 | 7.18x107% | 4.08
32 | 2.89x107% | 2.93 | 4.47x107Y | 4.00
64 | 4.10x1072 | 2.81 | 2.69x10710 | 4.05
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In Example 1, we will compare our proposed methods with the discrete Galerkin method
and its iterated version presented by Kant et al. [22]. Here, we use the quadrature rule with the
precision degree of d = 4. As a result, for r = 1 the expected convergence rates are o = 2 and
B = 3, respectively (see Table 2). The comparison of the proposed methods with the existing

methods shown in Tables 1 and 2 is illustrated in Figure 1.

Table 2.: [22] Error bounds and corresponding expected order of convergence in z,, and Z,,, when A = 2

n | llzn—20lleo | @ | IZn—20llc | B

2 | 1.06 x1072 | - | 1.21 x107*| -

4 1260 x1073 | 2.03 | 1.56 x107° | 2.95
8 [6.34 x107* | 2.03 | 1.79x107% | 3.12
16 | 1.55 x10™* | 2.02 | 2.18x10~" | 3.03
32 1 3.79 x107° | 2.03 | 3.01x107% | 2.85
64 | 9.22x1076 | 2.04 | 1.01x107? | 2.81

10° - I
—&— discrete Galerkin method
—&— iterated discrete Galerkin method
—6— discrete multi-Galerkin method
102 —&— iterated discrete multi-Galerkin method
o 1074
o
£
=
[=]
m
5
= 108
w
1081 —
10_10 i L L L L
24 8 16 32 64

Number of Partitions (n) —

Figure 1.: Comparison of errors among proposed methods with the discrete Galerkin and iterated discrete
Galerkin methods.

Example 2. [22] Let us consider the given derivative-dependent BVP
() ==,
with boundary conditions

1 1
z(0) = ln§ and z(1) =In 3
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gives the corresponding Hammerstein integral equation as

1
z(t) = g(t) +/0 K(t,8)w(s, 2(s),2'(s))ds, 0<t<1,

with right side function g(t) =tInZ +In 3, ¢ (s, 2(s),2'(s)) = —2'e?, 2(t) = In(51;) and kernel

[ ts—1), Yteos),
K(t,s)—{ st—1), Vtels1].

Since we are assuming (n + 1) dimensional linear (r = 1) piecewise polynomials as approximation

subspaces. Then, for the discrete multi-Galerkin method, we get the expected convergence rates as

28 — 20lloc = @(AmInEHL motms, mima))

and the iterated discrete multi-Galerkin method, we get the expected convergence rates as

||5ijy _ ZOHoo — @(hmin(d+1, m+2mq, m+2m2))’

for £ = 0 and k1 > 2, we get m = 2, m; = 2 and my = 1. Since the degree of precision d = 4.
Hence for r = 1, then the obtained convergence rates are « = 3 and 8 = 4, shown in Table 3.

Table 3.: Error bounds and corresponding expected order of convergence in zM and # when \ = 2.

n| 5 =20l | o |12 —20lle | B

2 | 1.13 x107* - 1.42x107% -

4 | 1.50x107° | 2.92 | 1.05 x10~® | 3.75
8 | 1.92x10°6 | 2.96 | 7.70 x10~7 | 3.76
16 | 2.42x1077 | 2.98 | 5.42 x10~8 | 3.82
32 | 3.01x107% |3.00| 3.52x107? | 3.94
64 | 4.10x107° | 2.87 | 2.24 x10710 | 3.97

Similar for Example 2, we will compare our proposed methods with the discrete Galerkin method
and its iterated version [22]. We use the quadrature rule with precision degree of d = 4 and obtain
corresponding expected convergence rates o = 2 and = 3 for r = 1 (see Table 4), with comparison
shown in Figure 2.
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Table 4.: [22] Error bounds and corresponding expected order of convergence in z, and Z,, when \ = 2.

n | llzn—20lleo | @ | 1Zn—20llc | B

2 1450 x1073 | - | 1.04 x107* | -

4 [1.20 x1073 | 1.90 | 1.41 x107° | 2.87
8 | 3.08 x107* | 1.96 | 1.84x1076 | 2.93
16 | 7.68 x107° | 2.00 | 2.34x10~7 | 2.96
32 | 1.88 x107° | 2.02 | 2.83x1078 | 3.06
64 | 4.61x107% | 2.03 | 3.50x107? | 3.01

102

—&— discrete Galerkin method
=& iterated discrete Galerkin method

—6— discrete multi-Galerkin method
—&— iterated discrete multi-Galerkin method

Error Bounds —

Number of Partitions (n) —

Figure 2.: Comparison of errors among proposed methods with the discrete Galerkin and iterated discrete
Galerkin methods.

5. Conclusion

In this article, we have studied the discrete multi-Galerkin method and its iterated version for solv-
ing the derivative-dependent nonlinear Hammerstein type Fredholm integral equations with Green’s
kernels. The main advantage of these methods is their ability to achieve superconvergence and high
accuracy efficiently. We obtained superconvergence result for the iterated discrete multi-Galerkin
method with the rate of convergence Q(h™in(d+1, m+2ma, m+2m2)y The comparison of errors among
proposed methods with the discrete Galerkin method and its iterated version presented by Kant
et al. [22], as illustrated in Figures 1 and 2. These Figures show that the proposed discrete multi-
Galerkin method, along with its iterated version, achieves higher accuracy compared to discrete
Galerkin and iterated discrete Galerkin methods. Finally, numerical results confirm our theoretical
findings and demonstrate that the proposed approach is computationally more efficient than pre-

vious methods.
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These methods can be extended to solve derivative-dependent nonlinear systems, such as Hammer-
stein and Urysohn integral equations with Green’s kernels through certain modifications. Moreover,
these methods can be further improved by employing approximation using Jacobi or Legendre
polynomials. In the future, collocation and multi-collocation methods could be studied for solv-
ing derivative-dependent nonlinear Hammerstein-type Fredholm integral equations with Green’s
kernels.
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