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Abstract

This paper investigates a class of fractional Sturm-Liouville differential equations with mixed boundary conditions, which
are subjected to parameter and impulsive perturbations (including instantaneous and non-instantaneous impulses). By
employing the variational methods and critical point theorems, we derive several criteria that guarantee the existence of
at least one and two classical solutions, respectively, when the parameters fall within different intervals. Furthermore, we

provide an example to demonstrate the effectiveness of our main results.
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1. Introduction

The purpose of this paper is to establish the existence and multiplicity of solutions for the following impulsive fractional

Sturm-Liouville equation (FSLE for short) supplemented with mixed boundary conditions given by

DE(p(OFDFuE)) + at)u(t) = Afr(t,u(t)), t € (sp,tra], k=01, ,m,

—AEDF (p(te)§DRu(te) = Iu(u(te)), k=1,2,-- ,n,

D7 (p(M)FDIu() = D7 (p(t)F D)), t € (b se), k=1,2,--,m, (1)
D7 (p(sk)§ D u(sy)) = D (p(sw)§Dfuls))), k=1,2,-- ,m,

u(0) =0, Au(T) + 5505 (H(T)FDFU(T)) = «,

where OCQ?, +DF are the left Caputo fractional derivative and the right Riemann-Liouville fractional derivative, respective-
ly, of order a € (1/2,1], p(t) € C*([0,T7]) with 0 < po = ming 7p(t), q(¢) € C([0,T]) with 0 < qo = miny 77q(¢) < q(t) <
q°
I € O(R,R)(lﬂ:L 2, ',Il) and fk S C((Sk,tk-_,_l] X R, R)(k:O, 1,2, ',tl),

= maxjy,71q(t), B, ¢ are two constants with 3 > 0, A is a positive parameter, 0 = so <13 < s1 < -+ < 8y < a1 =T,

AGDT H(p(te)g D5 u(tr))) =D (p(11)§ DEu(t)) DT (p(tr)§ D u(ty,)),
DF (p(tk)§ DY u(ty)= [Jimy D77 (p(1)5 D u(1)),

-1 c + . -1 c
D7 (p(sk)g DFulsy )):thmi D7 (p(t)g DFu()).
—}Sk
Fractional differential equations are an important extension of integer-order differential equations, introducing the
concept of fractional order derivatives. Due to the non-locality of fractional differential operators, fractional differential
equations can describe many natural phenomena more accurately. This new mathematical tool provides a fresh per-
spective, enabling researchers to understand and explore the dynamic behavior of complex systems more deeply. In the

past few decades, fractional differential equations have been widely used in many fields, including physics, engineering,
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biology, and economics. For example, in physics, fractional differential equations are used to describe super-diffusion
phenomena [1]. In engineering, they are used to model electronic circuits and control systems [2]. In biology, they are
used to simulate the dynamic changes of biological populations [3]. In economics, they are used to predict the behavior
of financial markets [4]. Therefore, the study of fractional differential equations can not only promote the development
of mathematical theory, but also provide powerful tools for solving practical problems.

On the other hand, impulsive differential equations, a unique subset of differential equations, are particularly effective
in modeling sudden events or discontinuous behaviors observed in various systems such as signal processing, automatic
control, flight object motions, multi-agent systems, time delays, and telecommunications. Comprehensive descriptions
and background readings on the origin and development of the theory and applications of impulsive differential equations
can be found in the monographs [5, 6]. With the significant advancements in the theory of fractional impulsive differential
equations and their extensive applications across multiple fields, recent research has focused on exploring the existence
and multiplicity of solutions for fractional boundary value problems influenced by impulsive effects [7—9]. Specifically, in
recent years, some scholars have been dedicated to applying variational methods and critical point theory to study the
existence and multiplicity of solutions for fractional impulsive differential equations with Dirichet boundary conditions
and Sturm-Liouville boundary conditions. For instance, Heidarkhani and Salari [10] used variational methods and critical
point theory to prove that a class of fractional differential systems with impulses and Dirichet boundary conditions has
three weak solutions. Ledesma and Nyamoradi [11] constructed a variational structure for a class of fractional impulsive
differential equations with (k,i)-Hilfer fractional derivative operators and Dirichet boundary conditions, and used the
linking theorem to study the existence of weak solutions for this problem. Li et al. [12] used the Mountain Pass theorem
and iterative techniques to discuss the existence of weak solutions for a class of fractional impulsive differential equations
with (p,q)-Laplacian operators and Dirichet boundary conditions. Min and Chen [13] used the critical point theorem and
variational methods to prove that a class of fractional impulsive differential equations with p-Laplacian operators and
Sturm-Liouville boundary conditions has infinitely many weak solutions. Zhang and Ni [14] used the critical point theorem
to prove that a class of fractional p-Laplacian differential equations with instantaneous impulses and non-instantaneous
impulses and Sturm-Liouville boundary conditions has three weak solutions.

Mixed boundary conditions are a significant class of boundary conditions for differential equations, characterized by
the boundary conditions involving a linear combination of the variable’s value and its derivative. In many practical
problems, the boundary conditions not only involve the variable’s value but also relate to its derivative. This situation is
prevalent in various fields of natural science and engineering, such as heat conduction, fluid mechanics, and circuits [15,
16]. The study of mixed boundary value problems can more accurately model these phenomena, providing mathematical
models that are more applicable to practical problems. In recent years, the existence of solutions for mixed boundary
value problems of fractional differential equations has received widespread attention from scholars. For instance, Lupiriska
[17] utilized the Banach fixed-point theorem to meticulously explore the existence and uniqueness of solutions for a class
of Katugampola fractional differential equations with mixed boundary conditions. Bourguiba et al. [18] employed fixed-
point theory and upper and lower solution methods to conduct a detailed study on the existence and multiplicity of
solutions for a class of fractional difference equations with mixed boundary conditions. Almeida [19] applied the Banach
and Leray-Schauder fixed-point theorems, carried out exhaustive study on the existence and uniqueness of solutions for a
class of fractional differential equations with mixed boundary conditions. Carmona et al. [20] used variational methods,
conducted profound research on the existence of solutions for a class of fractional elliptic equations with mixed boundary
conditions that involve a concave-convex term.

Through an in-depth study of relevant literature, we found that variational methods and critical point theorems are
mainly used to handle Dirichlet boundary value problems and Sturm-Liouville boundary value problems for fractional
differential equations. However, we have not yet found any literature that uses variational methods and critical point
theorem to discuss mixed boundary value problems for impulsive fractional differential equations. Therefore, in this
paper, we will use variational methods and critical point theorems to explore the existence and multiplicity of solutions
for impulse problem (1). The novelty and significance of our current study compared to pre-existing literature, is

manifested in:

e As far as we know, there has been no literature that applies variational methods and critical point theorem to study

the existence of solutions to mixed boundary value problems of fractional differential equations. In this paper,
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we successfully establish the variational structure of the fractional mixed boundary value problem (1) in a new
fractional derivative space, and effectively apply variational methods and critical point theorems to discuss the

existence of its solutions.

e Most of the existing literature that applies variational methods and critical point theorem to study boundary value
problems of fractional differential equations discusses the existence of weak solutions [10-14]. In this paper, we
provide a proof for the existence of classical solutions to boundary value problem (1). When the nonlinearity of
the equation exhibits different growth at infinity, we apply variational methods, the least action principle and the
Mountain Pass Theorem to obtain different parameter ranges to ensure the existence and multiplicity of classical

solutions to problem (1).

e The concept of non-instantaneous impulses was first introduced by Herndndez and O’Regan in 2013 [21]. These
impulses, like instantaneous impulses, have a wide range of applications. In this paper, the problem (1) we study
is composed of fractional impulse differential equations and non-homogeneous mixed boundary conditions. This
equation takes into account the perturbations of both instantaneous impulses and non-instantaneous impulses. In
the special case ty=sk(k=1,2,---,n), each interval of non-instantaneous impulses degenerates into a point, and
BVP (1) degenerates into a single instantaneous impulse problem. Therefore, compared with the existing literature
[22-25], the BVP model we discuss is more general. This generality allows our research to cover a wider range of

situations, thus having stronger theoretical significance.

The structure of this paper is organized as follows: In Section 2, we will introduce some basic definitions and prelim-
inary knowledge, which will be used in the subsequent sections. In Section 3, we construct a variational framework for
problem (1), provide a proof of regularity, and propose some reasonable assumptions for the nonlinear term of problem
(1). In Section 4, based on the assumption conditions proposed in Section 3, using variational methods and the Moun-
tain Pass Theorem, we prove the existence and multiplicity of solutions to problem (1). In Section 5, we provide some
examples to illustrate the main results of this paper. The final section is a summary, where we review the research results

of this paper and look forward to future research directions.

2. Preliminaries

In this section, we first recall the definitions and related properties of the left and right Riemann-Liouville, as well
as Caputo fractional derivatives. Subsequently, we re-examine the definition of the fractional derivative space E%, and
within the framework of this space, we propose a new fractional derivative space Ef that is suitable for studying problem
(1), and provide its related compact embedding results. Then, we elaborate on the definition of the classical solution to

problem (1). Finally, we introduce the relevant critical point theorems that will be used in this paper.

Definition 2.1. ([2]) Let @ > 0, u € C[0,T]. Then the left and right Riemann-Liouville fractional integrals ¢@; “u(t)
and +©,“u(t) are respectively defined by

oﬁo;“u@):ﬁ /0 (t— & lu(e)de, te 0T,

17 1

Dru(t) = o —t)” de, tel0,T).

) = o [ (€0 e re 7]
Definition 2.2. ([2]) Let o € (0,1), u € C[0,T]. Then the left and right Riemann-Liouville fractional derivatives ¢@§u(t)
and (DFu(t) are respectively defined by

OFu(E) = F0DF w0 = Fr o | (=T wEde, te0.T)
B T
Dult) =~ D50 = g | €0k te T

Definition 2.3. ([2]) Let a € (0,1), u € AC[0,T]. Then the left and right Caputo fractional derivatives §Du(t) and



CD2u(t) are respectively defined by

FO7u) = 0D () = e [ (-9 W (e, tel0T)
_ T
FRu) =~ 050 = fro g [ (€0 WOk tebT)

Lemma 2.1. ([26]) Let a € (0,1] and p € [1, +00). For any u € LP([0,T],RY),

¢
169¢ “ullzroey < oy IMllzrqoay. €€ (0.4, £€ (0.7,

Lemma 2.2. ([26]) Let n > 0, p,q > 1, % + % <l4norp#1,q#1, % —+ % = 1+ n, then the following property of

fractional integration . .
| woreiar = [ ozl
holds, provided that r(t) € LP([0,T],RY), n(t) € L4([0, T],RY).
Definition 2.4. ([29]) Let « € (1/2,1]. The fractional space
* ={ue AC([0,T],R") : §D2u(t) € L*([0, T],RY)},

is defined by the closure of C°°([0,T], R") with the norm

|u|=(/OT|u(t)|2dt+/ copuinfar) @)

Remark 2.1. ([29]) For any u € E®, then u € L2([0,T],R"Y) and §Du(t) € L2([0,T],RY).
Lemma 2.3. ([27]) Let h(t) € L>([0,T]), essinfy 7h(t) > 0 and a(t) € C([0,T]) is such that 0 < ag < a(t) < a?, an

equivalent norm of (2) in E® is the following

,—(/ Hlu(t Idt+/h pu(o)ar) 3)

Lemma 2.4. ([28]) A closed subspace of a reflexive Banach space is also reflexive.
Definition 2.5. Let « € (1/2,1]. The fractional derivative space

E§ = {ue E* : u(0) =0},

is defined by the closure of C°°([0,T], R") with the norm

1/2
s = ([ atouoPas [ pwopuopa)”

where p(t) € C*([0,T]) with 0 < po = minjo,ryp(t), q(t) € C([0,T7]) with 0 < qo = miny 7)q(¢) < q(t) < 4° = max 71q(t).
Lemma 2.5. Let a € (1/2,1]. The E§ is a reflexive and separable Banach space.

Proof. Obviously, EF is a closed subspace of E®. By the similar method used in (Lemma 4.2, [29]) and combined with

Lemma 2.4, we can show that Ef is a reflexive and separable Banach space. O

Lemma 2.6. Assume that o > 1/2 and the sequence {u,} converges weakly to u in Eg, i.e., u, — u. Then u, — u in
C([0,T),RN), ie., ||[un — t||oc — 0 as n — oo.

Proof. The proof of this Lemma, while not overly complex, is omitted here. For a thorough and rigorous demonstration

of this Lemma, readers are directed to refer to Proposition 5.5 ([29]). O

Definition 2.6. A function

ue {u € AC([0,T)) : /tk“ (a®)|u(®)* + p()|SDu(t)?) dt < +00, k=0,1,2,- - ,n}

Sk
is called a classical solution of (1), if u satisfy equations in (1), the limits ;D3 (p(tx)§ Do) () and /D5 (p(tx)§ D5u) (s¥)

exist and satisfy the impulsive conditions of problem (1) and the boundary conditions

u(0) =0, pu(T)+ D77 (1§ DFu(T)) =«

1
p(T)
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hold.

Theorem 2.1. ([30]) Let X be a reflexive Banach space and let ¢ : ¥ — (—o0, +00] is weakly lower semi-continuous on

X. If ¢ has a bounded minimizing sequence, then ¢ has a minimum on X.
Remark 2.2. ([30]) If ¢ : X — (—o0, +o0] is coercive, Then ¢ has a bounded minimizing sequence.

Lemma 2.7. ([31, Theorem 38.A]) For the functional § : M C ¥ — [—o0, +0o0] with MM # @, min,emF(u) =  has a

solution in case the following hold:
(i) X is a real reflexive Banach space.

(ii) 9 is bounded and weak sequentially closed, i.e., by definition, for each sequence u,, in 9t such that u,, — u as

m — +00, we always have u € 91.
(iii) F is sequentially weakly lower semi-continuous on 1.

Definition 2.7. ([30]) Let J : X — R differentiable and ¢ € R. We say that J satisfies the (PS).-condition if the

existence of a sequence u,, in X such that
J(um) = ¢, J'(um) — 0, as m — +oo,

implies that c is a critical value of J.

Definition 2.8. ([30]) Let X be a real reflexive Banach space. If any sequence u,, C X for which J(u,,) is bounded and
J' () — 0 as m — 0 possesses a convergent subsequence, then we say J satisfies Palais-Smale condition ((PS)-condition
for short).

Remark 2.3. ([30]) The (PS)-condition implies the (PS).-condition for each ¢ € R.

Theorem 2.2. ([30], Theorem 4.10) Let X be a Banach space and J € C*(X,R). Assume that there exist ug € X,u; € X,
and a bounded open neighborhood Q of 1y such that u; € X\Q and

inf J > max{J (o), J (1) }.

Let
I'={g€C([0,1],%) : g(0) = uo, g(1) =u}

and

= inf .
¢= Inf max J(a(s))

If J satisfies the (PS).-condition, then c is a critical value of J and ¢ > max{J(up), J(u1)}.

3. Auxiliary lemmas

In this section, we construct the variational structure of problem (1) in the fractional derivative space Ef, and prove
the regularity of the solution to problem (1). We also provide proofs for the relevant auxiliary lemmas, and propose
a series of reasonable assumptions for the nonlinear terms. These assumptions, along with the proofs of the auxiliary
lemmas, serve the main conclusions in the following section. To begin with, we define the fractional space Ef equipped

with the norm
tht1

Il = ([ pO§ D70 a4 ,; [ atnuopa) (4)

Lemma 3.1. For u € E, the norm ||u||4,2 defined in Lemma 2.3 is equivalent to ||u||,, that is, there exist two positive

constants my and msq such that

ma|[ulfa,2 < [[u]la < mallullq,2, forallue Ef.



Proof. Obviously, we can obtain ||u||o<ma|[u||a,2, by choosing mo=1. On the other hand, for u € E§, by using Lemma

2.1, we have

4 2 4 —a a 2 r 2 4 o 2
| o= [ o §opun) dts(m) | sorua

T T 21
< dt < (=———) —[|ul|? == AJ|u|[3.
< (fasT) /p Ot < (gragy) ool = Al
It follows that

2 2—|\u\|2+2/ H|2dt

< ull3 +4 /0 [u(t)?dt<(1+ a°A)[[ul]3.
Take mi=(1 + q°A)~Y/2, we get my|[u||a.2 < |[t||a- The proof is complete. O

Remark 3.1. If « € (1/2,1], then ||u||oo < M]|ut]|, where
,(1/2)]361/2

M = .
I'(a)[(a — 1)2 + 1]/

Proof. For any u € Ef, by using the Holder’s inequality, we have

(0] < 7§D = | [ - 9§ Dsue)s|
F(la)(/otu—s)““ ”d)/(/o ozu(s)as)”
- P(a)T[?a(i/Ql)ng 12 / & )l dt) " < Mljulle,

which implies that ||u||cc < M]|Ju||o. The remark is proved. O

Lemma 3.1. A function u € E§ is a solution of problem (1), then the following identity
C’ « C «
/ p(1)§ Du(t)§ D0 dt—i—Z/ o(t)dt — (c — Bu(T))p(T)o(T)

— ,\Z/tw Fi(t, u(t))o(t)dt + ;Ik(u(tk))u(tk)

k=0" 5k

holds for any v € Ef.

Proof. For v € EF, one has v(0) = 0. By Lemma 2.2, we have
T T
| @emsorumea = [ L1057 eoforuc)(ar

= —Z/ jt[ 05" l(p(t)gi)?u(t))]n(t)dt—Z/Sk Do (S Do) o () dt

kosk kltkdt

tr41

Z (D% (p(1)§Du(t)) k+1+2/ DX Hp(t)SDNu(t))o! (t)dt

n

-0 o +Z / D5 (P DFu(1))v (1) (6)

k=

/ T pogormer i+ Y [ eogorm0; v

k=1"?

Z = (¢ = Bu(T))p(T)o(T)
k=1

T
=X u ~(c— u(T))p(T)o(T) + / p(D§ DU Do (t)di



On the other hand, in view of /D% ' (p(t)§Dfu(t))=D% *(p(tx)§ Deu(t))), t€(tr, sx], k=1,2,--- ,n, one has

T
/0 /D% (p(1)§DFu(t))o(t)dt

n thi1 n sk (]
=Y [ s oz -y [ e GO D)o )
k=0 " 5k k=1"1tr
n tht1 trya
:-Z/ a()u( dt+/\2/ Yo(t)d.
k=0" 5k
Combining Egs. (6) and (7), we can get Eq. (5) immediately. The proof is complete. O

Definition 3.1. A function u € E§ is called a weak solution of problem (1), if (5) holds for any v € E§.

Define the functional J : Ef — R by

s =0 Y [ B,
k=0" %k
where
v = 2l -3 | " e + 2D (e - pury?
2 k=170 28 ,
and

u
Fi(t,u) = / Bu(t, s)ds for all (£,1) € [sg, tes] X R.
0

By using the continuity of f; and I, one has that J € C}(Eg,R) and, for any u,v € Eg,
),0 >= /ﬁp HSDMU()TDb( dﬁ+§:/

—Zlk — (¢ = Bu(T)p(T)o(T).

tht1

t)dt — A Z/ Yo(t)dt

tr41

Thus, the weak solutions of problem (1) are the critical points of J.

Lemma 3.2. The functional J : E§ — R is sequentially weakly lower semi-continuous.

Proof. Let {um}32_; be a weakly convergent sequence to u in E§. It follows from Lemma 2.6 that {un}5°_; is convergent

uniformly to u in C[0,T]. On account of the continuity of fx and Iy, yields that

n U«m(tk) tk+1
k=1
(9)
- n u(ty) - tk+1 @ ) 2
= kz_:l/o Iy (x)dx A;/gk Fi(t,u(t))dt + 25 (c — Bu(T))".

Since 1||u[|2 is continuous and convex, it follows that 1|[ul2 is also sequentially weakly lower semi-continuous, that is,
liminf = 2> 2.
lim inf 2Hum|\a > 2l
Using this property and (9), we conclude that J(u) is sequentially weakly lower semi-continuous. The proof is complete.
O

Lemma 3.3. If u € E§ is a weak solution of problem (1), then u € E§ is a classical solution of problem (1).

Proof. By standard arguments, we have that if u is a classical solution of problem (1), then it is also a weak solution of
(1). On the other hand, if u € E§ is a weak solution of (1), then u(0) = 0 and < J'(u),v >= 0 for all v € E§, i.e.,

th41

/p HSDu(t)§ D u( dt+Z/ o(t)dt — (¢ — Bu(T))p(T)o(T)

=AY /tk+1 £ (t, u(t))o(t)dt + Z I (u(t,
k=1

k=0" 5k

(10)

7



Without loss of generality, let v € C§°(sg,tr+1] be such that v(¢t) = 0 for all ¢ € [0, sg] U (tx+1,7T], K =0,1,2,---,n. By
plugging v(t) into (10) and applying Lemma 2.2, we obtain

tr41 trt1 tr41
/ p(t)gi)?u(t)(?@?n(t)dwr/ q(t)u(t)o(t)dt = )\/ fe(t,u(t))o(t)dt, k=0,1,2,---n,
and
te4+1 te41
/ p(OS DU Do (1)t = / DG (P15 DLu(E))0(t)dt < +oo.
The above equality implies ’that |
t@%(p(t)g@?u(t)) + q(t)u(t) = Mi(t,u(t)), fora.e.t€ (sk,try1], k=0,1,2,--- ,n. (11)

Since u € EY, we have
0>

tht1
/ (pOIEDFuB)® + g(O)u(t)P)dt < +oo, k=0,1,2,--- ,n

Sk

Using (11) and the fact that fi € C((sg,trx+1] X R,R), we deduce that
D7 (P DRu(t)) € AC([sk, trr1]).

Hence, the following limits exist

D77 (p(sk)§ Dfu(s)) = lim (D5 (p(1)5 DFu(t)),

+
t—s,

D7 (p(th1)§ DFultyyy) = lim (D (p(1)5Du(t)).

f—>tk+1

Combining (10) and (11), we obtain
/ p(t)§ D u(t)§ Do ( dt+Z/

— (¢ — Bu(T) Zlk u(ty)) =0,

(D7 ((6)§ D u(t)))v(t)dt

that is,
n n
D07 (ptes)F DTt ))0 () = Y DT (#(sk)5 DFu(si))o(s)
k=0 k=0
(12)
+ Z (OF Dfu(t)§ Do (t)dt — (¢ — Bu(T) ka u(ty))o(t) = 0.
k=1"1tF

By choosing the test function v € C§°(tg, sg] such that v(t) = 0 for ¢t € [0,tx] U (sg, T], k = 1,2,---,n, without loss of
generality, we can insert v(t) into (12) and obtain ;D5 (p(£)§D¢u(t)) = Constant, t € (tg,sg], k =1,2,---,n, i.e.,

D77 (p(t)§ DFuty)) =07 (p(s1)§ D u(sy,))

(13)
:tg%_l(p(t)gggu(t))v te (tkask]’ k= 1a2a LN

By plugging (13) into (12), we get

n n

> D5 (p(ter)§ D ultyy1))o(t ) = D D5 (p(si)§ D ulsy))o(s))
k=0 k=0

+ D o) DR ult )0 (sk) — Y DG (p(te)§ DR U)o (te)

k=1 k=1
— (c— Bu(T) ka u(ty)) =0,

that is,

n

(D5 (p(t)5 D () — eD5 7 (p(tr)§ DFu(t))) — Tu(u(te))lo(te)
k=1

+ ) D (p(t)TDTuE)) — D5 (p(s1)§ D ulsy))]o(sk)

k=1
+ DT (D)5 DFu(T)) — (¢ = fu(T))p(T)]o(T) = 0,
8



From this, it follows that

1
p(T)
DF (Pt DFuE)) — DG () D ulty)) = —Iu(u(ty)), k=1,2,---,n,

pu(T) + D7 (p(T)FDFu(T)) =«

and
D p(tR)§ D)) = D (p(sk)§ Dfu(sy)), k=1,2,--- n.

Combining this with (12), we also obtain
D7 (p(sk)5 Difulsy)) = 105 ((s)5 Dfulsy)), k=12, ,n.

Therefore, u satisfy the equation, the impulsive conditions, and the boundary conditions of problem (1), i.e., u is a

classical solution of (1). The proof is complete. O
In this paper, we make the following assumptions:

(Hy) There exist constants a; > 0, by > 0 and 74 € [0,1), k =1,2,---,n such that

|Ik(;)‘ <ag+ bk|?|wc7 for every r € R? k= 1727' ST

(H3) There exist constant p € [0,2) and functions 7 (t) € C([sk,tx+1])(k =0,1,2,---,n) with essinfrf(¢) > 0 such that

Fk(taX) k

lim sup < 77(t), uniformly for almost every t € [sg, tgt1]. (14)

[t] =400 |F|u

(Hs3) There exist functions 75 (t) € C([sk, tk+1])(k = 0,1,2,---,n) with essinfry(¢) > 0 such that

Fk(tvx) k

lim sup < 75 (t), uniformly for almost every t € [sg, tgt1]. (15)

|t] =400 |I\2

(Hy) There exists a constant o > 2 such that 0 < oFy(t,r) < rfx(t,r) for every t € [si,try1] (K = 0,1,2,---,n) and
re R\ {0}.

Remark 3.1. According to assumptions (H;)-(Hy), it follows

e For u € E§, (Hy) implies that

n

1 by
@) = 5l = > (oM llulle + 5 M ),
1 Yk
and .
1 b
o) < (5 + Al + Y (akM||u||a + %MW-HHuHZfﬂ) A
st Tk
where

Ay = Bp(T)M2 A= P2
e Under assumption (Hz), there is a constant Az > 0 such that
Fi(t,x) < 7F(t)[z|* + As, for almost every t € sy, tr41] and all ¢ € R. (16)
e Under assumption (Hs), there is a constant A4 > 0 such that

Fi(t,r) < 75(t)|x)* 4+ A4, for almost every ¢ € [sg, tx11] and all x € R. (17)

e Under assumption (Hy), there is a constant As > 0 such that

Fk(tvx) S Fk'ﬂg S F|F|07 (L?) S [Skatk+1] X [_L 1]7 (18)



and

Fy(t,r) > Filr|” — As > Flz|” — As, (1) € [sk, trr1] X R, (19)
where -
Fy = max Fk(t,;) >0, Ip= min Fk(t,ﬁ) > 0,
te€lsk,tr+1l,lr]=1 - te€lsk,trt1],|r|=1

F:maX{FO7F17"'aFn}7 E:mil'l{_F_‘(LEl,"',F_n}.

In fact, in view of (H;), one has

Jute) =

u(tr) by
I ;dw’ﬁu u(te)| +
\/0 (8] < anfu(e)] +

By using Remark 3.1, we obtain

n

u(ty) n u(tr)
[ nwa <3| [ s
0 0

k=1 k=1
n bk
< ag|u(ty)| + u(ty)| 20
_;[u(m )] (20)
n
< M|[ul|q + —2— M+ %“)
<3 (Ml = 20 R,
=1
and
(c = Bu(T))? < 2 + 8202 u]|2). (21)

It follows from (20) and (21) that

n u(ty)
o) = gl =Y [ e+ B - gur)?
k=1

1 n u(ty)

gz =[3 [ nieyas| (22
k=1
n

1 by .
Slullz =" (akM||u||a + vamHuHZm),
k=1

%

Y

and

u(tk
@) = L% - Z / odz + P2 (¢ _ ur)y?

26
H G
< 2z + \Z | @+ gl (23)
LRSS (akMHun A ) 4 Ao,
2 « C o+l

k=1

By virtue of (Hz), we can find Ag > 0 such that
Fi(t,¥) < 78 (t)[x]*, for almost every t € [y, tx41] and all |g| > As,

which, together with the continuity of F},(¢,r) — 7 (¢)[z|* on [sg,txr1] X [~As, Ag], leads to (16). Likewise, (H3) ensures
(17). Let us define Ty, : (0, +00) > R (k=0,1,2,--- ,n) by

Ti(3) = Fy (t, g);,”, for every t € [sg, tr+1] and ¢ # 0.

) =i (6]) (=32)87 + 0B (8 )7
e en( e
= ——J% - +oFy(t, =

3 3 3 3 )
r o—1 L o—1
< — - - =0
< aFk(t,j);, —I—aFk(t,é)g 0

10

It follows from (Hy) that



This implies that Ty, is non-increasing on (0, 4+00). Thus, for every ¢ € [sk, tx+1],
(1) = Fu(t,) < Talel) = Fi (11 )ll”, i 0 < < 1,
and
(1) = Fu(t,) 2 Tallel) = Fit 1) 617, 3 el 2 1

Therefore, (18) holds, and
Fio(tx) = Filel7, if [ > 1,

which, together with the continuity of Fj(¢,r) — F|t|” on [sg, tg41] % [=1,1], implies (19). By (Hy), we also obtain Fj, > 0
and Fj, > 0.

4. Existence result

This section presents the main conclusions, where we have applied the variational method, the least action principle,
and the Mountain Pass theorem. As a result, we have determined that there exist at least one and two classical solutions
to BVP (1).

Theorem 4.1. Suppose that (H;) and one of the following conditions hold. Then problem (1) has at least one classical

solution.

(C1) (Hz) holds and X € (0, 400).

(C2) (H3) holds and X € (0, (2M? - m(t)dt)~1).
: (0. [ )

Proof. If (Cy) is satisfied, then by Remark 3.1 and (17), we obtain

trt1

Z/tm (t, u(t dt<Z/ () |u(t |2dt+Z/ Aydt
<M2\|u|\22/ (t)dt + A4T,

which, together with (22), implies that

J(u) = (u) - /\zn: / M Bt u(e))de
k=0" Sk

1 by
> gz = 37 (oMl + g M ). (24)
k=1

n tr41
M2 Y / R (t)dt — \ALT.
k=0" "k

tht1
Since A 6 ,(2M? Z/ ) we have from (24) that

J(u) = +oo. (25)

1im
[luf|a—>+o00

Hence, J(u) admits a bounded minimizing sequence. By Theorem 2.1, Lemma 3.2 and Lemma 3.3, (1) possesses at least

one classical solution. The case of (C7) can be treated analogously. Indeed, (Hs) yields that

1 - br
J(w) > < |lull? — kz_l (kM |[u]|o + TM’YH-lHuH%-i-l)
n th+1
MY / (1)t — \AST, (26)
k=0" 5k
and since p € [0,2), v, € [0,1), (k=0,1,2,---,n), (26) leads to (25). The proof is therefore complete. O
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Corollary 4.1. Suppose that the functions f; and the impulsive functions I}, are bounded, there exists a classical solution

for problem (1) for any given A € (0, +00).

Lemma 4.1. If (H;) and (Hy4) holds, then J satisfies the (PS)-condition.

Proof. Let {u,,} be a sequence in E§ such that J(u,,) is bounded and J'(u,,) — 0 as m — 400. Now we divide the proof
into two claims.
Claim 1. {u,,} is bounded in E§. In fact, it follows from (H;) and Remark 3.1 that

T (bt (1) Y (£1) = = [tt (£1)| = B[t (1) (27)

> — e M|t o — b M7 a2

Since o > 2, one has

B (6= B (1) + B(T) e = Bt (1)) (T)

_ (% _ 1) "g) (¢ = Bu, (T))? + %MT)(c — Bum(T)) (28)
> (o2 e~ (1)

> 102D (1] 1 B0 L)

B
In view of (Hy), (20), (27) and (28), one obtain

od (um)— < J' (), >

o n
- (2—1)|um|i+,\;)/8k
n
— 0
3y

tht1
[

Fre (& o (6) Y i, (8) — o B (8, 1, (1)) ]t

U (tr)

Lo(®)de + Y T (g (tr) )t (1)

k=1
4 ”Z(Z) (¢ = Bum(T))? + p(T) (¢ = Bt (T))tm (T)
T
> (5 = 1)l = 14222 + 8Mlfuml)
73 (Ml + = el

n
= > (@M fun o + b M7 | [7HY),
k=1
which implies that u,, is bounded in Ef.
Claim 2. {u,,} converges strongly to some u in E§. Indeed, given that the sequence {u,,} is bounded in Ef, a
subsequence of {u,,} exists (which we will continue to denote as {u,,} for simplicity) that weakly converges to some u in

E§. Consequently, the sequence {u,,} uniformly converges to u in C[0,T]. Therefore,

un (T) — w(T),

n

S [t (1)) — i)t () — w(t4)) — 0, (20)
k=1

3 / et 0 (8)) — i (6))] (0 () — (£))dE — O,

k=0 sk

as m — +oo. Since liIE J'(uy,) =0 and {u,,} converges weakly to u, one gets
m—r—+00

< J' () = J (W), 4y, —u>— 0, asm — +oc.

12



It then follows from (8) that

< J'(up) — J'(u), Uy, — u >

= o =l = Y Lt (t)) = Te(u(te)))(wan(t) — u(ti) +9(T) (1) — u(T))*B

-2 Z /Skk+1 [Fr(t, up (2)) — i (8, u())] (wm (8) — u(t))dt.

Combining with (29) and (30), we obtain
[t (t) — u(t)||a — 0, as m — +o0,
that is, {u,,} converges strongly to u in E§. Therefore, J satisfies the (PS)-condition. The lemma has been proved. O

Theorem 4.2. If A > 0, and conditions (H;) and (Hy) are satisfied, then problem (1) admits at least two distinct
classical solutions for any A € (0, A/FT), where
n

:21\1/12_2( 7b+1>_fj3p(T)'

k=1

Proof. Consider the open ball B, in E§ with center 0 and radius r, and let 9B, and B, be its boundary and closure,
respectively. Suppose {u,,} C B(l /) and U, — uas m — +o00. According to the Mazur Theorem [30, p.4], we can find

a sequence of convex combinations
m m
vy = ZETTLjuj7 szj = 17 émj Z O(m S N+)

such that v, — u in E§. Since E(l/M) is a closed convex set, v, C B(l/M) and u € I@(l/M). Then B(l/M) is bounded and
weakly sequentially closed. By Lemma 2.7 and Lemma 3.2, J(u) admits a local minimum ug € ]E(l /- Hence

C2

ﬁP(T)- (31)

In view of Remark 3.1, ||u||o < 1/M implies that ||u||s < 1. Owing to (18), one has

J(uo) < J(0) =

t
k+1 1

tk+1 _
Z/ W (t u(t))dt < Z/ Fulu(0)7dt < MOETIullg,  Ilulla < < (32)

Combining this with (22), we obtain that, for any u € 0B, and r < 1/M,

n

b _
= (akMr n M”*lr”k“) — AM®rFT.
pary e+ 1

J(u) >

[\')\»—t

Hence
n

1 by -
J(u) > e —; (Clk-‘rm) — AFT, forany ue 8183(1/M)

Since A € (0,A/FT) and by (31), we get

J(u) > J(0) > J(up), forany ue B np-

Therefore, infucap,, ,,, /(1) > J(uo), and J(u) admits a local minimum ug € B(y/ps). Fix £ > 0, and let u € Ef be such

that |Ju||, = 1. Then, from (19)-(21), we have

N}M—\ -

J(€u) < =€+ Z (akMng _|_ M“/kJrlg%Jrl) 4 %(9 + B2 M%)

trt1

5 Z/ F|u|"dt +)\A5

Given that o > 2 and 7, € [0,1), it is established that J(u) — —oo as & — +o0o0. Consequently, there exists a u; > 0
with [lu1|[a > 1/M such that infyepmp, ,,,/(4) > J(u1). By applying Theorem 2.2 and Lemma 4.1, it can be inferred
that there exists a ug € E§ such that J'(uz2) = 0 and J(ug) > max{J(ug), J(u1)}. Therefore, ug and uy are two distinct

classical solutions of problem (1). The proof is complete. O
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5. Example

Example 5.1. Let « = 0.75, T = 8 = 1, n = 3. Consider the following mixed boundary value problem of fractional

Sturm-Liouville equation with impulsive effects:

DE((16 + 20)§Deu(t)) + (1 + 2t2)u(t) = Mr(t, u(t)), t € (s, thr1), k=0,1,2,3,

—AEDF (16 + 261)§Dfu(tn)) = In(ultn)), k =1,2,3,

DFTH(16 + 2)§DRu(t)) = D3 ((16 + 2t5)§Deut))), t € (tr, sk, k=1,2,3, (33)
#DFTH(16 + 251)§Du(sy ) = D7 (16 + 25) T DRu(s))), k= 1,2,3,

u(0) =0, u(1) + & D5 (16 + 26)§ Du(t))] =1 = ¢

From Remark 3.1, we deduce that M = W\?ﬂl)' Due to Theorem 4.1 and Theorem 4.2, the following results are obtained:

o Let fr(t,u) = $u/? (k= 0,1,2,3) and I;(r) = 3x'/%, ap = by = 3, 7 = & (k = 1,2,3). It follows that (H;) and
(Hj) are satisfied with p = % Therefore, for any constant ¢ > 0, problem (33) has at least one solution for each
A € (0,+00).

o Let fi(t,u) = 2u (k= 0,1,2,3) and I;(z) = 1'%, ap = by, = 1, v = L (k = 1,2,3). It follows that (H;) and
(H3) are satisfied with 75 (¢) = 1. Therefore, for any constant ¢ > 0, problem (33) has at least one solution for each
A € (0,16I%(3/4)).

w (k=0,1,2,3), Ii(x) = 31"/, ap = by = 1, % = 3 (k = 1,2,3) and ¢ = 1. It follows that

> 0, (Hy) and (Hy) are satisfied with o = 4. Therefore, problem (33) has at least two distinct
solutions for each \ € (0,32I'%(3/4) — 18).

o Let fi(t,u) = 3
A = 161"2(?1/4)—9

6. Conclusion

In recent years, the variational methods and critical point theorems have been widely applied in the qualitative
analysis of fractional (impulsive) differential equations with Dirichlet and Sturm-Liouville boundary conditions. This
study explores a class of non-homogeneous mixed BVPs of fractional differential equations with parameters and impulsive
disturbances. For the first time, we established the variational structure of the fractional mixed BVP in the fractional
derivative space Ef, and used the variational method and critical point theorems to prove the existence and multiplicity
of solutions to the proposed problem (1). The results of this study effectively extended the application range of the
variational methods in the fractional BVPs, which has important theoretical significance. Based on this study, we can
discuss a series of problems, the most direct extension is to extend the results of this study to the quasi-linear operator
situation, coupling situation, and BVPs of fractional differential equations with non-local terms, such as Kirchhoff-type
fractional BVPs, etc.
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