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Abstract

In this paper, we study the existence and uniqueness of solutions for the boundary value problem
of Hilfer-Hadamard sequential fractional differential equations via fixed point theorems. The
existence of a solution is proved by the Krasnoselskii fixed point theorem, the Leray-Schauder al-
ternative, and the Leray-Schauder nonlinear alternative. Moreover, we prove the uniqueness of the
solution using the Banach contraction principle. We also discuss the Ulam-Hyers, Ulam-Hyers-
Rassias, generalized Ulam-Hyers and generalized Ulam-Hyers-Rassias stability for the problem.
Illustrative examples are also provided.
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1 Introduction

Fractional calculus has its origins in the question of extending the meaning of derivatives and
integrals to real and complex numbers. The concept was first introduced by Gottfried Wilhelm
Leibniz in the late 17th century, and it was later developed by various mathematicians, including
Niels Henrik Abel, Joseph Liouville, and Oliver Heaviside. It has numerous applications across
various fields. This is because fractional differential equations are a class of mathematical models that
have gained significant attention in recent years due to their ability to describe complex phenomena
in various fields, including physics, chemistry, biology, engineering, economics, signal and image
processing, control theory, and so on; see the monographs [2,7,12,13,16,19,22,25,37]. These equations
extend the traditional concept of differential equations by incorporating fractional derivatives, which
are a generalization of the classical derivatives used in traditional differential equations and can model
complex phenomena more accurately.

Various types of fractional derivatives have been introduced, among which the Riemann-Liouville
fractional derivative and the Caputo fractional derivative are the most widely used. The Hilfer-
Hadamard fractional derivative is new fractional derivative introduced in 2012 by M.D. Qasim [23]. It
is an interpolation between the well-known Hadamard fractional derivative and the Caputo fractional
derivative. It was introduced as a means to bridge the gap between these two types of fractional
derivatives, offering a more flexible framework for modeling dynamic systems. The Hilfer-Hadamard
fractional derivative is particularly useful in fields where systems exhibit memory and hereditary
properties, which are not adequately captured by integer-order derivatives. It has been applied in
areas such as control theory, signal processing, viscoelasticity, and anomalous diffusion.

The existence of solutions and stability to fractional differential equations are a topic of significant
interest in the field of fractional calculus. The existence and uniqueness of solutions are studied using
classical fixed point theorems; see the monographs [3,4,27,34,36]. Stability is a crucial concept in the
analysis of fractional differential equations (FDEs), just as it is for ordinary differential equations
(ODEs). The stability of a solution ensures that the system’s behavior remains predictable and
consistent under small perturbations. There are several types of stability relevant to FDEs, often

*Correspondence: ekkaratht@nu.ac.th 'Department of Mathematics, Faculty of Science, Naresuan Uni-
versity, Phitsanulok, Thailand. Full list of author information is available at the end of the article.



extending classical stability concepts to accommodate the fractional nature of these equations such
as Lyapunov stability, Ulam stability, practical stability, input-to-state stability and Mittag-Leffler
stability. In this paper, we focus on Ulam stability. Ulam stability examines the sensitivity of the
solutions of differential equations to perturbations in their initial conditions or equation itself. If a
small change in the input leads to a small change in the output, the system is considered stable.
This foundational idea has been expanded by Hyers and later by Rassias, who introduced their
own concepts of stability. Ulam-Hyers stability addresses the existence of a solution that remains
close to the original solution under slight perturbations, while Ulam-Hyers-Rassias stability further
generalizes this concept by allowing for greater flexibility in the types of perturbations considered.
These stability continues to be a vital area of research in mathematics. It provides essential insights
into the stability and robustness of solutions to differential equations, enabling the modeling and
analysis of a wide range of real-world phenomena. Researchers have investigated the Ulam-Hyers
and Ulam-Hyers-Rassias stability of various types of fractional differential equations, including linear
and nonlinear equations, and have developed several methods for establishing stability results, see
the monographs [5,8,10,15,17,18,20,21,30-33, 35].

Fractional differential equations involving the Hilfer-Hadamard fractional derivative have been
studied extensively in recent years. Researchers have investigated topics such as the existence
and uniqueness of solutions, stability, and numerical methods. The research results cover various
aspects of Hilfer-Hadamard fractional differential equations, including their applications, properties,
and solution techniques. Many mathematicians have conducted research on fractional differential
equations with the Hilfer-Hadamard fractional derivative. Abbas et al. [1] in 2017, studied the
existence and Ulam-Hyers-Rassias stability results for a class of fractional differential equations
involving the Hilfer-Hadamard fractional derivative,

{HD?’%) = f(tult), teJ=[1,T),
LUt =1 = ¢,

where a € (0,1),8 € [0,1],y=a+—aB,T>1,0 €R, f: JxR — Ris a given function, Hlll_v is
the left-sided mixed Hadamard integral of order 1 — v and HD?"B is the Hilfer-Hadamard fractional
derivative of order o and type B. Schauder fixed point theorem is used to show the existence result
and then the solution is proved to be generalized Ulam-Hyers-Rassias stable.

In 2018, Vivek et al. [29] researched the existence, uniqueness and Ulam stabilities of solutions
for Hilfer-Hadamard fractional differential equations with boundary conditions,

gD a(t) = f(t,z(1), teJ=[LT]
L7z() =a, L772(T)=b, y=a+B-aB,

where HD?;’B is the Hilfer-Hadamard fractional derivative of order 1 < o < 2 and type 8 € [0, 1],
f:JxX — X is given continuous function and X is a Banach space. The existence results is shown
by Schaefer’s fixed point theorem while Banach’s fixed point theorem is used to obtain uniqueness.
Then the solution is shown to be generalized Ulam-Hyers stable.

In 2020, Ahmad and Pawar [24] studied the existence and uniqueness for Hilfer-Hadamard frac-
tional differential equations,

aDYPr(t) + f(t,xz(t) =0, teJ=(1,¢,
with boundary value condition,
z(1+¢€) =0, gD lz(e) =vygDhz(0),

where 7 D%? is the Hilfer-Hadamard fractional derivative of order 1 < o < 2 and type 8 € [0, 1], 0 <
v<1,(e(le),0<e<l, yDHl = t% and f:J — Ry, (R4 :=[0,00)). This paper uses Leray-
Schauder alternative and Banach’s fixed point theorem to show the existence and uniqueness of the
solution.
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Recently, in [28], the authors studied the existence and uniqueness of solutions for boundary value
problems for sequential Hilfer-Hadamard fractional differential equations with three-point boundary
conditions,

(DY + kDI ult) = f(tult)), ¢ € [Lel,
u(l) =0, u(e) = )‘U(Q)7 0 € (176)7
where HDf‘f is the Hilfer-Hadamard fractional derivative of order a € (1,2] and type 8 € [0,1], k €
R4 :=[0,00), A € R\ {W} and f:[1,e] x R — R is a given continuous function. However, it
has been observed that the literature on Hilfer-Hadamard sequential fractional differential equations
of order in (1, 2] is scarce and needs to be developed further.
Motivated by the ongoing research in Hilfer-Hadamard fractional differential equations, this

paper investigates the existence and uniqueness of solutions for sequential Hilfer-Hadamard fractional
differential equation

(# DY + kDI )ult) = f(tu(t), € [Lel, (1)

with multi-points integral boundary conditions,

m

- 64 Ai bi §i—1
u(l) =0, u(e) = Z Xil%u(6;) = Z (o) / (0; — s)° " u(s)ds, (2)
i=1 v U1

=1

where HDf‘f is the Hilfer-Hadamard fractional derivative of order a € (1,2] and type 8 € [0,1],
kEeRy :=[0,00), \; €R, 6; € (1,e),i =1,2,...,mand f : [1,e] x R — R is a given continuous
function. I%,i=1,2,...,m are the Riemann-Liouville fractional integral of positive order.

Existence and uniqueness of solutions are established via classical fixed point theorems, such
as Banach, Krasnoselskii and Schaefer fixed point theorems, and the Leray-Schauder nonlinear
alternative. The Ulam-Hyers, Ulam-Hyers-Rassias, generalized Ulam-Hyers and generalized Ulam-
Hyers-Rassias stability are also discussed for the Hilfer-Hadamard boundary value problem (1)-(2).
Tllustrative examples are also provided.

This paper is structured as follows: In Section 2, we recall some definitions, notations, and
theorems needed for our proof. The main results regarding existence and uniqueness are proved in
Section 3. The stability results in the sense of Ulam-Hyers, Ulam-Hyers-Rassias, generalized Ulam-
Hyers, and generalized Ulam-Hyers-Rassias are discussed in Section 4, while examples illustrating
the main results are provided in Section 5.

2 Preliminaries

In this section, some basic definitions and theorems are presented. Let L![a, b] be the Banach space
of an Lebesgue integrable function. We consider AC'[a, b], the space of absolutely continuous function
on the interval [a,b], and ACF[a,b], the space of n-times d—differentiable absolutely continuous
functions on the interval [a, b], as follows

ACla,b] = {f:f(t) —c+/ o(r)dr, ceR, p € Ll[a,b]},
ACPa,b] = {f :[a,b] = R : 6™V f(t) € ACa, b]},

where § is the Euler operator t%.

Definition 2.1 (The Riemann-Liouville fractional integral [13]). The Riemann-Liouville integral of
order a > 0 of a function f : [a,00) — R is defined by

I F(t) = — )/ (=) (P dr, t>a

T (a)

3
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Definition 2.2 (Hadamard fractional integral [13]). The Hadamard fractional integral of order
a > 0 for a function f :[a,00) — R is defined as

a—1
all f(t) = I‘(loz) /t <log i) f(TT)dT, t>a

provided the integral exists, where log(.) = log,(.).

Definition 2.3 (Hadamard fractional derivative [13]). The Hadamard fractional derivative of order
a > 0, applied to the function f : [a,00) — R is defined as

D f(t) =6"(gI f(t), n—1<a<n, n=a]+1,
where 6" = (t%)" and [a] denotes the integer part of the real number «.

Definition 2.4 (Hilfer-Hadamard fractional derivative [11,24]). Letn—1<a <n and 0 < 3 <1,
f € L'[a,b]. The Hilfer-Hadamard fractional derivative of order o and type B of f is defined as

(DL F)(1) = (a0 10D ),
— (gI?05" I 1) (1)
= (g7 gD, (1),

where vy = a+nf—af, Hfél and HDL(ll are the Hadamard fractional integral and derivative defined
by Definitions 2.2 and 2.3, respectively.

The Hilfer-Hadamard fractional derivative can be viewed as an interpolation between the Hadamard
fractional derivative and the Caputo-Hadamard fractional derivative. Specifically, when g = 0, this
derivative reduces to the Hadamard fractional derivative, and when 8 = 1, it corresponds to the
Caputo-Hadamard fractional derivative.

We recommend some theorems of the Hadamard fractional integral and Hilfer-Hadamard frac-
tional derivative by Kilbas et al. [13].

Theorem 2.5. ([15]) Leta >0, n=[a]+1 and0 < a < b < oco. If f € L'a,b] and (g1} *f)(t) €
AC%a,b], then

n—1 5(n 1) n—ao a—j—1
(HIcH_ HDa+f Z - ( fa;) ))((l) (log 2) ‘

Jj=0

Theorem 2.6. ( [24]) Let a« >0,0< <1, v=a+nf—-af, n—1<y<n,n=|[a+1, and
0<a<b<oo. If f €L a,b] and (g1,," f)(t) € AC}[a,b], then

”*1 (n—j— a —I-
HI3+ (HDOc,,Bf)( ) — HIJ_F (HD’y Z 1)(HI ))( )<10g t>7 J 1'
= —J) a

From this theorem, we notice that if 5 = 0 the formula reduces to the formula in the Theorem 2.5.

We will use the following well-known classical fixed point theorems in Banach spaces to prove
the existence and uniqueness of solution of the Hilfer-Hadamard fractional differential problem.

Theorem 2.7. (Krasnoselskii’s fixed point theorem [14]). Let Y be a bounded, closed, convexr and
nonempty subset of a Banach space X. Let F1 and Fy be the operators satisfying the conditions: (i)
Fiy1 + Fayz2 € Y whenever y1,y2 € Y5 (i) F1 is compact and continuous; (iii) Fa is a contraction
mapping. Then there exists y € Y such that y = F1y + Foy.
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Theorem 2.8. (Schaefer fixed point theorem [26]). Let F : E — E be a completely continuous
operator (i.e., a continuous map F restricted to any bounded set in E is compact). Let €(F)={z €
E:xz=MF(x),0 < X< 1}. Then, either the set €(F) is unbounded, or F has at least one fized
point.

Theorem 2.9. (Leray-Schauder nonlinear alternative for single valued maps [9]). Let X be a Banach
space, C a closed, convexr subset of X, U an open subset of C and 0 € U. Suppose that F : U — C

is a continuous, compact (that is, F(U) is a relatively compact subset of C') map. Then either
(i) F has a fized point in U, or
(7i) there is a x € OU (the boundary of U in C) and X € (0,1) with x = A\F(x).

Theorem 2.10. (Banach fixed point theorem [6]). Let X be a Banach space, D C X nonempty
closed subset, and F : D — D a strict contraction, i.e., there exists k € (0,1) such that || Fx — Fyl| <
kllxz —y| for all xz,y € D. Then, F has a fixed point in D.

In this paper, we are interested in the stability in the sense that the solution of the problem (1)-
(2) remains continuous under changes to the equation while preserving the structure of the boundary
condition. We present and discuss four types of Ulam stability: Ulam-Hyers stability, generalized
Ulam-Hyers stability, Ulam-Hyers-Rassias stability and generalized Ulam-Hyers-Rassias stability for
the fractional differential problems (1)-(2).

Let € be a positive real number, o € (1,2], 5 € [0,1], f : [1,e] x R — R be the continuous
function and ¢ : [1,e] — R;. We consider the fractional differential problem (1)-(2) and the
following fractional differential inequalities

(DY + ku DY P )o(t) = fto(e)] < e telel, (3)
(D3P + kDY 0)o(t) — F(to()] < o(t), te L, (4)
((a DS + kDY VP )o(t) — f(to(0)] < eplt), te[Le]. (5)
with the integral boundary condition
o(1) =0, v(e) = Emj AIP(0;) = i As /Giw _ )51y (s)ds (6)
— Y —i:1 1 1 _2.21 F(éz) L 1 )

where \; € R and 6; € (1,¢e), fori =1,2,...,m.

Definition 2.11 (Ulam-Hyers stable [32]). Problem (1)-(2) is Ulam-Hyers stable, if there exists a
real number ¢y > 0 such that for each € > 0 and for each solution v € C*([1,e],R) of the inequality
(3) with (6), there exists a solution u € C*([1,¢],R) of problem (1)-(2) satisfying

lo(t) —u(t)] < cre, te[le]

Definition 2.12 (Generalized Ulam-Hyers stable [32]). Problem (1)-(2) is generalized Ulam-Hyers
stable, if there exists a continuous function 0y : Ry — Ry with 04(0) = 0 such that, for each solution
v € CY([1,¢e],R) of the inequality (3) with (6), there exists a solution u € C1([1,¢],R) of problem
(1)-(2) satisfying

lu(t) —u(t)] < 0¢(e), tell, el

Definition 2.13 (Ulam-Hyers-Rassias stable [32]). Problem (1)-(2) is Ulam-Hyers-Rassias stable

with respect to ¢, if there exists a constant cy, > 0 such that, for each € > 0 and for each solution
v € CH([1,¢e],R) of the inequality (5) with (6), there exists a solution u € C*([1,¢e],R) of problem

(1)-(2) satisfying
[0(t) —u(®)] < crpep(t), te[lel.



Definition 2.14 (Generalized Ulam-Hyers-Rassias stable [32]). Problem (1)-(2) is generalized Ulam-
Hyers-Rassias stable with respect to ¢, if there exists constant cy, > 0 such that, for each solution
v € CH([1,¢],R) of the inequality (4) with (6), there exists a solution u € C*([1,¢e],R) of problem
(1)-(2) satisfying

o(t) —u(t)] < eppelt), te[Lel

Remark 2.15. [t is clear that (i) Definition 2.11 = Definition 2.12; (ii) Definition 2.13 —>
Definition 2.14; (#ii) Definition 2.13 = Definition 2.11.

Remark 2.16. A function v € C'([1,¢],R) is a solution of the inequality (3) if and only if there
exists a function g € C([1,¢€],R) such that |g(t)| <€, t € [l,e] and

(a DS + kDT P)o(t) = ft,0(t) + g(t), te [1,el.

One can make similar observations as Remark 2.16 for the inequalities (4) and (5).

3 Existence and Uniqueness Results

In this section, we prove existence and uniqueness of solutions for Hilfer-Hadamard sequential
fractional integral boundary value problem (1)-(2).

3.1 An Auxiliary Lemma

We start by proving a basic lemma concerning a linear variant of the boundary value problem (1)-
(2), which will be used to transform the boundary value problem (1)-(2) into an equivalent integral
equation.

Lemma 3.1. Let h € C([1,¢],R) and

= ZF?& / (0; — 5)% " (log )7 lds # 0.

=1 Z

Then, u € C([1,€],R) is a solution of the Hilfer-Hadamard sequential fractional differential equation

(DS + kg DS P yu(t) = h(t), 1<a<2, 1<B<2 tell,e (7)
supplemented with the boundary conditions (2) if and only if

u(t) :W{k/juf)ds—r‘;)/jo% E)a_”ﬁs)ds
—l—Z 6 8)6i1<— k:/ls u(rr)dr—i- 1“(104)/15 <Iog i)a_lhir)dr>ds}

g [ (o

where v = a+ 26 — af.

Proof. Taking the Hadamard fractional integral of order a to both sides of (7), we get
a2 (DS )ult) + kI (p DT )u(t) = gIfh(t).
By Theorem 2.6, one has

_ 3 Ol )W)

(v - Jj) (log )7~ + kuIfy (n DT )ut) = wIfvh(t),  (9)

=0
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where v € (1,2]. From equation (9), by Definition 2.4, we obtain

2—7u 2—'yu
u(t) — W(log )t - W(log 2+ kyls (nI); DY u(t) = gIPh().
Then, by Theorem 2.5, one has
Oul W) )
u(t) — W(log L ﬁ(log )72
Qf'yu
+kplly (u(t) - W(log t)72> = I R(1). (10)

The equation (10) can be written as follows

u(t) = co(logt) ™' + ¢ ((log )72 4 k/t st> — k/lt LOF

1 S

where ¢y and ¢; are arbitrary constants. Now, the first boundary condition u(1) = 0 together with
(11) yield ¢; = 0. The equation (11) can be written as follows

u(t) = co(log )71 — k/lt uis)ds + I‘(la) /1t <log z)a_lhf)ds. (12)

Next, the second boundary condition of (2) together with (12) yields

co—k/leuis)ds—i—r(la)/le(log Z)alh(j)ds

m

-2 F?(;i) /19i(9i - (Co(log 9 - k/ls u(f)dr + r(la) /18 (log i)a_lhg)dr> ds.

=1

Rearranging the above equation, we get

co :i{k/le “(:)ds—r(la)/le(log Z)alhf:)ds
i ; Oi S u(r s sya—1h(r
+;F€Zz)/1 (Hi—s)‘sil(—k:/l (r)dr—i_l“(la)/l <log ;) lh(T)dr>ds}.

Substituting the value of ¢g into (12), we obtain the integral equation (8). The converse follows by
direct computation. Thus, the proof is completed. O

Let us introduce the Banach space X = C([1,¢],R) endowed with the norm defined by |Jul| :=
max |u(t)|. In view of Lemma 3.1, we define an operator F : X — X, by

te(l,e]
Fupn = BB [ gy [ 10y €)LD,
m ) 0; s ulr o o r ulr
o (e By [ )
- k/lt uf)ds + r(la) /j (108 E)Q_Ist- (13)



We use the following notations in the proofs for computational convenience:

w_i|)\.|u M—i[l—l—uH—\Al]
IE=ARN YO h A ‘

We need the following hypotheses in the sequel:
(H1) There exists a continuous nonnegative function ¢ : [1,e] — R, (R4 := [0, 00)) such that

|f(t,u(t))| < é(t), foreach (t,u(t)) € [1,e] x R.
(H2) There exists a constant [ > 0 such that, for all ¢t € [1,¢] and u; € R, i = 1,2,
[f(tur) = f(Eu2)| < lur — ugl.
(Hs) There exist a real constant N > 0 such that, for all t € [1,¢], u € R,

[f(,u)] < N.

(Hy) There exists a continuous function p : [1,e] — R4 and a continuous nondecreasing function
¥ : Ry — Ry such that

|f(t,w)] < p(t)Y(Jul), foreach (t,u) € [1,e] x R.

(Hs) There exists a constant C' > 0 such that

T'(o + 1)(1 — kM)C
M ||pl|l(C)

> 1.

(He) Let ¢ :[1,e] = R4 be an increasing continuous function. There exists A, > 0 such that
I o(t) < App(t), €[l el

3.2 Existence Result via Krasnoselskii’s Fixed Point Theorem

In this subsection, we prove an existence result based on Krasnoselskii’s fixed point theorem.

Theorem 3.2. Assume that (Hy) holds. Then the problem (1)-(2) has at least one solution on [1,¢],
provided that kM < 1.

Proof. By assumption (Hj), we can fix

M|
“T(a+1)(1— kM)

where ||¢|| = sup |¢(t)| ,and we consider Br = {u € X : ||u|| < R}. We split the operator
te(1e]

F : X — X defined by (13) as F = F; + Fa, where F; and F are given by

m

oy = B [0 S s [ ([ )
—k /j u(s)ds, tel, e,

S
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and

N A (a
" ; 0: s sye=L f(r,u(r
St ) 0 (g ) (o 5T )}
ety [ (s )7 s e

Step I : We will show that Fiu + Fov € Bg, whenever u,v € Bgr. Let u,v € Bg, we have

ey = GEDT L g )

ém {k "t d5+r<1a> [ (o &y 02000,

S

+§1P|(A5‘> /191 i 1<k [ i /. (o S>a_lwdr)d8}

o f ‘“;”mz) [ (o 1y et
|

1 [l Al - ]| (log 5)*
Sw{k||U||+F(a+1)+;F(6i)/l (0; — s)° 1<k:||u||10gs—|— Tla+1) )ds}

|¢]|(log )~
+ kl||u|| log t + Tla+ 1)

af el 6l el
sw{kn I+ s+ (k:u I+ +1>> }+k|| I+ s

_ 1 _ el _ ]l
N (kHuH + o+ 1)>[1+w+ Al = (kHuH + o+ 1)>M

which, upon taking the norm for ¢ € [1, €], yields

Mol
< — < R.
| Fru + Fov|| < R(EM) + Tlatl) ~ R
Hence, Fiu + Fov € Bp.

Step II : Next, we will show that the operator Fi is a contraction. Let ui,us € X. Then, for any
€ [1,e], we have

[(Fruz)(t) — (Frua)(t)]

S&{/lew(isjtirl?gj) /lgi(ei—s)&—l(/lsq”(?")_l“(mdr)ds}

=1 "
o / jua(s) — wa(s)]

S

k i _
’A‘{Hm u1H+||UQ—u1HZ A / (6; — 5)% 1ds}+k:||uQ—u1H

k 1)%
]A|{Hu2 upl| + ||ue —u1HZP\ ]((5_1_)1)} + k|lug — uql|

=[lug — u1]|

k
AL+ 18] = kM |fuz — |



which on taking the norm for ¢ € [1, ¢], yields
| Frug — Frua|| < kM||lug — uq]|.

By kM < 1, the operator F; is a contraction.

Step III : Finally, we will show that the operator J3 is continuous and compact. First, we show that
the operator F3 is continuous. Let {u,} be a sequence such that {u,} — u in X for any ¢ € [1,¢].
Then, we have

(Faun) (1) — (Fou) (1)
LI (g £ ) — S,

AT () 1 s
Ui ; 0 8 s\ a— r,up(r)) — f(r,u(r
+;F|E\§l|)/1 (eis)éi_1<1“(104)/1 <log ;) LA ())r ( ())Idr)ds}
Fr [ (1o &) Ml =Sl

Since f is continuous, we get
| Foun — Foull = 0 as {u,} — u.

Hence, the operator F> is continuous.
Next, we will show that F5 is compact by using Arzeld-Ascoli theorem. First, Fy is uniformly
bounded since

Mol

< .

Finally, we show that F» is equicontinuous. We define sup |f(t,u(t))| = f and take t1,t; €
(t,u)G[l,e]XBR
[1,e] which ¢; < t2. Then, we have

|(Fau)(te) — (Fou)(t1)

[(log o)~ —(log t1)" '] [ 1 [¢ et f(s,u(s)]
= N {F(a)/l (1os ) s 4

S o ] ) )
1

e[ (1o )™ = (1o 1))l [ (1 t2) S,

1
- 1 f f
<[(log t2)7"! — (log t 71{1+w}+ logta)® — (logt1)*|.
Taking t2 — t; from the above inequality, we have |(Fau)(t2) — (Fau)(t1)] — 0. Thus, Fa is
equicontinuous. By Arzela-Ascoli theorem, we conclude that the operator F» is compact on Bpg.
Hence all the conditions of Krasnoselskii’s fixed point theorem (2.7) are satisfied, and therefore
the boundary value problem (1)-(2) has at least one solution on [1,€]. O

3.3 Existence Result via Schaefer Fixed Point Theorem

We will show the existence result based on Schaefer fixed point theorem.
Theorem 3.3. Assume that (Hs) holds. Then, the boundary value problem (1)-(2) has at least one
solution on [1, €], provided that kM < 1.

10



Proof. We divide the proof into two steps.

Step I : We show that the operator F : X — X defined by (13), is completely continuous.

Step I.1 : First we show that F is continuous. Let {u,} be a sequence such that {u,} — w in X.
Then, for each t € [1, ¢], we have

(o) - (Fu)
|Ar{"“ e s

;;}M [ (e 2) D =000 1) Mo
[ ) | L (g £y )= ko,

Lo [l L ey = S,
LT (g 2 MO 0 [t =t

Pk [ (g 4y el ot

Since f is continuous, ||Fu, — Fu| — 0 as {up} — u. Thus, F is continuous.

Step 1.2 : Now, we show that F is compact. Let u € Bg := {u € X : ||u|| < R}. Then, we have

|<fu><t>|s@{k A ‘“<8>‘ds+ ] e f)a’li’f ()l
+Z ’M 1( / i F(la) /s(log i)a_llf(r’:(rmdr)ds}
f{kHuH/edhrﬁ/e(bg i)"‘”%
g o (s [ g e ) s}
=1

tds N t tya—1lds

S S

N N (0; — 1)% N
rm{k”“” Fmen (9 i) R e e A e

~(Fllull + oy ) M

which on taking the norm for ¢ € [1, e], yields

NM

< kM _.
| Ful| < kMR + Mo+ 1)

11



Hence F is uniformly bounded.
Finally, we show that F is equicontinuous. Let ¢,y € [1,e] with ¢; < ¢t and u € Bg. Then we
have

|(Fu)(tz) — (Fu)(tr)]
[og t2) ' = log 7] [, [“luls) , . 1 [*(1 exo-t|f(s,u(s))
< ] {k/l ds+r(a)/1 (log ) ds

+ i |? |) /9‘(91‘ - 8)5"1(k /18 u@'dr + P(la) /18 (log j)a_lyf(r’f(r))‘dr>ds}
+k/: |“i s + F(la)[/ltl ((log %)H _ (log 7;1)a_l> V(S’:(S))ds
d

2 ta\e1[f(s,u(s))]
+A(ms) 5;4
[(log o)1 — (log t1)771] lu II/ ds z(v
N

- IAI

G )\ 58l dr s s\a—Lldr
% _ 1 — -
R (s 5w (o )0
t2 s N 1 toa—1ds t tiye—1lds t2 to\a—lds
kel @nmﬂﬂ(ms) S‘[(ms) S+A(ms) s}

7= - N N oy (B 1)
<[(log t2) L (log t1) 1] N {k|u|| + Tla+1) + <k||UH + F(O“i‘l)> ; |)\1|F(52+1)}

+ kljul|(logte — logty) + [(log t2)* — (logt1)“]

N
INa+1)
_ [(og t2)7™% — (log t2)" ] [ () N o \q k||ul|(log t2 — log t
) Al {(”W+pm+n>[+ﬂ}+|wu%2—ogg

+ F(aNJrl) [(logt2)® — (logt1)*].

Taking to — t; on the above equation, we have |(Fu)(t2) — (Fu)(t1)| — 0. Thus, F is equicontinu-
ous. By Arzeld-Ascoli theorem, we get that F(2) is compact, that is F is compact on 2. Therefore
F is completely continuous.

Step II : We show that the set & ={u € X : u=n(Fu),0 <n <1} is bounded. Let u € &, then
u=n(Fu). For any t € [1,¢e], we have u(t) = n(Fu)(t). Then, in view of the hypothesis (Hs), we
obtain

R [0 e [ o )
(




+k|’u”/td8+N t(lo f)a_l@
1 s T(a) /i s s

1 N N L (0 —1)% N
] {k”“” DN <k””” T 1)> ; Ty } el F

N
—kM _ Y g
lell + T(a+1)

Taking maximum for ¢ € [1, €], yields

MN
[Jull < ;
T(o+1)(1 — kM)

which shows that the set £ is bounded.
By Theorem 2.8, we get that the operator F has at least one fixed point. Therefore, the boundary
value problem (1)-(2) has at least one solution on [1, e]. This completes the proof. O

3.4 Existence Result via Leray-Schauder Nonlinear Alternative.

Our final existence result is proved via Leray-Schauder nonlinear alternative.

Theorem 3.4. Assume that (Hy) and (Hs) hold. Then, the boundary value problem (1)-(2) has at
least one solution on [1,¢], if kM < 1.

Proof. As shown in Theorem 3.3, the operator F is completely continuous.

We will prove that there exists an open set U C X with for all u € OU, u # p(Fu) for p € (0,1).
Let u € X such that u = pu(Fu), for some 0 < pp < 1. Then, for each t € [1, e], we have

Ju()] —ul(fu @) ( u)(t)|
{ 1
=[a] I'(a)

+§: A /Qi 0; — 1( / )l g, (1a)/ls<log j)“‘lwdr>d8}
+k/ ‘“ s + (1)/1 (1g )" lwds

\A|{"’” ”/ Bl [ (1 £y,

+Z L - )'_1<k! al 40 B 7 (g 2y Lo s
k|| H/ L el |u||)/1 <log é)a—l%

| ||p||w<uu||> ol (lul) (0, 1)% ol ()
|A|{"’” I+ et (ku -+ et )Zm(5+1)}+k|ruu+r(a+l)

ol + e

/e (1og g)a—l |f (s, uls))l

S

which, upon taking maximum for ¢ € [1, ¢], yields

IolgQlul) ,, - Tla+1)0 = kM)]ul
M(a+1) MIlpl (el

[l < EM [ul] + <L
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In view of (Hs), there is no solution u such that ||u|| # C. Let us set
U={ueX:|ul| <C}

The operator F : U — X is completely continuous. From the choice of U, there is no u € U such
that u = pu(Fu), for some pu € (0,1). Consequently, by the nonlinear alternative of Leray-Schauder
Theorem 2.9, we deduce that F has a fixed point u € U which is a solution of the boundary value
problem (1)-(2). O

3.5 Existence and Uniqueness Result via Banach’s Fixed Point Theorem

Next, we prove an existence and uniqueness result based on Banach’s contraction principle.

Theorem 3.5. Assume that (Hz) holds. Then the boundary value problem (1)-(2) has a unique

solution on [1, €], provided that
IM

E=kM+ —/—< < 1. 14

et (14)

Proof. We will use the Banach contraction principle to prove that F, defined by (13), has a unique

fixed point. Fixing My = max} |f(t,0)| < oo and using the assumption (Hs), we obtain

te(l,e

(& u@®)] < |f(Eu(t) — f(£0)] + [£(20)] < Ulull + Mo. (15)
We choose
MoM
INa+1)
e kM 7ZM ‘
a [ + T(a+ 1)]

We divide the proof into two steps:
Step I : First, we show that F(Bg) C Bgr, where B = {u € X : ||u|]| < R}. Let u € Bg. Then,
using (15), we obtain

ot —|A\{ [ s g [ o §) T
+Z - / L ._1< /S ’“Y r(la) /S<10g i)QIWdr>ds}
ol
{k:” H / l”“” e g)“*%
A [ [ 550 )
+klu H/ ”“”+)N>/1 (1o t)i

M lR+M0 ol 4 L+ Mo)
:<k||u” s W) o+ 1Al = kb + m
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which, upon taking the norm for t € [1, ¢], yields

(IR + My)
[F ()| < kM|lu ||+ﬁ
Hence I IYRY
0
1F (u )H<R[kM+F( +1)] o P

Thus ||Ful| < R, that is, Fu € Bg. Hence F(Bpg) C Bp.

Step II : We show that the operator F is a contraction. Let u,v € X. Then, for any ¢ € [1, €], we
have

AT, T(a s s

s [ ) =] SO syt ) — Sl Y
*;rw@)/l ok f i+ ), (o8 7) ; i )is}
i [ L ) st

1 s a) Jy s s

g Bl Y |V DA

< Ty vl T + X Wi [0 o (b= loss o+ 1= g s

lH —UH a

+k]|u—v\|logt+m(logt)

1 Uu— vl Uu— vl 1)° Uu— vl

|A&“W”+F@+n+(wuﬂ*rm+1>z]A|w+n}+M It ra s

IM

which, upon taking the norm for ¢ € [1, €], yields
|Fu— Fo|| < E|lu—v]. (16)

In view of (14), the operator F is a contraction mapping. Therefore by Theorem 2.10, operator F
has a unique fixed point. Therefore the boundary value problem (1)-(2) has a unique solution on
[1,e]. O

4 Ulam Stability Results

Lastly, we study the Ulam-Hyers and Ulam-Hyers-Rassias stability of the Hilfer-Hadamard
fractional differential equation (1) with boundary condition (2).

Theorem 4.1. If assumption (Hs) and condition (14) are satisfied, then the boundary value problem
(1)-(2) is Ulam-Hyers stable, and hence generalized Ulam-Hyers stable.

Proof. Let € > 0 and v be a solution of the inequality (3) with the boundary (6). Then by Remark
2.16, there exists a function g € C1([1, €], R) such that |g(t)| <e, t € [1,¢], and

(t), ) € [L,e],
/Z —s)%iYu(s)ds, 6; € (1,e).

(a DY + kDY 1”8) () = ft o) +9
v(l) =0, o( Z)\I‘slv :Z As (17)




By Lemma 3.1, the solution of (17) can be written as

o(t) :ﬂgg{k / v<§>ds_r(1a) /1 (1og &) LltleD 40,

- i F?{;‘i) /f(e,- —5)hit < —k /1 U(:)dr

=1

Pl [ o 2y ) | [

1{ N F(la) /1 (1°g z>a1!]%98)d8

Using |g(t)| < €, we obtain
Ko g [ o e
<—k/: Mdr+rla)/ls(1og :)Mf(r :(T))dr>ds}(log #)-L +k:/1t ”(j)ds
1

_ (1)/t(10g byt L))
a) Ji ] 5

~latr ”dr) ds}(log £




1 LI 1 (log ) ~1, (log t)*

H{r<a+1>+;r<ai>/1 O 9 Ly s 1+r<a+1>>
1 M 1 1

{r(a+1)+zgr(5i)/1 (6: — )" 1F(a+1)ds}+F(a+1)>

F(O‘il)(g\{ +Z i |)/1 (0 —5) "1ds}+1>

€ Me
:r(a+><m\[ *“*‘A”> Ma+1)

By virtue of Theorem 3.5, we denote by u the unique solution of the problem (1)-(2). Notice that
we take the left boundary, u(1) = v(1) = 0, and the right boundary u(e) is arbitrary, satisfying
u(e) = Y7, Nil%u(6;). Then, we have u(t) = (Fu)(t), where F defined by (13). From above
inequality, it follows

[v(t) —u(t)] = [v(t) — (Fu) ()]
Me 1 e|v(s)—u( )| I eyt f(s,v(s)) — f(s,u(s))|
+{k/ ds +r(a)/1 (10 5) ds

ST+ A P p
N — |v —u(r
210 ), K < [

+1“(104)/18<10g i)a—llf(r,v(r));f(r,u( mdr)ds}(log £y~ 1+k/ wds

R IR ATUTY

It follows by assumption (Hj) that

o= ull < = o — ]| = ed8+il [ (o )
~I'(a+1) 1A s TI'(a) /i &% s
S g (o [ LT otdr L
. i - - 1 _ 1 Y
+;F(5¢) . (0; —s) k T +F(a) : <og r> . ds ¢ (log t)

tds l t tya—1lds

k| —+—— log — —

+ 18 + F(a)/l (og s) s
< Me L u_uy {k P
~ INa+1) |A| MNa+1)

—l—Z A / (0; — 5)%~ <klo m>ds}(log )" + klog t—i-m

Me o l 1 o~ A il
< Ffarp ”(’” I +1>><|A|{”izlr<ai>/1 i) d}“>

Me l
- o (e )

Therefore,

| I |

lv —ul| <cpe,  where



Hence the problem (1)-(2) is Ulam-Hyers stable. Moreover, it is generalized Ulam-Hyers stable as
v —ul| < 0¢(e), with O¢(e) = ce, 67(0) = 0. O

Theorem 4.2. Assume that assumption (Hz) and condition (14) hold, and that there exists a
function ¢ satisfying assumption (Hg). Then the problem (1)-(2) is Ulam-Hyers-Rassias stable, and
hence generalized Ulam-Hyers-Rassias with respect to .

Proof. Let € > 0 and v satisfies the differential inequality (5) with the boundary condition (6). By
integration of (5) and using (Hg), for any ¢ € [1, €] one has

v(t) — co(logt)’ ™t — ¢ ((log 2+ k /1t st) +k /j ﬁds

ot 1 o 8

Sul*7 v 277y
for all ¢y = %, c1 = % € R. By virtue of the proof of Lemma 3.1, we will choose

< enliio(t) < edpp(t),

¢p and ¢1 such that v in the above inequality satisfies the boundary condition (6), as follows

cozi{k/j @ds—r(la)/le(log z)a_lf(s’:(s))ds
i ; 0 So(r s s\e—1 f(r,u(r
T G VAP e
and set ¢; = 0. Then we have the inequality
o(t) — (1ogAt)vl{k/le vis)ds_ F(la) /1 <log j)alf(s,g(s))ds
+§; /lei(ei —5)%! < - k:/l '”Ef")dr + r(la) /1 (1og i)alfwdr>ds}

A T A Rt

_l’_

i=1

i
['(d;)

< 6)\g090(t)7 te [176]'

Now, by virtue of Theorem 3.5, we let u be the unique solution of the problem (1)-(2). That is
defined as u(t) = (Fu)(t), where F is defined by (13). From above inequality, the same method as
in the proof of Theorem 4.1, it follows that

[o(t) = u(t)| = o(t) = (Fu)(t)] < edpp(t) + [lv — ul] (k + F(Of+1)> M.

Therefore,
A
v —ul| < crpep(t), where ¢y, = 1 2 > 0.

—_
I
—

Hence, the problem (1)-(2) is Ulam-Hyers-Rassias stable with respect to ¢. Moreover, it is gener-
alized Ulam-Hyers-Rassias stable with respect to ¢, if we take € = 1 then |[v — u|| < ¢y ,p(t). This
completes the proof. ]

5 Examples

In this section, we give four examples to illustrate our main results.
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Example 5.1. Consider the following boundary value problem
(18)

3 19 3

= = - =2. F
=3 7= 13 01 5 and 69 or
satisfied. Using the given data, we find that

1
M=4, =10 =

< e, and thus (Hy) i
3. 0438 and

3 1
Hereoz:f, B:f

1
~ 5
each u € R we have |f( u
w = 0.4008, A =0.6854, M

k
kM = W[l +w+]|A]] ~0.6088 < 1.

Hence, all the conditions of Theorem 3.2 are satisfied. Therefore, the boundary value problem (18)
has at least one solution on [1,e€].

Example 5.2. Consider the following boundary value problem

1 sinu(t) 1
D> D tell
( 1+ +3H ) () (logt+10)+(t+1)3’ 6[76]7
1 1 9 4 (19)
u(1) =0, u(e) = —%I%u@) + 611u<5> - 4I§u<3>.
1 1 1 1 3 7 ) 9
€re « 7@ 47 37 1 205 2 67 3 » U1 27 2 4) 3 3) v 47
0L =2, 65 = R and 03 = 3. For each u € R, we have
1 1 1 1 9
t < i -
|f(’u)|‘(logt+10)‘+‘(t+1)3 *10+8 40’

thus (Hs) is satisfied. Using the given data, we find that w = 0.5338, A = 1.0272, M = 2.4931, and

k
kM = ‘A|[1+w+|AH~083103<1

Hence, all the conditions of Theorem 3.3 are satisfied. Therefore, the boundary value problem (19)
has at least one solution on [1,e].

Example 5.3. Consider the following boundary value problem

31 11

(D73 + su D u(t) = [u(t)] cost, t e [L.e],

(20)
1 1 9
u(1) =0, u(e) = 2701r7u( )+613u<5>,
3 1 1 1 1 10 9 13

H = - = - = - = — = - = — = - = — =2 =9,
ere o 92’ 5 4’ k 5’ A1 20’ A2 6’ 51 77 52 9’ Y ]’ 91 ’ and 92 5

For each u € R, there exists a constant function p(t) = 1 and continuous nondecreasing function
P(x) = 22, for all z € Ry such that |f(t,uw)| < p()Y(Ju|) = |ul?, and then (Hy) is satisfied. Using
the given data, we find that w = 0.0388, A = 0.9822, M = 2.0576, and

k
kM = ‘A’[1+w+|AHN041152<1
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There exists a constant C' = 0.3801 such that

T(a+1)(1—-kM)C  T(a+1)(1—kM)C

- ~ 1.0003 > 1.
Mpll$(C) Mc?

Hence, (Hs) is satisfied. We set U = {u € X : ||u| < 0.3801}. Therefore, all the conditions of
Theorem 3.4 are satisfied. Thus, the boundary value problem (20) has at least one solution on [1,e].

Example 5.4. Consider the following boundary value problem

( D%%Jri D3 yu(t) = u(t) L iene
el 10m * \/—2(5+u() 10 4¢3 e 1)
u(l) =0, ule) = —10I2u<§ + I%u(Z),
4 1 1 13 7 5) 5) )
Herea=-, B=2 k=—, M=—10, o= —, 61 =4, o= 2, v =201 =2, and s = 2.
ere &« 3 ﬁ 92’ 107 1 07 2 57 1 2’ 2 92’ v 37 1 37 an 2
Notice (Hs) is satisfied with | = i because
ua (t) us(t) ‘
t,ur) — f(t,ug)| = —
£t w) = F(t,u2)] VIO T+ 2(5+ur(t)) VIt 2(5 + us(t))
1
BT A VA

10| (5+ui(t)  (B4u(t))| ~ 50

Using the given data, we find that w = 0.9903, A =0.7675, M = 3.5933, and

IM
I'a+1)

Hence, all the conditions of Theorem 3.5 are satisfied. Therefore, the boundary value problem (21)
has a unique solution on [1,e]. Moreover, the problem (21) is Ulam-Hyers stable and generalized
Ulam-Hyers stable according to Theorem 4.1. In addition, by virtue of Theorem 4.2, if there exists a
function ¢ : [1,e] — Ry satisfying the assumption (Hg), then the problem (21) is Ulam-Hyers-Rassias
stable, and generalized Ulam-Hyers-Rassias stable on [1,e] with respect to .

== [kM + ] ~ 0.4197 < 1.

6 Conclusion

This paper presents existence and uniqueness results for Hilfer-Hadamard sequential fractional
differential equations (1) with multi-point Riemann-Liouville fractional integral boundary conditions
(2). Firstly, by considering a linear variant of the given problem, we converted the nonlinear problem
into a fixed point problem. Once the fixed point operator was established, the existence results were
derived using the Krasnoselskii’s fixed point theorem, the Schaefer fixed point theorem, and the
Leray-Schauder nonlinear alternative. The Banach contraction principle was then applied to achieve
the existence and uniqueness result.

Moreover, the stability of the problem in the sense of Ulam-Hyers and Ulam-Hyers-Rassias were
determined. We found that if the problem has a unique solution according to the assumptions of
Theorem 3.5, it is also Ulam-Hyers stable and generalized Ulam-Hyers stable on [1, e]. Furthermore,
by adding one more condition as (Hg), we obtained Ulam-Hyers-Rassias and generalized Ulam-Hyers-
Rassias stability results. Additionally, we provide examples that illustrate the obtained results.

In summary, we established results regarding existence, uniqueness, and stability for the Hilfer-
Hadamard sequential fractional differential equations with multi-point fractional integral boundary
conditions, thereby extending their applicability to a wider range of mathematical models.
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